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Abstract

We propose a stochastic variance-reduced cubic regularized Newton algorithm to
optimize the finite-sum problem over a Riemannian submanifold of the Euclidean space.
The proposed algorithm requires a full gradient and Hessian update at the beginning
of each epoch while it performs stochastic variance-reduced updates in the iterations
within each epoch. The iteration complexity of O(e~3/2) to obtain an (e, \/€)-second-
order stationary point, i.e., a point with the Riemannian gradient norm upper bounded
by € and minimum eigenvalue of Riemannian Hessian lower bounded by —+/e, is estab-
lished when the manifold is embedded in the Euclidean space. Furthermore, the paper
proposes a computationally more appealing modification of the algorithm which only
requires an inexact solution of the cubic regularized Newton subproblem with the same
iteration complexity. The proposed algorithm is evaluated and compared with three
other Riemannian second-order methods over two numerical studies on estimating the
inverse scale matrix of the multivariate t-distribution on the manifold of symmetric
positive definite matrices and estimating the parameter of a linear classifier on the
Sphere manifold.

Keywords— Riemannian optimization, manifold optimization, stochastic optimization, cubic
regularization, variance reduction.

1 Introduction

We study the optimization of the finite-sum problem over a Riemannian manifold M embedded in
a Euclidean space £ as

1 N
B PO = 5 3 A, 1

where N is a (possibly very large) positive integer. Manifold optimization has a range of applica-
tions in machine learning, statistics, control and robotics, e.g., in deep learning, low-rank matrix
completion, sparse or nonnegative principal component analysis, or solving large-scale semidefinite
programs — see Hu et al.| (2020)), |Absil & Hosseinil (2019) and the references therein. The finite-
sum structure of the objective function in problem specifically finds applications in machine
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learning and statistics for parameter estimation, and addition of the manifold constraint could have
problem-specific, computational, or other reasons. Below, we provide two motivational examples
for problem .

Example 1 (Parameter estimation of the multivariate Student’s t-distribution)
As an important member of the family of elliptical distributions , the multivari-
ate t-distribution has numerous applications in mathematical finance, survival analysis, biology,
etc. [Kotz & Nadarajahl (2004). For instance in mathematical finance [Szegd| (2002)), |de Melo Mendes|
|& de Souzal (2004), |[Krzanowski & FHC| (1994)), the Student’s ¢ copula C,, : [0, 1] — [0,1] defined as
Cy(u) =T, 5 (T, (w1), ... T, *(un)), where T, ,,(x) is the multivariate Student’s t cumulative
density function (CDF) and T, 1(-) is the inverse of the marginal univariate Student’s t CDF is
used to model or sample from multivariate Student’s t-distribution Krzanowski & FHC| (1994). As
one of the core tasks, the maximum likelihood parameter estimation of the multivariate Student’s
t-distribution requires solving

EeSPJHHGRP Zlog Xza“v ))7 (2)

where ¢, (x; i, ) denotes the probability density function of the multivariate t-distribution and
v € Ny is the degrees of freedom which is generally predetermined. Since the scale matrix 3 should
belong to the manifold of positive-definite matrices, problem is an instance of problem .

Example 2 (Efficient training of deep neural networks) Training deep neural net-
works could be “notoriously difficult” when the singular values of the hidden-to-hidden weight
matrices deviates from one [Arjovsky et al] (2016). In such cases optimization becomes difficult
due to the vanishing or exploding gradient Arjovsky et al| (2016), Wisdom et al| (2016). This
challenge can be circumvented, if the weight matrices are unitary with singular values equal to one.
This can be achieved by requiring hidden-to-hidden weight matrices to belong to Stiefel Manifold
St(p,n) £ {X € R™*? . XTX = I,} |Absil et al| (2009), Boumal| (2020) and training the model
using a Riemannian optimization algorithm. The underlying optimization problem is an instance
of over the cartesian product of Stiefel manifolds. The orthonormality of the weight matrices
improves the performance of deep neural networks Bansal et al.| (2018), Li et al.|(2020)), reduces over-
fitting to improve generalization (Cogswell et al.| (2015)), or stabilizes the distribution of activations
over layers Huang et al.| (2018)). In|Sun et ol (2017) and Xie et al.| (2017) two convolutional neural
networks are trained with orthonormal weight matrices for phase retrieval and image classification.

1.1 Related Work

Numerous algorithms for standard unconstrained optimization Ruszczynski (2011)) have been gen-
eralized to Riemannian manifolds [Absil et al.| (2009)), Udriste| (2013]), Boumal| (2020). Some notable
first-order algorithms include gradient descent method [Zhang & Sraj (2016), Boumal et al|(2019),
conjugate gradient method [Smith| (1994), [Sato & Iwail (2015), stochastic gradient method Bonnabel
(2013), Zhang et al.| (2016), Tripuraneni et al.| (2018)), accelerated methods |Liu et al. (2017), Ahn
& Sral (2020)), |Zhang & Sral (2018)), |Criscitiello & Boumall (2020), [Alimisis et al. (2021} 2020), prox-
imal gradient methods [Ferreira & Oliveiral (2002), Bento et al.| (2015}, |2017)), |de Carvalho Bento|
et al (]2016[) [Huang & Wei| (2021). To guarantee convergence to a second-order stationary point,

Jin et al|(2019) investigates the Riemannian perturbed gradient descent that guarantees second-
order stationarity without using second-order information with O(1/€?) iteration complexity. Other




saddle-escape methods over manifolds were also studied in [Sun et al] (2019) and
(2019).

In the context of second-order algorithms, the Newton method is extended to optimize over
Riemannian manifolds in |[Luenberger| (1972), Gabay| (1982)), |Smith! (1993| [1994). Specifically, Smith
(1993) and [Smith| (1994) establish local quadratic convergence. Similar to the Newton method on
Euclidean space, the Newton method for manifold optimization also suffers from two main draw-
backs: first, it is possible that the Hessian matrix is degenerated at a point; second, it is possible
that the iterates diverge, converge to a saddle point, or even a local maximum. In the Riemannian
setting, the trust region method [Absil et al.| (2004, [2007), Baker et al| (2008)), Boumal (2015)),
Boumal et al| (2019) and the cubic regularized Newton method Zhang & Zhang| (2018) are exten-
sions of their Euclidean counterparts to address these drawbacks. More specifically, [Boumal et al.
shows that the Riemannian trust region method obtains an (e, ¢)-second-order-stationary
point (see Definition in O(1/€®) which matches its Euclidean counterpart |Cartis et al| (2012,
2014)). Furthermore, the cubic regularized Newton method on manifolds [Zhang & Zhang (2018) is
shown to reach an (e, \/€)-second-order stationary point in O(1/e!-%). Finally, Agarwal et al.| (2018))
extends the daptive cubic regularization method |Cartis et al|(2011a) to Riemannian manifolds and
establishes O(1/€!®) rate to obtain an (e, \/€)-second-order stationary point — see also ,
(2015).

A common issue among second-order algorithms is their high computational cost to calculate
the inverse of the Hessian operator. A Riemannian counterpart of the famous BFGS algorithm
Nocedal & Wright| (2006)) is proposed in Ring & Wirth| (2012) which does not require calculating
the inverse of the Hessian operator.

To optimize functions with the finite-sum structure or those that are known through their ap-
proximate gradient and Hessian, inexact methods including first- and second-order Riemannian
stochastic algorithms and their variance-reduced extensions are proposed in the literature. As a
generalization of Johnson & Zhang| (2013)), the Riemannian stochastic variance-reduced gradient
descent (SVRG) method was developed in |Zhang et al| (2016). Furthermore, an extension of Rie-
mannian SVRG with computationally more efficient retraction and vector transport was developed
in Sato et al| (2019). The paper also establishes global convergence properties of their method
besides its local convergence rate. The Riemannian version of the stochastic recursive gradient
method [Nguyen et al (2017) is proposed in [Kasai et al| (2018). [Kasai & Mishra (2018) proposes
Riemannian trust region algorithms with inexact gradient and Hessian that allows inexact solution
of the subproblem. Furthermore, a Riemannian stochastic variance-reduce quasi-Newton method
is proposed in [Kasai et al.| (2017) - see also Roychowdhury| (2017)). For a recent review of first- and
second-order Riemannian optimization algorithms, we refer the reader to [Hosseini & Sral (2020)

and (2021)) (specifically, Section 6.1 on stochastic methods).

1.2 Contributions

The major contributions of this paper are as follows: (i) Motivated by|Zhou et al.| (2018) and Kovalev|
in the Euclidean setting, we propose a stochastic variance-reduced cubic regularized
Newton method (R-SVRC algorithm) to optimize over Riemannian manifolds. (ii) We carefully
analyze the worst-case complexity of the proposed algorithm to find a point that satisfy the first-
and second-order necessary optimality conditions (i.e., a second-order stationarity point) when the
cubic-regularized Newton subproblem is solved ezactly - see Theorem and Corollary (iii)
We performed the analysis of a computationally more appealing version of the algorithm, that




allows solving the cubic-regularized Newton subproblem inezactly, and established the same worst-
case complexity bound - see Theorem and Corollary The assumptions for our analysis are
explicitly discussed in Section [d Finally, the performance of the proposed algorithm is evaluated
and compared over two applications: 1. Estimating the scale matrix of Student’s t-distribution
over the symmetric positive definite manifold, 2. Learning the parameter of a linear classifier
over a Sphere manifold. The implementation of the proposed algorithm in MATLAB with exact
and inexact subproblem solvers is provided at https://github.com/samdavanloo/R-SVRC. To the
best of our knowledge, this work is the first stochastic Newton method with cubic regularization on
Riemannian manifold.

1.3 Preliminaries and Notation

A Riemannnian manifold (M, g) is a real smooth manifold M equipped with a Riemannain metric
g. The metric g induces an inner product structure in each tangent space Tx.M associated with point
x € M. We denote the inner product of u,v € ToaM as (u,v), = g«x(u,Vv), and the norm of u is
defined as ||u|| = \/g»(u,u). Furthermore, the angle between u and v is arccos((u, v), /(|[ull||v]))-
Given a smooth real-valued function f on a Riemannian manifold M, Riemannian gradient and
Hessian of f at x are denoted by gradf(x) and Hessf(x) (also for simplicity by Hx). For a
symmetric operator, e.g. the Riemannian Hessian H at x € M, the operator norm of H is defined
as ||H||op = sup{||Hn|| : n € TxM, ||n|| = 1}. An operator on Tx M is positive semidefinite H = 0
if (H[n],n) > 0, for any n € T, M. A geodesic is a constant speed curve v : [0,1] — M that is
locally distance minimizing. An exponential map Exp, : T, M — M maps v € T, M toy € M,
such that there is a geodesic v with v(0) = x, v(1) = y, and 4(0) = v. For two points x,
y € M, and d(x,y) < inj(M), there is a unique geodesic. The exponential map has an inverse
Exp,': M — T, M and the geodesic is the unique shortest path with ||[Exp;*(y)|| = ||Exp;1(x)||
the geodesic distance between x, y € M. Parallel transport I'} : Tx M — Ty, M maps a vector
v € TyM to I'Yv € T, M, while preserving norm, and roughly speaking “direction”. A tangent
vector of a geodesic 7 remains tangent if parallel transported along ~. Parallel transport also
preserves inner products, i.e. (u,v), = (I'(y)%u,I'(y)%v),. We denote the orthogonal projection
operator onto TxM by Py.

Let (M, g) be a connected Riemannian manifold (see e.g. |Absil et al.|(2009)) which carries the
structure of a metric space whose distance function is the arc length of a minimizing path between
two points.

Definition 1.1 (Riemannian metric). An inner product on TxM is a bilinear, symmetric, positive
definitive function (-,-), : Ty M x TyuM — R. It induces a norm for tangent vectors as ||ul|x =
V(u,u),. The smoothly varying inner product is called the Riemannian metric, i.e., if v, W are
two smooth vector fields on M then the function x — (v(x),w(x)), is smooth from M to R.

Remark 1. The inner product of two elements £&x and (x of TxM are interchangeably denoted by
g(§Xa CX) = QX(SXa CX) = <§X7 CX> = <§X7 CX>x-

Definition 1.2 (Injectivity radius Boumal| (2020). The injectivity radius of a Riemannian manifold
M at a point x, denoted by inj(x), is the supremum over radius r > 0 such that Ezp, is defined
and is a diffeomorphism on the open ball B(x,r) = {v € Tx M : ||v||x < r}. By the inverse function
theorem, inj(x) > 0. Furthermore, the injectivity radius of a Riemannian manifold M, i.e., inj(M),
is the infimum of inj(x) over x € M (Boumal (2020), Definition 10.14).
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Consider the ball U £ B(x,inj(x)) C Ty M in the tangent space at x. Its image U = Exp, (U)
is a neighborhood of x in M. By definition, Exp, : U — U is a diffeomorphism, with well-defined,
smooth inverse Exp,' : U — U. With these choices of domains, v = Exp, '(y) is the unique
shortest tangent vector at x such that Exp,(v) =y.

Definition 1.3 (Riemannian distance). The Riemannian distance on a connected Riemannian
manifold (M, g) is
d: Mx M—R:dx,y) = inf L(v), (3)

YeT

where L(y) = ff V9 (Y(#),¥(t))dt and T is the set of all curves in M joining points x and y.
Specifically, if ||v|lx < inj(x) then d(x, Expy (v)) = ||v]|x.

Definition 1.4 (Riemannian gradient). Given a smooth real-valued function f on a Riemannian
manifold M, the Riemannian gradient of f at a point x € M, denoted by gradf(x), is defined as
the unique element of Tx M that satisfies

(gradf(x), &), = Df(x)[E], V€ € TueM. (4)
Specifically, when M is a Riemmannian submanifold of the Euclidean space R™*™
gradf(x) = PV f(x), (5)

where Py is the Euclidean projection onto Tx M which is a nonexpansive linear transformation.

Definition 1.5 (Riemannian Hessian). Given a real-valued function f on a Riemannian manifold
M, the Riemannian Hessian of f at a point x € M is the linear mapping Hessf(x) from TyM
onto itself defined as

Hessf(x)[¢] = Vegradf (6)

for all £ € M, where V is the Riemannian connection on M |Absil et al.| (2009).

When M is a Riemmannian submanifold of the Euclidean space R™*", the Riemannian Hessian
of f is written as

Hess f(x)[¢] = Px(Dgradf(x)[¢]), (7)

i.e., the classical directional derivatives followed by an orthogonal projection. For more information,
e.g., refer to Proposition 5.3.2 in |Absil et al.| (2009).

2 Proposed Algorithm

The proposed Riemannian Stochastic Variance-Reduced Cubic Regularization (R-SVRC) method
is presented in Algorithm This algorithm is indeed semi-stochastic, which requires calculation
of full gradient and Hessian at the beginning of each epoch s, i.e., the outer loop in the algorithm.
However, within each epoch, there are T iterations of the inner loop, which require calculation of
stochastic variance-reduced gradient and Hessian by sampling || and |Ij,| components, respectively.

From the computational perspective, the major step of the algorithm is to solve the cubic-
regularized Newton subproblem. Under Assumption |3 the manifold is embedded in R™*"™; hence,
the tangent vectors in Tx M are naturally represented by m X n matrices (see |Absil et al.| (2009)).
Therefore, current solvers for cubic regularized problem in Euclidean space can be adopted [Boumal
et al.| (2014)). Solving this generally nonconvex subproblem is discussed in more details below .



For computational gain, the paper also considers solving the subproblem inexactly. As long as the
inexact solution satisfies the conditions in Definition [4.4] our analysis guarantees the results of the
exact case.

Algorithm 1 Riemannian Stochastic Variance-Reduced Cubic Regularization (R-SVRC)

Require: batch size parameters by, by, cubic penalty parameters o, number of epochs S,
epoch length T, and a starting point xg.
1: Set x' = xg
2: fors=1,...,5 do
3: X(S) =x°
g® = gradF(X°) = & SN | gradf;(x%); H® = HessF(X°) = + SN | Hessfi(x®)
fort=0,..,7—1do
Sample index set Iy, Iy, s.t. |I4] = by, |In| = by,
Compute 7} € Txs, s.t. Expgs () = %}
Vi = TR0+ i (Siye, radfi, (60) —Ta (S, e, gradfi, (39))) —Taf (3£ 52, ¢, Hessfi, (x) —H) g
hy = argminy, e aq (Vf,h) + % (U7h,h) + %||h||37 where ‘
Us =T oH%o M5+ 2 5, Hessfy, (x}) — ﬁr:f 0 (%), c1, Hessfj, (x%)) o T
10: Xi 1 = Expy (h$)
11:  end for
192: )A(s—i-l _ X%—H
13: end for
14: return Xo,; = Xj, where s, ¢t are uniformly at random chosen from s € [S] and t € [T

3 Lipschitzian Smoothness on Riemannian Manifolds

Definition 3.1 (g-smoothness |da Cruz Neto et al| (1998), [Ferreira et al|(2019))). A differentiable
function f : M — R is said to be geodesically Lg-smooth if its gradient is L4-Lipschitz, i.e., for
any x, y € M with d(x,y) < inj(M),

lgradf (x) — T3gradf(y)lx < Lyd(x,y), (8)

where Ty is the parallel transport from'y to x following the unique minimizing geodesic connecting
X andy.

It can be proven that if f is L,-smooth, then for any x, y € M with d(x,y) < inj(M),

7) — (709 + (Bxps (), mad f(x)), )| < 2P, ) )
— see, e.g. Bento et al| (2017), Lemma 2.1.

Definition 3.2 (H-smoothness|Agarwal et al|(2020)). A twice differentiable function f: M — R
1s said to be geodesically L-smooth if its Hessian is Ly -Lipschitz, i.e., for any x, y € M with
d(x,y) < inj(M),

| Hessf(y) — T3 Hessf (TS op < Lird(x,y). (10)



It is shown in the following lemma that if f is Lgy-smooth, then for any x,y € M with
d(x,y) < inj(M), we have

17(9) = (S0 + (i grad fG), -+ 5 (o Hess () )] < () (1)

and
Jixad (y) — P¥eradf(x) — T Hessf(x)nlly < 22 d2(x, ) (12)

where 1 = Expy *(y).
Lemma 3.1 (Agarwal et al.| (2020)), Proposition 3.2). If f is H-smooth with constant Ly, then

and hold.

The Lipschitz-type conditions above are parallel to the conditions in the Euclidean setting |Nes-
terov & Polyak| (2006)). In general, it is not trivial to verify these conditions, or even determine their
parameters. However, we know there is a broad class of functions on Euclidean space, which satisfy
the Lipschitz continuity-related conditions. We conjectured similar properties as the Euclidean
setting would imply , if M is embedded in the Euclidean space. In|Absil et al.| (2009)), it was
proven that if the manifold is compact and the function has Lipschitz continuous gradient, then
holds. [Boumal et al.| (2019) proved that if the manifold is compact and the function has lipschitz
continuous gradient and Hessian, then @ and hold. In the following lemma, it is shown that
holds under the same conditions.

Lemma 3.2. If M is a compact submanifold of the Fuclidean space £ and f(x) has Lipschitz
continuous Hessian in € in the Euclidean sense, then is satisfied.

Proof. Denote the orthogonal projection operator onto TxM, i.e. the tangent space of M at x, by
Py. Denote the Euclidean gradient and Hessian by V f(x) and V2 f(x) correspondingly. For any y,
such that d(x,y) < inj(M) and any £ € Ty M, s.t. ||| = 1, we have

Hessf(y)[¢] = Py(D(y = PyV f(y))(¥)[¢])

= Py(D(y = Py)(W)EIV(¥)) + Py (V2 f(y)[€])
= A, + By,

The first equality follows from and the second equality comes from the chain rule and the fact
that the projection operator is linear. Similarly, we have

['YHess f(x)[I5¢] = TXPue(D(x = PV (%)) (x)[I'5¢])
= IYPx(D(x = Po) (x)[[3E][VF (%)) + DX P (V2 f (x) [T5€])
= A2 + BQ.

First, to quantify ||4; — As||, we have,

[A1 = Ao|| = [[04, [V f(y) + V(%) = VI (¥)] = O, [Vl (13)
=104, [VF(y) = V()] + (04, = O4,)[VF(X)]| (14)
<104, [VF(y) - Vf(X)]||+H(OA1 O, [V (15)
<Oallop - IVF(y) = VI + (04, = O,) [V (16)



where O, 2 Py(D(y = P,)(y)[€][]) and O, £ TYP(D(x — Po)(x)[TEE][).

Due to the smoothness and compactness of M and [|{|| = 1, || Py (D(y — Py)(y)[&][]) |lop
exists and is uniformly upper bounded, i.e. there exists a finite M; independent of x, y
and &, s.t. || Py(D(y — Py)(y)[E][]D)|lop < My for any x, y € M and &, s.t. ||£]| = 1.

For any z, such that d(z,y) < inj(M), define Q,y¢ £ I'Y P, (D(z — P,)(z)[T%E][]).
Note that O, = Qyye and Oa, = Qxye. For fixed X, y and &, Q, 4 AVf(X)] is a
continuously differentiable function of z based on the conditions that the manifold is smooth
and f(x) has Lipschitz continuous Hessian. Since z belongs to a compact set, @, 5 5[V f(x)]
is Lipschitz continuous on z, i.e.

105 £ [VIR)] - Q 5 VIR < My, clix - yll. ¥x,y € M (17)

where M %5 is a finite constant depending on x,y,£. Especially, due to the smoothness
of manifold and the function f (x) has Lipschitz continuous Hessian, we have a continuous
mapping from Xx,y, & to M. 25 & Since x,y € M, which is a compact set and [|€]| = 1, we

have a finite constant Mo, s.t. M~7y£~ < M, for all x,y,{. In , letting x = X, y =y,
we have,

1Qs 5.l VF ()] = Qg (VAR < My, % — §] < Ma]% - 3. (18)

Due to the arbitrariness of %, y and &, we conclude the second term in , (04, —
On)[VIX)]|l < Ma|x -yl

On the other hand, the gradient of a twice continuously differentiable function on a
compact manifold is Lipschitz continuous. Therefore, there exists a finite L1, s.t.

[A1 = Ao < My[|VF(y) = VF)| + Ma|x =yl < (My - Ly + Ma)|ly — x|[ < (My - Ly + M)d(x,y),
(19)

where d(x,y) is the Riemannian distance between x and y. The third inequality holds
since the manifold is embedded in the Euclidean space.
Second, to quantify ||B; — Bzl|, we define

Ry ¢(2) £ TY P, (V2 f(2)[T5€)). (20)

Fixing y,£ to be ¥ and €, R ( ) is Lipschitz continuous on z due to the smoothness of
the manifold and V2f(z) is LlprhltZ continuous. Therefore, there exists a constant Ny ¢

depending on ¥ and &, s.t. Ry £(x) — Ry e(y)|| < Ny gllx—y|| for all x, y € M. Especially,

1

there is a continuous mapping from y, 5 to N. & Since y, & are from compact sets, there
exists a finite constant Mj, s.t. || Ry #(x) — g( I < Ny ellx =yl < Ms|x—y]| for all x,
y € M.

Letting x = X, y = ¥, and due to the arbitrariness of X, y and £, we have

[1B1 = Ball = | Ry £(y) = By e(®)[| < Ma|lx -y < Ms-d(x,y). (21)



Combining , , there exists a finite L & M - L + My + M3, s.t.
[Hess f(y)[§] — TxHess f(x)[TGE]ll < [|[Ar — Az + [|B1 — Ba|| < L - d(x,y)
Since £ is an arbitrary tangent vector, we have,

[Hess f(y) — T¥Hessf(x)[5[lop < L - d(x,y).

O
4 Complexity Analysis of the Proposed Algorithm
Definition 4.1 (Optimal gap). For function F(-) and the initial point xo € M, define
AFéF‘(Xo)—F‘*7 (22)

where F* = infxe pm F(X).
Without loss of generality, we assume Ap < 400 throughout this paper.

Definition 4.2 ((e,)-second-order stationary point). x is a second-order stationary point of the
function F : M — R if |gradF (x)|| < € and Amin(HessF(x)) > —6 where gradF(x) and HessF(x)
are the Riemannian gradient and Hessian of F atx and A, (HessF(x)) £ inf, e, m{(HessF (x)n,n), /|nl*}.

As in Nesterov & Polyakl (2006)), we define

3 €SS X
() 2 max{||grad F(x)[*”, —Wz/“”} (23)
H

In particular, according to the definition ([23)), u(x) < €3/2 holds if and only if
llgradF(x)|| <€, Amin(HessF(x)) > —+/Lye. (24)

Therefore, in order to find an (e, /Le)— approximate local minimum of the function defined over
M, it suffices to find x € M such that u(x) < €/2.

Assumption 1. We assume that the objective function F is bounded below, and its components
fi, t=1,--- N are twice continuously differentiable and they are g- and H-smooth.

Assumption 2. We assume that either i) functions f;, i = 1,--- , N are Lipschitz continuous,
or ii) functions f;, i =1,--- N are continuously differentiable and the manifold M is compact.

Remark 2. The g-smoothness of f;, i = 1,---, N, in Assumption (1| implies that ||HessF(x)||op
is bounded. Furthermore, Assumption @ implies that ||gradF (x)|| is bounded either by Lipschitz
continuity of fi, i =1,---, N, or by the Weierstrass theorem |Rudin et al.| (1964]). Hence, under
Assumptions[1] and[3, and based on the fact that the parallel transport is isometric, there exist two
positive constants cy and cg, such that

Vil < ¢ and [|UF |lop < car- (25)



While the above two assumptions are mainly related to the objective function, the following
three assumptions are related to the manifold.

Assumption 3. We assume that M is embedded in a vector space, e.g., Euclidean space. For
the ease of presentation, we assume M C R™*™,

Remark 3. Under Assumption @ the Riemannian metric gx(-,-) on the tangent space TxM is
the restriction of the Euclidean metric. The norm induced by the Riemannian metric || - ||x is the
FEuclidean norm.

Assumption 4. We assume that the manifold has positive injectivity radius, i.e. inj(M) € (0, 00]-

see Definition [1.3

Remark 4. To provide few examples, the unit sphere has injectivity radius equal to w, Hadamard
manifolds and Euclidean spaces have infinite injectivity radius, and compact Riemannian manifolds
have positive injectivity radius|Chavel . Note that the Assumption[{] implies that the manifold

is complete.

Assumption 5. We assume the sectional curvature of the Riemannian manifold M is lower-
bounded by « - see|Led for the definition of the sectional curvature.

Remark 5. Some manifolds that satisfy Assumption[5 include rotation group, hyperbolic manifold,
the sphere, orthogonal groups, real projective space, Grassmann manifold, Stiefel manifold and
compact subsets of the cone of positive definite matrices (see |Bonnabel (2015), |Sra & Hosseini
(2015), |Boumal (2020)).

Following the literature of the Newton method with cubic regularization Nesterov & Polyak]
(2006), Cartis et al.| (2011a), we define

m(h) = (gradf, h) + % (Hessf[h], h) + %||h||37 h € Ty M, (26)

which can be regarded as a cubic regularization of locally quadratic approximation of function f
~ see [Agarwal et al] (2018). From (LI), we have f(Exp,(n)) < m(n), for Vn € TxM, if ¢ > Ly.
From (26)), we define

hy = argmin m; (h), (27)
heT M
where L
S S S a
m;(h) = (v}, h) + 5 (U], h) + Z||h]® (28)

and v; and U7 are the approximated Riemannian gradient and Hessian operator of the objective
function. Generally, and are not convex problems. [Nesterov & Polyak| (2006) proposed
a way to transform these subproblems into convex programs in one variable. Recently, results in
|Carmon & Duchi| (2019) show that under mild conditions gradient descent approximately finds
the global minimum with the rate of O(e~!log(1/¢)). |Cartis et al. (2011b) propose a Lanczos-
based method to minimize (26)) exactly. The gradient, conjugate gradient and Newton methods to
minimize (26)) are available in the software package provided in Boumal et al.| (2014).

We first provide some preliminary lemmas. Lemma [4.1] provides three identities that are used
in the proofs of following lemmas. These identities are typical in the cubic regularization litera-
ture Nesterov & Polyak! (2006), Cartis et al| (2011alb). Lemma [4.2] provides an upper bound on
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|| which then provides a (lower) bound on the cubic regularization parameter o to have the
iterates close enough to the epoch points. Finally, Lemmas and [£.4] provide upper bounds on
the norm difference of gradF and HessF' with their variance-reduced estimators, and on the inner
products (gradF(xj) —v{,n) and ((HessF'(x{) — Uf)[n],n) for n € Tyx; M which are used in the
proofs of the main theorems.

Lemma 4.1. Under Assumptions[3, for the semi-stochastic gradient and Hessian, we have

vi + Ush; + 2 |b[[b; =0, (29)
0.t
+ 2= o, (30)
S S 1 S S S g S S
<Vt7ht>+§<Utht7ht>+6”ht”3 < _*HhtHg (31)

Proof. (sketch) Under Assumption [3} i.e. the manifold is embedded in the Euclidean space, then
the tangent space Tx M in is isomorphic to subspace of the Euclidean space. Hence, the proof
follows, e.g., from that of Lemma 24 in|Zhou et al.|(2018]). Indeed, the proof of directly follows
from the first-order optimality condition for a stationary point of . The inequality relies
on the fact that hj is a global minimizer which will not hold when solving inexactly. The proof

of is based on and . O

Lemma 4.2. Under Assumptions given a constant C > 0 and o > %, we have
b < C.

Proof. Multiplying both sides of by hj, we obtain (v{, hf) + (Uih;, hi) + 5|hj||* = 0. By

Cauchy-Schwarz inequality, we have |/hi[|* < ||vi] - [h[| + [[U;|lop - [hf]|*. D1v1d1ng both sides
by [[hi| and based on (28], we have §||hf||* — cg - [|hf| — ¢y < 0, which implies

2
%H<W+V%+”% (32)

Note that the right hand side of is a monotonic decreasing function on o. Hence, if o >
w, the right hand side of is upper bounded by C, which implies ||hf|| < C. O

Remark 6. In Lemma 9 as well as Lemma we set C = %, where T is the epoch length

in Algorithm[1 Then, for any epoch s and iteration t € {0, - — 1}, we have

t

d(x*,x7) Z Xi_1,X <lehsl<mj M). (33)

This inequality guarantees line 7 in Algorithm[1] is attained. In the following, we assume o is large
enough such that
2(cyT? + inj(M)cyT)
(inj(M))?

hence, the distance between the iterate x; and X° is smaller than inj(M).

; (34)
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In the proof of Lemmas [£.3] and [£.4] the crucial identity is the Lyapunov Inequality in [Durrett
(2019) and a couple of matrlx concentration inequalities Mackey et al.| (2014)). Since there is no
essential difference between Lemmas 25-27 in [Zhou et al.| (2018) and our setting, we refer readers
to Zhou et al|(2018) and references therein.

Lemma 4.3. Under Assumptions for the semi-stochastic gradient vi and semi-stochastic
Hessian U3, we have

S S L3/2 - S
B, lgradF i) = vill¥? < 2 I1Bensd DI (35)
Er, | HessF(xt) = U35, < 645 (p + p*)° | Bage! ()11 (36)

where p = 1/726 k;fm"

Lemma 4.4. For any n € Tx: M and M > 0, we have

H ||3 2||gmdF(Xf) _VfHS/Z
- 27 M1/2 ’

(gradF(x}) —vi,n) < (37)

s s 2M 27 s B
((HessF(x7) — U7)[n],m) < H77||‘3+ 27z [ HessF(x;) = U35, (38)

The following Lemmas [4.5| and pr0V1de an upper bound on ||gradF|| and a lower bound on
Amin (HessF'), respectively.
Lemma 4.5. Under Assumptions if 0 > 2Ly and also satisfies , then for any h € Ty; M
such that | h| < inj(M), we have
S S 1 S S S
lgrad F(Erp, ()] < o + llgradF ;) — vill + ~ | HessF(x§) — UF|3, + [ Vmi(h)]. (39

Proof. For simplicity, we denote Expr (h) by y, the parallel transport operator I‘if by T', and I‘;f
by I'"!. We have

lgrad ' (y)|| = [T~ gradF(y)|

h
T grad F(y) — grad F(x}) — HessF(x$)h + vi + Ush + 20,

0||h||

+ (gradF(x}) — v{) + (HessF'(x}) — U{)h — ——h||

h
< |ITtgradF(y) — grad F(x§) — HessF(x{)h|| + ||vi 4+ Uth + UH |

o|[h|*
2

—5—h
+ llgradF(x7) — vi|| + [|(HessF(x}) — Up)h|| + ———

Due to the isometric property of I" and Lemma [3.1] we have
IT"'gradF(y) — grad F(x}) — HessF(x{)h|| = ||gradF(y) — T'grad F(x{) — T'HessF (x;)h||

Ly 2 _ 0 2
—||h||* < =||h
< L n)? < 2 |m)?,

12



where the last inequality follows from the condition o > 2L . From the definition of mJ(-)
in (27), we have |[vi + Ush + Z2lh|| = | Vm; (h)|. Note that

1 o
|(HessE(x¢) — Uph| < [[HessF(x¢) — Ugllopl bl < —[|HessF'(x;) — U35, + ZHhH27
where the last inequality is due to Young’s inequality. Combining these results, the proof

of is completed. O

Lemma 4.6. Under Assumptions if o > 2Ly and also satisfies , then for any h € Tys M
such that ||h| < inj(M), we have

S S g S
~Amin(HessF (Epy; (h)) < o|[h|| + || HessF(x;) — Ugllop + S [[h]l — |[h]l], (40)

where Amin(HessF (X)) is defined as Amin(HessF (x)) = infneTxM{W}.

Proof. Denote Expr (h) by y and x§ by x. Furthermore, let I denotes the identity operator at x,
i.e., I:(n) = n for any n € Ty M. We have

Hy = TYH, Iy — Ly|h|I,
= TXUSTS — ITXHXTS — TXU TS loply — L |1y
a S S
= _§||ht||1y - ||Hx - Ut HopIy - LH”h”Iy,

where the first inequality follows from the H-smooth assumption , the second inequality follows
from the definition of the operator norm and triangle inequality, and the third inequality follows
from the isometric property of the parallel transport I' and the following argument. Assume that
TYUSTY = —%|/hi||I, does not hold, then there exists £ € Ty M, s.t. (§, TYUSTEE)+ 5 |[hi|l-[|€]]? <
0. Denote the I'¥¢ by 1, we have (n, Usn) + §||hi| - [n]]* = (¢, TYUFTEE) + 1hg]| - [|€]|* < 0, which
contradicts (30]). Therefore, we have

~ain(Hy) < S| + 1| Hx = U llop + Lt 1]
= %(Ilh{fll — [ + [ Hx = Ufllop + (La + o /2)| ]|
< o|fhf] + [[Hx = Ufllop + %lllhfll — [Ihlf,
where the last inequality holds because Ly < 0/2. O

Combining Lemmas [£.5| and [£.6] and the definition of x(x) in (23), we have the following result.

Lemma 4.7. Under Assumptions setting o = kL such that k > 2 and o satisfying , then
for any h € Tx: M such that ||h[| < inj(M), we have

p(Brpy; () < 9K*2[0*2||h]|* + || gradF (x7) — vi >/ + 0*/2 || HessF (x;) — Uj|?

o3/2
+ [|Vmg () [[>? + —5 llIul - ][I
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Proof. The proof follows from that of Lemma [4.14] O

Next, We present the following result from |Zhang et al.| (2016). This inequality extends the
law of cosines from Euclidean space to Riemannian space, which is fundamental to carry out non-
asymptotic analysis for Riemannian optimization. The resulting inequality is used in the proof of
Lemma [4.9

Lemma 4.8 (Zhang et al.| (2016), Lemma 5). Ifa, b and ¢ are the side lengths of a geodesic triangle
in an Alexandrov space with curvature lower-bounded by k, and A is the angle between sides b and
c, then

al< Y ”|K‘cb2 + % — 2bccos A. (41)

~ tanh\/|k|c

Lemmas and below are used in the proof of the first main result presented in Theo-
rem 411

Lemma 4.9. Let ¢ = /|«|inj(M)/tanh /|k|inj(M) if k < 0 and ¢ = 1, o.w.. Then, under
Assumptz'ons for any h € Ty: M such that ||h[| < inj(M) and T > 2, we have

| Bxpg (Bopys (0) [ < 2(v/¢ =1+ 1)°T2||h|° + (1 + %)IIExp;sl(Xf)llg- (42)

Proof. Let g(t) = t/tanh¢ which is non- decreasmg on [0,+/|k|D] and ¢(¢) > 1. For blmphClty,
denote ||Expg. (Expy (h))[; [[h[ and |Expgs (x3)]| by a, b and ¢, respectlvely By Lemmaﬁ,
have

a?< Y= ”|K|cb2—|—02—2bccosA< b+c —lb2 [(VC—1+1)b+ (]
~ tanh \/|k|c < y

Therefore,
a’ < [(ch+1)b+c]3
= (VC—14 1) +3TY3(/C—1+1)% Tf/3+3T2/3 (VC—1+1) bTCTZ/SJrc?’
< (VC—1+1)%" +3( [T1/3 VE—T+ 1% + %%)Jr?) T3 (/¢ =1+ )b +3—T)
=(V/C=1+ 1)1 +2VT + T*)* + (1+%)c
2T+ 1T + (1+ 2)c,

where the second inequality follows from Young’s inequality and the last inequality follows from the fact
that 14 2v7T + 7% < 277 when T > 2. O

Lemma 4.10. Define the series ¢, = cy1(1+3/T) + o[500T3(VE =T+ 1)%" for 0<¢t < T —1
and cp = 0. Then for any 1 <t < T, we have

0/24 — 2c;(\/€ — 1+ 1)3T? > 0. (43)
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Proof. Assuming ¢;+q = p(ciy1+q), we can derive p = 1+3/T and ¢ = o[150072% (/€ — 1+1)3]71

Furthermore, given ¢z = 0 by induction, we have ¢; = (p? =t — 1)q. Therefore,
3 o 3 o o
2 14+ =1+ )" " - <1+ )T < — 44
G(VE—T+1PT2 = (14 27 - o < (14 2) o < 2 (14
where the last inequality follows from the fact (1 + 3/7)7 < 27. O

Theorem below presents our first main result. It provides the convergence rate of the
R-SVRC algorithm when the cubic regularized Newton subproblem is solved exactly.

Theorem 4.1. Under Assumptions suppose that the cubic regularization parameter o in Al-
gorithm (1| is fired and satisfies 0 = kLy, where Ly is the Hessian Lipschitz parameter according
to , k > 2 and o satisfies . Furthermore, assume that the batch size parameters b, and by,

satisfy
30004374 (/€ =1+ 1)* )
= ’

b, > elogd

: (45)

h 2>

k 11 y2
(\/193T(\/C71+1) T 2\5)
where T > 2 is the length of the inner loop, e is the Fuler’s number and d = mn is the dimension
of the problem. Then, we have

240k2 LY Ay

ST ’ (46)

Elp(xou)] <

where (i(x) is defined in ([23).

Proof. First, we upper bound F'(x7, ) as follows:

. . . 1 g o1s L .
F@ﬁ»ngn+@mw&nmﬂ+§uAﬂfmw+7?%m3

S S S S H S
:F(Xt)+<gradF(Xt) vi,hi) + < —U;)[hi],h}) — [hy[?
+(v{,hi) + <Uf[hf],h5> + *||h5||3
s o s s 1,20, . 27 s
< F(x3) + (277||ht||3 1/2 lgrad F(x{) — vi[|*/2) + 2(27||h 1>+ e | Hxs — U3[13,)
H S U S
-5 |hi | — *Ilh [
<F dF si32 . 2w - e A7
< FO) + —gllaradF ) = vi¥? + | H = U3, — (a7)

where the first inequality follows from Lemma[3.I]and the second inequality holds due to Lemmas
and Next, we define
R} = E[F(x}) + e[| Expg. (x7)]%], (48)

where ¢; is defined in Lemma, By Lemma [£.9] for T' > 2, we have

cra1|[Expr (Bxpye (h))I° < 2e001(v/C = 1+ 1)°T? 0 |° + copn (1 + )IIEXP TP (49)
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From Lemma with h = h{ using the condition and the definition of x7,,, we have

X)) < TP + lgradF(x) — vi|[*?  |HessF(x}) — Ug|]®
240k2/Ly ~ 24 24./c 2402
From 7 we have

(50)

S M(X§+1)
R 4+ E——
t [240k2\/LH]
s - s M(Xs )
=E[F(x{4) + Ct+1||EXp§csl(Xt+1>||3 + W}TJ]

3 14
<E[F(x) + Tl\gradF(Xf) ~ v+ —5I[HessF(xf) — U35,

g s
+Elcera(1+ >||Expx EDIP = (55 — 201 (VE= T+ DT g

14 .
<E[F(x}) + —=llgradF(x}) — vi [/ + —|[HessF(x}) — UF[5, + con (1 + 7 2 [Expg. () 7,

\fH
where the the first inequality follows from , , and the last inequality follows

from Lemma [4.10)
Based on Lemma and the conditions on b, and by, it can be verified that

3/2

3 S S 3L
E|gradF(x;) —vi|[** < E|[Expg. (x;)|° <

v ElE jsl s 3’
\/E t = O-b3/4 = 1000T3(\/7+1) || pr (Xt)”

14 , o3 896LY (p + p*)° - 1
—5E|[HessF(x}) — Uy e ——5—El|Expg. (x)[* < 1000T3(\/—+1) SEl[ExpL ()|,
where p = 4/ 261‘;%. Therefore, we have
M(Xfﬂ) -1 3 g
R |+ E[—— L] <E[F(x}) + ||ExpL, (xF 1+3/T)+
to + B < B + B (D) e (L4 3/T) + 5o — T

= E[F(x) + [ Expg (x7)[°] = By,
where the first equality comes from the definition of ¢; in Lemma Telescoping the
above inequality from ¢ =0 to T' — 1, we have

T

Ry — Ry > (240K°\/Lir) ™" > Elu(x;))-

=1
Note that ¢z = 0 and x5 ' = x§ = x°, then R$, = [F(X%)+CT||EXI);§1 (x5)|°] = EF(x°H)
and R = E[F(x5) + co||Expg: (x3)||°] = EF(%®), which implies

T

EF (&) — EF(x*) = Ry — Ry > (2408*v/Lin) 1 S Elu(x))].

t=1
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Telescoping the above inequality from s =1 to S yields

S S T
Ap > ) EFRX®) —EFF) > (408> Le) ' ) 0 Efu(x))].
s=1 s=1 t=1
By the definition of the choice of x,,, the proof is completed. O

Remark 7. Let K = ST where S and T are the number of epochs and epoch length in Algorithm 1]
Following our discussion below and by Theorem setting Elu(x)] < 240];2L%2AF/K <2,
the algorithm obtains a (e, \/€)-solution in O(e~3/?) iterations. In other words, the algorithm obtains
a first-order stationary point (i.e., ||gradF(x)|| < €) in O(e~3/?) iterations and a second-order
stationary point (i.e, Amin(HessF(x)) > —¢) in O(e™3) iterations.

Definition 4.3 (Second-order oracle). Given an index i and a point x, a second-order oracle (SO)
call returns a triple [f;(x), V fi(x), V2 fi(x)].

When manifold is embedded in a Euclidean space, calculating the Riemannian gradient and
Hessian (applied to a certain direction) requires the Euclidean gradient and Hessian. Therefore, the
number of SO calls is a reasonable metric to evaluate complexities of different algorithms, stochastic
and deterministic. In numerical studies, we also compare different methods on the number of SO
calls.

Corollary 4.1. Suppose that the cubic regularization parameter o in Algorithm (1| is fized and

satisfies 0 = kL, where Ly is the Hessian Lipschitz parameter according to (10), k > 2 and
/3 NA/S (=T

o satisfies (34)). Let the epoch length T = N/, batch sizes by = 3000% 3N4£2( < 1+1)47 by, =

clogd , and the number of epochs S = max{1, 24OE2L};2AFN_1/56_3/2}, where

( ++;,L)2
193N1/5(/c=T+1) ' 8 2v2
d = mn is the dimension of the problem. Then, under Assumptions Algorithm (1] finds an

(¢, v/Le€)-second-order stationary point in O(N + L;{QAFN‘V%’S/Q) second-order oracle calls.

Proof. The parameter setting in Corollary [{.1]satisfies the requirements of Theorem[4.1] The epoch
size S enforce E[u(Xout)] < €, which implies that X+ is an (e, /L g€)-approximate local minimum.
Note that Algorithm [I| requires calculating full gradient VF and Hessian V2F at the beginning
of each epoch with N SO calls. Inside each epoch, it needs to calculate stochastic gradient and
Hessian with b, 4 by, SO calls at each iteration. Thus, the total number of SO calls is

SN + (ST)(by + by) < N + 240k L2 ApNY5e3/2 1 240k L3> Ape /% (by + by,)
= O(N + Ly’ ApNY5¢3/2),

where the O comes from logd in by,. O

In practice, finding the exact solution to the cubic-regularized Newton subproblem is not
always computationally desirable |Agarwal et al| (2020), Nesterov & Polyakl (2006)), |Cartis et al.
(2011alb). Instead, we can solve the subproblem inezactly, but yet guarantee theoretical properties
of the algorithm. More specifically, we propose to solve the cubic-regularized Newton subproblem
inexactly, but the one that satisfies the conditions in Definition [£:4] below. It is then proved in
Theorem [£.2] that the complexity of the algorithm with inexact solution to its subproblem is the
same as the original algorithm, except for an O(1) constant.
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Definition 4.4 (Inexact solution). Given a § > 0, h{ is a §-inezact solution to if it satisfies

m; (hf) < —*Hh I° +3, (51)
IVm; (h))]] < (o )1/352/37 (52)
Amin (V2m3 (B7)) > —(0)*/ 2512, (53)

The following lemma is parallel to Lemma [£.1] when the subproblem is solved inexactly.

Lemma 4.11. Under Assumption@ if flf is a §-inexact solution to , then

s S1.S 1.8 0 1s 0 15
(vibg)+ 5 (Ushe B3 )+ ZIREIP <~ 3 ° +, (54)
~ 0’ ~ ~ -
Ivi +Uihi + (5 [hi)hyl| < (0)/36%/3, (55)
U + o||h3 |1 = —(0)%36/31. (56)

Proof. Inequalities and ([55)) follow from expandingNmf (h$) and Vms (fllf) in and (52). To
show (56), note that Vsz(flf) US + M+ A=) (—2) T, where A = w We have

A
hi  hs

US + 2M1 = US + AL+ X( el ) ||fli|| )T = —(0)¥36Y%0,
13

(i)
HhSH
R™*" and the second inequality follows from ([56)). O

\/

where the first inequality follows from the Cauchy Schwarz inequality, ||v] > for any v €

Parallel to Lemma Lemma provides an upper bound on ||h%|| which then provides a
required (lower) bound on the cubic regularization parameter o to have the iterates close enough
to the epoch points - see Remark

2/3 VE . .
Lemma 4.12. Under Assumption giwen a constant C > 0 and o > [5 +/54/312C2-(C CH+Cg):|2’

> [
we have ||hi|| < C.
Proof. Based on and Cauchy—Schwarz inequality, we have
s S O -
(vihy) + (Ushi By ) + 2 < (0)/%6%% - g (57)
which implies,
a ~‘5 ~( ~( ~(
S IR < IVE - B+ 107 op - [0 1% + (0)/26%/% - [ (58)
Based on and dividing both sides by ||h||, we have
07 IS
SIhE* —cn - 03] - (+0'/%62/%) <0, (59)

which implies

e + /3 + 20(cy + a1/352/3) oot Ve +20(cy + 01/252/3)'

b} < (60)

g (o
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Note that the right hand side of is a monotonic decreasing function on o. After some simple

. . . . 2/3 4/3 2.(C-cup+c . . .
manipulation, we derive that if o > [(S /0 +§S © CHHQ)]Q, then the right hand side of is

upper bounded by C, which implies ||hf| < C. O

Remark 8. Using Lemma setting C' = inj(M) /T, where T is the epoch length of the algorithm,
we have

7202 4TI L AP M e 24T,
7 (M) " o

Given the lower bound on o, for any epoch s and any iteration t inside this epoch, we have

t t
d(x*,x7) < d(xi_y,x5) <Y || < inj(M). (62)
i=1 i=1

Since it is difficult to quantify the difference of h with the exact solution hf, i.e. |||h|| — |[h{]l,
we need to establish results similar to Lemmas and based on .

Lemma 4.13. Let f1§ be a §-inexact solution to with o > 2Ly that satisfies , then under
Assumptions[fl[4} for any h € R™ ™ such that ||h|| < inj(M), we have

30 s -~
~Amin (HessF(Epy (h)) < —-[hl[ + [[Hx = Ufllop + ollh]| - ||| + (0)?/361/3, (63)

where Amin(HessF(x)) is defined as Amin(HessF(x)) £ infneTxM{W}.

Proof. Denote Exp,.(h) by y and x; by x. Furthermore, let the identity operator at x be denoted
by Iy, i.e. Iu(n) = n for any n € Ty M. We have

Hy = TYH Iy — Ly|h|L,
= TYUPTS — DX HXLY — TXU TS [oply — Lu ||| Ly
= —(ollbj || + ()26 )Ty — || Hyx — U} |oply — Ly |[[|Ty,

where the first inequality follows from , the second inequality follows from the definition of
the operator norm and the triangle inequality, and the third inequality follows from the isometric
property of the parallel transport I' and . Therefore, we have

—Amin(Hy) < (o[ || + (0)*26"%) + | Hx — Uf op + Ll I
= o (B3| = |[hl) + | Hx = Ufllop + (Lir + o) [ ]| + (0)*/%6"/2
< 3gllhll + | Hx = U lop + ollBE || = |[R]]] + ()*/%61/2,
where the last inequality holds because Ly < o/2. O

Recall the i(x) definition in (23], combining Lemmas [4.5 and we have the following result.
Lemma 4.14. Settmgg = kLy with k > 2 such that it satisfies , under Assumptions for

any d-inezxact solution hf, we have

27(0)3

~ - /2
H(Bpy (0)) < 9(k)* (== |03 P + lgradF (7) = vi|[*72 + (o) 72| HessF(x}) = U7 3, + (0)'/%4].
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Proof. Recall u(x) = max{|gradF (x)|*/?, —L;I3/2>\3 (HessF'(x))}. Next, we apply Lemmas

min

and to upper bound ||grad F'(x)||*/? and —(L3H/2)_1[)\mm(HeSSF(><))]3}7 respectively.

lgrad F (Expy; (h3))]|*/

.S s s 1 s s S (TS
< [o| 0| + [lgrad F(x7) — vi|| + ~[[HessF(x}) = U5, + [Vm; (b)[]*?
< 2[(0)*?|0;||* + |lgrad F(x}) — vi[|*/ + (o) ~*/*|[Hess F (x}) — U3 |3, + [|Vm; (b])[|*/?]
< 2[(0)*?|h;||® + |lgrad F(x}) — v;[|*/* + (0)7*/*|Hess F(x}) — Us|[3, + () /%3],

where the first inequality follows from Lemma[L.5] the second inequality holds due to the inequality
(a+b+c+d)¥? <2(a®? + b3/ 4 ¢3/2 + d3/2), and the third inequality follows from (52).

L3 Ponin (Hess P (B)° = —(F)*/2(9) /2 Ay (Hess F ()

30

2
8

< (k)2(0) 7221 B3| + [HessF(x}) — U lop + (0)*/261/%)°

< 9(k)*?] B3 11° + (o) %2 |[HessF(x}) — U3 I3, + (o)'/24],

where the equality follows from o = kL, the first inequality follows from Lemma and the
last inequality follows from the inequality (a +b+c)® < 9(a® +b% + ¢%). Since 9(k)3/2 > 2, we have

H(ExD.; (7)) = mac{ [ grad F (Expc (85))[[*/2, =L, 273, (Hess F (Expyg (B7)) }
27(0)3/?

<9(R)*2 [

B 117 + llgrad F(x5) = vi[I*? + (0)~*/?|[Hess F(x}) — U§|l3, + (0)'/24],
which completes the proof. O

Theorem below provides the convergence rate of the R-SVRC algorithm when the cubic
regularized Newton subproblem is solved inexactly.

Theorem 4.2. Suppose that the cubic regularization parameter o in Algorithm (1] is fixed and
satisfies 0 = kL, where Ly is the Hessian Lipschitz parameter according to and k > 2 and
it also satisfies . At each iteration, let the cubic subproblem be solved inexactly so that the
results {hj} are d-inexact solutions. Furthermore, suppose that the batch sizes by and by, satisfy

30004/3T4(E—1+1)* elogd
bg 2 (]%25 ) ) bh 2 % & 1 1 27 (64)
(\/193T(\/§Tl+1) + 8 ﬁ)

where T > 2 is the length of the inner loop of the algorithm and d = mn is the dimension of the
problem. Then, under Assumptions 1[5, the output of the algorithm satisfies

720K2L} A

1.2
ot + 738%k2\/ L6, (65)

Elp(xout)] <

where u(x) is defined in .
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Proof. First, we upper bound F'(x7, ) as follows:

s s s\ TS 1 .81 1S LH 1. S
F(xi41) < F(xf) + (gradF (), by ) + 5 ( Hog [B], By ) + = 1B

t

s s s TS 1 S\[S] TS H s

= F(x;) + (gradF(x}) = vi, by ) + 5 ((He — Up)[). B ) — I
s TS 1 S[hS] TS 153

+ (vihi) + 5 (UIB]. By ) + 21k

s 0 s 3 s1(13/2 1 20 s 3 27 5113
< F(x) + (b l™ + 1/2ngadF(Xf) vil*?) + 2(27||1f1 P+ 51 Hx; = Uillop)

H | 1.s o s

- [hg® - E||ht||3+5

s 2 s s(13/2 27 513 3
< F(xf) + g lleradF(xg) = vill™ + o5 1 Hxy = Uillop — *Hh [

where the first inequality follows from H-smooth assumption and Lemma and the second

inequality holds due to Lemma and in Lemma
Next, we define

Ry £ E[F(x}) + e[| Expgs (7)), (66)
where ¢; is defined in Lemma [{.10] By Lemma [4.9] for T > 2, we have

Cot | Expg! (Bxpye (0))) [P < 26041 (VE = 1+ 1T B3 + cpn (1 + )HEXP FEDIP (67

Furthermore, from Lemma we have

u(xtm e o IEAEGE) — Vi | HessFO) ~UFP 6
729k2\ /Ly ~ 24 81\/5 8102 81°
Combining , @ and 7 we have
M(X§+1)
R}, +E[—————
t+1 [729k2 /LH}
s —1/.s 3 'u(x;?-i-l)
=E[F(x{,1) + i1l Expgs (x5,1) |l m]
S 3 S S 14 S S
< E[F(x}) + %ngadF(xt) —v; ||3/2 + §||HessF(xt) - U; 1]

3 s . 826
+E[cia (1+ ) Expg: () - 24 —2c41(VE — 1+ 1)°T%) |03 |°] +

S S S S S 3
<E[F(x7) + gradF(Xt)—Vt||3/2+§||HessF(Xt)—Utll +Ct+1(1+ 7 | Expg: (I +

ﬁ“
where the last inequality follows from Lemma
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Based on Lemma [4.3] and the conditions on the sizes of b, and by,, we have

3/2
3L3/
3/4
by

e ElaradF () — i [/ <

E E Tgl S 3 < g

E[[Expg. ()%,
g

(69)

14 N 13 896L% (p + p?)?
;]EHHeSSF(Xt) -U; ”?éHT

where p = 1/%. Therefore, we have

M(Xfﬂ)

729k2\/Ly

E|[Expg. (x7)[* <

o
E|Expzt(x9)|?,
~ 100073 (/€ —1+1)3 [Expg. (x7)]]

(70)

) < BIF) + [Bxpg! () a1+ 3/T) + S Eml) +

826 826

= BIF(x) + [ Bxogl D)) + o = Re + 1

where the first equality is due to the choice of {ct} defined in Lemma Telescoping the
above inequality from ¢ = 0 to T — 1, we have R — RS > (729k*V/ Ty )~ SO0 (Blu(x5)] —
%—215). Note that cr = 0 and x5 = x§ = %x°, then R} = E[F(x3) + CTHEXp;;(X%)Hg]
EF(x**!) and R§ = E[F(x§) + co||[Expg. (x3)]|*] = EF (%), which implies

Ri +E[

T
EF(x") — EF(x*™!) = Ry — Ry > (729k°/ L) ™" Y (B[u(x})] - 2215)-

Telescoping the above inequality from s = 1 to S yields

5 T
Ap > ZEF(&S) CEFGY) > (72082 /L)~ ZZ(E[M(XtS)] _ 825)'
s=1

s=1 t=1 81
By the definition of x,,¢, the proof is completed. ]

Corollary 4.2. For any s and t, let flf be an inexact solution of the cubic subproblem mj(h),
which satisfies Definition with § = (1500/52\/5)7163/2. Suppose that the cubic reqularization
parameter o in Algorithm 1| is fived and satisfies 0 = kL, where Ly is the Hessian Lipschitz
parameter according to with k > 2, and it also satisfies , Let the epoch length T = N1/°,

. 4/3 N4 —Ta1)4
atChn SizZes = = h = = an € numoer oj epocns
batch by = N WD clogd , and th b poch
: k411 2
(\/1931\r1/5(\/g771+1)+8 2\/5)

S = max{l, 1500E2L2{2AFN71/5673/2}. Then, under Assumptions Algorithm |1| finds an
(e, v/ Le)-second-order stationary point in O(N+L22AFN4/56*3/2) number of second-order oracle
calls.

Proof. Under the parameter setting in Corollary [£.2] and Theorem we have

729E2L1/2A _ 3/2 3/2
Efp(xour)] € o B=E 4+ 738K/ Ligd < 67 + ET = &2, (71)

22



Thus, X,y is an (e, /L g€)-approximate local minimum. Similar to the discussion in Corollary 4.1
the total number of SO calls is

SN + (ST)(by + by) < N + 1500k L2 ApNY53¢3/2 1+ 150062 LY 2 Ape /2 (b, + by)
= O(N + LY?ApNY/5¢73/2),

5 Numerical Studies

In this section, we conduct numerical experiments to verify our theoretical complexity results for the
R-SVRC algorithm to find a second-order stationary point. Besides different simulation studies,
we compare our algorithm with crude Riemannian cubic regularization Newton method (CRC),
Riemannian adaptive cubic regularization method (ARC), and Riemannian trust region method
(RTR) — see [Zhang & Zhang (2018)), |Agarwal et al.| (2020), [Absil et alf (2007). Our code is
written in conformance with the Manopt package Boumal et al| (2014), and it is available at
https://github.com/samdavanloo/R-SVRC. All the numerical studies are run on a laptop with 1.4
GHz Quad-Core Intel Core i5 CPU and 8 GB memory.

5.1 Parameter Estimation of Multivariate Student’s t-distribution

The maximum likelihood estimation of the (scale) parameter of the multivariate t-distribution
requires solving

N T
. _v+p a; Xa;, 1
Xlélélir F(X)= 5N ZE:1 log(1 + » ) ) log det(X), (72)

where the mean is assumed to be zero and X is the inverse of the scale matrix ¥ which should
belong to the Symmetric Positive Definite (SPD) manifold. The Euclidean gradient and Hessian of
F' can be calculated as

N T
v+p a;a; 11
VF(X) = —5X E
(X) 2N ~v+afXa 2 , i
N T
v+p —a; Ua; (LT S R
V2F(X)[U] = : al + X 'UX &
(O =55 2 T alXa)? i T3 (74)
N T T
_(a;a’ al)y 1 -
v+p (aal)®(aaz)+7X Yo X1 - vee(U), (75)

= T 2
2N = (v+a; Xa;) 2

where sym(Y) £ 2(Y 4+ Y ), vec(-) denotes vectorization of the input matrix, and ® denotes the
Kronecker product. The Riemannian gradient and Hessian are obtained as (see [Bhatial (2009),
Boumal et al.| (2014)):

grad F'(X) = Xsym(VF(X))X, (76)
HessF(X)[U] = Xsym(V2F(X)[U])X +sym(UVF(X)X). (77)
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While the above equations compute the full gradient and Hessian along certain direction, the
stochastic gradient and Hessian along certain direction also easily follow. For instance, for function

Fo(X) 2 L3 hx),

the second term in the formula for U$ (see Step 9 in Algorithm 1)) can be calculated as

V2E, (X) ”+p Z HaTXa;‘ N X L X1 - vee(U), (78)
HessFr, (X)[U] = Xsym(VzFIh( JUDNX 4+ sym(UVFp, (X)X). (79)

While computing the Euclidean gradient and Hessian (along certain direction) using and
requires processing N data points, transforming them to their Riemannian counterparts is relatively
simple, in the sense that their computation is independent of N. Therefore, at the beginning of
each epoch, the tensor inside the square bracket in is computed and stored. In the following
within-epoch iterations, to update U7 (Step 9 in Algorithm , only the second and third terms
need to be updated which can be performed efficiently as the batch size is small compared to N.

5.2 Linear Classifier Over the Sphere Manifold

In this example, we consider a classification problem based on N training examples {a;, bi}i\il where
a; € R™ and b; € {—1,1} for all i € [N]. We aim to estimate the model parameter x for a linear
classifier f(a) = x'a such that it minimizes a smooth nonconvex loss function [Zhao et al.| (2010)),
Li & Yang| (2003)

N

1
L(x; {(ai,b)}Y) = Z(l - mﬂ (80)
i=1
over the Sphere manifold, {x € R™ : x"x = 1} |Absil et al| (2009). The Euclidean gradient and

Hessian of £ are
e—2bi (x"ay)

N
Z 1—|—€_b x a,))

=1

N
2 _ e—b x " a; )b2 —2b;(x " a;)
V2L(x) = E a;a, .
—b; xT i 1%
= 1 +e (xTa; ))

The Riemannian gradient and Hessian of £ along U (see Proposition 5.3.2 in |Absil et al.| (2009)),
Boumal et al.| (2014))) are

gradL(x) = Px(VL(x)), (81)

HessL(x)[u] = P (VZL(x)[u]) — (x" VL(x))u, (82)

where the tangent space projection is Px(y) £ y — (x"y)x. The stochastic gradient and Hessian
easily follows by summing the corresponding terms over the minibatch.

The first example above on estimating the inverse scale matrix of the multivariate t-distribution
over symmetric positive definite (SPD) satisfies Assumptions and its objective function satisfies
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Assumptions if the minimum eigenvalue of the matrices is bounded away from zero. The second
example on estimating the parameter of the linear classifier over sphere manifold satisfies all of the
assumptions, i.e., the sphere manifold satisfies Assumptions and Assumptions follows from
continuous differentiability of the objective function and compactness of the sphere manifold.

5.3 Numerical Results

Data Simulation. The first numerical study is to estimate the inverse scale (covariance) matrix
of the multivariate Student’s t-distribution (see problem ) Data is simulated from a multivariate
t-distribution with three degrees of freedom and randomly generate scale matrix Yi,ue € Sjir 4 with
d = 10. N = 10* samples are generated from the underlying distribution which are then added
with the Gaussian noise € sampled from N(0,721;) with 72 equal to 0.1, 1, 5, and 10.

The second numerical study is to estimate the parameter of a linear classifier over the Sphere
manifold (see problem ) To simulate the data, the true parameter X, is first generated
from N(0,1;) which is then normalized to belong to the Sphere manifold. Next, a; € R¥1, § =
1,...,N are randomly generated from the uniform distribution where d = 20 and N = 10°. The
corresponding label b; to a; is set to 1 if x"a; +¢; > 0, where ¢; ~ N(0,72), and —1, otherwise,
where 72 is chosen to be 0.02, 0.1, 1, and 3.

The proposed R-SVRC algorithm is run 15 times in each numerical study. The shaded plots
discussed in the Results below provide percentile information based on these replicates.

Number of calls to the stochastic oracle. For the R-SVRC method, at the beginning of
each epoch, the SO is called N times. However, within each epoch, each iteration makes (b + by)
calls to SO. In the deterministic CRC, ARC and RTR methods, each iteration makes N calls to
SO. The number of SO calls and the CPU runtime are the two performance measures we have used
to compare the proposed method with the other second-order methods.

Parameters and subproblem solver. The g-smoothness and H-smoothness assumptions is
standard in nonasympototic analysis in Riemannian optimization - see, e.g.,|Absil et al.| (2004} |2009)),
Boumal et al| (2019)), Boumal (2020). However, obtaining the g-smoothness and H-smoothness
constants is not trivial and we defer it to future studies. In the following, we numerically analyze
the effect of different parameters on the performance of Algorithm [T} i.e., epoch size T, cubic
regularization constant o, batchsize b, and b,. The cubic subproblem (Step 9 of the Algorithm
is solved using the conjugated gradient method using the Manopt solver |Boumal et al.| (2014]).

To estimate the inverse scale matrix of the multivariate t-distribution over the symmetric pos-
itive definite manifold, the default optimization parameter setting for Algorithm [1]is ¢ = 0.01,
by = by, = 500 and T' = 5. To estimate the parameter of the linear classifier over Sphere manifold,
the default optimization parameter setting for Algorithm[I]is o = 0.1, b, = b;, = 5000 and T" = 5.

Results. Figure [1] shows the performance of the R-SVRC algorithm for different levels of noise
€ added to the simulated data (see data simulation above). The top two plots in Figure |1/ show the
proposed algorithm successfully approach a second-order stationary point in all scenarios. As the
output of Algorithm [1]is to be sampled uniformly at random for s € [S] and ¢ € [T], we also plot
the averaged u(x*) sequence (over iterations) in the bottom two plots. These averaged sequences
show E(u(x*)) decreases with a sublinear rate which is consistent with the first main theorem.
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Figure 1: Effect of the added noise to the simulated data on the performance of the
proposed R-SVRC algorithm over 15 replicates. (Left) Estimating inverse scale matrix
of multivariate t-distribution over SPD manifold. (Right) Estimating parameter of the
linear classifier over Sphere manifold.

—~
&x 10%
i 10"“ 3 E|
1072 5
——7°=0.1
10 k| 72 =
——7=
1070 F 5
——71% =10
10-18 L 1 L L L L L 10-15 L L L
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
10°
~~
.Nx
N—"
—
&N | 107
e

26



Figure 2: Performance of of the proposed R-SVRC algorithm for different optimization pa-
rameter settings over 15 replicates. (Left) Estimating inverse scale matrix of multivariate
t-distribution over SPD manifold. (Right) Estimating parameter of the linear classifier
over Sphere manifold.
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Figure [2] illustrates the performance of the R-SVRC algorithm for both numerical studies for
different settings of the optimization parameters. Left and right columns corresponds to the first
and second numerical studies, respectively. Most of the plots show a superlinear rate of convergence
to a second-order stationary point using the last iterate as the output of the algorithm. The first row
shows that smaller batch sizes result in slower convergence with early oscillation around the plateau.
Specifically, the top three lines have ascending values of b, while descending values of b, which
implies that the effect of b, is more significant than that of b,. The second row shows that bigger
values of ¢ can provide smaller objective values but with slower convergence rate. Furthermore,
larger o values tends to produce a smaller ||h|| based on the subproblem which leads to more
stable and smooth sequences shown in the plots. The third row shows that bigger values of T', i.e.,
less frequent full gradient and Hessian calculations, result in slower rate of convergence for a fixed
number of iterations which is also intuitive.

In Figure [3] we compare the proposed R-SVRC method with the other three benchmark meth-
ods, Riemannian adaptive cubic regularization method (ARC), Riemannian trust region method
(RTR) and crude Riemannian cubic regularization method (CRC) |Agarwal et al.| (2020), Boumal
(2015), |Zhang & Zhang| (2018) over the number stochastic oracle calls (see Deﬁnition and also
cpu time. Results show faster decrease by the R-SVRC method compared to the other benchmark
methods.

Finally, Figure [ visualizes the optimization path obtained by the R-SVRC algorithm over the
Sphere manifold. The generated iterates converge to the optimal solution.

6 Conclusions

We developed the Riemannian stochastic variance-reduced cubic-regularized Newton method (R-
SVRC) for optimization over Riemannian manifolds embedded in a Euclidean space. The proposed
double-loop algorithm requires information on the full gradient and Hessian at the beginning of each
epoch (outer loop) but updates the gradient and Hessian within each epoch in a stochastic variance-
reduced fashion. Each iteration requires solving a cubic-regularized Newton subproblem. Iteration
complexity of the proposed algorithm to find a second-order stationary points is established which
matches the worst-case complexity bounds in the Euclidean setting. Furthermore, a version of the
algorithm which only requires an inexact solution to the cubic regularized Newton subproblem is
proposed which has the same complexity bound as the exact case. Finally, the performance of the
proposed algorithm is evaluated over two numerical studies with symmetric positive definite and
sphere manifolds.
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