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1 Introduction
1.1 Definitions and background

Let f be a univariate convex function with domain [¢,u], where 0 < ¢ < u. We assume
that f is positive on [¢,u]. We are interested in the mathematical-optimization context
of modeling a function, represented by a variable y, that is equal to a given convex
function f(x) on an “operating range” [¢,u] and equal to 0 at 0. We do this using
a 0/1 indicator variable z (which conveniently allows for incorporating a fixed cost
for x being in the operating range), and we represent the relevant set disjunctively as
follows. We define
Dy(4,u) =={(0,0,0HU{ (x,3,1) € R : f(0) + 1910 (x— ) >y > f(x), u> x> £}
Notice that for x € {¢,u}, we have y = f(x). So, the upper bound on y enables us to
capture the convex hull of the graph of the convex f(x) on [¢,u], in the z =1 plane.
Next, following the notation of [13], we define the perspective relaxation

$7(4,) :=convel {(x,,2) € R+ (F(0) = L900) o L0fx > y > 2 (x/2),
uz>x>0z, 1>z>0,y>0},

where convcl denotes the convex closure operator. Notice that “perspectivizing” the
convex f(x) produces a more complicated but still convex function zf(x/z), and han-
dling such a function pushes us into the realm of conic programming. On the other
side, perspectivizing the (univariate) linear upper bound on y leads to a (bivariate but
still) linear upper bound on y. Intersecting S‘;@(&u) with the hyperplane defined by
7 =0, leaves the single point (x,y,z) = (0,0,0), which is only in the set after we take
the closure. In this way, the “perspective and convex closure” construction gives us
exactly the value y = 0O that we want at x = 0. Moreover, §;§(€,u) is precisely the
convex closure of Dy (¢, u).

We compare convex bodies relaxing S’;@(E,u) via their volumes, with an eye to-
ward weighing the relative tightness of relaxations against the difficulty of solving
them. Generally, working with §;-(€,u) implies using a cone solver (e.g., Mosek),
while relaxations imply the possibility of using more general NLP or even LP solvers;
see [13] for more discussion on this important motivating subject. One key relax-
ation previously studied requires that the domain of f is all of [0,u4], f is convex on
[0,u], £(0) =0, and f is increasing on [0,u]. For example, convex power functions
f(x) ;== xP with p > 1 have these properties. Assuming these properties, we define
the naive relaxation

S9,u) = {(x,3,2) €R? + (f(£) = [W=AOf) g4 LSOy >y > f(x),
uz>x>4z, 1>2>04}.

While the naive relaxation is weaker than the perspective relaxation, it can be handled
more efficiently and by a wider class of solvers because of its simpler form involving
f(x) rather than zf(x/z).
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1.2 Relation to previous literature

The perspective transformation of a convex function is well known in mathematics
(see [9], for example). Applying it in the context of our disjunction is also well studied
(see [7,6,1], with applications to nonlinear facility location and also mean-variance
portfolio optimization in the style of Markowitz). The idea of using volume to com-
pare relaxations was introduced by [11] (also see [12] and the references therein).
Recently, [14, 13] applied the idea of using volumes to evaluate and compare the per-
spective relaxation with other relaxations of our disjunction.

Piecewise linearization is a very well studied and useful concept for handling
nonlinearities (see, for example, 5, 15] and also the more recent [19, 18] and the many
references therein). It is a natural idea to strengthen a convex piecewise linearization
of a convex univariate function using the perspective idea, and then to evaluate it
using volume computation. This is what we pursue here, concentrating on piecewise-
linear under-estimators of univariate convex functions. We also wish to mention and
emphasize that our techniques are directly relevant for (additively) separable convex
functions (see [8,3], and of course all of the exact global-optimization solvers (which
induce a lot of separability via reformulation using additional variables).

1.3 Our contribution and organization

Our focus is on relaxations related to natural piecewise-linear under-estimators of f.
Piecewise linearization is a standard method for efficiently handling nonlinearities
in optimization. For a convex function, it is easy to get a piecewise-linear under-
estimator. But there are a few issues to consider: the number of linearization points,
how to choose them, and how to handle the resulting piecewise-linearization.

In particular, we look at the behavior of the perspective relaxation associated with
a natural piecewise-linear under-estimator of a convex univariate function, as we vary
the placement and the number of linearization points describing the piecewise-linear
under-estimator.

In §2, we introduce notation for a natural piecewise-linear under-estimator g of f
on [¢,u], using linearizations of f(x) at n+ 1(> 2) values of x, namely £ =: §y < & <
-+ < &, := u, we define the convex relaxation 0}(5) = §;§(€,u), and we describe
an efficient algorithm for determining its volume (Theorem 2.1 and Corollary 2.2).
Armed with this efficient algorithm, any global-optimization software could decide
between members of this family of formulations (depending on the number and place-
ment of linearization points) and also alternatives (e.g., 5; (¢,u) and 5‘?(5 ,u), explored
in [13]), trading off tightness of the formulations against the relative ease/difficulty
of working with them computationally.

In §3, we give a more detailed analysis for convex power functions f(x) := x?,
for p > 1.1n §3.1, focusing on quadratics (p = 2), we solve the volume-minimization
problem for vol(U p (€)) when p = 2 (Theorem 3.1), for an arbitrary number of lin-
earization points, thus finding the optimal placement of linearization points for con-
vex quadratics. Further, from this, we recover the associated formula from [13] for
Vol(S‘;(E,u)) (Corollary 3.2), and we demonstrate that the minimum volume is al-
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ways less than the volume of the naive relaxation when p = 2 (Corollary 3.3). In
§3.2, focusing on non-quadratics (p # 2), we first demonstrate with Theorem 3.4 that
all stationary points are strict local minimizer. Next, with Theorem 3.5, we demon-
strate that for p < 2, that the volume function is strictly convex, and so in this case
(Corollary 3.6), we can conclude that it has a unique minimizer. We establish that this
also holds for p > 2 (Theorem 3.9 and Corollary 3.10). We also establish that the op-
timal location of each linearization point is increasing in p on (1,0) (Theorem 3.11).
Finally, we establish a nice monotone behavior for Newton’s method on our volume
minimization problem (Theorem 3.13). In §3.3, we consider optimal placement of
a single non-boundary linearization point. Furthermore, via a simple transformation,
for the tricky case of minimizing vol(U »(£,81,u)) when p > 2, we can reduce that
problem to maximizing a strictly concave function (Theorem 3.17). Next, we provide
some bounds on the minimizing &; (Theorem 3.18). This can be useful on determin-
ing a reasonable initial point for a minimization algorithm or even for a reasonable
static rule for selecting linearization points. Next, we establish how good our bounds
are in the case of £ = 0 (Proposition 3.20).

In §4, we consider several related relaxations that are less computational burden-
some than the perspective relaxation applied to a convex power function or even to a
piecewise-linear under-estimator. To demonstrate the type of results that can be estab-
lished, we focus on convex power functions and ultimately quadratics with equally-
spaced linearization points. In particular, we establish how many linearization points
are needed for various approximations.

2 Piecewise-linear under-estimation and perspective

Piecewise-linear estimation is widely used in optimization. [15] provides some key
relaxations using integer variables, even for non-convex functions on multidimen-
sional (polyhedral) domains. We are particularly interested in piecewise-linear under-
estimation because of its value in global optimization.

Given convex f : [(,u] — R, we consider linearization points

=< &< <& =u

in the domain of f, and we assume that f is differentiable at these &;.
At each &;, we have the tangent line

y=f(&)+f (&) (x—&), (T)
for i =0,...,n. Considering tangent lines 7; and 7;_; (for adjacent points), we have
the intersection point

(x,y) == (5, f(&)+ [ (&)(1i=&)), fori=1,....n, (P)
where
o MG) = f(E)G] — [F(Gi1) — f'(Gim1)Gi1]

f1(&i-1) = f'(&) '
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Finally, we define
(x,y) = (10 := £, f(£)) (Po)
and
(x,) == (Tar1 1= u, f(u)). (Bat1)
It is easy to see that £/ =: 7y < 7] < --- < T,41 ‘= u, and that the piecewise-linear
function g : [¢,u] — R, defined as the function having the graph that connects the P,,

fori=0,1,...,n+1, is a convex under-estimator of f (agreeing with f at the &; see
Fig. 1. In what follows, g is always defined as above (from f and §).

| £ &t u x

Fig. 1 Piecewise-linear under-estimator

We wish to compute the volume of the set 0]’5 (&) := S’g(ﬁ,u). To proceed, we

work with the sequence 7y, 71, ..., T,+1 defined above. Below and later, adet denotes
the absolute value of the determinant.
Theorem 2.1

1 To T Tyl

(ngE

adet [ g(70) g(7i) g(Tit1)

vol(07(8)) = & dyadet | #(1) 8(5) (5

Proof. We wish to compute the volume of the set U ;(é) This set is a pyramid

with apex (x,,z) = (0,0,0) and base equal to the intersection of U }‘(é) with the
hyperplane defined by the equation z = 1. The height of the apex over the base is
unity. So the volume of U }‘(5) is simply the area of the base divided by 3. We will
compute the area of the base by straightforward 2-d triangulation. Our triangles are
conv{Py,P;, P41}, for i =1,...,n. The area of each triangle is 1/2 of the absolute
determinant of an appropriate 3 x 3 matrix. The formula follows. O

Corollary 2.2 Assuming oracle access to f and f', we can compute vol(U f*(é)) in
O (n) time.
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3 Analysis of convex power functions

Convex power functions constitute a broad and flexible class of increasing convex
univariate functions, useful in a wide variety of applications. Additionally, an ability
to handle the power functions x* for integers k > 2, already gives us a lower-bounding
method for f(x) := exp(x) by truncating its Maclaurin series Y5>, x* /k!, and working
termwise (on the terms k > 2). More generally, we could approach any univariate
function f : R — R, like this, as long as its Maclaurin series has all nonnegative
coefficients; i.e., when all derivatives at 0 are nonnegative. For example, 1/(1 —x)k
with integer k > 1 (i.e., the geometric series and its derivatives), sinh(x) and tan(x)
for x < m/2, and arcsin(x) for x < 1. Therefore, analyzing relaxations for power
functions, can have rather broad applicability.
For convenience, let U;(é) denote U}*('g'), with f(x) :=x, p > 1.

3.1 Quadratics

We will see that equally-spaced linearization points minimizes the volume of the
relaxation U (&) when p = 2.

Theorem 3.1 Givenn>2, 0 < Eoi=0< & < <& <u=:&, we have that
&=L+ L(u—10), fori=1,...,n—1, is the unique minimizer of vol(U; (&)), and the

minimum volume is & (u —£)3 + !
18 36n2 -

Proof. The intersection points P; are (%7 &i—1&;). We have 1; = % fori=
.,n+1, and

To Ti Tit1

vol( Zadet g(m) g(7) g(Tiy1)
1 1 1

(Ei1 —Ei1) (& —0)?

B\H
™=

Il
—

2551 W& — &) +u® — 2P0+ 2u® — 13|

i=1

5\~

and

8\1015912*(4‘,‘)) = T12(fi+1 —&i1)(28i—&ip1—&imy), fori=1,...,n—1,

2vol(U*
901(9(522(5)) _ %(gm_g,-_l), fori=1,...,n—1,
9%vol(U3(8))

1 .
9EdE :g(gi—éiﬂ),forz:l,...,n—2.
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Therefore, V2 vol(U; (€)) is a tridiagonal matrix. It is easy to verify that V2 vol (U5 (&)
is diagonally dominant because (&1 —&_1) = (&1 — &)+ (& — & 1), thus V2 vol(U* &)
is positive semidefinite, i.e., vol(Us (€)) is convex.

The global minimizer satisfies Vvol(Us (€)) =0, i.e., 2& — &1 — &1 = 0 for
i=1,...,n—1. Solving these equations gives us the equally-spaced points. Now a
simple calculation gives the minimum volume as

(u—0)?

al036) = 5 (G- 0+ 5w 07) = w07+ 4

O

Letting n go to infinity, we recover the volume of the perspective relaxation for
the quadratic 85 := §%(¢,u) where f(x) := x*.

Corollary 3.2 ([13]) vol(S}) = & (u—£)3.

1
18
We can also now easily see that by using the perspective of our piecewise-linear

under-estimator, even with only one (well-placed) non-boundary linearization point,

we always outperform the naive relaxation 89 := §% (¢, u), where f(x) := x*.

Corollary 3.3 vol(U;(€)) < vol(§g), and with equality only ifn =1 and { = 0.
Proof. vol(S9) = & (u—0)* + (u® — £3) /36 (see [13]). Notice that

(u—073 _ w—-0>3 _ ud-¢
< < -
36n? 36 36

The first inequality is strict when n > 1, and the second is strict when £ > 0. O

3.2 Non-quadratic convex power functions

Considering p # 2, even for one non-boundary linearization point, vol(U +(&)) is not
generally convex in & for & = (¢,&;,u). However, we establish with Theorem 3.4
that any stationary point of vol(U (&)) is a strict local minimizer. Therefore, using
any NLP algorithm that can find a stationary point, we are assured that such a point is
a strict local minimizer. Furthermore, we establish with Theorem 3.5 that when 1 <
p <2, we have that vol(U,’; (€)) is indeed convex in (&i,...,&,—1). Therefore, for 1 <
p <2, using any NLP algorithm that can find a stationary point, we will in fact find a
global minimum. For p > 2, we simplify the gradient condtion V vol (U (&) =0and
establish with Theorem 3.9 that the volume function has a unique stationary point.
We also establish with Theorem 3.11 that the optimal location of each linearization
point is increasing in p on (0,c). Furthermore, we establish with Theorem 3.13 that
the iterates of Newton’s method have monotonic convergence on this function.

Theorem 3.4 For 0 </{ <u, p>1,and & := (0,&,....6_1,u) ({ <& <--- <
&1 <u), if & satisfies Vvol(Uy(§)) = 0, then V*vol(U;;(§)) is positive definite.
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p_gp .
Proof. The intersection points P; are (p -1 &5 (p—1)&r ép ]'5’6’1>.

gl &g
Let 7,11 :=u, and T; := ppl% fori=1,...,n.
R 12 To T Tit1
vol(Uy(§)) = 5 Y adet [ (%) g(7) g(Tit1)
= o1

_1\2 n P _gP \2
—— > fl _'é,i)l elp— D Lt — (p—1)e7)
_( )2 é ép l(él ét 1) ( _1) P+l pp+1
6p éip 1*55—1 i 6p (u )

1
—g(u”ﬁ—uﬁ”).

|
EM

Therefore, fori=1,...,n—1, %g(é)) _

- 0E (- 0EL s\ (- 1E - paE
6p g =&t & ¢! ’

2 7%
andfori:l,...,n—z,%lgf)):
()T (- 1) 8 - 5,+1 DL+ (= 1)&F = p&in &)
3p (gﬂr] _é:ip 1)3
For simplicity, we denote fori =0,1,...,n—1,
b"z( —1)2 ép 2§l+1 [( _l)élﬂ"'gp_P};H 51)“;“ (p _1)§ip_p§i+l‘§ip71]
3p (§z+1 _éip 1)*

By Lemma A.1 (See Appendix), we have by > 0 and b; > 0, fori =1,2,...,n— 1.
Then, fori=1,2,...,n—1,

PV0;(8)) _ p IO (8) &1, G,
9E? & & & &i
If & satisfies Vvol(U5(&)) =0, then VZvol(U;(&)) is an (n—1) x (n— 1) sym-
metric tridiagonal matrix with off-diagonal elements —by,...,—b,_» and diagonal
elements ay,...,a,_1 where g; := 5’5‘ bi_1+ 6151 b;.

Notice that Vzvol(ﬁ*(g)) = Aeje] +M, where A = % >0,M:=PDP",D:=
diag(%bl7 %bL . ; bn—1), and P = [p;;| is a lower-triangular matrix with

0, otherwise.
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Because M = PDP'" is positive definite, and lelelT is positive semidefinite, we have
that V2vol(U7(&)) is positive definite. O

Theorem 3.5 For0</{<u, 1 <p<2 and§:=(0,&,....E_1,u) (<& < - <
En1 <u), vol(U(&)) is strictly convex in (&y,...,E,-1).

Remark 3.1 When p > 2, for the single non-boundary linearization point case, we
can demonstrate that vol(U +(€)) is quasiconvex in & (Theorem 3.14). However, for
the multiple non-boundary linearization points case, vol(U +(&)) is no longer guaran-
teed to be quasiconvex (from computation). A necessary condition for the quasicon-
vexity of Vol(U;(é)) isthat forall £ (¢ <& <---<&,_1 <u),andd € R"!, we
have

d"Vvol(U; (&) =0 = d'V*vol(U;(&))d > 0.

(see [4]). This is equivalent to: either Vvol(U5(&)) = 0 and V2vol(U;(§)) positive
semidefinite or V vol(U(&)) # 0 and the matrix

V2V vol(U; () Vvol (U7 (€))
Vvol(T;(€)" 0

has exactly one negative eigenvalue. We can easily find examples where this matrix
has more than one negative eigenvalue. For example, for p =3, n =3, & = 0.2,
&, = 0.8, the eigenvalues are approximately —0.03950, —0.00086, and 0.30807.

Proof. (Theorem 3.5) Recall that V2 vol(l};({,‘)) isan (n—1) x (n— 1) symmetric
tridiagonal matrix with off-diagonal elements —by, ..., —b,_> and diagonal elements

ai,...,an_1 satisfying a; = %LOIE;?@) + %biq + gg‘ b;, where iVOlgg(é)) -

(p— D& <§,f’+<p—1> ,il—psié,i‘ll)z(;u(p—l) i”l—péiii"T)z |

-1 -1 -1 -1
6p & —& =g

i—1
(P - 1)2 51'17726,‘1:12[(17 —1) iI—JH + ‘Sip *Péfﬁl 51)} [‘Sii1 +(p— l)él‘p - P§i+1§ip7]]
3 p—1 _ gp—1y3
p & —&)

To show that V2 vol(ﬁ;(.’,‘)) is positive definite, we will apply a result from [2] to
2

n—2
prove that a; > 0 and { M’_H } is a chain sequence; that is, there exists a parameter
1“4 l:1

bi=

2
sequence {c; ?:_02 such that a,i"fﬂ =ci(l—ci—1) with0<c¢p<land 0<¢ <1

for i > 1. Also, we use the fact that if {o;} is a chain sequence, and 0 < f3; < o,
then {f;} is also a chain sequence. Therefore, we only need to show that a; > 0
and find a parameter sequence {c¢;} such that 0 < ¢y < 1,0 < ¢; < 1 fori > 1, and

b? d;
< . — . L e— i+1
0< aa < ci(l—ci—q). Lete;: i where

(p-1& 2 (& -+ Ve —p5el "\ | &
6&; grt—er! &i

dl' =

bi_1.
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Thus dy > 0 and d; > 0 for i > 2. Also, letting ¢; := 5%1 .1 €[0,1), 1 € (0,1) for
i>1, we have

I Vi <c5,-"+< . Vel paEL) )15,-%
t+1

6&i et &i

:(p_l)éip_z gip"'( ),+1 pétéﬂ
65[ 5l+] _ép !

x <_€ip+( S P‘gt'§:+1 + 2(p— )gzﬂ &+ (p _1)§P_p§i+1€ipl>
él-‘rl

éip : (51—&-1 éip 1) él-‘rl éipil
_ (p=1E T+ (p— 1) — pii)
6p(1—il~")3

X (p( ' = 1)+ (p—1)—pt) +2(p— D) ((p— 1)’ +1—ptP ™))
(=1 - (p— 1) — i)
6p(1—1/")?
X (pr(t! ' =12+ (p=D(p—2) (" = 1) = (! = 1))).

By Lemma A.1 and Lemma A.2(i) (See Appendix), we have that a; —d; > 0. There-
fore, a; > d; > 0, and we have constructed {c;} satisfying 0 <¢p <land 0 <¢; <1
for i > 1. Notice that

(p—DEr " ((p— il +1—pil ")

di = P—1y3
6p(1—t)
x<p<1—r{’:fx(p—1>r,~’11+1—prfii‘>+2<p—1>z,~’:1<r,~’il+<p—1>—pr,»_1>>,
2 ~1
2 (=1 &NV (p— 1)+ = pi)*(1+ (p— D) — pif”')?
i 9p2 (l_tipfl)6 .
We have
aiair1ci(l—ci-1) _ diy (ai—d;)
b; b7
1 1

Ap=12e Y ((p— 1) + 1= pt? )P+ (p—1) — pti)
< (p(1 =t = (p=1) (p=2)(t" = 1) = p(e" —1)))
< (pr(t? ™ =12+ (p—D(p—2)( = 1) = p(t/ " —1)])
1
Ap =12 N((p— )t”+1(—pt” 1)i, +(p—1)—pti)
< (pti(1—1/")2 = p(p— 1)’ (1 —1;)*+
(p—D)(A=D)(p—2) — 1) = p(l ™" —1)])
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1 p(1—tP71)2

=1+
Ap=12 N (p— 1l +1—pt N+ (p—1) — pry)

W(li).

W' (1) ==2p(p—1)i" M [(p—2)(t" = 1) = p(e" " =1)]
+p7 (1= = (p— 1’2 (1=1)’).

By Lemma A.2(i) and Lemma A.3(i) (See Appendix), W'(¢) < 0 for z € (0,1). Thus
2
W(r) > W(1) =0 for ¢t € [0,1). Therefore, ¢;(1 —c;—1) > a_zf'ﬂ. We conclude that

& VOI(U; (€)) is positive definite, and Vol(0; (€)) is strictly convex. O

Remark 3.2 Unlike the p = 2 case (Theorem 3.1), V2 Vol(U;(é)) is not guaranteed
to be diagonally dominant. Examples can be easily constructed even for n = 2; for

example, p=1.5,n=2,& =(0,0.2,0.8,1), V2vol(U3(§)) = [ G0 soms']. This

is why we brought in the relatively-sophisticated technique of using chain sequences.

We immediately have the following very-useful result.

Corollary 3.6 For 1 < p <2 and fixed £, u, n, VOI(U;(«’;)) has a unique minimizer
satisfying £ < & < -+ < &,_1 <u

Next we are going to establish that vol (U »(§)) also has a unique minimizer when
p > 2. As mentioned in Remark 3.1, vol(U;(E)) is not guaranteed to be quasi-

convex when p > 2. But with some efforts, we are going to show that vol(U;j(g))
has a unique stationary point. For £ < & < --- < &, < u, it is easy to see that
Vvol(U;(§)) =0is equivalent to F (§) =0, where F (§) = [F1(§), F2(§),...,F,-1(8)] .

—1 4 —1
& DR P & (= DS, —pEEE,

—1 —1 —1 —1
éi{l&-l - élp ézp - 51'111

F(§) =

Lemma 3.7 Assume that{ < & <--- <&, <u. Ifeither: (i)1 < p<2and F(&) >
0, or (ii) p > 2, then [F'(E)] ! is nonnegative.

Proof. F'(§) = [aF"(g)} € RU=DX(=1) "wwhere
ij

dE;
OFE) 1 (e o OEE) . IRE)
agi - :g»i (E(g) él—l aéi—l €I+1 ) 1 ) (1)
= H(E18)+ (&) - e - ZE) @

(P! =P )2 — (p—1)2yP 2P 2 (y — 2)?
(Pt =zr71)? ’

OF(E)  (p—DE(p—1)EP+EF —pEl &)

EN & -eh'y

H(y,z) =
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IF(E)  (p—VE(p—1)EP+ & —pE €]

O G

First, by Lemma A.1 (See Appendix), we have that all off-diagonal elements of F’(&)
are nonpositive; thus F’(&) is a Z-matrix' [F’(€)]~! > 0 is one of the equivalent
conditions that F’(€) is an M-matrix

() If 1 < p<2and F;(&) > 0, then from (1) and Ih(8) < 0, we have

& —
. (F(§) R(§) Fn—l(ﬁ)) SooFR(E) -
F'(E) = dia , - = +LU > LU,
&) g( &1 & én1 & 0g M7
where
i IF(§) ]
~& 75, 0 0
IR (€) & IR (§) 0
o e fone)
o 3 &4 IR
L:= 0 25 & 04 0 )
0 O maE & 9@
L T e agn—Z én—l ‘95)1
- _i -
1 5; ()é ... 0
_ 52
0 1 g - 0
U= : ] :
5)17
.. 001 _Tj
0 ... ... 0 1

All the diagonal elements of L, U are positive, which implies that LU is an M-matrix.
Thus F’'(€) > LU is also an M-matrix>.

(i) If p > 2, then by Lemma A.3(ii) (See Appendix), H(y,z) = H(y/z,1) > 0 for
any y # z. Therefore, from (2) we have that F/(§)1 > 0 where 1 is an all-1 vector,
which implies that F' (&) is an M-matrix. O

Lemma 3.8 Assume that { < & < -+~ <& <u. (i) If 1 < p <2, then F;(§) is
convex; (ii) If p > 2, then F;(&) is concave.

Proof. We have
I*F(&) G ’F(&) &y IPF(&)

082 & 050, & 0&dEL

I A square matrix A = [g; ;] (not necessary symmetric) is called a Z-matrix if all of its off-diagonal
entries are nonpositive.

2 A Z-matrix A is an M-matrix if it is positive stable, that is, all of its eigenvalues have positive real parts.
In fact, the following conditions are equivalent for a Z-matrix to be an M-matrix: (1) All real eigenvalues
of A are positive; (2) A is nonsingular and A~! is nonnegative; (3) A = LU where L is lower triangular and
U is upper triangular and all of the diagonal elements of L,U are positive; (4) There exists a vector x > 0
such that Ax > 0; see [10, Theorem 2.5.3].

3 The result follows from: if £ > 0 and LU% > 0, then F'(E)% > LU% > 0. (See [10, Theorem 2.5.4].)
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I°F; (&) _ G 9?F(&)
&2, Cim19&dEi
I’Fi(€) _ G 9?F;(§)
&2, Civ1 0&i0Ei

where
I*F(§) :7(1)—1)25,’1725["_2[(2—17)(&"— L) —pl&El - &g )]
080 E&rtogrly
PEE) (=D —p) (&l —Eh) —p&shn =& )]
0E . —1 —1 .
&étaéwl (giﬂ _éi]j-l )3
Notice that
1 0 0] [_.& 2rE) &
. U B R B L
\% E(x): g 0 _};HTI ;E(é) 0 0 1 75.51'
éi 5[ 513514& i+
0 -zl 0 o ojlo 0 1

9 F;(x)

2F
By Lemma A.2 (See Appendix), we have that IEIE <0, a%g,(x

)
o < 0 (> 0) when

1 < p <2 (p > 2). Therefore, V2F;(x) (-V2F;(x)) is positive semidefinite if 1 < p < 2
(p > 2), which implies that F;(x) is convex (concave) when 1 < p <2 (p >2). [

Theorem 3.9 If p > 2, there exists a unique & ({ < &} < --- < &* | <u) such that

F(E") =0,

Proof. Suppose that F(£') = F(£%) = 0. By Lemma 3.7 (See Appendix), we have
that [F'(& 1)]*1 and [F’ (52)}’1 are nonnegative. Also from Lemma 3.8, we have that
F;(&) is concave, which implies that

0=F(E")~F(E) <F'(E*)(E' - &%),
1 F/ 1

0=F(&)-F(E")<F(E")(E-¢E
Therefore,
E' B =[F/(EY)N(F'(E%)(E' - &%) >0,
& =[F(E(F(E)E-E") >0,
which implies &' = &2 O

We immediately have the following very-useful result.

Corollary 3.10 For p > 2 and fixed ¢, u, n, vol(ﬁ;(é)) has a unique minimizer
satisfying £ < & < - < &1 <u

It is interesting and potentially useful to understand the behavior of the optimal
locations of linearization points as a function of the power p > 1.
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Theorem 3.11 For fixed £ and u, and { < & < --- < &, < u, suppose that & =
(0,61, .., &u1,u) minimizes vol(U,(&)). Then &; (i =1,2,...,n— 1) is increasing in
pon (1,0).

Proof. By Corollary 3.6 and 3.10, we have that & is unique and satisfies V vol(U (§)) =
0,ie., F(&) =0, where

éip"‘( - )fm P51§z+1 ép +(p— ) ’ —Péigip:ll

Fz(é) == 1 =0.
§z+l éip é é
Recall from Lemma 3.7 that when F(&) =0, [F'(€)]~" is nonnegative for p > 1.
Let Fi(p,&) := F;(€) to emphasize the dependence p. By the implicit function theo-

rem, there exists a small neighborhood around (p, &) and a function E(p) such that
E(p)=E.F(p,E(p))) =0, and

dE(p) _ {aFi(p,E(p))} ' 9F(p,E(p))
ap d&; dap '

We claim that (p &) is negative when F(p,&) = 0. Because [F/(€)]! is nonnega-

tive, it follows that a( p) - .
We only need to prove the above claim.

IF(p.§) _F(p.§)

ap p
p(p—DEL &M (G — E)log 22+ (&1, — EN)(EL — &)
B p(El ey
pp— 1) & (G — &) log 2+ (& —EN)(E - &)
B pEr gy '

Then using Lemma A.4 (See Appendix) and F;(p,&) = 0, we have

IF(p.§) _F(p.8)
dp P '

O

Starting from equally-spaced points, we can numerically compute the minimizer
& by solving the nonlinear optimality equation F (&) = 0 via Newton’s method (see,
e.g. [17]). Nllustrating Theorem 3.11, Figure 2 shows the computed & for varying p,
withn=5,¢=0,u=1.

In fact, we can show that Newton’s method behaves very nicely on this function.

Proposition 3.12 For the equally-spaced linearization points & := { + ﬁ(u —0), we
have F(&) >0 when 1 < p <2, and F(E) <0 when p > 2.
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0.8

067

0.4r

0.2

p
Fig. 2 minimizing & for varying p (n =5, (=0, u = 1).
Proof. We only need to prove the single-linearization-point case, because &; = %
fori—1,...,n—1. Let 51( ) be the unique optimal solution for power p. Then
F (él (p)) =0and él( 2)="_ £ is the equally-spaced linearization point. By Lemma
3.7, we have that (& (p)) > 0.
For 1 < p <2, by Theorem 3.11, & (p) < &,(2

)-
F(&1(2) 2 F(&(p) +F'(&i(p)(&1(2) = &i(p) 2 0,

because of the convexity of F(&;) (Lemma 3.8(i)).
For p > 2, by Theorem 3.11, §;(p) > &;(2). Therefore,

F(&1(2) < F(&(p)+F (&i(p)(61(2) = &i(p)) <0

because of the concavity of F(&;) (Lemma 3.8(ii)).

Therefore,

Theorem 3.13 Starting from an initial point x° = (£ + @, N @, N
(n=1)(u—0) )T

m , construct the Newton’s-method sequence {x*} by iterating

K=k [F ()] TR (o).
Then {x*} is monotonically decreasing (increasing) to x* when 1 < p < 2 (respec-
tively, p > 2), where x* satisfies F(x*) = 0.

Proof. The result follows from Lemma 3.7, Lemma 3.8 and the “Monotone Newton
Theorem” [17, Theorem 13.3.4]. In the Appendix, we provide a short direct proof.
O

Remark 3.3 For the case of a single non-boundary linearization point, the result also
directly follows from the facts that F/(&;) #0and F(&;)F" (&) > 0 for all £; between

x% and & (p) (See [16]).
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3.3 Optimal placement of a single non-boundary linearization point

It is interesting to make a detailed study of optimal placement of a single non-
boundary linearization point, as it relates to necessary optimality conditions for &,
and it can give us a means to carry out a fast parallel coordinate-descent style al-
gorithm. In this direction, we will establish that vol(U; (£, &1, u)) has a unique mini-
mizer.

Theorem 3.14

(i) If 1 < p <2, then vol(U 5 (£,81,u)) is strictly convex in &;.

(ii) If p > 2, then Vol(U; (E,él, u)) is quasiconvex in &;.

Proof. (i) follows directly from Theorem 3 5. (ii) follows directly from Theorem 3.4

(when d%lvol(l?;(ﬁ,él,u)) =0, d.§2 vol(U (0,81,u)) > 0). O
We immediately have the following very-useful result.

Corollary 3.15 Forall p > 1, vol(U »(£,81,u)) has a unique minimizer on ({,u).

Proposition 3.16 For all p > 2, vol(U 5 (£,81,u)) is convex in &, to the right of the
minimizer, and not convex near £.

Proof.
92vol(U; (£,&1,u))  p dvol(U; (£, &,u))
T R | 5””5 b
where
p vol(Uy(£,&,u))
& 951
g (g p—w—paw '\ (& -1 —pae\
= 6p up_l _élpfl 5{171 —EP—l )
pe— LSO p = VS 00— pSl OIIEL + (p = 1) — pitr ]
¢ = >0,
3p & =1y
y (= D2 & (p = DEP 4w — p& T WIEN + (p— D — plaw ]
u— 1 .
3p (w1 — P13

Suppose that & is the minimizer of vol( n;(é, &1,u)). By Theorem 3.17, we have that

dloghy(&) 1 9Ivol(U;(£,&1,u))

& hp(&) 951

is decreasing on (¢, u). Therefore,

aVO]( (E Si,u )){<07 fOI‘é]E(é,(gl*);
8&1 >0, for & € (&, u).
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So 28

> 0for & € (&, u).

287

small enough. Notice that lim b, = 0, and
f;'l —l

Next, we demonstrate that can be negative near ¢ when ¢/u is

i 8vol(0;;(£,§1,u)):_(p_l)glf2 0+ (p—V)uP — pluP=1\*
&=t &, 6p up—1 —gp-1 ’

Therefore,

92 VOI(U; (0,&,u))

i
G I&}
2
(p—1)eP=3 (0P 4 (p—1)uP — plup~! u .
= - -1 bu
6 ur—1 — ¢p=1 +’£532Q

(p—1)0P[(p— 1)uP + €7 — pul~'(]
6p(ur T— 1)
< [(p— D (o 2w — ) - put(ur =~ 72)] - pl(r! — 712
(p—1)eP3[(p—1)ul + 07 — puP~'4)

14
— 2p—1
= 6p(up_1_€p_1)3 u P kl(;)a

where k(1) := (p— D)[(p —2)(1 —tP) — p(t —tP~1)] — pt(1 — tP~1)2. Notice that

2 o]
1ir%k1 (t)=(p—1)(p—2) >0, because p > 2. Thus, when ¢/u tends to 0, W
— ;

is negative. O

Even though VOl(O;; (£,&1,u)) is not generally convex in & for p > 2, through a
simple transformation, we can finds its unique minimizer (which we already know ex-
ists because it is quasiconvex) by equivalently maximizing a related strictly concave
function.

Theorem 3.17 If p > 2, then h, (&) :=C — VOl(U; (¢,&1,u)) is strictly log-concave,
where
((p = DuP + 07 — puP &) (P + (p — 1)¢7 — putP™")

C:
6p(ur—! —er=1)

—1 2 p—17e17—1 _ -
Proof. hy(&) = =G0 g1 (6) g2 (61). where g1 () = (= — 5T )
and g (x) = ( S —— ) We calculate

xP—1—yp—1 ub—1—¢p—1

; X2l — P — ptPt (x—
q1(x) =— [ (xpl_gpl)z( )]’

”(x) _ (p— l)xl’*3£P71 [(p —2)(xP —£P) —pfx(xl’*z _ gpfz)]
e (xp=1 —gr=1)3 .
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Similarly,
o P — e (x— )]
¢ (x) = (xp—T—yp—1)2 ;
vy (p= DxP3ur =V (p = 2) (x? — uP) — pux(x?—2 — ur=2)]
2(x) = (xp—1T —yp=1)3 ’

Because of Lemma A.1(ii) (See Appendix), ¢}(x) <0, ¢5(x) > 0 on (¢,u). Thus
q1(x) > g1 (u) =0and g2(x) > g2(¢) = 0. Because of Lemma A.2(ii) (See Appendix),
q1(x) <0, g5 (x) > 0.

We are going to show that ¢; (x) and ¢ (x) is strictly log-concave for p > 2.

(g (x) — (@) _

(logq (x))" =

q1(x)?
2 7] —
Note that ¢4 (x) > 0 and g;(x) < % —u= %, thus

(g (x) ~ (dh())?
_ ) (- D [(p = 2) (6 — ) — sl 2]

- xp—1 _yp-1 (xpfl _ up71)3
x2(p=2) [xP —uP — puP~! (x— u)]z
- (xpfl _up71)4
x2([)72)

= G [ D (=2 ) — pu )

= — pu ()2

x2(P=2)
Gy |~ (= D = e )

— P =) = (p— 1) 2 -]

By Lemma A.1(ii) and Lemma A.3(ii) (See Appendix), we have (logg(x))” < 0.

2¢,p—1 —1
Therefore, hp(x) = %(p (x)g2(x) is the product of two strictly log-

concave function and is thus strictly log-concave. O

Next, we provide some bounds on the minimizing &;. This can be useful for de-
termining a reasonable initial point for a minimization algorithm (better than equally
spaced) or even for a reasonable static rule for selecting linearization points. Addi-
tionally, we can see these bounds as necessary conditions for a minimizer.

Theorem 3.18 For fixed { and u, assume that &, minimizes vol(U 5 (£,81,u)), then
(i) ifp=2,then & = "TH];
(ii) if 1 < p <2, then

1 1
uP=t 4 pp=INPT(p— 1) (uP —0P) ul =P\ Tyl
(=) <t <a<(mn) <5
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(iii) if p > 2, then
1 1
uP= L P~ NPT (p— 1) (uP —(P) ub — 0P\ oyl
( 2 > T plar T >5‘>(p<u—€>> "2

Proof. (i) follows directly from Theorem 3.1 when n = 2. We only prove (ii), because
(iii) follows a similar proof. &, satisfies the optimal condition d% vol(U, (¢,&1,u)) =
0, which is equivalent to

X+ (p— 1P —ptP~x  xP 4+ (p—1)uP — puP~'x
X) 1= —

F( ) : xp—1 — pp—1 ubp—1 —xr—1 =0.

First, note that if 1 < p < 2, and xy satisfies F(xo) < 0, then & > x; if xo satisfies
F(xp) > 0, then &; < xo.
For the lower bound, notice that

X+ (p—1)P —ptP~x  xP4+(p—1)uP —puP~'x
F) = X T gp - wp T —xp 1

1 1
— (P — D — puP! —
= ="+ (p—Du’ — pu"'x) (up_1 —xp—1 7 xp-1 _gp—1>

C(p= D) —7) = plur~! — " V)x
xP—1 —gp-1 '

)PP S
Let§, = %. To show F(§ ) <0, we only need to show that §" —¢7 I>
1

-1 . -1 —1 p— . . . .
ub~! — 511’ ie., g, > (%) ?~! which is the first inequality. Then we could
conclude that & > & .

To show the first inequality, we take logarithm on both sides and let t := 5 Then
the inequality that we are going to prove is

p—1

1
1(1og(t1’*1 +1) —1log2) >0

J(1) :=log(1 — 1) —log(1 —t"~') +log

Notice that lim J(r) = log -2+ +log ijl =0, and

1—1- =

pt™t (p—1pr 1 (p—1y?
Tw—1 -1 p—1 i+l
_ P2 ((p=2)(1 =) = pr(1 =1P72))
B (tP =) (P~ = 1)(tP~1 4+ 1)

(1)

By Lemma A.2(i) (See Appendix), J'(tr) <0 on (0,1). Thus J(z) > 0 forz € (0,1).
For the upper bound, first we claim that for 0 < ¢ < 1, we have

p _ _ .
rp-D-pt 2

1+ (p—1)tP — ptp—1 )
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To prove the claim, let K(¢) := t#(l +(p—DtP —ptP=) —tP — (p—1) + pt.

2— 2p+1) 21 2p—1 2
K= 230 o2 2l e,
_t (2zp A= Vet D), PP oy 2 e
3 3 3
::t‘%Kl(t)
d
K0 =2 (1" K0)
20 =1) oy P(P=1)2p—1) s p(4p=2) ss | p(p+1) p2
— - - + t73
3 3 3 3
p 2 ) 21 2p4 =1
=2 (202 - 0T = 2p= D)= —202p -1+ (p+ 1))
:gtprsz(t)

The last inequality follows from the strict concavity of function x5 when 1 <p<2
Because K> (1) = 0, we have K;(r) < 0 on (0, 1), which implies K| (¢) is decreasing
on (0,1). Along with K (1) = 0, which implies K (¢) > 0 on (0, 1). Therefore, K(t)
is increasing on (0, 1), and K(¢) < K(1) = 0, which proves the claim.

1
Letting &, := (;é;fg)pfl,andt:: %,We have
p_ g Py o P!
" —p&y L=u"—pSy u
=p—1 —p—1
LTt p—0)(E =) (p= 41— !

w8 pu- @1 g =D

W4+ (p—1)—px
x(xP—1-1)

, —1)((p—1)x? +1— pxP~!
]’l(x): (p )((sz(xp)l——’_l)z P )a

HU%F§0h<%>+h(3>
1

We are going to show that F(&,) > 0. Letting A(x) := , we have

and
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(Gt )+ (G=))

mnw:_y<@>1<&>}”ﬂ+@—w—m
dt ¢ ) p—1\¢ ptP(t—1)2

Gy 1 (& =1 —pr!
"E‘* pli—172
(31 p—1E +"—p&~ )(tp+(P_1)_Pt)
f—l (fl—@”ﬁ

ur=2 <&> (p—DE +ur = p& u)((p— )P +1—ptr~)
-

+

_ "’ _ —=p—1
pU—17 \ u (=t =&7 )

2
() ((p—1E} +7—pE} 1)

pt—1)2\ u
(A=) —pt) P (p= i 1= ptP)
& -1y (w1 &)
) = P B o
=ﬂf4y<i> ((p= D&+ —pEl 0

_ 3
><(p—l)t”+1—pt" ! 2 tP+(p—1)—pt “0
(=1 — &' 'y2 (p—1)tP +1—ptr—1 '

1

The last inequality follows from (3). Therefore, along with lim H(t) = 0, we have
t—1-

H(t) > 0forz € (0,1), which implies F(&,) >0and & < &,.
To show that ”“ > 51, we take logarithm on both sides and let ¢ := [. Then the
inequality that we are going to prove is

L(t) :=1log(1 —¢”) —log(1—1¢) —logp — (p—1)(log(t + 1) —log2) < 0.

Notice that lim L(¢) =0, and
—1-
ptP~1 1 p—1
L'(t)= - -
©) -1 t—1 1t+1
_(p=2)(@" =) —pr(tP2 1)
S wene-n

By Lemma A.2(i) (See Appendix), L'(r) > 0 on (0,1). Thus L(¢) < 0 for ¢ € (1,).
O
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Just as we determined the optimal location of a linearization point as p varies
(Theorem 3.11), we now determine the behavior of these bounds (Theorem 3.18)
when p varies. Toward this goal, let ¢ := %, and let

.771_5 1 1—1¢? = (p—1)(1—1P)
A(p,t) = u—gl_l_t <<p(1—t)) _p(l_tpl)>7

l

where § = % and &, := ( ”pu %) . We will demonstrate that the be-

havior of A(p,t) can be bounded, in a useful way, by the behavior of A(p,0). Then
we will analyze A(p,0).

Theorem 3.19
(i) For1 < p <2, A(p,t) is decreasing in t, implying that 0 < A(p,t) < A(p,0);
(ii) for p > 2, (1 —t)A(p,t) is increasing in t, implying that 0 > (1 —1)A(p,t) >

A(p,0).

Proof. (i) We will demonstrate that the derivative of A(p,f) is negative when 1 <
p<2.

dA(p,t) 1 & ((p=1 (11 p-1
It _(l—t)zléi_< p— T " pﬂ'

ax) _ (1 —fp")z—(P— D221 =) (p= "1 =0)[(p—2)(1—tP) — p(t =t )]

o - n(-r (- (= D[ =2 (= 2117
We claim that

(1= 2= (p= P21 =0 (p=2)(1=17) =~ ple—er)

0> =11 -1) > 7
Then
20)  (p=2)0 =) pli—) (1 (p—Dr2(1-n)(1-17)
o~ (=1 —1) (2_(1ﬂ’1)2+(p1)ﬂ’2(1t)2)
_@—@U—W> ple—t") (1 (p=Dr2(1—n)(1—1)
T e h(-m) (2‘u—w*y+@—nwﬂu—w>'
Notice that (p —2)(1 — ") — p(t —t"~!) < 0, and
(p— Dir2(1=1)(1—17) (p— Dir2(1=1)(1—17)
(= 12+ (p—D)r2(1 =0~ (p— 12 2(1 =12+ (p— 7 2(1 —1)?
1—1¢P 1 1

> .
p(l—t) " p 2
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Therefore, 41" > 0, and hence (1) < lim,_, - £(1) = 0. i, 24 <.

What remains is to prove the claim. By Lemma A.2(i) and Lemma A.3(i) (See
Appendix), we have that the two terms are both negative on (0, 1). Letting

O(t):=21[(1—=1""" 2 = (p—=1)" > (1—1)*] = (p—1) (1 =) [(p—2) (1 —1") = p(t —2" ")),

we have

@'(t) =22p— 1)’ — (P> = 1)(Bp— 4P +2p(3(p—1)> = 2)t"~"

—(p—1*@p—2)t"=2p(p—1)t+(2p* —4p+4).
0"(1) = (p—1)[42p— )P —p(p+1)Bp—4)" ' +2p(3(p—1)> = 2)" >
—(p—1)(Bp—2)(p—2)" > —2p].

0" (1) =(p— " *[42p—1)(2p—3)" — p(p+1)(3Bp—4)(p— )*

+2pB3(p—1)>=2)(p—2)i = (p—1)(3p—2)(p—2)(p—3)]
=(p—1)* [2(19— D?[61" — p(p+ 1)1 +2p(p—2)t — (p—2)(p—3)]

+p(p—2)[4” — (p* — )P +2(p* —2p— 1)t — (p—3)(p—1)]|.

Let Oy (1) := 61" — p(p+1)* +2p(p = 2)t = (p = 2)(p = 3), Os(t) := 41" — (p* —
D2 +2(p*—2p—1)t—(p—3)(p—1). We first show that 1 — 1 — p(t — 1) < (p—
1)(1 —1)2. This follows from the fact that

N _ DY (s sp—1
jt(tp (lllzgtz 1)):(p 2)( (f[’)t)sp(t o )<O (Lemma A.2(i), See Appendix).

Then we have

O1(t) = 6(t" — 1 — plt — 1) = p(p+ 1) (1 —1)°

<6(p—1)(1=1)*=p(p+1)(1—1)?
=-(p-2)(p-3)(1-1)*<0.
O3(1) =4pt"™ —2(p* — 1)t +2(p* ~2p—1).
0J/(1) = 2(p— )" 2(2p— (p+ 1)27) > 0.
Thus ©5(r) < ©}(1) = 0, which implies ©(r) is decreasing and O (1) > 0,(1) =
0. Because O (r) < 0 and ©,(¢) > 0, we have that @"'(¢) < 0. Therefore, ©” (1) >
©®”(1) = 0, which implies that @'(¢) is increasing. Thus @'(¢) < ©'(1) = 0, which
that implies O (¢) is decreasing, i.e., @(r) > ©(1) = 0. Then the claim follows directly.
(ii) When p > 2, notice that the derivative of A(p,t) att =0is

1
1\ rT
24 () _
=0+ ot FT?I p

When p > 6.236, the derivative would become negative. Therefore, we could not
expect that A(p,7) is increasing when p > 6.236.
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Instead, we are going to show that the function (1 —7)A(p,t) is increasing. Its
derivative is

1—¢ ﬁ(p—l)t‘”—i—l—pt’”1 (p—tP2(tP +p—1—pt)
(P(l—f)) (p—D(1—P)(1-1) p(1—tr=1)?

We are going to demonstrate that this derivative is positive. Let

B 1=t \7T (p—1)tP +1— p—) (p—DtP2(tP £ p—1— pr)
Q(I)"l"g((p(l—t)) <p—1><1—tp><1—r>>‘1°g< -1

_ L= \ 7 (p=1)(1=17) (p= D" >(1=)(t" +p—1—p1)
_1°g<<p<1—t>> >_1°g( i) o2 (Gt |

Q)= (L=t = (p=1)’"2(1=1)> (p=2)—(p— Dt 41"
T o0 (—m) =0 —rT)
plA =P 12— (p— 122 (1 —1)?]
(p=DtP+1—ptP=)(tP +p—1—pt)
(=T = (p= )2 (1 1) 4+ (p—1)—pt
 (p=DA =)A= (A =rr) (1 =0)((p— )P +1—ptP~1)
(P=D((p=Dr" +1—pr" ")

t(1 =P )P+ (p—1)—pt)

pl(1 =171 — (p—=1)*P2(1 —1)?]
T D)= (=) ((p— Der+ 1= prrT)
(P=D((p—=2)(1 =17) = p(t —1""))

(A= D+ (=) —pr)

+

We claim that

pl(1—7" 12 = (p— 12 2(1=1)] _ (p—2)(1—17) — plt—171)
(p—D)(1—17) = : '

0<

(p—2 l—f”)—p(t—t’”)( 1! ~ (p=D(-1) )
(p—DtP+1—ptP=l P (p—1)—pt
lt”)p(tt”l)< —t[(1 =71 = (p— )2 2(1 —1)?] ><0
(p=DtP +1—ptr=1)(tP +(p—1) = pt) '

Therefore, Q(r) > lim,_,;- 2(¢) = 0, i.e., the derivative of (1 —7)A(p,t) is positive.
We only need to prove the claim. Letting

P(1):=pr[(1="" P2 = (p= 1" 2 (1 =)’ = (p—=1)(1 =) [(p=2) (1 =17) = p(t—1"" ")),

we have

/(1) =p[-2(p—1)(p—2)*" "+ p(2p—1)** 2 — p(p* — 1)t”

).
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+2(p=2)(p*+p— 1" —p(p— 12"+ p].
O"(t) = p(p— "3 [=2(p—2)(2p— )P +2p(2p — )P — p*(p+ 1)t
+2(p=2)(p*+p—1)t—p(p—1)(p—2)].

q)/l
Let @ (1) i= — 50— =2(p—2)(2p— )" +-2p(2p— 1)i7 = p*(p+ 1) +2(p—

2)(p*+p—1)t—p(p—1)(p—2). Then

(1) =-2(p—2)2p—1)(p+ )P +2p*(2p— 1)’ =2p*(p+ 1)t +2(p—2)(p*+p—1);
/(1) =-2(p—2)2p—1)(p+ )pt'~ " +2p*(2p— 1) (p— 1)tP > = 2p*(p+ 1);
@"(t) =-2p(p—2)2p—1)(p— 1)’ >[(p+ 1)t — p.

Therefore, we have that @] (¢) is increasing on (0, %) and decreasing on (ﬁ, 1).
p- .
We have @{/(1) < {/(;27) =2p*(2p— 1) (ﬁ) —2p*(p+1). Letting & (p) :=

(p—2)log (ﬁ) —log (zpp—tll) , we have

p—2 p—1 2
@} (p) = —= +log(p) — —— —log(p+1)+ ———;
5(P) p g(p) P g(p+1) 1
pP(p+1)2(2p—1)

Therefore @} (p) is increasing on (2,0). Along with lim,_,., ®}(p) = 0, we have that
@} (p) < 0 on (2,e0), which implies that @, (p) < ®,(2) = 0. Thus @; (¢) < 0. Then
we have that @] (r) is decreasing on (0, 1), which implies that &{(r) > @] (1) = 0.
Therefore, we have ®; (r) < ®;(1) =0, i.e., " (¢) < 0. Then we conclude that &’ (¢)
is decreasing on (0, 1), which implies that @'(+) > @®(1) = 0. Therefore, D(r) is
increasing on (0,1) and @(r) < (1) = 0, which proves the claim. O

Because of Theorem 3.19, we can focus on the special case £ = 0. So we define

1

A(p) = A(p,0) = (;)1" _p-l

)4
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Fig.3 A(p)

From Figure 3, we can see the behavior of A(p), which is summarized in the follow-
ing result.

Proposition 3.20 A(p) (p > 1) satisfies the following properties:
(i) A(p) >0whenl1<p<2;A(2)=0; and A(p) <0 when p>2;
(ii) imA(p) =e~!; lim A(p) =0;
p—1 p—ree
(iii) A(p) is minimized at py, where py =~ 6.3212;
(iv) 03679 ~ e~ > A(p) > A(po) ~ —0.1347.

Proof. (i) follows from Theorem 3.18. For (ii),

I I
;grqA(p)zggrqexp{—;f’i} =exp{—1};gggoA<p>:,}ggoexp{—;f’i}—1=0.

For (iii), we have

A1) = <11?> : [_p(pl— " (;igf)z} _1%

1
1\7T 1 p . p*logp 1]
= —_ —_— —7—"— —pP*l .
<p> pz[ p—1 (p—1)?

d ( 241 p*—1-2plogp 1 (p—1)—plogp
—(p r—-TA p):—f = > 0
dp (?) (p—1)3

Notice that
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This follows from p?> — 1 —2plogp >0and (p—1) — plog p > 0 for p > 1. Therefore,

1
p* =T A’(p) is increasing on (1,0). There exists unique po > 1 satisfying

Po pilogpo o

_ _ -0
po—1 " (po—1)2 Po ’

and A’(p) < 0 for 1 < p < pg, A’'(p) > 0 for p > po, which implies that A(py) =
min,~ A(p). (iv) follows directly. O

4 Lighter relaxations

As we mentioned at the outset, an alternative key relaxation previously studied re-
quires that the domain of f is all of [0,u], f is convex on [0,u], f(0) =0, and f is
increasing on [0,u]. Assuming these properties, we recall the definition of the naive
relaxation

$Hlu) = {(x,3,2) €R® + (f(0) = L9O0) 74 LSO x > y > f(x),
uz>x>10z, 1>2>0}.

For example, convex power functions f(x) :=x” on [¢,u], £ > 0, with p > 1 have the
required properties. We wish to discuss a few different ways to handle functions f
with these properties.

- Naive Relaxation [NR]: 3‘2(6, u)

- Perspective Relaxation [PR]: §;‘c(€,u)

- Piecewise-Linear under-est. 4+ Perspective Relaxation [PL+PR]: U ;('g') = 5‘; (L,u)
- linearly Extend to 0 + Naive Relaxation [E+NR]: S?r (C,u)

- Piecewise-Linear under-est. + linearly Extend to O + Naive Relaxation [PL+E+NR]:

0%(8) = $9(¢.u)

One of the main focuses of [13] was comparing NR and PR, with the idea that
PR is tighter than NR, but PR is more burdensome computationally. So far in this
work, we have extensively investigated PL+PR, again with the motivation that PL+PR
is less burdensome than PR. Because piecewise-linearization requires choosing lin-
earization points, we have put a big emphasis on how to do that. When £ > 0, a simple
way to do something stronger than NR is with E+NR: linearly interpolate on [0, £] be-
fore applying the naive relaxation — the strict convexity of the power function makes
this stronger than NR. Finally, again when ¢ > 0, we can consider PL+E+NR: apply-
ing piecewise-linearization on [¢, u], linearly interpolating on [0, ¢], and then applying
the naive relaxation.

In what follows, we focus on power functions, but the ideas could also be applied
to other functions having the required properties.
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4.1 PL+E+NR

Defining the piecewise-linear g with respect to f having domain [¢,u], we can extend
g to the function g, with domain all of [0, u]:

5(x) Mx,xe[O,E);
8(x) = {gfx), x € [0,u.

In this way, g is a piecewise-linear increasing function on all of [0,u], and is convex

on [0,u] as long as f'(¢) > # In fact, g is an under-estimator of the function that
is f on [¢,u] and O at 0. Next we calculate the volume of the naive relaxation of the
piecewise-linear under-estimator Uj?(é) = Sg([, u), by applying [13, Thm. 10] to g.

Proposition 4.1 Suppose that f is convex and increasing on [£,u] with f'(¢) > &
For& = (0,&1,...,&_1,u), where f is differentiable at each coordinate of &, we can
compute U}—](é) in O(n) time.

Proof. We define the 7; and g from f,¢,u as usual. For x € [, u], we have

g(Tit1) —g(Ti)(

a0) = gl0) = g(x) + SEUE

x—T,'), Vxe [T,',T,'+1], i=0,1,....,n
Applying [13, Thm. 10] to g, we have
8(u) —1(y)2
SO0 ) — Sy 80
e =77 (61005525 ) av
1 gla) — ta(0)
" rg(Tin) —1(y)2
ZZ/ (gl(y)—g 07 dy
i—0 &(1)

() — () 2 (50— 1(0)
[, M
a ,;()Lz (W 2”) Tit1 — T

_u—|—2€ u— I

¢ ) = f(0) = == (uf(u) = £f(£))
:Zn: (Ti2+1 T _ H—l )f’
: 2
)~ 1)~ st~ ()
The result follows. O

Next, we consider the case of convex power functions f(x) :=x” on [¢,u], with
p > 1. To emphasize that the calculations are for power functions with exponent p
(>1), we will write U)(&) rather than UJ?(&)
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Corollary 4.2 For & = (0,&),...,&,_1,u), we can compute Ug(é) in O(n) time.
For quadratics and equally-spaced linearization points, we get a simple expression.

Corollary 4.3 For p = 2, and the equally-spaced points & = { + é(u —0), fori=
1,....n—1,

u— 02 (2 4 02 u—0%

Proof.

oll03(8) = ¥ (~ g (i~ )+ 5 =) ) 25
u+2€

SR A Gl
- %(;ﬁ — 3+ % 2&'5;’-1(51‘—1 —&i)+
247114( Zél 151 [ 1
u+2€( _2y- ”6u€(u —03)
@02+ (w0
- 12u 24n%u -

O

Remark 4.1 Letting n go to infinity in Corollary 4.3, we obtain Corollary 11 of [13]
with p = 2.

4.2 E+NR

Continuing this idea, but without piecewise-linearization on its domain [¢, u], we can
extend f to the function f, with domain [0, ],

Applying the naive relaxation to f, we write 5‘5’;(& u). It is clear that g (as defined
above) is a lower bound on f , so the naive relaxations associated with these functions
are nested: S?;(E,u) C Uj(,-)(é) := 82(¢,u). We are naturally interested in how many
linearization points are sufficient to get Vol(UJQ(é)) to be close to S?—.(E, u). We can

give an answer to this in the case of the quadratic. In what follows, we will write
U2(&) for Ufo(?,‘), to emphasize the special case.
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Proposition 4.4 For equally-spaced points & := { + ﬁ(u —0), fori=1,....n—1,if

u— 2 ~ A
n> (\/24%, then vol(UY(E)\S3(,u)) < ¢.

Proof. Applying Corollary 11 of [13] with p = 2, we find that

U 2 (2 4 12
Vol (82(¢, 1)) = w

As noted above, §g(€, u) C Aio(é), and by Corollary 4.3,

N o - a u—10)*
Vol(D2(EN\S3(¢.1)) = vol(D9(8)) —vol((t.) = LT
The lower bound on n to obtain vol(Ug(é )\fg(f, u)) < ¢ follows easily. O

The result above found how many linearization points are sufficient to get the
naive volumes of E+NR and PL+E+NR close for quadratics. We can do the same for
the volumes of PR and PL+PR. The perspective case is especially nice because we
know that choosing equally-spaced linearization points is optimal.

Proposition 4.5 For equally-spaced points &; := { + ﬁ(u —0), fori=1,....n—1,if

u—10)3 A &
LW en vol(05 (E)\S3(6,)) < 9.

and by Theorem 3.1,
@—0>, (=1’

vo03(g)) = = Lo
Clearly S (¢,u) C U (E) and
u— 3
Vo035 (E)\$5(6.1)) = vol (05 (8)) —vol(§5(6,u)) = =

The lower bound on n to obtain vol(U; (€))\ vol(S5(¢,u)) < ¢ follows easily. O

Remark 4.2 Ttis interesting to compare Propositions 4.4 and 4.5. Proposition 4.4 tells
us that if we want to “¢-approximate” E+NR with PL+E+NR (i.e., using piecewise
linearization), then we can do this using a certain number of equally-spaced lineariza-
tion points, n;. Similarly, if we want to ¢-approximate PR with PL+PR (i.e., using
piecewise linearization), then we can do this using a certain number of equally-spaced
linearization points, n,. It is easy to check that, for all ¢, we have that

m_ 3 _¢
n \ 2 u)
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So the number of equally-spaced linearization points in the former case is more

than in the latter case, if and only if 5 < %, and the factor Z—; is never more than

3~
3 ~1.225.
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Appendix

Lemma A.1 Forxe (0,1)U(1,00), p>1,
P+ (p—1)=px>0, (p—1Dx"+1—pxP~1>0.

Proof. xP+(p—1)—px=xP—1—p(x—1) > 0 because of the strict convexity of x” on (0,e) for p > 1.
(p—1DxP+1—pxP~1 =1 —xP — pxP~1(1 —x) > 0 because of the strict convexity of x” on (0,e0) for
p>1 |
Lemma A.2 Letting h(x) := (p—2)(x” — 1) — p(x"~! —x), we have

(i) if1 < p <2, then h(x) >0 forx € (0,1);

(ii) if p> 2, then h(x) <0 forx € (0,1).

Proof. We have

H(x)=(p=2)pa ! = p(p—1x" 2+ p
H(x) = (p—2)(p— Dpa(x— 1)
() If 1 < p <2, then h”(x) > 0 on (0,1), which implies that 4’ (x) is increasing. Thus A#'(x) < #'(1) =0,

which implies that A(x) is decreasing. Therefore, 4(x) > h(1) = 0. (ii) Similarly, we could prove that & (x)
is increasing and i(x) < 0 on (0, 1). O

Remark A.1 Notice that h(x) = —x”h(1/x), we have h(x) < 0 on (1,e0) when 1 < p < 2, and h(x) > 0 on
(1,00) when p > 2.

Lemma A.3 Letting §(x) := (x»~! —1)> — (p — 1)2xP72(x — 1)2, we have

(i) if 1 <p <2, then §(x) <0on (0,1)U(1,00);
(ii) if p> 2, then 8(x) > 0on (0,1)U(1,00).

Proof. Notice that §(x) = x**~28(1/x), we only need to show the results on (0, 1). Letting

P(x) = 12" — (p— 1x"7 (1-x),

we have .

¢ =—(p-1x'7 (xF—1-Lx-1).
(i) @’(x) > 0 because of the strict concavity of x/2 when 1 < p < 2. Along with (1) = 0, we obtain
that @(x) < 0 on (0,1). (i) Similarly, because of the strict convexity of x”/> when p > 2, we obtain that
¢o(x)>0o0n(0,1). O
Lemma A4 Forx e (0,1)U(1,00),

o(x) := p(p— 1)1 —x)x" Hogx+ ("1 = 1)(x” = 1) > 0.
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Proof. We have

9'(x) = p(p—1)((p— 1)xP~> — pxP~"logx+ p(p— 1)(1 —x)x" >
+(p—DxP2(xP — 1)+ pxP L2t - 1).

— =((p—1)—px)p(p—1)logx+p(p—1)(1—x)
+(p =1 =1)+p" —x).

) :fpz(pfl)logx+ ( )

p—1+xP—
pZ(xp lflflogx" 1 +]7 < +x Px>

PP+ p(2p— 1!

By Lemma A.l and the inequality r — 1 > log?, we have % ( lt; >) > 0. Because ¢/(1) = 0, we have

¢’(x) <0 forx € (0,1) and ¢'(x) > 0 for x € (1,e0). Combined with ¢(1) = 0, we obtain ¢(x) > 0 for
€ (0,1)U(1,e0), which proves the lemma. O

Proof of Theorem 3.13. For p > 2, we know that for k > 0,
FA) < PO+ F/) (=) =0,

because of the concavity of F;(x) from Lemma 3.8 (ii). Along with F(x%) < 0 (Proposition 3.12) and
[F'(x*)]~' > 0 from Lemma 3.7 (ii), we know that x***1 > x* for k > 0. Also by concavity, we have
0 < F(ul) — F(X*) < F'(xF) (ul — x¥),
which implies x* < ul because [F’ (x*)] ! is nonnegative. Therefore the increasing bounded sequence {x*}
has a limit x* = limy_,..x* and F(x*) = 0.
For 1 < p < 2, similarly, we know that for k > 0,

F(Y > FOR) + F (M) (M = k) =0,

because of the convexity of F;(x) from Lemma 3.8 (i). Along with F(x°) > 0 (Proposition 3.12), we know
that [F’ (xk)]’I > 0 from Lemma 3.7 (i). we know that x*t1 < xk for k > 0. Also by convexity, we have

0> F(01) — F(x*) > F' () (01 - x5,

which 1mphes x> ¢1 because [F’(x*)] ! is nonnegative. Therefore the decreasing bounded sequence {x}
has a limit x* = limy_,., x* and F (x*) = 0.
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