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Random multifunctions as the set minimizers of

infinitely many differentiable random functions

Juan Guillermo Garrido · Pedro
Pérez-Aros · Emilio Vilches

Abstract Under mild assumptions, we prove that any random multifunction
can be represented as the set of minimizers of an infinitely many differentiable
normal integrand, which preserves the convexity of the random multifunction.
We provide several applications of this result to the approximation of ran-
dom multifunctions and integrands. The paper ends with a characterization
of the set of integrable selections of a measurable multifunction as the set of
minimizers of an infinitely many differentiable integral function.
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1 Introduction

Variational Analysis offers a rich theory to study generalized differentiation
of mappings (functions and multifunctions). The classical way in which the
theory is built is to begin with the study of properties of tangents and normal
of sets/set-valued maps and then turn to the study of functions through the
epigraph/graph of the functions/multifunctions. In this approach, the normal
cone plays a prominent role since it allows defining the notion of subdifferential
when applied to the epigraph of a given function (see, e.g., [23] for more

This work was partially supported by ANID-Chile under grants Fondecyt Regular 1190110,
Fondecyt Regular 1200283 and Fondecyt de Iniciación 11180098.

Juan Guillermo Garrido
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details). Thus, it is of importance to have rules for the calculus of normal
cones. Most formulas for such normal cones depends on having an appropriate
representation of the set/set-valued map. For instance, when the set is the
sublevel of some smooth function, the normal cone is obtained, under some
assumptions, as the cone generated by the gradients of the function at a given
point. A similar result holds for sets defined a the set of minimizers of a smooth
function. Therefore, it is quite desirable to have a representation of a set/set-
valued map as the set of minimizers of a smooth function. Unfortunately, it
is well-known that not all sets in an arbitrary Banach space can have this
representation; consider, e.g., the Banach space of continuous functions over
an uncountable set, then a singleton in this space cannot be represented as the
set of minimizers of a twice differentiable function (see, e.g., [13]). However,
it was proved in [4, Theorem 1] that any closed convex subset of a separable
Banach space could be represented as the set of minimizers of an infinitely
many differentiable convex function.

In this paper, motivated by the work of Azagra and Ferrera [4], we prove,
under mild assumptions, that any random multifunction can be represented
as the set of minimizers of an infinitely many differentiable normal integrand.
Moreover, this normal integrand can be constructed in such a way as to pre-
serve the convexity of the random multifunction (Theorem 3.2). We provide
several applications of this result to the approximation of random multifunc-
tions and integrands. Moreover, we obtain a characterization of the set inte-
grable selections of a measurable multifunction as the set of minimizers of an
infinitely many differentiable integral function and we give some applications
to optimization theory.

The paper is organized as follows. After some preliminaries, in Section 3,
we establish the main result of the paper (Theorem 3.2), that is, the character-
ization of random multifunctions as the set of minimizers of a smooth normal
integrand. This result is used to provide a generalization of [4, Theorem 1],
that is, a characterization of measurable multifunctions with closed values, as
the set of minimizers of an infinitely many differentiable convex normal inte-
grand (see Corollary 3.4). Then, in Section 4, we show the existence of smooth
approximations of random multifunctions and normal integrands. Section 5,
provides a characterization of the set of integrable selections of measurable
multifunction as the set of minimizers of an infinitely many smooth integral
functional. Section 6 illustrates how our results can be used to regularize chal-
lenging optimization problems. The paper ends with some conclusions and
concluding remarks.

2 Mathematical preliminaries

In the following (X, ‖ · ‖) and (H, 〈·, ·〉) will denote a separable Banach space
and a separable Hilbert space, respectively. For a set A we denote by intA,
clA and bdA, the interior, closure and the boundary of A, respectively.
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Given a nonempty set S of X , the support function and the distance func-
tion are defined, respectively, as

σS(x
∗) := sup

x∈S
〈x∗, x〉, d(x, S) := inf

y∈S
‖x− y‖,

when S is a subset of X∗, the support function is defined similarly.
Given a set Y , the graph of a set-valued map M : X ⇒ Y is the set

gphM := {(x, y) ∈ X × Y : y ∈M(x)}.

Moreover, for a set O ⊂ Y , we denote

M−(O) := {x ∈ X :M(x) ∩O 6= ∅}, M+(O) := {x ∈ X :M(x) ⊂ O}.

When X and Y are two topological spaces, we say that M is usc (resp. lsc)
if M+(O) (resp. M−(O)) is open for every open set O ⊂ Y . If Y is a Banach
space endowed with the weak topology, then we say that M is ‖ · ‖-weak usc
(resp. lsc).

Throughout the article (Ω,A, µ) will be a complete σ-finite measure space.
The Banach space of p-integrable functions x : Ω → X is denoted by Lp(Ω,X).
We say that a set-valued map M : Ω ⇒ X is measurable if M−(O) ∈ A for
every open set O ⊂ X . Besides, M is graph-measurable if its graph belongs to
A⊗ B(X), where B(X) is the Borel σ-algebra on X .

Let X be a complete separable metric space, for a multifunction M : Ω ⇒

X with nonempty and closed values the following assertions are equivalent
(see, e.g., [1, 6, 19]):

i) M is measurable.
ii) For all x ∈ X , the map ω 7→ d(x,M(ω)) is measurable.
iii) There exists a sequence of measurable selections (fk)k of M such that

{fk(ω)}k is dense in M(ω) for all ω ∈ Ω.
iv) M is graph measurable, provided that the space (Ω,A, µ) is complete.

A function f : Ω × X → R is called a normal integrand if the set-valued
mapping ω ⇒ epi f(ω, ·) := {(x, α) ∈ X ×R : f(ω, x) ≤ α} is measurable with
closed values, which is equivalent (under the completeness of (Ω,A, µ)) to have
that for every fixed ω ∈ Ω, the map x 7→ f(ω, x) is lower semi-continuous and
f is A⊗ B(X)-measurable.

Given a normal integrand f : Ω × X → [0,+∞), an integral functional
defined on Lp(Ω,X) is the function Iµ,pf : Lp(Ω,X) → [0,+∞], defined by

Iµ,pf (x) :=

∫

Ω

f(ω, x(ω))dµ(ω).

For simplicity of the notation, we write If when there is no ambiguity on the
measure space.
A topological space S is called Suslin space if there exist a Polish space Y
(complete and separable metric space) and a continuous function f : Y → S
such that f(Y ) = S. It is well known that a Polish space is Suslin, and any
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Suslin space is separable. Moreover, for a separable Banach space X , the dual
space X∗ endowed with the weak∗ topology is Suslin.

The following result is known as the Yankov-von Neumann-Aumann selection
theorem (see, e.g., [6, Theorem III.22] and [19, Remark 6.3.21 p.482]).

Proposition 2.1 (Graph measurable selection theorem) Let (Ω,A, µ)
be a complete σ-finite measure space and S a Suslin space. Let M : Ω ⇒ S be
a graph measurable multifunction with nonempty values. Then, there exists a
sequence of measurable selections mk : Ω → S such that

{mk(ω)}k is dense in M(ω) for all w ∈ Ω.

For p ∈ [1,∞], the set of p integrable selections of M is denoted by SpM .

We say that M : Ω×H ⇒ X is a random multifunction or random set-valued
map if the map ω ⇒ gphMω is measurable and has closed values.
Here and throughout the paper, Mω will denote the map x⇒M(ω, x).

Let X be a Banach space. Given a sequence of sets (Ak)k ⊂ X , the inferior
and superior limit of (Ak) are defined, respectively, as

lim supAk = {x ∈ X : lim inf d(x,Ak) = 0},

lim inf Ak = {x ∈ X : lim sup d(x,Ak) = 0},

Moreover, a sequence of sets (Ak) ⊂ X Painlevé-Kuratowski converges to A
if lim supAk = lim inf Ak = A. If X has finite-dimension, then the Painlevé-
Kuratowski convergence is metrizable over the space of nonempty and closed
sets by the so-called (integrated) set distance:

d̄(A,B) =

∫ +∞

0

e−ρdρ(A,B)dρ, (1)

where A,B ⊂ X and dρ(A,B) := max
x∈ρB

|d(x,A) − d(x,B)| for ρ ≥ 0. We refer

to [23, cap 4.I] for more details.

Now, we introduce the notion of essentially uniformly convergence of mul-
tifunctions. A sequence of measurable multifunctions (Mk : Ω ⇒ R

d)k with
closed and nonempty values converges essentially uniformly to M : Ω ⇒ R

d

respect to the set distance if

‖d̄(Mk,M)‖∞ := inf{t : t ≥ d̄(Mk(ω),M(ω)) for a.e. w ∈ Ω} → 0, (2)

as k → +∞. In the latter case, the multifunction M must have nonempty
values and closed values.

The above notion induces a convergence of functions through their epigraphs.
A sequence of normal integrands (fk : Ω ×R

d → R)k converges epigraphically
uniformly to f : Ω×R

d → R if the sequence (ω ⇒ epi fkω)k converges essentially
uniform to ω ⇒ epi fω.
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3 Random multifunctions as minimizers of infinitely many
differentiable random functions

This section presents the main result of the paper. We prove that a random
multifunction satisfying certain continuity properties can be described as the
set of minimizers of a smooth normal integrand. The continuity property re-
quired to prove the main theorem is given in the following definition.

Definition 3.1 (pseudo-norm-weak usc) A multifunction M : H ⇒ X is
said pseudo-norm-weak upper-semicontinuous at x ∈ H if for all α ∈ R and
y∗ ∈ X∗ with M(x) ⊂ {u ∈ X : 〈y∗, u〉 < α} and η > 0, there exists ε > 0
such that

M(x′) ⊂ {u ∈ X : 〈y∗, u〉 < α+ η} for all x′ ∈ Bε(x).

Moreover, M is said pseudo-norm-weak usc if the above property is satisfied
at every point x ∈ H .

The above notion is weaker than the usual notion of upper semicontinuity for
multifunctions when X is endowed with the weak topology. Indeed, the mul-
tifunction M : R ⇒ R

2 defined by M(t) = t(1, 0) + C, where C = {(x, y) ∈
R

2 : xy ≥ 1, x ≥ 0}, is pseudo-norm-weak usc but it is not upper semicontinu-
ous.

The following result, which is the main result of the paper, enables to
represent random multifunctions as the level set of a smooth normal integral.

Theorem 3.2 Let (Ω,A, µ) be a complete σ-finite measure space, H be a sep-
arable Hilbert space and X be a separable Banach space. IfM : Ω×H ⇒ X is a
random multifunction such that for all ω ∈ Ω, Mω : H ⇒ X is pseudo-norm-
weak upper semicontinuous with convex values, then there exists a normal
integrand ϕ : Ω ×H ×X → [0,+∞) such that

(a) For all ω ∈ Ω, gphMω = {(x, y) ∈ H ×X : ϕω(x, y) = 0}.
(b) For all ω ∈ Ω, the map (x, y) 7→ ϕω(x, y) is C∞.
(c) For all (ω, x) ∈ Ω ×H, the map y 7→ ϕω(x, y) is convex.
(d) There exists L ≥ 0 such that for all (ω, y) ∈ Ω×X, the map x 7→ ϕω(x, y)+

L(‖y‖+ 1)‖x‖2 is convex.
(e) For all k ∈ N

∗, there are positive constants Ck, R such that for all (x, y) ∈
H ×X

sup
ω∈Ω

‖Dkϕω(x, y)‖ ≤ Ck(‖y‖+ 1)(‖x‖k + 1), (3)

sup
ω∈Ω

‖Dk
yϕω(x, y)‖ ≤ R(‖x‖+ 1), (4)

where Dkϕω and Dk
yϕω denote, respectively, the k-derivative and the k-

derivative with respect to y.
(f) For all ω ∈ Ω, the map (x, y) 7→ ϕω(x, y) satisfies the following continuity

property: if xn → x and yn ⇀ y, then ϕω(xn, yn) → ϕω(x, y).
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Proof For the measurable set Ω∅ := {ω ∈ Ω : gphMω = ∅}, we can set ϕω ≡ 1
for all ω ∈ Ω∅. Thus, without loss of generality, we can assume that Ω∅ = ∅.
From now on, we consider X∗ endowed with the weak∗-topology. Since X is a
separable Banach space, the space X∗ is separable and, hence, a Suslin space.
It is worth noting that, whenX∗ endowed with the usual topology is separable,
we can proceed with that topology.
The rest of the proof is divided into several claims.
Claim 1: The mapping F : Ω ⇒ H ×X × (0,+∞)×X∗ × R defined by

F(ω) := {(x, y, ε, y∗, α) ∈ H ×X × (0,∞)×X∗ × R :

gphMω ∩ (Bε(x)× {u ∈ X : 〈y∗, u〉 < α}) = ∅ and 〈y∗, y〉 < α},

has nonempty values and measurable graph.
Proof of Claim 1 : On the one hand, it is clear that (0, 0, 1, 0,−1) ∈ F(ω) for
all ω ∈ Ω. Thus, F has nonempty values. On the other hand, to prove that
F has measurable graph, let us consider the multifunction G : H × (0,+∞)×
X∗ × R ⇒ H ×X defined by

G(x, ε, y∗, α) := (Bε(x) × {u ∈ X : 〈y∗, u〉 < α})c.

We observe that

G(x, ε, y∗, α) = G1(x, ε)×X ∪ H ×G2(y
∗, α),

with G1(x, ε) := {a ∈ H : ‖x−a‖ ≥ ε} and G2(y
∗, α) := {u ∈ X : 〈y∗, u〉 ≥ α}.

Then, for every open set U ⊂ H , we obtain that

G−
1 (U) = {(x, ε) ∈ H × (0,∞) : there exists a ∈ U such that ‖x− a‖ ≥ ε}.

Hence, by taking (ak)k∈N ⊂ U dense, we obtain that

G−
1 (U) =

⋃

k∈N

{(x, ε) ∈ H × (0,∞) : ‖x− ak‖ ≥ ε},

which implies that G1 is measurable. Similarly, G2 is measurable. Hence, G is
measurable. Now, let us notice that

gphMω ∩ (Bε(x)×{u ∈ X : 〈y∗, u〉 < α}) = ∅

⇔ gph(Mω) ⊂ G(x, ε, y∗, α)

⇔ d((v, w), G(x, ε, y∗, α)) ≤ 0 for all (v, w) ∈ gphMω

⇔ d((vk(ω), wk(ω)), G(x, ε, y
∗, α)) ≤ 0 for all k ∈ N,

where (vk, wk) is a dense sequence of measurable selections of gphMω. More-
over, the map (v, w) 7→ d((v, w), G(x, ε, y∗ , α)) is continuous and (x, ε, y∗, α) 7→
d((v, w), G(x, ε, y∗, α)) is B(H×(0,∞)×X∗×R) measurable. Hence, for all k ∈
N, the map (ω, x, ε, y∗, α) 7→ d((vk(·), wk(·)), G(·)) isA⊗B(H×(0,∞)×X∗×R)
measurable. Therefore, the graph of F can be rewritten as

gph(F) = {(ω, x, y, ε, y∗, α) : Φ(ω, x, ε, y∗, α) ≤ 0 and 〈y∗, y〉 < α},
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where Φ(ω, x, ε, y∗, α) := sup
k∈N

d(vk(ω), wk(ω), G(x, ε, y
∗, α)) and from here we

conclude that gph(F) is a measurable set.

Claim 2: There exist xk : Ω → H, εk : Ω → (0,∞), y∗k : Ω → X∗, αk : Ω → R

measurable functions such that for all ω ∈ Ω

(gphMω)
c =

⋃

k∈N

Bεk(ω)(xk(ω))× {u ∈ X : 〈y∗k(ω), u〉 < αk(ω)}. (5)

Proof of Claim 2 : By virtue of of Claim 1 and Proposition 2.1, there exists a
sequence of measurable selections (xk, yk, εk, y

∗
k, αk) of F such that

(xk(ω), yk(ω), εk(ω), y
∗
k(ω), αk(ω)) is dense in F(ω) for all ω ∈ Ω.

We proceed to prove that the sequence (xk, yk, εk, y
∗
k, αk) satisfies (5).

Indeed, on the one hand, the inclusion ⊃ follows by construction. On the other
hand, to prove the inclusion ⊂, take (x, y) /∈ gphMω, i.e., y /∈Mω(x).
If Mω(x) = ∅, we can take any y∗ ∈ X∗ and α ∈ R such that 〈y∗, y〉 < α,
and the neighborhood U := {u ∈ X : 〈y∗, u〉 > α + ξ} for any ξ > 0. Thus,
Mω(x) ⊂ U and by the pseudo-norm-weak upper semicontinuity, there exists
ε > 0 such that for all x′ ∈ Bε(x) the following inclusion holds:

Mω(x
′) ⊂ {u ∈ X : 〈y∗, u〉+ ξ > α+ ξ}.

Hence, it follows that

gph(Mω) ∩ (Bε(x)× {u ∈ X : 〈y∗, u〉 < α}) = ∅.

If Mω(x) 6= ∅, by the Hahn-Banach theorem (Mω(x) is closed and convex),
there exist y∗ ∈ X∗ and β > α that

〈y∗, z〉 ≥ β, for all z ∈Mω(x) and 〈y∗, y〉 < α.

Moreover, there exists ξ > 0 such that β > ξ > α. Consider the neighbourhood
U := {u ∈ X : 〈y∗, u〉 > ξ}. Then, Mω(x) ⊂ U and by the pseudo-norm-weak
upper-semicontinuity of Mω, there exists ε > 0 such that for all x′ ∈ Bε(x)
the following inclusion holds:

Mω(x
′) ⊂ {u ∈ X : 〈y∗, u〉+ (ξ − α) > ξ}.

Thus, gph(Mω) ∩ (Bε(x)× {u ∈ X : 〈y∗, u〉 < α}) = ∅.
Therefore, in any case, (x, y, ε, y∗, α) ∈ F(ω) and 〈y∗, y〉 < α. Let us consider
δ := α− 〈y∗, y〉 > 0. Then, there exists j ∈ N such that

(xj(ω), yj(ω), εj(ω), y
∗
j (ω), αj(ω)) ∈ F(ω),

and

max{‖x−xj(ω)‖, |εj(ω)−ε|} < ε/2,max{|αj(ω)−α|, |〈y
∗
j (ω)−y

∗, y〉|} < δ/2.
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Then, since ‖x − xj(ω)‖ ≤ ε/2 < εj(ω), we obtain that x ∈ Bεj(ω)(xj(ω)).
Moreover,

〈y∗j (ω), y〉 = 〈y∗j (ω)− y∗, y〉+ 〈y∗, y〉

< δ/2 + 〈y∗, y〉 = δ/2 + α− δ

< δ/2 + (αj(ω) + δ/2)− δ = αj(ω).

Hence, (x, y) ∈ Bεj(ω)(xj(ω))× {u ∈ X : 〈y∗j (ω), u〉 < αj(ω)}. ⊓⊔
Claim 3: There exist (x∗k, βk, z

∗
k, γk) measurable functions such that

gphMω =
⋂

k∈N

(Ak(ω)×Bk(ω))
c for all ω ∈ Ω,

where Ak and Bk are defined by

Ak(ω) = {x ∈ H : 〈x, x∗k(ω)〉 −
1

2
‖x‖2 > βk(ω)},

Bk(ω) = {u ∈ X : 〈z∗k(ω), u〉 > γk(ω)}.

Proof of Claim 3 : On the one hand, by virtue of Claim 1,

Bεk(ω)(xk(ω)) = {x ∈ H :
1

2
‖x− xk‖

2 <
1

2
εk(ω)

2}

= {x ∈ H :
1

2
‖x‖2 − 〈x, xk(ω)〉+

1

2
‖xk(ω)‖

2 <
1

2
εk(ω)

2}

= {x ∈ H : 〈x, x∗k(ω)〉 −
1

2
‖x‖2 > βk(ω)} =: Ak(ω),

where βk(ω) := 1
2‖xk(ω)‖

2 − 1
2εk(ω)

2 and x∗k(ω) = xk(ω). On the other
hand, by defining z∗k = −y∗k and γk = −αk, we can take Bk(ω) := {u ∈
X : 〈z∗k(ω), u〉 > γk(ω)}, which proves the claim.
Claim 4: Theorem 3.2 holds:
Following the ideas from [4], let us consider a nondecreasing C∞ convex func-
tion θ : R → [0,+∞) such that

θ(s) =

{

0 for s ≤ 0,

s+ b for t ≥ 1,
(6)

for some b ∈ (−1, 0). It is important to emphasize that b does not play any
role in the proof. However, as far as we know, it is not possible to find such a
function for b = 0.
The function θ satisfies the following inequality:

θ(s) ≤ θ(1) + s+ |b| for all s ∈ R. (7)

Moreover, for each k ∈ N
∗, its k-th derivative is uniformly bounded, i.e.,

‖θ(k)‖∞ := sup{|θ(k)(s)| : s ∈ R} <∞.
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Next, we consider the function ϕ : Ω ×H ×X → [0,∞) defined by

ϕω(x, y) =
∑

n∈N

θ1n(ω, x) · θ
2
n(ω, y)

ζn(ω)nξn(ω)n2n
,

where

θ1n(ω, x) := θ

(

1

ζn(ω)
(〈x∗n(ω), x〉 −

1

2
‖x‖2 − βn(ω))

)

,

θ2n(ω, y) := θ

(

1

ξn(ω)
(〈z∗n(ω), y〉 − γn(ω))

)

,

ζn(ω) := 1 + |βn(ω)|+ ‖x∗n(ω)‖,

ξn(ω) := 1 + ‖z∗n(ω)‖+ |γn(ω)|.

By virtue of Claim 3, it is easy to see that for all w ∈ Ω, the following
equivalence holds:

ϕω(x, y) = 0 ⇐⇒ (x, y) ∈ gphMω.

Since θ is convex, the map y 7→ ϕω(x, y) is convex for all (ω, x) ∈ Ω × H .
Moreover, by [26, proposition 4.1], the function x 7→ ϕω(x, y) + L‖y‖‖x‖2 is
convex, for some L ≥ 0, depending of the Lipschitz constant of θ.
Using the Faà di Bruno’s formula (see, e.g., [25, Lemma 5.1]), for all k ∈ N

∗,
there are constants Ck, R > 0 (independent of ω, x and y) such that

‖Dkθ1n(ω, x)‖ ≤ Ck(‖x‖
k + 1) and ‖Dkθ2n(ω, y)‖ ≤ R.

Then, by the Leibniz Rule applied to ϕω , these inequalities imply that (3) and
(4) hold. Thus, ϕω is a C∞ function.
To end the proof, it remains to verify assertion (f). Let xk → x in H and
yk ⇀ y in X . It is clear that for all n ∈ N and ω ∈ Ω, θ1n(ω, xk) → θ1n(ω, x)
and θ2n(ω, yk) → θ2n(ω, y) as k → +∞. Hence, as k → +∞,

θ1n(ω, xk) · θ
2
n(ω, yk)

ζn(ω)nξn(ω)n2n
→

θ1n(ω, x) · θ
2
n(ω, y)

ζn(ω)nξn(ω)n2n
.

Finally, by the convergence dominated theorem, we conclude that for all ω ∈ Ω,
ϕω(xk, yk) → ϕω(x, y), which ends the proof of the Theorem.

Remark 3.3 The previous theorem was stated in a Hilbert space H . However,
a similar result can be obtained in smooth Banach spaces if we accept a less
regular function ϕ. Indeed, assume thatH is a smooth separable Banach space.
Then, we can replace the set Ak(ω) of Claim 3 by

Ak(ω) = {x ∈ H : ‖x− xk(ω)‖
p < εk(ω)

p},

where p > 1 is fixed. In Claim 4, the functions θ1n and ζn can be modified by

θ1n(ω, x) = θ(εn(ω)
p − ‖x− xn(ω)‖

p),

ζn(ω) = 1 + εn(ω)
p + ‖xn(ω)‖

p−1.
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The obtained function ϕ will be C1 and we can find a constant C > 0 such
that for all (ω, x, y) ∈ Ω ×H ×X

‖Dϕω(x, y)‖ ≤ C(‖x‖p−1 + 1)(‖y‖+ 1).

Furthermore, (4) still holds true and the function y 7→ ϕω(x, y) is C
∞. ⊓⊔

As a consequence of Theorem 3.2, we obtain a generalization of the main
result in [4]. Indeed, [4, Theorem 1] establishes that every closed convex set in
a separable Banach space can be seen as the set of minimizers of a C∞ convex
function. Here, we obtain a stronger conclusion: the values of any measurable
multifunction with closed and convex values can be written as the minimizers
of a C∞ convex normal integrand.

Corollary 3.4 Let M : Ω ⇒ X be measurable multifunction with closed and
convex values. Then, there exists ϕ : Ω ×X → [0,+∞) a convex normal inte-
grand such that for all ω ∈ Ω the map x 7→ ϕω(x) is C

∞ and

M(ω) = {x ∈ X : ϕω(x) = 0} for all ω ∈ Ω. (8)

Moreover, for all k ∈ N
∗,

sup
(ω,x)∈Ω×X

‖Dkϕω(x)‖ < +∞. (9)

Proof Define H = {0}. It is enough to apply Theorem 3.2 to the set-valued
map M̂ : Ω × H ⇒ X defined by M̂(ω, x) = M(ω). Indeed, it is clear that
gph M̂ω = H ×M(ω) and, thus, ω ⇒ gph M̂ω is a random multifunction (i.e.,
is measurable with closed values). Moreover, for all ω ∈ Ω, M̂ω is pseudo-
norm-weak upper semicontinuous. Hence, by virtue of Theorem 3.2, we can
find φ : Ω × {0} ×X → [0,+∞) a C∞ normal integrand. Then, the function
ϕω := φω(0, ·) is a C∞ normal integrand over Ω ×X . Moreover, we have that
for a.e. ω ∈ Ω,

y ∈M(ω) ⇐⇒ (0, y) ∈ gph M̂ω ⇐⇒ φω(0, y) = 0 ⇐⇒ ϕω(y) = 0.

The convexity of ϕω follows from Theorem 3.2-(c). Finally, (9) follows from
Theorem 3.2-(d).

Theorem 3.2 allows us to provide also a representation for measurable
multifunctions with merely closed values on separable Hilbert spaces.

Corollary 3.5 Let H be a separable Hilbert space and M : Ω ⇒ H be a mea-
surable multifunction with closed values. Then, there exists a normal integrand
function ϕ : Ω ×H → [0,+∞) such that

(a) for all ω ∈ Ω, M(ω) = {x ∈ H : ϕω(x) = 0}.
(b) for all ω ∈ Ω the map x 7→ ϕω(x) is C∞ and for some L ≥ 0 the map

x 7→ ϕω(x) + L‖x‖2 is convex
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(c) for all k ∈ N
∗, there are constants ak, bk > 0 such that for all x ∈ H

sup
ω∈Ω

‖Dkϕω(x)‖ ≤ ak‖x‖
k + bk. (10)

Remark 3.6 It is worth emphasizing that in Corollary 3.5, although the values
of M(ω) are merely closed, the obtained function ϕω is not so far from being
a convex one. Indeed, ϕω is the difference of convex functions: ϕω = (ϕω+L‖ ·
‖2)− L‖ · ‖2.

Proof Set X = {0} and consider the multifunction M̂ : Ω ×H ⇒ X defined
by

M̂(ω, x) =

{

{0} if x ∈M(ω),

∅ if x /∈M(ω).

It is clear that gph M̂ω = M(ω) × {0}. Thus, M̂ is a random multifunction.
To prove that M̂ satisfies the pseudo-norm-weak usc property, fix ω ∈ Ω and
assume that M̂ω(x) ⊂ {u ∈ X : 〈y∗, u〉 < α} for y∗ ∈ X∗ = {0} and α ∈ R.
On the one hand, if M̂ω(x) = {0}, then clearly {u ∈ X : 〈y∗, u〉 < α} = X .
On the other hand, if M̂ω(x) = ∅, then x /∈M(ω). Since M(ω) is closed, there
exists ε > 0 such that Bε(x) ∩M(ω) = ∅ and then M̂ω(x

′) = ∅ if x′ ∈ Bε(x).
Hence, for every η > 0, M̂ω(x

′) ⊂ {u ∈ X : 〈y∗, u〉 < α+ η}. Therefore, in any
case, the pseudo-norm-weak usc property holds.
By virtue of Theorem 3.2, there exists φ : Ω × H × {0} → [0,+∞) a C∞

normal integrand representing the set-valued mapping M̂ . Thus, the function
ϕω := φω(·, 0) is a C∞ normal integrand such that for a.e. ω ∈ Ω

x ∈M(ω) ⇐⇒ (x, 0) ∈ gph M̂ω ⇐⇒ φω(x, 0) = 0 ⇐⇒ ϕω(x) = 0.

Finally, due to Theorem 3.2, the map x 7→ ϕω(x) + L‖x‖2 is convex and for
some L ≥ 0 the inequality (10) holds.

We end this section by providing a representation result for multifunctions
with values in dual spaces, similar to Corolary 3.4, where we prove that lower
semicontinuity of the epigraphs of the support functions induces continuity in
both variables for normal integrands.

Theorem 3.7 Let T be a metric space and X a separable Banach space. As-
sume that C : T ⇒ X∗ is a multifunction with nonempty, w∗-closed and convex
values so that t⇒ epiσC(t) is lsc. Then, there exists a C∞-convex normal in-
tegrand ϕ : T ×X∗ → [0,+∞) such that

x∗ ∈ C(t) ⇔ ϕ(t, x∗) = 0 for all (t, x∗) ∈ T ×X∗.

Moreover, ϕ can be chosen so that, for all k ∈ N
∗, the map (t, x∗) → Dkϕt(x

∗)
be continuous with sup

(t,x∗)∈T×X∗

‖Dkϕt(x
∗)‖ < +∞.
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Proof As a consequence of Michael’s selection theorem (see, e.g., [19, Theorem
6.3.11, p. 491]), there are continuous functions zn : T → X∗ and γn : T → R

such that
epiσC(t) = cl{(zn(t), γn(t))n}.

Then, we consider the function ϕ : T ×X∗ → [0,∞) defined by

ϕt(x
∗) =

∑

n∈N

1

2n
θn(t, x

∗)

ξn(t)
,

where

θn(t, x
∗) := θ

(

1

ξn(t)
(〈x∗, zn(t)〉 − γn(t))

)

and ξn(t) := 1 + ‖zn(t)‖ + |γn(t)|.

Here θ is the smooth convex function defined in (6). Hence, the result follows
from similar arguments to the given in proof of Theorem 3.4.

4 Approximation of random multifunctions and functions

In this section, by using Theorem 3.2, we provide smooth approximations to
random multifunctions and normal integrands.

Corollary 4.1 Let H be a separable Hilbert space and X a separable Banach
space. Let M : Ω × H ⇒ X be a random multifunction such that, for all
ω ∈ Ω, Mω is pseudo-norm-weak upper semicontinuous with convex values.
Then, there exists a sequence of random multifunctions Mk : Ω×H ⇒ X with
convex values such that:

a) For all ω ∈ Ω, gphMk+1
ω ⊂ gphMk

ω for all k ∈ N and

⋂

k∈N

gphMk
ω = gphMω.

b) For all ω ∈ Ω, ‖ · ‖ × w-lim sup gphMk
ω ⊂ gphMω.

c) For all ω ∈ Ω, if x ∈ dom(Mω) and k ∈ N, there exists a neighbourhood U
of x such that for all x′ ∈ U the sets Mk

ω(x
′) are C∞-convex bodies.

d) If dom(Mω) = H for a.e. ω ∈ Ω, then for all k ∈ N the set gphMk
ω has

C∞-smooth boundary for a.e. ω ∈ Ω.

Proof By Theorem 3.2, there is a C∞ function ϕ such that for all ω ∈ Ω

(x, y) ∈ gph(Mω) ⇐⇒ ϕω(x, y) = 0.

Consider εk → 0+ and the multifunctionMk(ω, x) := {z ∈ X : ϕω(x, z) ≤ εk}.
We will prove that (Mk)k∈N is the required sequence of multifunctions.

Claim 1: Mk is a random multifunction
Proof of Claim 1 : Due to the continuity of ϕω and the measurability of ϕ(·, x, y)
for all (x, y) ∈ H × X , it is clear that Mk is a random multifunction with
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convex values. Hence, by virtue of the continuity of ϕω, the multifunction
ω ⇒ gph(Mk

ω) is measurable with closed values. Besides, by the convexity and
continuity of ϕω(x, ·), the set Mk(ω, x) is closed and convex.

Claim 2: Assertion a) holds.
Proof of Claim 2 : On the one hand, it is clear that gph(Mω) ⊂ gph(Mk

ω) for
all k ∈ N. On the other hand, for any (x, y) ∈ H ×X such that ϕω(x, y) ≤ εk
for all k ∈ N we have that ϕω(x, y) = 0. Indeed, since εk → 0+, we obtain that
⋂

k∈N
gphMk

ω = gphMω for all ω ∈ Ω.

Claim 3: Assertion b) holds
Proof of Claim 3 : Let (x, y) ∈ ‖ · ‖ × w-lim sup gphMk

ω . Then, there exists a
sequence (xnk

, ynk
) ∈ gph(Mnk

ω ), where (nk)k∈N is a strictly increasing, such
that xnk

→ x and ynk
⇀ y. Hence, since ϕ is a ‖ · ‖-weak continuous and

ϕω(xnk
, ynk

) ≤ εnk
, it follows that ϕω(x, y) = 0. Thus, (x, y) ∈ gphMω and

‖ · ‖ × w- lim sup gphMk
ω ⊂ gphMω for all ω ∈ Ω.

Claim 4: Assertion c) holds
Proof of Claim 4 : Fix x ∈ dom(Mω) and k ∈ N. Then, there exists y ∈ X such
that ϕω(x, y) = 0. By continuity of ϕω , it is possible to find a neighborhood
U × V of (x, y) such that the following implication hold:

(x′, y′) ∈ U × V ⇒ ϕω(x
′, y′) < εk.

Let x′ ∈ U . Then, since V ⊂ Mk
ω(x

′), Mk
ω(x

′) is a closed and convex set with
nonempty interior. Let z ∈ bdMk

ω(x
′) := {v ∈ X : ϕω(x

′, v) = εk}. Then, by
observing that ϕω(x

′, ·) is a C∞ and convex function, we obtain that

Dyϕω(x
′, v) = 0 ⇐⇒ v is a minimum of ϕω(x

′, ·).

Moreover, ϕω(x
′, y) < εk = ϕω(x

′, z). Thus, Dyϕ(x
′, z) 6= 0, which, by the

implicit function theorem, implies that bdMk
ω(x

′) is a C∞-manifold.

Claim 5: Assertion d) holds :
Proof of Claim 4 : Suppose that dom(Mω) = H . By assumption, it is clear
that the set {(x, y) ∈ H ×X : ϕω(x, y) < εk} is nonempty. Then, gphMk

ω has
nonempty interior. Moreover,

bd gphMk
ω ⊂ {(x, y) ∈ H ×X : ϕω(x, y) = εk},

which implies that any (x, y) ∈ bd gphMk
ω satisfies ϕω(x, y) = εk. Even more,

there exists y′ ∈ X such that ϕω(x, y
′) = 0. Hence, if Dϕ(x, y) = 0, then

Dyϕ(x, y) = 0. Thus, by convexity, y is a minimum of function ϕω(x, ·).
However, since ϕω(x, y

′) < ϕω(x, y), we obtain a contradiction. Therefore,
Dϕω(x, y) 6= 0 and we can apply the implicit multifunction theorem to obtain
that bdMk

ω(x
′) is a C∞-manifold.

The latter result provides a new approximation technique for random mul-
tifunctions. Indeed, in the next result, we construct a sequence of approxi-
mations whose values are smooth convex bodies. Recall that the notion of
essentially uniformly convergence of multifunctions was defined in (2).
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Corollary 4.2 LetM : Ω ⇒ R
d be a measurable multifunction with nonempty

closed and convex values. Then, there exists a sequence of measurable multi-
function Sk : Ω ⇒ R

d converging essentially uniformly to M and whose values
are C∞ convex bodies for all ω ∈ Ω.

Proof Set X = R
d and H = {0} and consider the sequence of random multi-

functions (Mk)k provided by Corollary 4.1. Then,Mk takes C∞ convex bodies
values for a.e. ω ∈ Ω and by assertion a) from Corollary 4.1, for a.e. ω ∈ Ω,

d̄(Mεk(ω),M(ω)) → 0 as k → +∞. (11)

where d̄ is the integrated set distance defined in (1). Let us consider the func-
tion f : Ω×N → [0,+∞) defined by f(ω, k) = d̄(Mεk(ω),M(ω)). It is clear that
ω → f(ω, k) is measurable for all k ∈ N. Thus, for all n ∈ N, the multifunction
Jn : ω ⇒ {k ∈ N : f(ω, k) ≤ 1/n} is measurable. Moreover, due to (11), Jn(ω)
is nonempty. Hence, there exists a measurable selection λn : Ω → N such that

d̄(Mελn(ω)
(ω),M(ω)) ≤

1

n
for all ω ∈ Ω.

Finally, by virtue of (11), the measurable multifunction Sn : ω ⇒ Mελn(ω)
(ω)

converges essentially uniformly to M with respect to set distance.

The next result concerns the approximation of normal integrands by C∞

normal integrands.

Theorem 4.3 Let f : Ω×H ×X → R be a normal integrand. Assume that f
is convex with respect to the variable on X and that the conjugate map

x 7→ f∗
ω(x, x

∗) := sup
y∈X

〈x∗, y〉 − fω(x, y) (12)

is upper semicontinuous for all ω ∈ Ω and x∗ ∈ X∗. Then, there exists a
nondecreasing sequence of C∞-normal integrand fk : Ω × H × X → R such
that for all ω ∈ Ω

lim
k
fk(ω, x, z) = sup

k

fk(ω, x, z) = f(ω, x, z) for all (x, z) ∈ H ×X. (13)

Moreover, the function fk are convex with respect to the variable on X.

Proof Let us consider the multifunction M : Ω ×H → X × R defined by

Mω(x) := {(y, α) ∈ X × R : fω(x, y) ≤ α}. (14)

We observe that gphMω = epi fω for all ω ∈ Ω.
Claim 1: The application M is a random multifunction with closed and convex
values. Moreover, for every ω ∈ Ω, x ⇒ Mω(x) is pseudo-norm-weak upper
semicontinuous.
Proof of Claim 1 : Since f is a normal integrand,M is a random multifunction
with nonempty values. The convexity of the values of Mω(x) follows from the
convexity of f with respect to the variable on X .
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To prove the pseudo-norm-weak usc property, take w∗ ∈ X∗ and α, γ ∈ R

such that Mω(x) ⊂ Cw∗,α,γ := {(u, β) ∈ X × R : 〈w∗, u〉 + αβ < γ}. By the
definition of Cw∗,α,γ , it follows that α ≤ 0.
On the one hand, if α = 0, then w∗ = 0 and γ > 0. Hence, Cw∗,α,γ = X × R.
On the other hand, if α < 0, then

〈|α|−1w∗, u〉 − fω(x, u) < γ|α|−1 for all u ∈ X,

which implies that f∗
ω(x, |α|

−1w∗) ≤ γ|α|−1. By hypothesis of upper semicon-
tinuity of the conjugate map (12), for all η > 0, there exists ε > 0 such that
f∗(x′, |α|−1w∗) < (γ + η)|α|−1 for all x′ ∈ Bε(x). Therefore, for all u ∈ X

〈|α|−1w∗, u〉 − fω(x
′, u) < (γ + η)|α|−1.

Finally, if (u, β) ∈ Mω(x
′) for x′ ∈ Bε(x), then (u, β) ∈ Cw∗,α,γ+η, which

proves that x ∈ H ⇒ Mω(x) is pseudo-norm-weak upper semicontinuous for
all ω ∈ Ω.

Claim 2: There exists a sequence of normal integrands (fk)k satisfying the
statement of theorem.
Proof of Claim 2 : Since domMω = H for all ω ∈ Ω, we can apply Corollary
4.1 to obtain a sequence of random multifunctions (Mk)k such that for all
k ∈ N and a.e ω ∈ Ω, the set gphMk

ω has C∞-smooth boundary and

⋂

k∈N

gphMk
ω = gphMω for a.e. ω ∈ Ω.

Thus, for all k ∈ N, there exists a C∞-normal integrand fk : Ω ×H ×X → R

such that gphMk
w = epi fkω for a.e. ω ∈ Ω and all k ∈ N. Moreover, for a.e.

ω ∈ Ω, fk+1
ω ≤ fkω ≤ fω pointwisely. Thus,

sup
k∈N

fkω(x, y) ≤ fω(x, y) for all (x, y) ∈ H ×X.

Hence, if (x, y) ∈ H × X , we can take α := supk∈N f
k
ω(x, y), which satisfies

(x, y, α) ∈ gphMk
ω for all k ∈ N. Finally, (x, y, α) ∈ gphMω, then f(x, y) ≤ α,

which proves (13).

The following result gathers some sufficient conditions which allow us to verify
the condition (12) from Theorem 4.3.

Proposition 4.4 Under the assumptions of Theorem 4.3, the upper semicon-
tinuity condition (12) can be verified in the following cases:

(a) For all ω ∈ Ω, the function fω : H ×X → R is uniformly continuous.
(b) The space X is reflexive, for all ω ∈ Ω, if xn → x and yn ⇀ y, then

fω(x, y) ≤ lim inf fω(xn, yn),

and for all ω ∈ Ω and x ∈ H, there exist δ > 0, α > 0 and β ∈ R such that

α‖y‖2 + β ≤ fω(x
′, y) for all (x′, y) ∈ Bδ(x)×X. (15)
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Proof (a): Fix ω ∈ Ω and let y∗ ∈ X∗, ε > 0 and a sequence (xn)n ⊂ H
converging to x. By virtue of the uniform continuity of fω, there exists δ > 0
such that if ‖x− x′‖ < δ and ‖y− y′‖ < δ then |f(x, y)− f(x′, y′)| < ε. Then,
since xn → x, there exists N ∈ N such that ‖xn − x‖ < δ for n ≥ N . Thus,
for all y ∈ X and n ≥ N , |fω(xn, y)− fω(x, y)| < ε. Hence, for n ≥ N ,

sup
y∈X

fω(x, y)− fω(xn, y) ≤ ε.

Therefore, by using the latter inequality, we obtain that for n ≥ N ,

f∗
ω(xn, y

∗) = sup
y∈X

〈y∗, y〉 − fω(xn, y)

= sup
y∈X

〈y∗, y〉 − fω(x, y) + fω(x, y)− fω(xn, y)

≤ sup
y∈X

〈y∗, y〉 − fω(x, y) + sup
y∈X

fω(x, y)− fω(xn, y)

≤ f∗
ω(x, y

∗) + ε.

By taking n→ ∞ in the above inequality, we obtain that

lim sup
n→∞

f∗
ω(xn, y

∗) ≤ f∗
ω(x, y

∗) + ε,

which implies (12).
(b) Fix y∗ ∈ X∗ and ω ∈ Ω. We will prove first that the map x 7→ f∗

ω(x, y
∗)

takes finite values. Indeed, by virtue of (15), for all y ∈ X

〈y∗, y〉 − fω(x, y) ≤ ‖y∗‖‖y‖ − α‖y‖2 − β

= −α

(

‖y‖ −
‖y∗‖

2α

)2

− β −
‖y∗‖2

4α2

≤ −β −
‖y∗‖2

4α2
,

which implies that f∗
ω(x, y

∗) ≤ −β − ‖y∗‖2

4α2 < +∞ for all x ∈ H .
To prove the upper semicontinuity, we proceed by contradiction. Suppose that
the map x 7→ f∗

ω(x, y
∗) is not upper semicontinuous at x ∈ H . Then, there

exist (xn) ⊂ H converging to x and ε > 0 such that

f∗
ω(x, y

∗) + ε ≤ lim sup
n→∞

f∗
ω(xn, y

∗).

Thus, up to a subsequence,

f∗
ω(x, y

∗) +
1

2
ε ≤ f∗

ω(xn, y
∗) for n big enough.

Let δ > 0 such that (15) holds. Then, there exists N ∈ N such that xn ∈ Bδ(x)
for all n ≥ N . Using the definition of the convex conjugate, we can find
(yn)n ⊂ X such that for all n big enough

f∗
ω(xn, y

∗) ≤
ε

4
+ 〈y∗, yn〉 − fω(xn, yn).
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Therefore, for n large enough

f∗
ω(x, y

∗) + fω(xn, yn) +
ε

4
≤ 〈y∗, yn〉. (16)

Moreover, since for all n large enough

〈y∗, yn〉 − fω(xn, yn) ≤ −α

(

‖yn‖ −
‖y∗‖

2α

)2

− β −
‖y∗‖2

4α2
,

the sequence (yn) is bounded. Thus, without loss of generality, we can assume
that yn weakly converges to some y ∈ X . Then, by assumption, fω(x, y) ≤
lim inf fω(xn, yn) and 〈y∗, yn〉 → 〈y∗, y〉. Finally, by taking limit in (16), we
obtain a contradiction with the definition of convex conjugate.

To prove our next result, we need to extend the notion of prox-bounded
function to the framework of normal integrands (see, e.g., [23, Definition 1.23]).
A normal integrand f : Ω × R

d → R is said to be prox-bounded if there exists
a measurable function λ : Ω → (0,+∞) such that for all ω ∈ Ω there exists
x ∈ R

d satisfying

eλ(ω)fω(x) := inf
z∈Rd

{fω(z) +
1

2λ(ω)
‖x− z‖2} > −∞.

Our next result is a functional counterpart of Corollary 4.2 and can also be
seen as an extension of Theorem 4.3 for extended real-valued functions defined
on finite-dimensional spaces.

Corollary 4.5 Let f : Ω×R
d → R be a prox-bounded normal integrand. Then,

there exists a sequence (fk)k of C∞-normal integrands fk ≤ f converging
epigraphically essentially uniformly to f .

Proof By prox-boundedness of f and [23, Theorem 1.25], there exists a func-
tion λf : Ω → (0,+∞) such that for a.e. ω ∈ Ω and all λ ∈ (0, λf (ω)) the
function

eλ fω(x) := inf
y∈Rd

fω(y) +
1

2λ
‖x− y‖2,

is finite valued and continuous. Thus, for all n ∈ N, the multifunction

Mn : ω ⇒ {λ > 0 : d̄(epi fω, epi eλ fω) ≤ 1/n},

is measurable. Then, by virtue of Proposition 2.1, we can find a measurable
function λn : Ω → R with λn(ω) ∈ (0, λf (ω)) and such that

d̄(epi fω, epi eλn(ω) fω) ≤ 1/n for all ω ∈ Ω.

Define gnω := eλn(ω) fω. By virtue of Theorem 4.3 (applied on H = R
d and

X = {0}), we can find a sequence (gnk )k of C∞-normal integrands such that
gnk (ω, ·) ≤ gnk+1(ω, ·) ≤ gn(ω, ·) for a.e. ω ∈ Ω and

sup
k∈N

gnk (ω, x) = gn(ω, x) for all x ∈ H.
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By similar arguments to the given in the proof of Corollary 4.2, it is possible
to find ĝn such that

d̄(epi ĝn(ω, ·), epi gn(ω, ·)) ≤ 1/n for a.e ω ∈ Ω.

Thus, if we set fnω := ĝn(ω, ·), then for a.e. ω ∈ Ω

d̄(epi fnω , epi fω) ≤ d̄(epi fnω , epi g
n
ω) + d̄(epi gnω, epi fω) ≤

1

n
+

1

n
=

2

n
,

which implies that (fn)n converges epigraphically essentially uniform to f .
Finally, (fn)n is the desired sequence.

5 Integrable selections as minimizers of integral funcionals

In this section, we apply Theorem 3.2 to show that the sets of p-integrable
selections of measurable multifunctions can be represented as the set of mini-
mizers of a C∞-convex integral functional.

The first result of this section is devoted to the case of measurable multi-
function with nonempty, closed and convex values.

Theorem 5.1 Assume that (Ω,A, µ) is a finite measure space. Let M : Ω ⇒

X be a measurable multifunction with nonempty, closed and convex values
such that the set of p-integrable selection SpM is nonempty. Then, there exists
a C∞-convex normal integrand ϕ : Ω ×X → [0,+∞) such that

SpM =

{

x ∈ Lp(Ω,X) : Iϕ(x) :=

∫

ω

ϕω(x(ω))µ(dω) = 0

}

, (17)

Moreover, for p ∈ (1,+∞], the integral functional Iϕ is C∞ with k-derivative

DkIϕ(x) =

∫

Ω

Dkϕω(x(ω))µ(dω) for x ∈ Lp(Ω,X), (18)

where the integral in the right-hand side of (18) is in the sense of Gelfand.

Proof Consider the integrand function ϕ associated to M given by Theorem
3.4. Let x0 ∈ SpM . Then, by virtue of (9),

0 ≤ Iϕ(x) ≤ κ‖x− x0‖p, for all x ∈ Lp(Ω,X),

where κ := µ(Ω)
p

p−1 · sup(ω,x)∈Ω×X ‖Dϕω(x)‖. Hence, the functional Iϕ is
finite over Lp(Ω,X). Equality (17) can be easily verified from the properties
of ϕ.
Next, we proceed to prove that Iϕ is C∞ and satisfies (18). Indeed, by the
measurability of ϕ, the integral in the right-hand side of (18) is well-defined.
Moreover, by Taylor’s formula, for all (ω, x) ∈ Ω ×X

‖Dkϕω(x+ h)−Dkϕω(x)−Dk+1ϕω(x)(h)‖ ≤ Ck+2‖h‖
2, (19)
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where Ck := sup(ω,x)∈Ω×X ‖Dkϕω(x)‖. Now, assume that (18) holds for k ∈ N.
Fix ε > 0 and consider a sequence of function (hj) ⊂ Lp(Ω,X) converging to
0. Then, we can find j0 ∈ N such that for j ≥ j0

µ(Aj) ≤ ε
p

p−1 if p ∈ (1,+∞),

µ(Aj) = 0 if p = ∞,

where, Aj := {ω ∈ Ω : ‖hj(ω)‖ > ε}. Now, let us consider the quantities

βj :=

∥

∥

∥

∥

DkIϕ(x+ hj)−DkIϕ(x) −

∫

Ω

Dk+1ϕω(x(ω))(hj(ω))µ(dω)

∥

∥

∥

∥

,

β1
j :=

∥

∥

∥

∥

∥

∫

Aj

T kj (ω)µ(dω)

∥

∥

∥

∥

∥

,

β2
j :=

∥

∥

∥

∥

∥

∫

Ac
j

T kj (ω)µ(dω)

∥

∥

∥

∥

∥

,

where

T kj (ω) := Dkϕω(x(ω) + hj(ω))−Dkϕω(x(ω)) −Dk+1ϕω(x(ω))(hj(ω)).

Estimation of β1
j : It is clear that β1

j = 0 for p = ∞. Thus, we focus on the
case p ∈ (1,+∞). By using (9), we get

β1
j ≤

∥

∥

∥

∥

∥

∫

Aj

(

Dkϕω(x(ω) + hj(ω))−Dkϕω(x(ω))
)

µ(dω)

∥

∥

∥

∥

∥

+

∥

∥

∥

∥

∥

∫

Aj

Dk+1ϕω(x(ω))(hj(ω))µ(dω)

∥

∥

∥

∥

∥

≤Ck+1

∫

Aj

‖hj(ω)‖µ(dω) + Ck+1

∫

Aj

‖hj(ω)‖µ(dω)

≤2Ck+1‖hj‖pµ(Aj)
p−1
p ≤ 2Ck+1‖hj‖p · ε.

Estimation of β1
j : By using (19), we obtain that

β2
j ≤ Ck+2µ(Ω)

p−1
p ‖hj‖p · ε.

Hence, by using the latter estimations,

βj
‖hj‖p

≤
(

2Ck+1 + Ck+2µ(Ω)
p−1
p

)

· ε for all j ≥ j0.

Therefore, we conclude that

1

‖hj‖p

(

DkIϕ(x+ hj)−DkIϕ(x)−

∫

Ω

Dk+1ϕω(x(ω))(hj(ω))µ(dω)

)

→ 0,

as j → +∞. Consequently, (18) holds.
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Remark 5.2 Differentiability and subdifferentibility of integral functions has
been studied by several authors (see, e.g., [7–9, 11, 12, 17, 18, 21, 22] and the
references therein). It can be shown that the integral function Iϕ, where ϕ
is the function obtained from Theorem 3.4, is continuously differentiable over
L1(Ω,X) and its derivative has the following integral representation

DIϕ(x) =

∫

Ω

Dϕω(x(ω))µ(dω) for x ∈ L1(Ω,X).

Nevertheless, in [15, Theorem 4.7], it is shown that differentiability of integral
functionals over L1(Ω,Rd) is related to the convexity of the integrand. Thus,
we cannot expect high-order differentiability of the integral Iϕ over L1(Ω,Rd)
together with an integral representation for its k-derivatives unless Dϕω is
linear. Indeed, we observe that if Iϕ is C2, then for any λ∗ ∈ L∞(Ω,Rd) the
integral function

x→ 〈λ∗, DIϕ(x)〉 =

∫

Ω

〈λ∗(ω), Dϕω(ω)〉µ(dω),

is C1 over L1(Ω,Rd) and by virtue of [15, Theorem 4.7], it must be convex,
which is not true for general convex normal integrands.

We end this section, by showing that for a general measurable multifunction
the convex closure of the set of p-integrable measurable selections is equal to
the set of minimizers of a convex integral functional, which, for p ∈ [1,+∞),
is C∞.

Theorem 5.3 Let (Ω,A, µ) be a finite measure space. Let M : Ω ⇒ X be
a measurable multifunction with nonempty and closed values such that for
p ∈ [1,+∞) the set of p-integrable selections SpM is nonempty. Then, there
exists a C∞ convex normal integrand function ϕ : Ω×X → [0,+∞) such that

cl coSpM = {x ∈ Lp(Ω,X) : Iϕ(x) = 0} , (20)

where cl coSpM denotes the closed convex hull of SpM . In addition, if (Ω,A, µ)
is non-atomic, then

clw (SpM ) = {x ∈ Lp(Ω,X) : Iϕ(x) = 0} , (21)

where clw denotes the closure with respect to the weak topology on Lp(Ω,X).
Moreover, in both cases, it is possible to choose ϕ satisfying the estimations
(9).

Proof Due to [14, Proposition 2.26], we observe that cl coM is measurable. On
the one hand, by virtue of [19, Proposition 6.4.17] (or [14, Ch. 2, Proposition
3.29]), we have that cl coSpM = Spcl coM . Then, by applying Theorem 3.4 to
the measurable multifunction cl coM , we obtain (20). On the other hand, [19,
Proposition 6.4.19] implies that clw SpM = Spcl coM provided µ is non-atomic.
Finally, (21) follows in a similar way.
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6 Examples in Optimization Theory

This section provides two examples where our results can be used to provide
methodologies to solve challenging optimization problems.

The first example relies on the setting of Mathematical programming with
equilibrium constraints. This class of problems has captured the attention
of several researchers due to its intrinsic relation with Nash equilibrium and
bilevel problems (see, e.g, [2, 3, 10]).

Example 6.1 (Mathematical programming with equilibrium constraints) Con-
sider the following mathematical program with equilibrium constraints:

minψ(x, y) s.t. y ∈M(x) and x ∈ C, (22)

where ψ : Rs × R
m → R is the objective function, C ⊆ R

s is a closed set,
and M : R

s
⇒ R

m is a multifunction. It has been shown that optimality
conditions for this class of problems can be written in terms of generalized
Fermat’s rules involving (sub)-gradients of ψ and normal cones to gphM and
C (see, e.g., [16, Chapter 5.2.1] and references therein). Due to Corollary
4.1, and under its assumptions, it is possible to approximate Problem (22)
changing the constraint y ∈M(x) by y ∈Mk(x). Furthermore, it follows from
assertion d) from Corollary 4.1 that gphMk is an C∞-smooth manifold. So
the computation to the normal cone follows from the determination of such
smooth representation (see, e.g., [23, Example 6.8]).

The second example corresponds to the setting of two-stage stochastic pro-
gramming. This kind of model is a stochastic programming problem where the
intention is to chose an initial vector decision, then after the realization of a
random phenomenon, the information is included, and a second choice must
be given, all of this with a minimal cost. We refer to the monographs [20, 24]
for more details about the theory.

Example 6.2 (Two-stage stochastic programming) Let (Ω,A,P) be a probabil-
ity space, and consider the abstract two-stage stochastic convex optimization
problem

min Iψ(x, y) :=

∫

Ω

ψ(ω, x, y(ω))P(dω)

s.t y(ω) ∈M(ω, x) a.s ω ∈ Ω, x ∈ R
s and y ∈ Lp(Ω,Rm),

(23)

whereM : Ω×R
s
⇒ R

m is a random multifunction and ψ : Ω×R
s×R

m → R

is a normal integrand, which is convex with respect to the variable on R
m and

satisfies (12). First, let us mention that the imposed convexity on the normal
integrand ψ. On the one hand, it is essential to provide the strong-weak lower-
semicontinuity of the integral function Iψ (see, e.g., [5, Theorem 2.1]), which is
a minimal requirement to obtain the existence of minimizers of Problem (23).
On the other hand, it is important to provide the stability of such minimizers
(see, e.g., [17, Theorem 5.1]. For similar purposes, the convexity of the values
of M in the optimization problem (23) is required.
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Now, by virtue of Theorem 4.3, it is possible to find a nondecreasing se-
quence of C∞-normal integrands (ψk)k converging to ψ. Moreover, due to
Corollary 4.1, there exists a decreasing sequence of random multifunctions
(Mk)k. Both sequences preserve the previously discussed important property
of convexity. Hence, we can define a sequence of optimization problems:

min Iψk(x, y) :=

∫

Ω

ψk(ω, x, y(ω))P(dω)

s.t y(ω) ∈Mk(ω, x) a.s ω ∈ Ω, x ∈ R
s and y ∈ Lp(Ω,Rm).

Here, it is important to emphasize that by the construction, the optimal value
of the above problems is an increasing sequence, which under some classical
compactness assumptions it converges to the optimal value of Problem (23). In
the same spirit, by using classical techniques, the minimizers should converge
(up to a subsequence) to a minimizer of the original problem (23).

7 Concluding remarks

In this paper, under mild continuity assumptions, we prove that any random
multifunction can be represented as the set of minimizers of an infinitely many
differentiable normal integrand. This result was used to deduce the existence of
smooth approximations for multifunctions and normal integrands. Morever, we
characterize the set of p-integrable selections of any measurable multifunctions
can be represented as the set of minimizers of infinitely many differentiable
integral functional.

The results obtained in this article offer several tools for the representa-
tion and approximation of multifunctions and normal integrands by smoother
objects, which is of importance for approximation in optimization, optimal
control and other areas.
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