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Communication Pattern Logic:
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Abstract

We propose communication pattern logic. A communication pattern describes
how processes or agents inform each other, independently of the information content.
The full-information protocol in distributed computing is the special case wherein all
agents inform each other. We study this protocol in distributed computing models
where communication might fail: an agent is certain about the messages it receives,
but it may be uncertain about the messages other agents have received. In a dynamic
epistemic logic with distributed knowledge and with modalities for communication
patterns, the latter are interpreted by updating Kripke models. We propose an ax-
iomatization of communication pattern logic, and we show that collective bisimilarity
(comparing models on their distributed knowledge) is preserved when updating mod-
els with communication patterns. We can also interpret communication patterns by
updating simplicial complexes, a well-known topological framework for distributed
computing. We show that the different semantics correspond, and propose collective
bisimulation between simplicial complexes.

Keywords distributed computing, modal logic, combinatorial topology, multiagent sys-
tems, dynamic epistemic logic

1 Introduction

Epistemic logic [24] investigates knowledge and change of knowledge in multi-agent sys-
tems, both in temporal epistemic logics [20, 35, 13] and in dynamic epistemic logics [44],
including synchronous and asynchronous semantics based on action histories [38, 12, 5].
Recently, logics of knowledge and its dynamics have been proposed for simplicial com-
plexes, topological structures modelling (a)synchronous computation [22, 18, 30, 41]. A
state (world) in a multi-agent Kripke model describes the knowledge of all agents in an
integrated way. In contrast, a state (local state, vertex) in a simplicial complex describes
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the knowledge of a single agent. To obtain a complete state description we must then
combine the different agent views. Logics with a topological interpretation to study dis-
tributed systems are appealing, given the connection between combinatorial topology and
distributed computing [9, 23, 37, 22]. Epistemic logic with such a topological interpretation
can enrich epistemic analysis with the topological machinery to study distributed comput-
ing problems, such as formalizing topological subdivisions as epistemic updates, formalizing
intersection in higher dimensions with distributed knowledge, or formalizing connectivity,
or preservation of connectivity after update, with common knowledge [18, 30, 48, 41, 42].

In temporal and dynamic epistemic logics we typically model how specific information
contained in a message from or to an agent changes the global state of information. In
contrast, the communication patterns of this contribution describe how agents communi-
cate with each other independently of the information content of the message. Precursor
dynamic epistemic logics of such information exchange are [4, 7, 48]. In [4] the authors
model a subgroup B of the set of agents A sharing all their knowledge. As intuitively
this describes how to make the distributed knowledge between the agents in B common
knowledge between the agents in B (modulo Moorean phenomena [31, 36, 25]), this is
called resolving distributed knowledge. The agents not in B are aware that the agents in
B perform this update. In [7] this idea is generalized to describe agents sharing their
knowledge in arbitrary ways, as when only agent a gets to know all that b knows whereas
only b gets to know all that c knows. The authors call such information exchanges reading
events. The communication patterns we investigate originate in [48], which models that
agents may be uncertain about what other agents learn in such updates, such as when a
gets to know all that b knows, while a remains uncertain whether b also learns all that a
knows. Before we proceed, let us look in some detail at a simple communication pattern,
that also counts as resolving distributed knowledge.

Example 1 Suppose that Anne knows whether pa whereas Bill knows whether pb, as
depicted in Fig. 1. A simple communication pattern consists of Anne and Bill successfully
telling each other all they know. We can also see this as non-deterministic choice between
four public announcements: Anne telling Bill that she knows pa and Bill telling Anne that
he knows pb, or Anne telling Bill that she knows ¬pa and Bill telling Anne that he knows
¬pb, and so on. That makes four, mutually exclusive, public announcements compared
to a single communication pattern. We represent this update as the update of a Kripke
model but also as a corresponding update of a simplicial complex. In Fig. 1, states of the
Kripke model and vertices of the simplicial complex are labelled with values of propositional
variables pa and pb, where pa and pb stand for ¬pa and ¬pb.

A state in the Kripke model corresponds to an edge in the simplicial complex, and a
link in the Kripke model (an equivalence class) corresponds to a vertex in the simplicial
complex. The representations are perfectly dual and satisfy the same formulas.

If there are three agents, a state in the Kripke model corresponds to a triangle in the
simplicial complex (as in the other examples in our contribution), if there are four, to a
tetrahedon, and so on. Formal explanations will only be given from Sect. 2 onwards.
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Figure 1: Anne and Bill tell each other all they know

Communication pattern logic has epistemic modalities for distributed knowledge and
dynamic modalities for communication patterns, that are interpreted by updating models.
We give an axiomatization that is a slight generalization of those in [4, 7], and we show that
communication patterns preserve collective bisimilarity. We also interpret communication
pattern logic in a topological semantics for simplicial complexes, where we provide corre-
spondence between the Kripke and the simplicial semantics, and we additionally propose
collective bisimulation between simplicial complexes, with the obvious sanity checks. We
finally prove that the logics are the same.

Communication patterns describe distributed systems known as oblivious, where mes-
sages between agents can be lost in a round of communication, and where the same com-
munication failures may occur at any round. The repeated application of a communication
pattern describes the dynamics of information exchange through such rounds of commu-
nication. Oblivious distributed systems have been extensively studied in distributed com-
puting (e.g. [1, 2, 11, 33]), including topological modellings of the iterated immediate snap-
shot that captures the computational power of multicore architectures with only simple
read/write operations for exchanging information [22] (see also Ex. 8, later).

We conclude the introduction with an overview of the content of our contribution.
Sects. 2 and 3 define the syntax and semantics of communication pattern logic, and provide
its axiomatization. Sect. 4 interprets communication pattern logic on simplicial complexes.
Sect. 5 concludes with further research.

2 Structures

Given are a finite set of agents A and a set of propositional variables P ⊆ P ′ × A, where
P ′ is a countable set. For B ⊆ A and Q ⊆ P , Q ∩ (P ′ × B) is denoted QB (where Qa is
Q{a}), and (p, a) ∈ P is denoted pa. The set Pa consists of the local variables of agent a.

Definition 2 (Epistemic model) An epistemic model M is a triple (W,∼, L), where
for each a ∈ A, ∼a is an equivalence relation on the domain W (also denoted D(M))
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consisting of states (or worlds), and where L : W → P(P ) is the valuation (function).
Given w ∈ W , (M,w) is a pointed epistemic model. For

⋂
a∈B ∼a we write ∼B, and for

{w′ ∈ W | w′ ∼a w} we write [w]a. We further require epistemic models to be local, that
is: for each a ∈ A and v, w ∈ W : if v ∼a w then L(v)a = L(w)a. ⊣

An epistemic model encodes uncertainty among the agents about the value of other agents’
local variables and about the knowledge of other agents.

Definition 3 (Communication graph) A communication graph R is a reflexive binary
relation on the set of agents A, that is, R ∈ P(A×A) and such that for all a ∈ A, (a, a) ∈ R.
A communication pattern RRR is a set of communication graphs, that is, RRR ⊆ P(A × A). A
pointed communication pattern is a pair (RRR,R), where R ∈ RRR. ⊣

Expression (a, b) ∈ R means that the message sent by a is received by b, or, more precisely,
that there is a channel from a to b on which a has transmitted all she knows. In terms of
epistemic logic: an agent transmits or sends ‘all she knows’, if she announces the distin-
guishing formula of her equivalence class.1 Observe that what a knows is different in each
of a’s equivalence classes. Ex. 1 demonstrates this well.

For (a, b) ∈ R we write aRb. We let Rb represent the in-neighbourhood of b, that is,
Rb = {a ∈ A | aRb}. Also, RB :=

⋃
b∈B Rb. We let RB ≡ R′B denote “for all a ∈ B,

Ra = R′a” (this notation is used frequently in subsequent proofs). Note that RB ≡ R′B
implies RB = R′B but not the other way round.2 The identity relation I on the set of
agents A is {(a, a) | a ∈ A}. The universal relation U is A× A.

A communication graph is a reflexive relation, because we assume that an agent always
receives her own message. (An artifact of the relation is that we even assume reflexivity
if the agent did not send a message.) But not every other agent may receive the message.
Different communication graphs R,R′ in a communication pattern may inform a given
agent a in the same way (Ra = R′a) even when agent a is uncertain to what extent other
agents inform each other (for b 6= a, Rb may differ from R′b).

Definition 4 (Updated epistemic model) Given an epistemic model M = (W,∼, L)
and a communication pattern RRR, the updated epistemic model M ⊙RRR = (Ẇ , ∼̇, L̇) of M
with RRR is defined as:

Ẇ = W ×RRR
(w,R)∼̇a(w

′, R′) iff w ∼Ra w
′ and Ra = R′a

L̇(w,R) = L(w) ⊣

The updated epistemic model encodes how the knowledge has changed after agents have
informed each other according to communication patternRRR. The new relation ∼̇a for agent
a is the intersection ∼Ra of the relations of all agents from which agent a received messages.

1Given an epistemic model with domain S and S′ ⊆ S, a distinguishing formula for S′ is true in all
states in S′ and false in all states in the complement of S′.

2Let Ra = {a} and Rb = {a, b}, whereas R′a = R′b = {a, b}. Then R{a, b} = R′{a, b}, namely the set
{a, b}, but R{a, b} 6≡ R′{a, b}, because Ra 6= R′a.
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In order to compare the information content of structures we now define bisimulation
[8]. For logics with distributed knowledge this notion is called collective bisimulation [36].

Definition 5 (Collective bisimulation) A relation Z between the domains of epistemic
models M = (W,∼, L) and M ′ = (W ′,∼′, L′) is a (collective) bisimulation, notation Z :
M↔M ′, if for all (w,w′) ∈ Z:

• atoms: for all pa ∈ P , pa ∈ L(w) iff pa ∈ L′(w′);

• forth: for all nonempty B ⊆ A and for all v ∈ W , if w ∼B v then there is v′ ∈ W ′

such that (v, v′) ∈ Z and w′ ∼B v′;

• back: for all nonempty B ⊆ A and for all v′ ∈ W ′, if w′ ∼B v′ then there is v ∈ W
such that (v, v′) ∈ Z and w ∼B v.

If there is a bisimulation Z between M and M ′ we write M↔M ′, and if there is one
containing (w,w′) we write (M,w)↔(M ′, w′). We then say that M and M ′, respectively
(M,w) and (M ′, w′), are bisimilar. ⊣

The (more standard) notion where forth and back only hold for singletons B (that is, for
individual agents) we here call standard bisimulation [8].

Example 6 (Bisimilar but not collectively bisimilar) We adapt the standard two-
agent example, wherein the agents are uncertain about a propositional variable not known
by either (which is not local), to a three-agent example wherein all agents know their local
variables (which is local, as we require). Fig. 2 shows two models for three agents a, b, c
that are (standardly) bisimilar but not collectively bisimilar. Note that agent c has the
identity relation on both models (and reflexive arrows are not drawn).

M : papbpc

w
papbpc

a, b

M ′ :

M ′ : papbpc papbpc

papbpc papbpc

w′

a

a

b b

Figure 2: Bisimilar but not collectively bisimilar

Let us see some examples of communication patters, and how to update epistemic
models with them.

Example 7 (Byzantine attack) This example is taken from [48] and models Byzantine
attack [29, 14]. We let A = {a, b}. Generals a and b wish to schedule an attack, where b
desires to learn whether a wants to ‘attack at dawn’ (pa) or ‘attack at noon’ (¬pa). General
a now sends her decision to general b in a message that may fail to arrive. This fits the
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M :

M : w1
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b M ⊙RRR :

M ⊙RRR : (w1, I) (w1, R
ab)

(w2, I) (w2, R
ab)

pa pa

pa pa

a

b

a

Figure 3: Byzantine attack

communication pattern RRR = {I, Rab} where Rab = I ∪ {(a, b)}, which models that a is
uncertain whether her message has been received by b. In this instantiation of Byzantine
generals, general b has no local variable. See Fig. 3. We note that the ‘communication
pattern model’ A′ of [48, Fig. 1] has the same update effect.

The visual conventions in Fig. 3 are as in Fig. 1: states are labelled with valuations,
where pa means that pa is false. States indistinguishable for an agent are connected by a link
labelled with that agent. We now also have named the states. Let us verify some updated
links. In the updated model M ⊙RRR, for example, (w1, I) ∼b (w2, I) because w1 ∼b w2 and
Ib = Ib = {b}, whereas (w1, R

ab) 6∼b (w2, R
ab) because, although Rabb = {a, b}, we have

that w1 6∼ab w2. Relation ∼ab is the identity relation on both models. ⊣

Example 8 (Immediate Snapshot) This communication pattern can be seen as the set
of ordered partitions of A. An ordered partition is a list of mutually exclusive subsets of A
such that their union is A. In distributed computing such an ordered partition is called a
schedule, where each element in the partition is called a concurrency class. It is a standard
way to model asynchronous communication in rounds by way of a shared memory [22]. For
example, if A = {a, b} then the set of ordered partitions is represented by {Rab, Rba, U},
where Rba = I ∪{(a, b)} and Rba = I ∪{(b, a)}. The list notation for these three partitions
is respectively a.b, b.a and ab. The order in this partition is the order in which the agents
write on and read from the shared memory. For example, in a.b, first a writes her value
and reads all written values, which at this stage is only her own value. After that b writes
his value and reads all written values, which now are the values of a and b. In other words,
b receives a’s message but not vice versa: Rab. For b this is indistinguishable from the
(trivial) partition ab wherein a and b simultaneously write and read, and wherein b also
reads the values of a and b: U . ⊣

Example 9 (Fully asynchronous) This is the communication patternRRR = {R ∈ P(A×
A) | I ⊆ R}. It consists of all communication graphs. It represents complete absence of
information on the arrival of messages with other agents. ⊣

Example 10 (No message arrives) This is the communication pattern RRR = {I}. We
now have that for any model M , M ⊙RRR is bisimilar (and even isomorphic) to M , via the
relation Z linking each w ∈ W to (w, I). After a failed round of message transmission the
knowledge of the agents has not changed. ⊣

6



It is important to note the difference between the communication pattern {I} of Ex. 10
where there is certainty about transmission failure embodied in I, from communication
patterns containing I, such as the Byzantine attack of Ex. 7 or the asynchrony of Ex. 9.
Pattern {I} means that it is common knowledge among the agents that no message was
received. It therefore intuitively means that no message was sent. Whereas the pointed
communication pattern ({Rab, I}, I) of Byzantine attack intuitively means that agent a
sent the message but that it was not received by b, and that b did not send a message. In
pointed communication pattern ({R ∈ P(A × A) | I ⊆ R}, I), all agents sent a message
and no message was received by anyone. Now that is transmission failure!

Example 11 (Public Announcement) A public announcement wherein all agents an-
nounce all they know is the communication pattern RRR = {U} (and similarly, an announce-
ment by the agents in B ⊆ A of all they know, would be the communication pattern
{(B × A) ∪ I}; that is also known as the (public) group announcement [3] by the agents
in B). It is not an ordinary public announcement as in the muddy children problem [32].
Let there be children a, b, c and atoms ma, mb, mc for ‘a/b/c is muddy’, and let a be clean
and b and c muddy. The father’s initial announcement of ma ∨mb ∨mc that at least one
child is muddy is already problematic, because it is not made by an agent modelled in
the system. But the children subsequently announcing that they do not know whether
they are muddy is, although an announcement, not all they know. That would be the
announcement Ka(mb ∧mc) ∧Kb(¬ma ∧mc) ∧Kc(¬ma ∧mb) (where Ka means ‘agent a
knows’ and ∧ is conjunction). This removes all uncertainty in the model and restricts it
to a singleton wherein it is common knowledge that a is clean and b, c are muddy.

This formalization of public announcement corresponds to what is known as the re-
finement semantics for public announcement [39], not to the (usual) domain restriction
semantics [34] or the relational restriction semantics [17]. ⊣

Example 12 (Gossip) In a gossip protocol [26, 21] the agents communicate by peer-to-
peer calls between neighbours given a network where nodes stand for agents and links
between nodes connect neighbours. We propose to model this as the communication pat-
tern RRR = {ab | a, b ∈ A, a 6= b}, where ab := {(a, b), (b, a)} ∪ I. Communication graph
ab represents the call between a and b. For example, if A = {a, b, c, d}, the relation ab
is {(a, a), (a, b), (b, a), (b, b), (c, c), (d, d)}. Given our assumption that communication hap-
pens in rounds, this is synchronous gossip.

Various modes of communication are common in gossip. The one above wherein the
callers exchange all their secrets (and all they know) is called pushpull. Other common
modes are push wherein only the caller informs the person called, and pull wherein only
the person called informs the caller. Push is the pattern wherein call ab := {(a, b)}∪ I and
pull is the pattern where call ab := {(b, a)}∪I. Asynchronous gossip (for any of ‘pushpull’,
‘push’, and ‘pull’) results when adding ‘no call’ to the pattern above, that is, we then get
RRR′ = {ab | a, b ∈ A, a 6= b} ∪ {I}. This makes the agents uncertain if a call took place. ⊣

We can now better compare our work with other research.
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Resolving distributed knowledge [4] is a singleton communication pattern for graph
(B × B) ∪ I, where B ⊆ A. Note the difference with the agents in B resolving what they
distributedly know (not received by those not in A) and publicly announcing it, the graph
(B × A) ∪ I (Ex. 11). When A = B the two coincide.

A communication graph is a reading event in [7]. Whereas a communication pattern
is an arbitrary reading event [7, Sect. 6]. An arbitrary reading event is a Kripke frame of
which the domain elements are decorated with communication graphs and where R ∼a R

′ iff
Ra = R′a. There are arbitrary reading events that are not communication patterns (namely
when different domain elements are decorated with the same communication graph).

In [48], that introduced communication patterns, they are represented as Kripke frames,
just as in [7]. They may also have, like action models, executability preconditions, in order
to formalize dynamics in non-oblivious distributed systems.

3 Language, semantics, and axiomatization

3.1 Language and semantics

We first define the logical language and semantics.

Definition 13 (Language) Given A and P , the language L is defined by a BNF (where
pa ∈ P , B ⊆ A, RRR ⊆ P(A×A), and R ∈ RRR).

ϕ := pa | ¬ϕ | ϕ ∧ ϕ | DBϕ | [RRR,R]ϕ ⊣

Expression DBϕ is read as ‘the agents in B have distributed knowledge of ϕ’. We write
Kaϕ for D{a}ϕ, for ‘agent a knows ϕ’. We let L− stand for the language without the
construct [RRR,R]ϕ.

Definition 14 (Semantics on epistemic models) Given M = (W,∼, L) and w ∈ W ,
we define the satisfaction relation |= by induction on ϕ ∈ L (where p ∈ P , a ∈ A, B ⊆ A,
RRR a communication pattern, and R ∈ RRR).

M,w |= pa iff pa ∈ L(w)
M,w |= ¬ϕ iff M,w 6|= ϕ
M,w |= ϕ ∧ ψ iff M,w |= ϕ and M,w |= ψ
M,w |= DBϕ iff M, v |= ϕ for all v ∼B w
M,w |= [RRR,R]ϕ iff M ⊙RRR, (w,R) |= ϕ

Formula ϕ is valid on M iff for all w ∈ W , M,w |= ϕ; and formula ϕ is valid iff for all
pointed models (M,w), M,w |= ϕ. ⊣

The (required) locality of epistemic models causes distributed knowledge to have slightly
different properties in our semantics. In the standard semantics of distributed knowledge
DBϕ↔ ϕ is invalid for any B ⊆ A. Whereas in our semantics DAϕ↔ ϕ is valid although
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DBϕ ↔ ϕ for B ⊂ A remains invalid. It is easy to show that DAϕ ↔ ϕ is valid by
induction on the structure of ϕ. The base case holds because for all M and w, v ∈ D(M),
and for all local variables pa: M,w |= pa iff M, v |= pa, whenever w ∼A v (even when ∼A

is not the identity relation). Whereas we need not have that, if w ∼B v and a /∈ B.
Informally, the information content of a pointed epistemic model is the set of all for-

mulas that are true in that model. Formally, given models M = (W,∼, L) and M ′ =
(W ′,∼′, L′), and w ∈ W , w′ ∈ W ′, we denote “for all ϕ ∈ L, M,w |= ϕ iff M ′, w′ |= ϕ”
as (M,w) ≡ (M ′, w′); we then say that (M,w) and (M ′, w′) are modally equivalent. Anal-
ogously we define (M,w) ≡− (M ′, w′) for the language L−. It is known that bisimilarity
implies modal equivalence with respect to L− [36]. This also holds for the language ex-
tended with communication patterns:

Theorem 15 (M,w)↔(M ′, w′) implies (M,w) ≡ (M ′, w′) ⊣

Proof We prove by induction on ϕ that “for all ϕ, for all pointed models (M,w), (M ′, w′):
M,w |= ϕ iff M ′, w′ |= ϕ”. All cases are standard for logics of distributed knowledge
(namely as in [36]) except of course for the update case [RRR,R]ϕ, to which we therefore
restrict the proof.

We show that “for all pointed models (M,w), (M ′, w′): if (M,w)↔(M ′, w′) then
M,w |= [RRR,R]ϕ iff M ′, w′ |= [RRR,R]ϕ”. Let M = (W,∼, L), M ′ = (W ′,∼′, L′), (and
further below) M ⊙RRR = (W × RRR, ∼̇, L̇), and M ′ ⊙ RRR = (W ′ × RRR, ∼̇′, L̇′). We show the
direction from left to right. The other direction is shown similarly.

AssumeM,w |= [RRR,R]ϕ. ThenM⊙RRR, (w,R) |= ϕ. Given (M,w)↔(M ′, w′), let Z be a
bisimulation between M and M ′ containing (w,w′). We claim that there is a bisimulation
between (M⊙RRR, (w,R)) and (M ′⊙RRR, (w′, R)), namely Ż defined as: ((w,R), (w′, R′)) ∈ Ż
iff (w,w′) ∈ Z and R = R′.

Let now ((w,R), (w′, R′)) ∈ Ż be arbitrary. We check the requirements of bisimulation.
atoms: This is obvious as L̇(w,R) = L(w) = L′(w′) = L̇′(w′, R).
forth: Assume (w,R)∼̇B(v, S). Then for all a ∈ B, (w,R)∼̇a(v, S), so, by definition

of ∼̇a, for all a ∈ B, w ∼a v and Ra = Sa. A different way to write the latter is w ∼B v
and RB ≡ SB. From w ∼B v and (w,w′) ∈ Z and forth for B it follows that there is
a v′ ∈ W ′ such that (v, v′) ∈ Z and w′ ∼′

B v′. From w′ ∼′
B v′ and RB ≡ SB it then

follows that (w′, R)∼̇′
B(v

′, S). From (v, v′) ∈ Z and the definition of Ż it follows that
((v, R), (v′, S)) ∈ Ż.

back: Similar to forth.
Having established that (M⊙RRR, (w,R)) is bisimilar to (M ′⊙RRR, (w′, R)), we now apply

the induction hypothesis for ϕ on pointed models (M ⊙RRR, (w,R)) and (M ′ ⊙RRR, (w′, R))
thus obtaining that M ′ ⊙RRR, (w′, R) |= ϕ, so that M ′, w′ |= [RRR,R]ϕ as required. �

On image-finite models we also have that (M,w) ≡ (M ′, w′) implies (M,w)↔ (M ′, w′), and
therefore the Hennessy-Milner property [8]. (An epistemic model M = (W,∼, L) is image-
finite if for all w ∈ W and a ∈ A, [w]a is finite.) It is known that (M,w) ≡− (M ′, w′) (in
the restricted language L−) implies (M,w)↔(M ′, w′) [36]. As (M,w) ≡ (M ′, w′) implies
(M,w) ≡− (M ′, w′), therefore also (M,w) ≡ (M ′, w′) implies (M,w)↔(M ′, w′).

9



Example 16 The models (M,w) and (M ′, w′) from Ex. 6 (Fig. 2) satisfy different formulas
in the logic of distributed knowledge. For example, M,w 6|= Dabpc whereasM

′, w′ |= Dabpc.
With Th. 15 it therefore follows (by contraposition) that they are not collectively bisimilar.
This was indeed observed in Ex. 6. ⊣

3.2 Axiomatization

We proceed with the axiomatization. The axiomatization of the logic of communication
patterns is that of the logic of distributed knowledge expanded with reduction axioms C1—
C4 and rule N⊙ involving communication patterns, the axiom L describing that agents
know their local state, and the auxiliary derivation rule RE (replacement of equivalents).
The axiomatization is displayed in Table 1. A derivation is a sequence of formulas such
that every formula is the instantiation of an axiom, or the conclusion of an instantiation
of a derivation rule where the premisses (or premiss) are prior formulas in the sequence. A
formula occurring in a derivation is a theorem.

P all instances of prop. tautologies
L Kapa ∨Ka¬pa
KD DB(ϕ→ ψ) → DBϕ→ DBψ
TD DBϕ→ ϕ
4D DBϕ→ DBDBϕ
5D ¬DBϕ→ DB¬DBϕ
W DBϕ→ DCϕ
C1 [RRR,R]pa ↔ pa
C2 [RRR,R]¬ϕ↔ ¬[RRR,R]ϕ
C3 [RRR,R](ϕ ∧ ψ) ↔ ([RRR,R]ϕ ∧ [RRR,R]ψ)
C4 [RRR,R]DBϕ↔

∧
R′B≡RB DRB[RRR,R

′]ϕ

MP From ϕ→ ψ and ϕ infer ψ
ND From ϕ infer DBϕ
N⊙ From ϕ infer [RRR,R]ϕ
RE From ϕ↔ ψ infer χ[pa/ϕ] ↔ χ[pa/ψ]

Table 1: Axiomatization of communication pattern logic, where B,C ⊆ A with B ⊆ C,
a ∈ A, and pa ∈ Pa. We recall that Ka abbreviates D{a}.

In the derivation rule RE, χ[pa/ϕ] stands for uniform substitution of the occurrences
of atom pa in formula χ by ϕ. The reduction axioms for communication patterns resemble
those for action models [6] with trivial preconditions, except for the reduction axiom for
distributed knowledge after update. There is no reduction axiom for a sequence of two
communication patterns. That explains the presence of the derivation rule RE, which is
not needed in the axiomatization of distributed knowledge, as it is then admissible.
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The validity of all axioms and the validity preservation of all rules is obvious, except
for that of C4, and maybe that of L, N⊙ and RE. There are therefore shown.

Proposition 17 (L) |= Kapa ∨Ka¬pa. ⊣

Proof Let epistemic model M = (W,∼, L) and state w ∈ W be arbitrary. Let now
v ∈ W be such that v ∼a w. As epistemic models are local, L(v) = L(w), in other words,
pa ∈ L(v) iff pa ∈ L(w). Therefore, if M,w |= pa, then M, v |= pa, so that M,w |= Kapa
as v was arbitrary. Otherwise, if M,w |= ¬pa, then M, v |= ¬pa, so that M,w |= Ka¬pa.
Either way we obtain M,w |= Kapa ∨Ka¬pa. �

Proposition 18 (C4) |= [RRR,R]DBϕ↔
∧

R′B≡RB DRB[RRR,R
′]ϕ. ⊣

Proof Let M = (W,∼, L) and w ∈ W . Then:

M,w |= [RRR,R]DBϕ
⇔ (semantics of communication patterns)
M ⊙RRR, (w,R) |= DBϕ
⇔ (semantics of distributed knowledge)
∀w′ ∈ W, ∀R′ ∈ RRR : (w,R) ∼B (w′, R′) ⇒M ⊙RRR, (w′, R′) |= ϕ
⇔
∀w′ ∈ W, ∀R′ ∈ RRR : (∀a ∈ B : (w,R)∼̇a(w

′, R′)) ⇒M ⊙RRR, (w′, R′) |= ϕ
⇔
∀w′ ∈ W, ∀R′ ∈ RRR : (∀a ∈ B :w ∼Ra w

′ & Ra = R′a)⇒M ⊙RRR, (w′, R′) |= ϕ
⇔
∀w′ ∈ W, ∀R′ ∈ RRR : (∀a ∈ B : w ∼Ra w

′ & ∀a ∈ B : Ra = R′a) ⇒ M ⊙RRR, (w′, R′) |= ϕ
⇔ (RB ≡ R′B is defined as “for all a ∈ B, Ra = R′a”)
∀w′ ∈ W, ∀R′ ∈ RRR : (w ∼RB w′ & RB ≡ R′B) ⇒M ⊙RRR, (w′, R′) |= ϕ
⇔
∀R′ ∈ RRR : RB ≡ R′B ⇒ (∀w′ ∈ W : w ∼RB w′ ⇒M ⊙RRR, (w,R′) |= ϕ)
⇔ (semantics of communication patterns)
∀R′ ∈ RRR : RB ≡ R′B ⇒ (∀w′ ∈ W : w ∼RB w′ ⇒M,w |= [RRR,R′]ϕ)
⇔ (semantics of distributed knowledge)
∀R′ ∈ RRR : RB ≡ R′B ⇒ M,w |= DRB[RRR,R

′]ϕ
⇔
M,w |=

∧
R′B≡RB DRB[RRR,R

′]ϕ �

The interaction between communication patterns and distributed knowledge of Prop. 18
is reminiscent of [50, Prop. 5], it is similar to [7, Prop. 4.6], and also somewhat similar to
[4, Prop. 2, items 6 & 7].

In [50, Prop. 5], axiom [ϕ]DBψ ↔ (ϕ → DB[ϕ]ψ) describes the interaction between
public announcement [ϕ] and distributed knowledge. A public announcement wherein a
group B ⊆ A of agents simultaneously reveal all they know corresponds to the communi-
cation pattern we also called public announcement (Ex. 11).
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In [7], axiom [!α]DBϕ ↔ Dα(B)[!α]ϕ (where !α is a reading map) is the special case of
C4 for a singleton communication pattern, which would be: [RRR,R]DBϕ ↔ DRB[RRR,R]ϕ.
This is not surprising, as their axiom inspired our slightly more general axiom.

In [4] we find the validities RBDCϕ↔ DB∪CRBϕ forB∩C 6= ∅, andRBDCϕ↔ DCRBϕ
for B ∩ C = ∅. They call RB the resolution operator. It can also be seen as a special case
of the reading map !α in [7].

Proposition 19 (N⊙) If |= ϕ, then |= [RRR,R]ϕ. ⊣

Proof In order to show that |= [RRR,R]ϕ, let M = (W,∼, L) and w ∈ W be given. We
wish to show that M,w |= [RRR,R]ϕ. By definition of the semantics, this is equivalent to
M ⊙RRR, (w,R) |= ϕ. As we assumed that ϕ is valid, this holds. �

Proposition 20 (RE) If |= ϕ↔ ψ, then |= χ[pa/ϕ] ↔ χ[pa/ψ]. ⊣

Proof This is proved by induction on χ. The cases of interest are χ = (DBχ
′)[pa/ϕ] and

χ = ([RRR,R]χ′)[pa/ϕ].

M,w |= (DBχ
′)[pa/ϕ]

⇔ (apply uniform substitution)
M,w |= DBχ

′[pa/ϕ]
⇔ (semantics of distributive knowledge)
M, v |= χ′[pa/ϕ] for all v ∼B w
⇔ (inductive hypothesis)
M, v |= χ′[pa/ψ] for all v ∼B w
⇔ (similar to the first two steps above, but in the other direction)
M,w |= (DBχ

′)[pa/ψ]

M,w |= ([RRR,R]χ′)[pa/ϕ]
⇔ (apply uniform substitution)
M,w |= [RRR,R]χ′[pa/ϕ]
⇔ (semantics of communication patterns)
M ⊙RRR, (w,R) |= χ′[pa/ϕ]
⇔ (inductive hypothesis)
M ⊙RRR, (w,R) |= χ′[pa/ψ]
⇔ (similar to the first two steps above, but in the other direction)
M,w |= ([RRR,R]χ′)[pa/ψ] �

The logic of communication patterns does not satisfy the so-called substitution property
(from ϕ infer ϕ[p/ψ] for any ψ). This is because some axioms feature propositional variables
instead of arbitrary formulas. For a simple example, Kapa ∨ Ka¬pa is valid, but Kapb ∨
Ka¬pb for b 6= a is invalid.

Theorem 21 The axiomatization of communication pattern logic in Table 1 is sound and
complete. ⊣
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Proof The soundness follows from the literature on distributed knowledge (see, e.g., [43])
and from the above Propositions 17, 18, 19, and 20.

The completeness follows from (i) the completeness of the logic of distributed knowledge
[36, 50, 43], (ii) the admissibility of the derivation rule RE in that axiomatization (as in
[4], for a similar setting), (iii) termination of an inside-out reduction showing that formulas
containing communication pattern modalities are provably equivalent to formulas without
communication patterns (where RE is essential, as explained in general in [49]), and (iv)
lack of interference with locality axiom L. �

Let us sketch the role of the terminating reduction in determining whether a given formula
in ϕ ∈ L is a theorem:

If ϕ does not contain communication pattern modalities, determine whether it is a
theorem in the logic of distributed knowledge. Otherwise, take an innermost subformula
of ϕ of shape [RRR,R]ψ (that is, a subformula [RRR,R]ψ of ϕ such that ψ ∈ L−). Determine
a formula ψ′ ∈ L− such that ψ′ ↔ [RRR,R]ψ is a theorem. This is done by way of applying
the reduction axioms and necessitation for communication patterns, and epistemic and
propositional axioms and rules.3 Let now ϕ′ be ϕ wherein [RRR,R]ψ is substituted by ψ′. This
is an application of RE. Formula ϕ′ contains one fewer communication pattern modality.
We now use induction on the number of such modalities in the formula, and thus obtain
a ϕ′′ ∈ L− provably equivalent to ϕ ∈ L. Then, determine where ϕ′′ is a theorem in the
logic of distributed knowledge.

More formal details could be given. However, the completeness result is a generalization
of the completeness of the similar logic of resolving distributed knowledge in [4], and a
generalization of the completeness of the similar logic with reading map modalities in [7],
and also a special case of the conjectured completeness of the logic with arbitrary reading
events in [7]. Rather than presenting our complete axiomatization as an original result,
with exhaustive proofs, we credit it to the authors of [4] and of [7], and refer to their proof
details.

Locality axioms expressing that agents know their local variables do not occur in [4, 7]
but are common for distributed systems. For example, an interpreted system [15], wherein
indistinguishability is determined by the agent’s local state, satisfies locality.

We provided an inside-out reduction instead of an outside-in reduction because the
composition of two communication patterns may not be a communication pattern. Such
questions concerning update expressivity are succinctly discussed in the final Sect. 5, also
in relation to action models [6], that are closed under composition. A similar observation is
made concerning resolving distributed knowledge: ‘there does not seem to be a reduction
axiom in this case’ [4, Sect. 3.1.2], that is, for sequentially resolving distributed knowledge
for two different subsets B,C ⊆ A of the set of all agents.

3The axioms C2—C
4 all have a shape where on the left-hand side the communication pattern binds a

formula of higher complexity than the formula bound by the communication pattern on the right-hand side,
whereas inC

1 the communication pattern has disappeared on the right-hand side. By successively applying
these axioms we can ‘make a communication pattern modality disappear’. An example is: [RRR,R](pa∧¬pb),
iff [RRR,R]pa ∧ [RRR,R]¬pb, iff pa ∧ [RRR,R]¬pb, iff pa ∧ ¬[RRR,R]pb, iff pa ∧ ¬pb.
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As the complete axiomatization of communication pattern logic is a reduction system,
from Theorem 21 already indirectly follows Theorem 15 that collective bisimilarity implies
modal equivalence in the extended language. We prove this by contraposition:

Assume (M,w) 6≡ (M ′, w′). Then there is a ϕ ∈ L such thatM,w |= ϕ andM ′, w′ 6|= ϕ.
As ϕ is equivalent to a ϕ′ ∈ L−, also M,w |= ϕ′ and M ′, w′ 6|= ϕ′, so that (M,w) 6≡−

(M ′, w′). Collective bisimilarity implies modal equivalence in L− [36]. Therefore, using
contraposition on that, (M,w) 6↔(M ′, w′).

4 Simplicial complexes and communication patterns

In this section we update simplicial models with communication patterns. First, we need
to introduce standard terminology around simplicial complexes.

4.1 Simplicial models and their updates

Assume agents A and local variables P ⊆ P ′ ×A as before.

Definition 22 (Simplicial complex) Given a set of vertices V , a (simplicial) complex
C is a set of nonempty finite subsets of V , called simplices, that is closed under subsets
(such that for all X ∈ C, Y ⊆ X implies Y ∈ C), and that contains all singleton subsets
of V . ⊣

If Y ⊆ X we say that Y is a face of X . A maximal simplex in C is a facet. The facets of
a complex C are denoted as F(C), and the vertices of a complex C are denoted as V(C).
The dimension of a simplex X is |X| − 1. The dimension of a complex is the maximal
dimension of its facets. A simplicial complex is pure if all facets have the same dimension.

We decorate the vertices of simplicial complexes with agent’s names, that we often
refer to as colours. A chromatic map χ : V(C) → A assigns colours to vertices such that
different vertices of the same simplex are assigned different colours. Thus, χ(v) = a denotes
that the vertex v belongs to agent a. For any simplex X ∈ C, χ(X) := {χ(v) | v ∈ X}.
A pair (C, χ) consisting of a simplicial complex C and a chromatic map χ is a chromatic
simplicial complex. From now on, all simplicial complexes will be pure chromatic simplicial
complexes. We also decorate the a-coloured vertices of simplicial complexes with subsets
of Pa. Valuations (valuation functions) assigning sets of local variables for agents a to
vertices coloured a are denoted ℓ, ℓ′, . . . So, ℓ(v) ⊆ Pχ(v). For any X ∈ C, ℓ(X) stands for⋃

v∈X ℓ(v).

Definition 23 (Simplicial model) A simplicial model C is a triple (C, χ, ℓ) where C
is a simplicial complex, χ is a chromatic map, and ℓ is a valuation function. A pointed
simplicial model is a pair (C, X) with X ∈ C. ⊣

Definition 24 (Update of a simplicial model) Given a simplicial model C = (C, χ, ℓ)
and a communication pattern RRR, the update C ⊘RRR = (C̈, χ̈, ℓ̈) of C with RRR is defined as
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follows. Each facet Y ∈ F(C) and communication graph R ∈ RRR determines a facet denoted
YR of C̈ that is defined as YR := {(v,X) | v ∈ Y,X ⊆ Y, χ(X) = Rχ(v)}. The complex C̈
consists of the faces of these facets. Note that this also determines the vertices V(C̈). For
any (v,X) ∈ V(C̈) we then define that χ̈(v,X) = χ(v) and ℓ̈(v,X) = ℓ(v). ⊣

We will give examples of updates of simplicial models after introducing bisimulation and
the semantics.

4.2 Collective bisimulation between simplicial models

We now define collective bisimulation between simplicial models, as a generalization of the
bisimulation between simplicial models proposed in [18, 30, 42]. The latter has forth and
back only for individual agents a ∈ A, as in standard bisimulation.

Definition 25 (Collective bisimulation, simplicial) Let simplicial models C = (C, χ, ℓ)
and C′ = (C ′, χ′, ℓ′) be given. A nonempty relation R between F(C) and F(C ′) is a (col-
lective) bisimulation between C and C′, notation R : C↔C′, iff for all Y ∈ F(C) and
Y ′ ∈ F(C ′) with (Y, Y ′) ∈ R:

• atoms: ℓ(Y ) = ℓ′(Y ′).

• forth: for all nonempty B ⊆ A, if Z ∈ F(C) and B ⊆ χ(Y ∩Z) there is a Z ′ ∈ F(C ′)
with B ⊆ χ′(Y ′ ∩ Z ′) such that (Z,Z ′) ∈ R.

• back: for all nonempty B ⊆ A, if Z ′ ∈ F(C ′) and B ⊆ χ′(Y ′ ∩ Z ′) there is a
Z ∈ F(C) with B ⊆ χ(Y ∩ Z) such that (Z,Z ′) ∈ R.

If there is a bisimulation between C and C′ we write C↔C′ and if there is one between C
and C′ containing (X,X ′) we write (C, X)↔(C′, X ′). ⊣

Also on simplicial models, collective bisimulation is different from standard bisimula-
tion. For standard bisimulation, replace all ‘B ⊆’ by ‘a ∈’ in forth and back. Our notion
therefore generalizes that of [30, 41].

Example 26 (Bisimilar but not collectively bisimilar, revisited) We recall Exam-
ple 6 (Figure 2) wherein agents a, b are uncertain about the value of agent c. The same
information is represented in Fig. 4 as simplicial models C and C′. As there are three
agents, a state in an epistemic model corresponds to a triangle, and if two states are
indistinguishable for an agent a then the corresponding triangles intersect in an a-vertex.

These simplicial models are standardly bisimilar but not collectively bisimilar. The
standard bisimulation is the relation R = {(X,X ′), (X,X ′′), (Y, Y ′), (Y, Y ′′)}. Relation R

is not a collective bisimulation:
Consider pair (X,X ′) ∈ R. Let us try to establish forth for {a, b}. In C, {a, b} ⊆ X∩Y ,

but there is no facetW in C′ such that {a, b} ⊆ X ′∩W and (Y,W ) ∈ R. The only candidate
would be W = X ′, for which atoms fails, as Y and X ′ have a different value for pc. ⊣
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Figure 4: Simplicial models that are bisimilar but not collectively bisimilar

4.3 Semantics

The semantics of the same language L as in prior sections are now as follows.

Definition 27 (Semantics on simplicial models) The interpretation of a formula ϕ ∈
L in a facet X ∈ F(C) of a given simplicial model C = (C, χ, ℓ) is by induction on the
structure of ϕ.

C, X |= pa iff pa ∈ ℓ(X)
C, X |= ¬ϕ iff C, X 6|= ϕ
C, X |= ϕ ∧ ψ iff C, X |= ϕ and C, X |= ψ
C, X |= DBϕ iff C, Y |= ϕ for all Y ∈ F(C) with B ⊆ χ(X ∩ Y )
C, X |= [RRR,R]ϕ iff C ⊘RRR,XR |= ϕ

Validity and modal equivalence on simplicial models are defined similarly to that on epis-
temic models. Formula ϕ is valid iff for all (C, X) we have that C, X |= ϕ; and given (C, X)
and (C′, X ′), by (C, X) ≡ (C′, X ′) we mean that for all ϕ ∈ L: C, X |= ϕ iff C′, X ′ |= ϕ. ⊣

We now present examples of simplicial models, how to interpret distributed knowledge
in them, how they informally correspond to epistemic models, and how to update them
with communication patterns. Subsequently we show how epistemic models and simplicial
models, and such updates, formally correspond.

Example 28 In Fig. 4 we have that C, X 6|= Dabpc whereas C′, X ′ |= Dabpc. The latter
holds because the only facet W in C′ with {a, b} ⊆ X ′ ∩W is W = X ′, and C′, X ′ |= pc. ⊣

Example 29 We consider models for three agents a, b, c, (possibly) uncertain about atoms
pa, pb, pc, respectively. Fig. 5 depicts the epistemic models and corresponding simplicial
models. Names of some vertices and facets are explicit.

First consider the public announcement by all of all they know, the communication
pattern consisting of communication graph U (the universal relation {a, b, c}2). In the
simplicial model (i) of Fig. 5 we thus obtain the updated model on the left in Fig. 6. It
consists of two disconnected parts (to avoid ambiguity we have framed the model in the
figure).
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Figure 5: Simplicial models and corresponding epistemic models

Crucially, the vertex w coloured with agent a has been duplicated into two vertices
in the updated simplicial model, (w,X) and (w, Y ). This is because χ(Y ) = χ(X) =
{a, b, c} = Ua = Uχ(w).

pb pb

pcpc

pa pa

(z, Y )(y,X)

(v,X) (x, Y )(w,X) (w, Y )

XU YU
pb pb

pcpc

pa

(y, {x, y})(y, {v, y})

(v, {v}) (x, {x})(w, {w})

YRXR

Figure 6: Left, the updated model (i) of Fig. 5. Right, the updated model (ii) of Fig. 5.

Now consider the simplicial model (ii) in Fig. 5 and the (singleton) communication
pattern consisting of the communication graph Rbc = {(b, c)} ∪ I wherein agent c receives
a message from agent b (cf. Example 7). Although a and c were uncertain about the value
of pb, only c will now learn that value. Fig. 6 depicts the updated simplicial model. (Note
that it is bisimilar —even isomorphic— to simplicial model (i) in Fig. 5.)

Crucially, the vertex w coloured with agent a has now not been duplicated into two
vertices in the updated simplicial model: because Rbca = {a}, only (w, {w}) is found in
the updated simplicial model. Whereas agent c has gained information from this update,
as there are two different simplices coloured with Rbcc = {b, c}, namely {x, y} and {v, y}.⊣

4.4 Correspondence between epistemic and simplicial models

We continue by defining correspondence between epistemic models and simplicial models,
and their updates with communication patterns. We first recall from [18, 30] the map σ :
K → S transforming an epistemic model into a simplicial model with the same information
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content, and the map κ : S → K transforming a simplicial model into an epistemic model
with the same information content, where we follow the presentation as in [42].

Definition 30 (Epistemic model to simplicial model) Given an epistemic modelM =
(W,∼, L), we define σ(M) = (C, χ, ℓ) as follows. The complex C := {{([w]a, a) | a ∈
B} | w ∈ W,B ⊆ A,B 6= ∅}, where we recall that [w]a = {v ∈ W | w ∼a v}. Its
vertices are therefore V(C) = {([w]a, a) | a ∈ A,w ∈ W}, where we also define that
χ([w]a, a) := a, and for all pa ∈ P , pa ∈ ℓ([w]a, a) iff pa ∈ L(w). And its facets are
therefore F(C) = {{([w]a, a) | a ∈ A} | w ∈ W}. For a facet we also write σ(w). Then,
([w]a, a) ∈ σ(w) ∩ σ(v) iff w ∼a v; that is, such that [w]a = [v]a. ⊣

This definition causes states that are indistinguishable for all agents to determine the same
facet: if [w]a = [v]a for all a ∈ A, then {([w]a, a) | a ∈ A} = {([v]a, a) | a ∈ A}. For a
pointed simplicial model (σ(M), σ(w)) we also write σ(M,w).

Definition 31 (Simplicial model to epistemic model) Given a simplicial model C =
(C, χ, ℓ), we define an epistemic model κ(C) = (W,∼, L) as follows. Its domain W is F(C).
For X ∈ F(C) we may write κ(X) instead of X to make explicit that X is a world and
not a facet. We define κ(X) ∼a κ(Y ) iff a ∈ χ(X ∩ Y ), and L(κ(X)) = ℓ(X). ⊣

For a pointed epistemic model (κ(C), κ(X)) (or (κ(C), X)) we may write κ(C, X). It is
easy to see that σ(M) above is indeed a simplicial model, and that κ(C) above is indeed an
epistemic model. In particular, κ(C) satisfies the requirement that it is local: if X ∼a Y in
κ(C), there is a v ∈ X ∩ Y with χ(v) = a; therefore, for all pa ∈ Pa, pa ∈ ℓ(v) iff pa ∈ ℓ(X)
and also pa ∈ ℓ(v) iff pa ∈ ℓ(Y ), so that pa ∈ ℓ(X) iff pa ∈ ℓ(Y ).

We continue by showing how this correspondence between epistemic models and sim-
plicial models helps us to obtain results for bisimulation, update, truth, and validity.

We first show that our primitive dynamic object, the communication pattern, indeed
similarly updates epistemic models and simplicial models; in other words, that the rather
different update mechanisms after all produce ‘the same’ result. The properties shown in
the following Th. 32 are visualized in the diagrams of Fig. 7.

M

σ(M)

M ⊙RRR

σ(M)⊘RRR

⊙

⊘

σ σ

C

κ(C)

C ⊘RRR

κ(C)⊙RRR

⊘

⊙

κ κ

Figure 7: Commuting diagrams visualizing Th. 32

Theorem 32 Let M , C and RRR be given. Then σ(M ⊙RRR) is bisimilar to σ(M) ⊘RRR, and
κ(C ⊘RRR) is bisimilar to κ(C)⊙RRR. ⊣
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Proof To prove the first, consider the relation R between the domain of σ(M ⊙ RRR)
and the domain of σ(M) ⊘ RRR defined as R : σ(w,R) 7→ σ(w)R which induces a rela-
tion (with the same name) between vertices of these facets such that R : ([w,R]a, a) 7→
(([w]a, a), {([w]b, b) | b ∈ Ra}). This relation is a bisimulation:

atoms: pa ∈ ℓ([w,R]a, a), iff (def. of σ) pa ∈ L̇(w,R), iff (def. of ⊙) pa ∈ L(w), iff (def.
of σ) pa ∈ ℓ([w]a, a), iff (def. of ⊘) pa ∈ ℓ̈(([w]a, a), {([w]b, b) | b ∈ Ra}).

forth: Given (σ(w,R), σ(w)R) ∈ R, let B ⊆ σ(w,R) ∩ σ(v, S) be nonempty. As
σ(v)S is by definition the required facet bisimilar to σ(v, S), it is sufficient to show that
B ⊆ χ(σ(w,R) ∩ σ(v, S)) implies B ⊆ χ(σ(w)R ∩ σ(v)S). Instead of ‘implies’ we show ‘if
and only if’, as this then also takes care of back:

B ⊆ χ(σ(w,R) ∩ σ(v, S))
⇔
for all a ∈ B, a ∈ χ(σ(w,R) ∩ σ(v, S))
⇔
for all a ∈ B, ([w,R]a, a) = ([v, S]a, a)
⇔
for all a ∈ B, (w,R)∼̇a(v, S)
⇔
for all a ∈ B, w ∼Ra v and Ra = Sa
⇔ (∗)
for all a ∈ B, ([w]a, a) = ([v]a, a) & {([w]b, b) | b ∈ Ra} = {([v]b, b) | b ∈ Sa}
⇔
for all a ∈ B, (([w]a, a), {([w]b, b) | b ∈ Ra}) = (([v]a, a), {([v]b, b) | b ∈ Sa})
⇔
for all a ∈ B, a ∈ χ(σ(w)R ∩ σ(v)S)
⇔
B ⊆ χ(σ(w)R ∩ σ(v)S).

(∗): w ∼Ra v, iff for all b ∈ Ra, w ∼b v, iff for all b ∈ Ra, [w]b = [v]b, iff for all b ∈ Ra,
([w]b, b) = ([v]b, v), iff {([w]b, b) | b ∈ Ra} = {([v]b, b) | b ∈ Sa}. Also note that a ∈ Ra, so
that in particular ([w]a, a) = ([v]a, a).

back: Similar to forth.

To prove the second, consider the relation Z between the domain of κ(C ⊘RRR) and the
domain of κ(C)⊙RRR defined as Z : XR 7→ (X,R). Also this relation is a bisimulation:

atoms: pa ∈ L(XR), iff pa ∈ ℓ̈(XR), iff pa ∈ ℓ̈(v, Y ) for (v, Y ) ∈ XR with χ(v) = a, iff
(def. ⊘) pa ∈ ℓ(v) with v ∈ X and χ(v) = a, iff pa ∈ L(X), iff (def. ⊙) pa ∈ L̇(X,R).

forth: As it is obvious that YS is bisimilar to (Y, S), similarly to above it is sufficient
to show that XR ∼B YS iff (X,R) ∼B (Y, S), that we can then use to prove not only forth
but also back.
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XR∼̇BYS
⇔
for all a ∈ B, XR∼̇aYS
⇔ (def. κ)
for all a ∈ B, a ∈ χ̈(XR ∩ YS)
⇔ (def. ⊘)
for all a ∈ B, (v, Z) = (w,W ) for (v, Z) ∈ XR, (w,W ) ∈ YS with χ(v) = χ(w) = a
⇔ (∗∗)
for all a ∈ B, Ra ⊆ χ(X ∩ Y ) and Ra = Sa
⇔ (def. σ)
for all a ∈ B, X ∼Ra Y and Ra = Sa
⇔ (def. ∼̇)
for all a ∈ B, (X,R)∼̇a(Y, S)
⇔ (def. ⊙)
(X,R) ∼B (Y, S)

(∗∗) Left to right: (v, Z) = (w,W ), iff v = z and Z = W . Also, Z = W , Z ⊆ X , and
W ⊆ Y imply Z ⊆ X ∩ Y . Also, as (v, Z) ∈ XR, χ(Z) = Ra so that Ra ⊆ χ(X ∩ Y ).
Right to left: obvious.

back: Similar to forth. �

For standard bisimilarity between simplicial models it has been shown that for any
M and C, κ(σ(M))↔M and σ(κ(C))↔C [30, 18]. The authors actually demonstrate
isomorphy, based on an additional assumption that epistemic models are what they call
proper, which means that ∩a∈A ∼a = I. It is not hard to show that these results also hold
for the collective bisimilarity of this contribution. Isomorphy does not hold.

Proposition 33 For any M and C, κ(σ(M))↔M and σ(κ(C))↔C. ⊣

Proof Consider the relation Z between M and κ(σ(M)) defined as: for all w ∈ W ,
Z : w 7→ {([w]a, a) | a ∈ A}. We show that the relation Z is a collective bisimulation.

atoms: pb ∈ L(w), iff (def. σ) pb ∈ ℓ({([w]a, a) | a ∈ A}), iff (def. κ, where we recall
that the facets become the states) pb ∈ L({([w]a, a) | a ∈ A}), which is L(κ(σ(w)).

forth: Let w ∼B v. We show that {([v]a, a) | a ∈ A} satisfies the requirement.
Obviously, Z : v 7→ {([v]a, a) | a ∈ A}. It remains to show that {([w]a, a) | a ∈ A} ∼B

{([v]a, a) | a ∈ A}:

w ∼B v
⇔
w ∼b v for all b ∈ B
⇔ (def. σ)
([w]b, b) ∈ {([w]a, a) | a ∈ A} ∩ {([v]a, a) | a ∈ A} for all b ∈ B
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⇔ (def. of the chromatic map χ on σ(M))
b ∈ χ({([w]a, a) | a ∈ A} ∩ {([w]a, a) | a ∈ A}) for all b ∈ B
⇔ (def. ∼b on κ(σ(M)))
{([w]a, a) | a ∈ A} ∼b {([w]a, a) | a ∈ A}) for all b ∈ B
⇔
{([w]a, a) | a ∈ A} ∼B {([v]a, a) | a ∈ A}.

back: This is shown similarly to forth.

Now consider the relation R between C and σ(κ(C)) defined as: for all facets X in C,
R : X 7→ {([X ]a, a) | a ∈ A}. We show that the relation R is a collective bisimulation.

atoms: pb ∈ ℓ(X), iff (def. κ) pb ∈ L(X) in κ(C), iff (def. σ) pb ∈ ℓ([X ]b, b), iff (def. of
ℓ on faces) pb ∈ ℓ({([X ]a, a) | a ∈ A}) = ℓ(σ(κ(X)).

forth: Let B ⊆ χ(X ∩ Y ) for a facet Y of C. Choose R : Y 7→ {([Y ]a, a) | a ∈ A}. We
need to show that B ⊆ χ({([X ]a, a) | a ∈ A} ∩ {([Y ]a, a) | a ∈ A}):

B ⊆ χ(X ∩ Y )
⇔
b ∈ χ(X ∩ Y ) for all b ∈ B
⇔ (def. κ)
X ∼b Y for all b ∈ B
⇔ (def. σ)
([X ]b, b) ∈ {([X ]a, a) | a ∈ A} ∩ {([Y ]a, a) | a ∈ A} for all b ∈ B
⇔
b ∈ χ({([X ]a, a) | a ∈ A} ∩ {([Y ]a, a) | a ∈ A}) for all b ∈ B
⇔
B ⊆ χ({([X ]a, a) | a ∈ A} ∩ {([Y ]a, a) | a ∈ A}).

back: This is shown similarly to forth. �

We continue by showing that, also on simplicial models, collective bisimilarity implies
modal equivalence in the language L.

Theorem 34 (C, X)↔(C′, X ′) implies (C, X) ≡ (C′, X ′). ⊣

Proof We prove by induction on ϕ that “for all ϕ ∈ L, for all pointed simplicial models
(C, X), (C′, X ′): if (C, X)↔(C′, X ′) then C, X |= ϕ iff C′, X ′ |= ϕ”. The non-standard
cases are the distributed knowledge case DBϕ and the update case [RRR,R]ϕ, to which we
therefore restrict the proof.

Case knowledge. Given (C, X), (C′, X ′), and (C, X)↔(C′, X ′), assume C′, X ′ |= DBϕ.
Let R be a bisimulation between C and C′ containing (X,X ′). Let Y ∈ C be arbitrary
such that B ⊆ χ(X ∩Y ). From B ⊆ χ(X ∩Y ) and forth it follows that there is a Y ′ ∈ C ′

with B ⊆ χ′(X ′∩Y ′) and (Y, Y ′) ∈ R. From B ⊆ χ′(X ′∩Y ′) and C′, X ′ |= DBϕ it follows
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(by the semantics of DB) that C
′, Y ′ |= ϕ. From C′, Y ′ |= ϕ and by induction hypothesis it

follows that C, Y |= ϕ. Therefore, as Y was arbitrary, C, X |= DBϕ. The other direction is
similar.

Case update. Given (C, X), (C′, X ′), and (C, X)↔(C′, X ′), assume C, X |= [RRR,R]ϕ.
Then C ⊘RRR,XR |= ϕ. Let R be a bisimulation between C and C′ containing (X,X ′). We
first show that R′ defined as: (XR, X

′
R′) ∈ R

′ if (X,X ′) ∈ R and R = R′ is a bisimulation
between (C ⊘RRR,XR) and (C′ ⊘RRR,X ′

R) containing (XR, X
′
R).

atoms: ℓ̈(XR) = ℓ(X) = ℓ′(X ′) = ℓ̈′(X ′
R).

forth: Let B ⊆ XR ∩ YS. As (XR, X
′
R) ∈ R

′, also (X,X ′) ∈ R. As B ⊆ XR ∩ YS, also
B ⊆ X ∩ Y . From forth for R we obtain a Y ′ such that (Y, Y ′) ∈ R and B ⊆ X ′ ∩ Y ′. We
now show that Y ′

S is the required domain element to close forth. For this, it remains to
prove that B ⊆ XR∩YS iff B ⊆ X ′

R∩Y ′
S. Let B ⊆ XR∩YS and a ∈ B. Then (v,W ) ∈ XR

with χ(v) = a satisfies that W ⊆ X and χ(W ) = Ra, and as (v,W ) ∈ YS as well, also
W ⊆ Y and χ(W ) = Sa. We now (crucially) use that (X,X ′) ∈ R induces a pointwise
relation between all x ∈ X and x′ ∈ X ′ with χ(x) = χ′(x′) = b for any b ∈ Ra (where
we note that b may not be in B), and similarly for (Y, Y ′) ∈ R. Therefore, for any such
(v,W ) ∈ XR, we obtain (v′,W ′) ∈ X ′

R, so that (v,W ) ∈ XR∩YS implies (v′,W ′) ∈ X ′
R∩Y

′
S,

as required.

back: Similar to forth.

Having established that (C ⊘ RRR,XR) is bisimilar to (C′ ⊘ RRR,X ′
R), we now apply the

induction hypothesis for ϕ on pointed models (C ⊘RRR,XR) and (C′⊘RRR,X ′
R) thus obtaining

that (C′ ⊘RRR,X ′
R) |= ϕ, so that C′, X ′ |= [RRR,R]ϕ, as required. �

Even for the restricted language L− this result of Th. 34 is novel. One can also show
that (C, X) ≡ (C′, X ′) implies (C, X)↔(C′, X ′) on so-called star-finite simplicial models
(and complexes). A complex C is star-finite if for all faces Y ∈ C, the star of Y , defined
as {Z ∈ C | Y ⊆ Z}, is a finite set. This direction is similar to the proof that modal
equivalence implies bisimulation on epistemic models; in particular it suffices to consider
formulas in L−. It is therefore omitted.4 We therefore have again the Hennessy-Milner
property for this semantics.

Finally, we now show that the σ and κ mappings preserve truth (value). This im-
plies that validity is the same for both semantics, and that there is therefore only one
communication pattern logic.

Proposition 35 Let ϕ ∈ L, (M,w), and (C, X) be given. Then:

1. M,w |= ϕ iff σ(M,w) |= ϕ;

4Sketch: define relation R : X 7→ X ′ iff (C,X) ≡ (C′, X ′). We show that R is a bisimulation. Atoms is
obvious. Concerning forth, let be given (X,X ′) ∈ R and B ⊆ X ∩Y , and the finite set of Y ′

1 , . . . , Y
′

n such
that B ⊆ X ′ ∩Y ′

1
. If none of those are bisimilar to Y , there are distinguishing formulas ϕ1, . . . , ϕn all true

in Y but false in Y ′

1 , . . . , Y
′

n resp. Then, C,X |= D̂B(ϕ1 ∧ . . . ∧ ϕn) whereas C
′, X ′ 6|= D̂B(ϕ1 ∧ . . . ∧ ϕn),

contradicting (C,X) ≡ (C′, X ′).
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2. C, X |= ϕ iff κ(C, X) |= ϕ.

Proof The proof is by induction on the structure of ϕ. The Boolean cases are elementary
and left to the reader.

M,w |= DBϕ, iff M, v |= ϕ for all v ∼B w, iff (induction) σ(M, v) |= ϕ for all v ∼B w,
iff (def. σ) σ(M, v) |= ϕ for all σ(v) such that for all b ∈ B, ([v]b, b) ∈ σ(v) ∩ σ(w), iff
σ(M, v) |= ϕ for all σ(v) such that B ⊆ χ(σ(v) ∩ σ(w)), iff (semantics of distributed
knowledge) σ(M,w) |= DBϕ.

M,w |= [RRR,R]ϕ, iff (semantics on epistemic models) M ⊙RRR, (w,R) |= ϕ, iff (induction)
σ(M ⊙RRR), (w,R) |= ϕ, iff (Th. 32) σ(M)⊘RRR,wR |= ϕ, iff (semantics on simplicial models)
σ(M), w |= [RRR,R]ϕ.

C, X |= DBϕ, iff C, Y |= ϕ for all Y with B ⊆ χ(X ∩Y ), iff (induction) κ(C), Y |= ϕ for all
Y with B ⊆ χ(X ∩Y ), iff (def. κ) κ(C), Y |= ϕ for all Y with X ∼B Y , iff κ(C), X |= DBϕ.

C, X |= [RRR,R]ϕ, iff C ⊘RRR,XR |= ϕ, iff (induction) κ(C ⊘RRR,XR) |= ϕ, iff (Th. 32) κ(C) ⊙
RRR, (X,R) |= ϕ, iff (semantics) κ(C), X |= [RRR,R]ϕ. �

Props. 35.1 and 35.2 jointly establish that M,w |= ϕ iff κ(σ(M,w)) |= ϕ and also that
C, X |= ϕ iff σ(κ(C, X)) |= ϕ, and therefore:

Corollary 36 For all (M,w) and (C, X): (M,w) ≡ κ(σ(M,w)) and (C, X) ≡ σ(κ(C, X)).⊣

The first already followed from Prop. 33 and Th. 15. The second already followed from
Prop. 33 and Th. 34.

Theorem 37 The logic of communication patterns on epistemic models and the logic on
communication patterns on simplicial models are the same. ⊣

Proof With Prop. 35 we first show that a formula is valid on epistemic models iff it is
valid on simplicial models.

Let ϕ ∈ L be given and assume that ϕ is valid on epistemic models. Let now (C, X)
be arbitrary. Then κ(C, X) is an epistemic model. As ϕ is valid, κ(C, X) |= ϕ. Using
Prop. 35.2, we obtain that C, X |= ϕ. Therefore ϕ is valid on simplicial models.

The proof in the other direction is similar, only now featuring (M,w) and σ(M,w).
As the validities in the respective semantics are the same, and the axiomatization of

communication pattern logic interpreted on epistemic models is sound and complete, this
is therefore the same logic when interpreted on simplicial models. �

Th. 37 finally justifies why we did not distinguish notation for validity in the different
semantics: |= ϕ means that ϕ is valid either way.

As the logics are the same for the different semantics, in particular the axiomatization is
also a reduction system for the simplicial semantics, allowing to eliminate communication
pattern modalities. We could therefore also have obtained Th. 34 by restricting that proof
to modal equivalence in the language L−. However, as mentioned, this is already a result.
Th. 34 and Th. 15 seem to contrast well.
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5 Conclusion and further research

Conclusion We presented communication pattern logic to reason about distributed sys-
tems wherein agents communicate to each other all they know. We provided an original
update construction, an axiomatization, apart from a semantics on Kripke models also one
on simplicial complexes, and we showed how these semantics correspond, also in relation
to collective bisimulation for distributed knowledge.

Distributed computing and dynamic epistemic logic The investigation of dynamic
epistemic logics with dynamic modalities for communication patterns seems promising for
applications in distributed computing. Communication patterns are surprisingly differ-
ent from other update mechanisms such as action models (discussed below) and arrow
updates [27]. They are suitable to model multi-agent system communication where we
wish to abstract from the content of messages. Their dual use as update mechanisms on
simplicial complexes appears to widen the scope for their use: combinatorial topology is
an established field in distributed computing. Communication patterns appear to suitably
formalize computability of distributed tasks that are known to require high-dimensional
topological arguments, like consensus (work in progress continuing [48]), equality negation
(where it appears promising to proceed as in [41]), set agreement, and renaming.

Even apart from dynamics, research questions on the relation between epistemic and
simplicial semantics abound. Various questions, in particular of philosophical logical rele-
vance, were addressed in the recent [42]. How restrictive is the requirement that epistemic
models be local (that agents know their local state) [42, Sect. 9]? Only such models corre-
spond to complexes, whereas complexes are local by definition, as their building stones are
agent-coloured vertices. How to model systems where some processors/agents have crashed,
or, in more familiar philosophical logical terms, how to conceive multi-agent Kripke models
wherein some agents have died [40, 19]? Can dead agents know something? Such subjects
have established roots in philosophical logic and AI [28, 14]. How to employ common
knowledge and common distributed knowledge, a novel epistemic notion of proposed in
[47, 7], to describe topological primitives in complexes? Common distributed knowledge
characterizes manifolds in complexes [42, Sect. 6.2]). How to model belief on simplicial
complexes [42, Sect. 7], and Byzantine phenomena such as deception and error [16] (in a
runs-and-systems setting)?

Given the currently growing community of researchers active in this area we hope that
many such issues and open questions will be investigated in the coming years and receive
answers, and that the investigation of the dynamics of such systems will get a boost from
the notion of communication pattern.

Let us shortly also describe in more technical detail three areas for further research.

Update expressivity We wish to compare the update expressivity of communication
pattern logic and action model logic [6]. Communication patterns, like action models, are
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examples of updates transforming epistemic models into other epistemic models. Commu-
nication patterns can always be executed, but action models have preconditions for their
execution. For example, a truthful public announcement of p requires p to be true, oth-
erwise it would not be truthful. One can compare updates by their update expressivity
[46, 27, 45]. Given a class of pointed models, such as the pointed epistemic models (M,w)
given a set of agents A and atoms P in our contribution, each update determines a binary
relation on this class.5 This relation is a partial order.

It is fairly obvious that communication pattern logic is not at least as update expressive
as action model logic. In a public announcement, the environment may reveal something
that cannot be revealed by the agents jointly, such as in Ex. 11 the announcement of
ma∨mb∨mc, ‘One of you is muddy’, by the father, who is not modelled as an agent. Also,
even when an announcement is made by an agent in the system, she may choose to reveal
only some but not all of her local variables, such as, if a knows pa and p′a, a informing b of
pa but not of p′a.

It is not obvious, we think, that action model logic is not at least as update expressive
as communication pattern logic, except for the case where there are infinitely many local
variables, as an infinite conjunction of literals (variables or their negation) cannot be an-
nounced. However, if there are finitely many local variables, proving the same requires a
delicate argument [10].

There is also expressivity in the usual sense, namely that every formula in a given
language is equivalent to a formula in another logical language. One can then simply
observe that communication pattern logic and action model logic, both with distributed
knowledge, are equally expressive, as they both reduce to the logic of distributed knowledge.
The latter was shown in [51, Th. 15].

How to represent a communication pattern? Although we represent a communi-
cation pattern as a set of communication graphs, we can also see it as a kind of Kripke
model, and also as a kind of simplicial complex. Such alternative representations may
make it easier to conceive and obtain more theoretical results for our framework.

Given RRR, communication pattern model (RRR,∼) is the structure where for each a ∈ A,
∼a is an equivalence relation defined as: R ∼a R

′ iff Ra = R′a. The update of an epistemic
model with a communication pattern model is now a restricted product. It is restricted
because the relations are restricted. We recall that (w,R) ∼a (w′, R′) iff w ∼Ra w

′ and
Ra = R′a. This now has become the requirement that w ∼Ra w

′ and R ∼a R
′. This is the

representation of communication patterns in [48], and a similar representation is chosen
for the arbitrary reading events in [7, Sect. 6].

Alternatively, given RRR, simplicial communication pattern (CRRR, χRRR) is the chromatic
simplicial complex with simplices {(a, Ra) | a ∈ B,B ⊆ A,R ∈ RRR}, and for all (a, Ra) ∈
V(CRRR), χRRR(a, Ra) = a. The update of a simplicial model with a simplicial communication
pattern is again some kind of product (but not a restricted product). The simplicial

5One pair in that relation for the update ‘public announcement of p’ would then be ((M,w), (M ′, w)),
where M ′ is the restriction of M to the p-states, and this on condition that w is also in that restriction.
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communication pattern is reminiscent of the simplicial action model in [18, 42] and in [30,
Def. 3.34 & 3.35].

Example 38 Once more we recall Ex. 7 modeling Byzantine attack, and communication
pattern RRR = {I, Rab} where Rab = I ∪ {(a, b)} = {(a, a), (b, b), (a, b)}. Let us show the
different representations.

1. communication pattern: {I, Rab}

2. communication pattern model: I
b

—— Rab

3. communication pattern complex: (b, Ib)——(a, Raba)——(b, Rabb)

4. item 3 but with explicit groups: (b, {b})——(a, {a})——(b, {a, b})

The first item shows once the communication pattern as a set. The second item is a
corresponding communication pattern model (where ∼a = I). The third item is a com-
munication pattern complex. As it is for two agents it is of dimension 1 (no triangles but
edges, as in Ex. 1). We recall that Ib = {b}, Ia = Raba = {a}, and Rab = {a, b} so that the
communication pattern complex can more appealing be visualized as the one below it. ⊣

History-based epistemic models With history-based semantics [38] we can keep track
of rounds of communicative events. Thus we can make precise how full-information proto-
cols, where in each round all agents send the tree composed of their own call history and the
histories they have received from other agents, correspond to iterated update with commu-
nication patterns. These matters are also investigated in [48] and ongoing work continuing
that. In [10], history-based semantics allow to compare action models and communication
patterns on update expressivity.
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