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Abstract

We investigate optimal conditions for inducing low-rankness of higher order tensors by
using convex tensor norms with reshaped tensors. We propose the reshaped tensor nuclear
norm as a generalized approach to reshape tensors to be regularized by using the tensor
nuclear norm. Furthermore, we propose the reshaped latent tensor nuclear norm to com-
bine multiple reshaped tensors using the tensor nuclear norm. We analyze the generaliza-
tion bounds for tensor completion models regularized by the proposed norms and show
that the novel reshaping norms lead to lower Rademacher complexities. Through simula-
tion and real-data experiments, we show that our proposed methods are favorably com-
pared to existing tensor norms consolidating our theoretical claims.

Keywords Tensor nuclear norm - Reshaping - CP rank - Generalization bounds

1 Introduction

Tensor formatted data is becoming abundant in machine learning applications. Among the
many tensor related machine learning problems, tensor completion has gained an increased
popularity in recent years. Tensor completion performs imputation of unknown elements of a
partially observed tensor by exploiting its low-rank structure. Some of the popular real-world
applications of tensor completion are found in recommendation systems (Karatzoglou et al.
2010; Zheng et al. 2010), computer vision (Liu et al. 2009), and multi-relational link predic-
tion (Rai et al. 2015). Though there exist many methods to perform tensor completion (Song
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et al. 2017), global optimal solutions are obtained mainly by convex low-rank tensor norms,
making them an active area of research.

Over the years, many researchers have proposed different low-rank inducing norms to min-
imize the rank of tensors, however, none of these norms are universally better compared to
others. The main challenge in designing norms for tensors is that they have multiple dimen-
sions and different definitions of ranks (Tucker rank, CP rank, TT-rank), making it difficult for
a single norm to induce low-rankness with respect to all the properties of tensors. Most tensor
norms have been designed with a focus to a specific rank; overlapped trace norm (Tomioka
and Suzuki 2013) and latent trace norms (Wimalawarne et al. 2014) to constrain the multi-
linear ranks, tensor nuclear norm (Yuan and Zhang 2016; Yang et al. 2015; Lim and Comon
2014) to constrain the CP rank, and the Schatten TT rank (Imaizumi et al. 2017) to constrain
the TT-rank. However, targeting a specific rank to constrain may not always be practical, since
we may not know the most suitable rank for a tensor in advance.

Most tensor norms reshape tensors by rearranging its elements as matrices to induce low-
rankness with respect to a mode or a set of modes. However, this reshaping method is specific
to obtaining relevant ranks that a norm constrains. An alternative view was presented by Mu
et al. (2014) with the square norm, where the tensor is reshaped as a balanced matrix without
considering the structure of its ranks. The square norm has shown to have better sample com-
plexities for higher order tensors (tensor with more than three modes) than some of the exist-
ing norms such as the overlapped trace norm (Yuan and Zhang 2016). However, this norm
only considers the special case of reshaping a tensor as a matrix such that its dimensions are
close to each other. Other possibilities of how reshaping tensors beyond matrices affect the
inducement of low-rankness have not been investigated.

In this paper, we propose generalized reshaping strategies to reshape tensors and develop
low-rank inducing tensor norms. We demonstrate that reshaping a higher order tensor as
another tensor and applying the tensor nuclear norm leads to better inducement of low-rank-
ness compared to applying existing low-rank norms on the original tensor or its matrix unfold-
ings. Furthermore, we propose the latent reshaped tensor nuclear norm that combines multiple
reshaped tensors to obtain a better performance among a set of reshaped tensors. Using the
generalization bounds, we show that the proposed norms are able to give lower Rademacher
complexities compared to existing norms. Using simulations and real-world data experiments
we justify our theoretical analysis and show that our proposed methods are able to give better
performances for tensor completion compared other convex norms.

Throughout this paper we use the following notations. We represent a K-mode (K-way)
tensor as 7 € R™"*"«, The mode-k unfolding (Kolda and Bader 2009) of a tensor 7 is given
by Ty, € R"*Ix" which is obtained by concatenating all slices along the mode-k. We indi-
cate the tensor product (Hackbusch 2012) between vectors u; € R%, i =1, ..., K using the
notation ® as (u; @ - Qug);, . ;= Hf:l ;- The k-mode product of a tensor
T € R Xk and a vector v € R™ is defined as Tx, v =Y * i, Vi,- The larg-

iy=1 Lo

est singular value of 7 is given by y, (7). The rank of a matrix A € R™" is given by Rank(A).

2 Review of low-rank tensor norms

Designing of convex low-rank inducing norms for tensors is a challenging task. Over
the years, several tensor norms have been proposed with each norm having certain
advantages over the others. The main challenge with defining tensor norms is the multi-
dimensionality of tensors and the existence of different ranks (e.g. CP rank, multilinear
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(Tucker) rank). A common criterion for designing low-rank tensor norms is to induce
low-rankness by minimizing a particular rank. A commonly used rank is the multilinear
rank, which represents the rank with respect to each mode of a tensor. Given a tensor
W e R"* " we obtain the rank of each unfolding r, = Rank(W,), k=1,...,K, and
define the multilinear rank as (7|, ...,rx). To minimize the multilinear rank the over-
lapped trace norm has been defined (Liu et al. 2009; Tomioka and Suzuki 2013), which
for a tensor 7€ R™M* % _ g

K
”T”overlap = Z”T(k)”m
k=1

where || - ||, is the matrix nuclear norm (a.k.a. trace norm) (Fazel et al. 2001), which is
the sum of the non-zero singular values of a matrix. A limitation with this norm is that for
tensors with high variations in the multilinear rank this norm stays at poor performances
(Tomioka and Suzuki 2013; Wimalawarne et al. 2014).

The latent trace norm (Tomioka and Suzuki 2013) has been proposed to overcome
limitations of the overlapped trace norm, which allows freedom to learn ranks with
respect to each mode unfolding by considering a latent decomposition of the tensor.

More specifically, the latent tensor norm learns latent tensors Tk), k=1,...,Kas
K
— : (k)
”’I”latent - Tl)+.41.l-ll—gﬂ():']'1; ”T(k) “tr.

This norm was shown to be more robust for tensors with high variations in the multilin-
ear rank compared to the overlapped trace norm (Tomioka and Suzuki 2013). The latent
trace norm has been further extended to develop the scaled latent trace norm (Wimala-
warne et al. 2014) by considering the relative rank of each latent tensor by scaling using
the inverse squared mode dimension.

Another popular rank for tensors is the CANDECOMP/PARAFAC (CP) rank (Car-
roll and Chang 1970; Harshman 1970; Hitchcock 1927; Kolda and Bader 2009), which
can be considered as the higher order extension of the matrix rank. Recently, minimi-
zation of the CP rank has gained attention of many researchers, who have shown that
it leads to a better sample complexity than multilinear rank based norms (Yuan and
Zhang 2016). The tensor nuclear norm (Yuan and Zhang 2016; Yang et al. 2015; Lim
and Comon 2014) has been defined as an approximation to minimize the CP rank of a
tensor. For a tensor 7 € R™* ¥ with rank R, Rank(7) = R, the tensor nuclear norm is
defined as

R
Jj=

R
KlT= Z Vit @ Uy ++ @ U,
‘ = 1)
”Mkj”% = 1’71‘ > Yie1 > 0},

1. = inf{

whereukj eR*%fork=1,...,Kand j=1,...,R.

The latest addition to convex low-rank tensor norms is the Schatten TT norm (Imai-
zumi et al. 2017), which minimizes the tensor train rank (Oseledets 2011) of tensors.
The Schatten TT norm is defined as
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K-1
1
Tl = =7 2 12Dl

where Q, : 7 — R"*<is an operator that reshapes the tensor 7 to a matrix by combining
the first k modes as rows and the rest of the K — k modes as columns. This norm has been
shown to be suitable for high-order tensors.

It has also been shown that low-rank tensor norms can be designed without restricting to
a specific rank. The square norm (Mu et al. 2014) reshapes a tensor as a matrix and apply
the matrix nuclear norm as

J

K
reshape <’2Zl), H, H >

i=1 i=j+1

17y =

3

tr

where the function reshape() reshapes 7 to a matrix with approximately equal dimensions
for some j > 1. This norm has shown to have a better sample complexity for tensor com-
pletion compared to the overlapped trace norm.

We point out that all the existing tensor norms except the tensor nuclear norm reshape
tensors as matrices to induce the low-rankness with respect to two sets of mode arrange-
ments. As a result these norms are focused on constraining the multilinear rank of a tensor.
However, tensor nuclear norm has shown to lead to a better sample complexity compared
to multilinear rank based tensors norms for tensor completion (Yuan and Zhang 2016).
Hence, lack of tensor nuclear norm regularization for reshaped tensors among existing
norms may results in sub-optimal solutions.

3 Proposed method: tensor reshaping and tensor nuclear norm

In this paper, we investigate on extending the tensor nuclear norm for higher order tensors.
We explore methods to combine tensor reshaping with the tensor nuclear norm.

3.1 Generalized tensor reshaping

First, we introduce the following notation to compute the product of tensor dimen-
sions. For a given vector (nl,...,np), we represent its element-wise product by
prod(ny, ...,n,) = nyn, -+ n,. Next, we define generalized reshaping for tensors.

Definition 1 (Tensor Reshaping) Let us consider a tensor X' € R™>X2X""%% and its mode
dimensions as D = {n,n,,...,ng}. Given M sets D, C D, i =1, ..., M, that are disjoint,
D; N D; = @ for i # j, the reshaping operator is defined as

¢ RIMXmXXng Rprod(D,)xprrod(DM)’

and the inverse operator is represented by 1T (T . Further, we present the reshaping of

Dy,....Dy
X by the set (D, ...,Dy)as Xp  p

We point out that when |D,| = -+ = |D,,| = 1, there is no reshaping of the tensor,
Xo,....n,) = & Unfolding of a tensor along the mode k (Kolda and Bader 2009) is equiva-
lent to defining two sets with D, = n,and D, = (ny, ... ,n_y, 4y, ... , Ng). Further, we can
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obtain reshaping of a tensor as a matrix for the square norm (Mu et al. 2014) by specifying
two sets D and D, with prod(D,) = prod(D,).

3.2 Reshaped tensor nuclear norm

We propose a class of tensor norms by combining generalized tensor reshaping and the
tensor nuclear norm. We name the proposed norms Reshaped Tensor Nuclear Norms. In
order to define the proposed norms, we consider a K-mode tensor X' € R">"**"« and a
set D;, i =1,...,M, adhering to Definition 1. We define the reshaped tensor nuclear norm
as

1Xp,....0p e

where || - ||, is the tensor nuclear norm as defined in (1). It is understood that this norm is a
convex norm, since the tensor nuclear norm (1) is convex.

3.3 Reshaped latent nuclear norm

A practical limitation in applying reshaping using the proposed tensor norm is the diffi-
culty to select the most suitable reshaping set out of all possible reshaping combinations.
This is critical since we would not know the ranks of the tensor prior to training a learning
model. To overcome this difficulty we propose the Reshaped Latent Tensor Nuclear Norm
by extending the latent trace norm (Tomioka and Suzuki 2013) for reshaping tensors.

Let us consider a collection of G reshaping sets D; = (D, ...,D©®) where each
DY = (D(l‘v), ..,D¥), s =1,...,G consists a reshaping set for a m-mode reshaped tensor.
Further, we consid\er the W as a summation of G latent tensors W®, g=1,...,G as
W= Zk(;:l W, We define the reshaped latent tensor nuclear norm as

G
w = inf wh . 2
” ”rﬁlatent(DL) VV(I)+~~+WG)=W]; ” (D(Ms-n,ny,:Z)ll' ( )

We point out that the above norm differs from the latent trace norm (Tomioka and Suzuki
2013) since it considers reshaping sets defined by the user where the latent trace norm
considers all the mode-wise tensor unfolding. Furthermore, the above norm uses the tensor
nuclear norm while the latent trace norm is build using the matrix nuclear norm.

3.4 Completion models

Now, we propose tensor completion models for the proposed norms. Let us consider a par-
tially observed tensor X’ € R™>**"*"_Given that X has m observed elements, we define
the mapping of the observed elements from X by £ : R™*™X"*"x — R™ Given a reshap-
ing set (Dy,...,D,,), the completion model that is regularized by the reshaped norm is
given as

1
min = [12(X) - 20V

st [Wp,..oplls <4

3
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where A is a regularization parameter. For a selected set of reshaping sets
D; = (DY, ..., D), a completion model regularized by the reshaped latent tensor nuclear
norm is given as

. 1
min 1200 — QWD + ... 1 W12
WD e WO =)y 2 I142(0) ( I @

-t AW aenin,) < 45

where A is a regularization parameter.

4 Theory

We investigate theoretical properties of our proposed methods to identify the optimal
conditions for reshaping of tensors. For our analysis, we use generalization bounds based
on the transductive Rademacher complexity analysis (El-Yaniv and Pechyony 2007; Shamir
and Shalev-Shwartz 2014).

We consider the learning problem in (3) and we denote the indexes of the observed
elements of X by S, where each index (i, ---, i) of observed elements of X is assigned
as an element a; € S for some 1 <j < [S|. We consider observed elements as the train-
ing set denoted by Stin and the rest belonging to the test set denoted by Sy For the
convenience of deriving the Rademacher complexity, we consider the special case of
[Strain] = IStest] = 1S]/2 as in (Shamir and Shalev-Shwartz 2014).

Given a reshaping set (D,,...,D,), we consider the hypothesis class
W= {W|||W(DlquM)||* <t} for a given t. Given a loss function [(:,-) and a set S, we
define the empirical loss as

Lg(loW) := |S|[ Z l(‘)(il,m,ik’wil ,,,,, i,()]‘
(i, -sig)ES

Given that max; ; wew |I(X; ;Wi )l <b, itis straight forward to extend gen-

eralizing bounds]qf(;r matrices froﬂlK(Shaﬁnir and Shalev-Shwartz 2014) to tensors, which

holds with probability 1 — 6 as
Ly (IoW)—Lg _(loW) < 4R5(loWV)

11+ 44/log 5
+b <—>
V |STrain|
where Rq(loW) is the transductive Rademacher complexity theory (El-Yaniv and Pechyony
2007; Shamir and Shalev-Shwartz 2014) defined as

S|
Rg(loW) = sup 0'l , ) 5
: 5 lWeW 2o ®
where 0, € {—1,1}, j=1,...,|S|with probability of 0.5 are Rademacher variables.

The following theorem gives the Rademacher complexity for completion models regu-
larized by a reshaped tensor nuclear norm.
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Theorem 1 Consider a K-mode tensor YW € R X% [ et us consider any M reshap-
ing sets (D, ..., D)) with a hypothesis class of W = {W|[[W, . p )l < 1}. Suppose that
forall (iy, ..., ix), (X; ;. .-)is A-Lipschitz continuous. Then,

(a) given that W has a multilinear rank of (r, ..., rg), we obtain

K
A H Yy
C—< k=l 2 .>71(W<Dl,..4,DM))

maxj:l,...,M HieDj T

Rg(loW) S |S| Cp}’l()/v(DI ..... DM))IOg(4M)Z H s

where c is a constant.

Using the Theorem 1, we can obtain the Rademacher complexities for tensor nuclear
norm by considering |D,| = |D,| = -+ = |Dg| = 1 and the square norm by two reshap-
ing sets of |D,| and |D,| such that HPGD] n, ~ quDz n,. We summarize Rademacher
complexities of convex low-rank tensor norms in Table 1 for a tensor with equal mode
dimensions (n; =n, = ... = ng = n).

From Table 1 and Theorem 1, we see that norms constructed using the tensor nuclear
norm lead to better bounds compared to the overlapped trace norm, latent trace norm,
and the scaled latent trace norm. Further, we see that the mode based components of the
Rademacher complexity would have the smallest value with the tensor nuclear norm
(log(4K)\/K_n) It is also clear that for any reshaping set, we find that
log(4K)\/Ia <log(4M) Z =1 Vn!Pi!. This observation might lead us to conclude that the
tensor nuclear norm is better than all the other norms. However, considering the multi-

linear rank such that 1 <r; <r, <. < rg, We can always find M < K reshaping sets
D,,D,,...,D,, such that 1 > 1 . In other words, we can reshape the
max;—; _ k7j max;— _ m erl) i

tensor such that the Rademacher complexity for the reshaped tensor nuclear norm is
bounded with a smaller rank based component compared to the tensor nuclear norm.

It is not known how reshaping a tensor changes the CP rank of the original tensor
into the rank of the reshaped tensor except that Rank(X(Dl’ )) <1, ((Mu et al. 2014)
and Lemma 4 in “Appendix”). However, Theorem 1 shows that reshaping results in a
mode based component of log(4M) Z]Ail Vn'P! in the Rademacher complexity, which
indicates that selecting a reshaping set that gives a lower mode based components can
lead to a lower generalization bound compared the square norm or the tensor nuclear
norm. Furthermore, it is clear that the reshaping a tensor and regularization using the
tensor nuclear norm lead to a lower generalization bound compared to multilinear rank
based norms such as the overlapped trace norm, latent trace norm, and scaled latent
trace norms and tensor train rank based Schatten TT norm.

The next theorem provides the Rademacher complexity for completion models regu-
larized by the reshaped latent tensor nuclear norm.
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Table 1 Rademacher complexities for convex norm regularized completion models for a K-mode tensor
T e R™ " with a multilinear rank (r,, ..., rg). y; (&) is the largest singular value of X', G reshaping sets of
DY = (D(l“'), ,Dfﬂ), g=1,...,G,and ¢, A, and B are constants

Norm Rademacher complexity Rq(/o)V)
A vk -
Overlapped norm |Cs_\ Zj:l \/EBT( k=1 4 \/Z)
A —
Latent trace norm ;s_\ min_, ¢ \/7,'37( nk-1 4+ ﬁ)
Scaled latent trace norm % minj:l YYYYY X \/; BT( nk + n)
p cA K-1 . k K
Schatten TT norm S Ziy Min ( Hi:] \/71_’ Hj=k+1 \/7/ )
B\/nlk/2]
Square norm cA I e )
ﬁ ( max;_; » n.snj T 4 (W(D"DZ))

log(8)(VnlPil + y/nlP:l)

Tensor nuclear norm % (M )71 W) log(4K)\V Kn

max;_; g

Reshaped tensor nuclear norm cA I, w

18l max;_; H‘ED, T n( (IR D’”))

log(4M) Z:‘il VPl
Reshaped latent tensor nuclear norm A e, ~

N 8€G max;_,  m H;eu‘” T

E
8)
41 (VVED@») D )) max,cq log(4M,)
| B Mg

Zfi‘l Vlts!

Theorem 2 Ler us consider a K-mode tensorVV € R Let us consider a collection
of G collection of reshaping sets Dy =(DWV,...,D©) where each
DV = (D(ls), ,Dj\fj) ), s =1,...,G consists a reshaping set for a M-mode reshaped ten-
sor. Consider the ilypothesis class Wy = (WIWD o 4 WO =W, M sateni,) < 1}
for a given set of reshaping set (D, ..., D,,). Suppose that for all Xi.,m,i,(’ I(Xil,m,ik’ )is A
-Lipschitz continuous. Then,

(a) when W has a multilinear rank of (r|, ... , ry), we obtain

K
T
Rs(loW) < % min < -1 7 )7’1 <W(Z)<g> DY )
IS| ¢€G \ max;_; 4 HieD;g) Ti (DD )

M

8

r;lea(p;( log(4M g) Z

(b) when W has a CP rank of r,,, we obtain
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cA . 2
Rs(loW) < == s
S( OW) = |S| rcp H}gln]/l <VVED<11:) ,,,, D;z;;p)

8

r;leac);; log(4Mg) Z H n,.

Jj=1 peD;m
where c is a constant.

Theorem 2 shows that latent reshaped tensor nuclear norm bounds the Rademacher
complexity by the largest mode based component that results from all the reshaping sets.
Further, with the multilinear rank of the tensor the Rademacher complexity is bounded by
the smallest rank based component that results from all the reshaping sets. This observa-
tion indicates that properly selecting a set of reshaping sets to use with the latent reshaped
tensor nuclear norm can lead to a lower generalization bound.

We want to point out that the largest singular values (y,(-)) that appear in both Theo-
rems 1 and 2 can be upper bounded by taking the largest singular value with respect to all
possible reshaping sets for a tensor. However, we do not use such a bounding to keep the
Rademacher complexities small.

4.1 Optimal reshaping strategies

Given that we have an understanding of the ranks of the tensor, Theorem 1 can be used to
select a reshaping set such that reshaped tensor has a smaller rank and relatively smaller
mode dimensions. However, since we do not know the rank in advance, selecting a reshap-
ing set such that the reshaped tensor does not have large mode dimensions would lead to a
better performance.

To avoid the difficulty in choosing a single reshaping set, we can use the reshaped latent
tensor nuclear norm by choosing several reshaping sets that agree with our observation in
Theorem 1. However, since the Rademacher complexity is bounded by the largest mode
based components as shown in Theorem 2, it is important not to select reshaping sets that
result in a tensor with large dimensions. A general strategy to create the reshaping sets
by selecting the original tensor and other reshaping sets that do not result in large mode
dimensions compared to the original tensor.

5 Optimization procedures

It has been shown that learning by constraining the tensor nuclear norm is the NP-Com-
plete problem (Hillar and Lim 2013), which makes solving the problems (3) and (4) com-
putationally difficult. In Yang et al. (2015) an approximation method have been proposed
to compute the spectral norm by computing largest singular vectors on each mode that is
combined with the Frank-Wolfe optimization method to solve (3). We adopt their approxi-
mation method to solve our proposed completion models with reshaped tensors (3) and (4).
We found that solutions using the approximation method provide agreements with our the-
oretical results related to generalization bounds we showed in the Sect. 4. However, there is
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no theoretical analysis available to understand how well the approximation method results
in a solution compared to an exact solution.

The optimization method proposed in Yang et al. (2015) uses an approximation
method for the spectral norm using a recursive algorithm based on singular value
decomposition with respect to each mode. However, we adopt a more simpler approach
as given in Algorithm 1, which we believe is more easier to implement. Using the
approximation method, we provide an optimization procedure to solve the completion
model that is regularized by a single reshaped norm in the Algorithm 2. The optimiza-
tion procedure in Algorithm 2 is also similar to the Frank-Wolfe based optimization
procedure proposed in Yang et al. (2015). The additions in Algorithm 2 to Yang et al.
(2015) are the computation of the spectral norm of the reshaped tensor in step 7 and the
conversion of the reshaped tensor to the original dimensions in step 12. Here, we want
to recall Definition 1 to refer to the reshaping operator II;,  p, ,() and its inverse oper-
ator H(LI,M,DM)O for any given reshaping set (D, D,, ..., Dy,).

: Input: A € R Xn2 XK

: Output: wy,...,wg, sv

y=A

fork=1,...,K —1do
M = reshape(Y, [ng, ngy1 - nKkl)
(wk,skwk) :SVd(M,l)
Y=Y X1 wg
Y = reshape(Y, [nk+1,-.-,nK])

end for

w _ _YX1WK-1

UK T VX w12

: sv:Ax1w1 Xowa -+ XK WK

Algorithm 1: ApproxSpectralNorm(.A)

—
QO ADIN AN

[
=

1: Input: X € R"1 X2 X"K with observed indexes {2, Regularization parameter .
Initial WO, Maximum iterations 7', Reshaping dimensions (D1, D2,..., Dys)

2: Output: WT

3:t=0

4: repeat

5: t=t+1

6. —

7

8

fwWh) = 3120V — 2(X)|1%
Wi, ..., WK, SV = ApproxSpectralNorrn(H<Dl7“.’DM)(VWfW(Wt)))

. Wéescent = —Aw1 Qws, - @ Wi
9: if linesearch == True then
10: Using an appropriate line search method (e.g.Yuan et al (2016))
11: else
. t+1 _ ypt 2 7T t
12: witl = wit H_2H(D1,...,D]\4)(Wdescant)

13: end if

14: until ¢t =T
Algorithm 2: A Frank-Wolfe optimization method for a regularization
with a reshaped tensor norm
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1: Input: X € R"1 X2 X"K with observed indexes {2, Regularization parameter .
Initial WO, Maximum iterations T, G Reshaping sets (D1, ... D(®)) with
Do) = (D§9>,,.,,D§g;)g), g=1,...,G
2: Output: WT
3:t=0
4: repeat
5: t=t+1
6: fwWh) = 3120 — X1}
7 forg=1,...,G do
8

Wiy .o, W, , SV = ApproxSpectralNorm(H(D(g> R0 )(VWfW(Wt)))
1o Darg
9: sv_array(g) = sv
10: end for
11: i = argmax;(sv-array)
12 wi,...,wn;,, sv = ApproxSpectralNorm (I, _ ;) @ (Vw i wWwh))
i (D{",...p{))
13: Wéescent = _AH(TDY),_“’D%Z)(WI ®w, - ® ’ll)]\/[i)
14: if linesearch == True then
15: Using an appropriate line search method (e.g.Yuan et al (2016))
16: else
17: WL = W+ 25 Wi eeent)
18: end if

19: untilt =T
Algorithm 3: A Frank-Wolfe optimization method for a regularization
with the reshaped latent tensor nuclear norm

Next, we give an algorithm to solve the completion model regularized by the reshaped
latent tensor nuclear norm. The Frank-Wolfe optimization method has also been applied to
efficiently solve learning models regularized by the latent trace norms (Guo et al. 2017).
We follow their approach to design Frank-Wolfe method for the reshaped latent tensor
nuclear norm and Algorithm 3 shows the steps for optimization. From Lemma 1, we know
that we need to find the reshaping with the largest spectral norm each 7 step to update the
Frank-Wolfe procedure. This is shown in the lines 7-11 in the Algorithm 3.

6 Experiments

In this section, we give simulation and real-data experiments.

6.1 Simulation experiments

We created simulation experiments for tensor completion using tensors with some fixed
multilinear rank and CP rank. We create a K-mode tensor with the multilinear rank of
(ry, -, rg) by generating a tensor 7 € R using the Tucker decomposition (Kolda
and Bader 2009) as 7= C X, U, X, U, X3 +++ Xg Uy, where C € R« is a core tensor
whose elements are sampled from a normal distribution specifying the multilinear rank
(rys+++,rg) and U, € R, k=1,...,K are orthogonal component matrices. We create
a tensor with the CP rank of r using the CP decomposition (Kolda and Bader 2009) as
T=Y_, city; @y ® - Quy; where u,, €R™, k=1,...,K, i=1,...,r are sampled
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from a normal distribution and normalized such that ||uki||§ = land ¢; € R*. From the total
number of elements in the generated tensors, we randomly selected 10, 40, and 70 percent-
ages as training sets, and from the remaining we selected 10 percent of elements as valida-
tion set, and the rest were taken as test data. We conducted 3 simulations for each randomly
generated tensor.

For all simulation experiments, we tested completion using our proposed completion
models (3) with the reshaped tensor nuclear norm (abbreviated as RTNN) and (4) with the
reshaped latent tensor nuclear norm (abbreviated as RLTNN). Additionally, we performed
completion using the tensor nuclear norm (abbreviated as TNN) without reshaping and
the square norm (abbreviated as SN). As further baseline methods, we used tensor com-
pletion with regularization using the overlapped trace norm (abbreviated as OTN), scaled
latent trace norm (abbreviated as SLTN), and the Schatten TT norm (Imaizumi et al. 2017)
(abbreviated as STTN). As the performance measure of completion, we calculated the
mean squared error (MSE) on the validation data and test data. For all completion models,
we performed cross-validation of regularization parameters in power of 2*, with x ranging
from —5 to 15 with intervals of 0.25.

For our first simulation experiment, we created a 4-way tensors 7, € R™">"2X">" with
n, =n, = 10,n; = ny, = 40 with a multilinear rank of (r,,7,,73,7,) = (9,9, 3,3). From Mu
et al. (2014) we can reshape 7, by using a reshaping set of (D, D,) = ((n;, n3), (ny, ny))
such that it creates a square matrix for the square norm. From Theorem 1, we see that the
rank components in the Rademacher complexity for the nuclear norm and the square norm
are Hf:l re/(max,_; 4r;) =243 and Hf=1 re/(max,_; , HieD/ r;) = 27, respectively. Fur-
ther, Theorem 1 shows that the mode based components for the nuclear norm and the
square norm are log(4 - 4)(22:1 \/n_k) ~ 53 and log(4 - 2)(1/n ns + M) ~ 83, respec-
tively. This leads to a lower generalization bound for the nuclear norm compared to the
square norm justifying its better performance as shown in the Fig. 1a. However, Theorem 1
indicates that the lowest generalization bound is obtained by using the reshaping set
(D), D), D)) = ((ny,n,), n3, ny), which combines the high ranked modes (mode 1 and mode
2) together resulting in a rank based component of H]I;l re/max,_; 55 [];e D r)=9anda

mode based component of log(4 - 3)(4/n n, + /n3 + 1/ny) =~ 56. Figure la agrees with
our theoretical analysis showing that our proposed reshaped tensor nuclear norm obtains

x10°

0.07 1 —RTNN
5l RLTNN

0.03

0.02

0.01

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
Fraction of training samples Fraction of training samples

(a) Multilinear rank (99, 3, 3) (b) CP rank 3

Fig. 1 Performances of completion of the tensors (a) Tensor 7; € R!®*1040x40 with a multilinear rank
9,9, 3, 3) and (b) tensor 7, € R10x10x10x10x10 yith 5 CP rank 3
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the best performance compared to other norms. For the reshaped latent tensor nuclear
norm, we combined the two reshaping sets ((n,, n,, n3, ny), (n, n,), n3,ny)). Applying The-
orem 2, we see that this reshaping set combination leads to a lower Rademacher complex-
ity. However, this combination only gave a comparable performance compared to the
reshaped tensor nuclear norm.

As our second simulation, we created a 5-mode tensor 7, € R™*™"XX"s where
ny=n,=..=ns=10 with a CP rank of 3. From Theorem 1, we know that we
can only consider the mode based component of the Rademacher complexity to
obtain a lower generalization bound. For the square norm we can use a reshaping set
such as (D,,D,) = ((n,n,),(n3,n4,ns)), which results in the mode based compo-
nent as log(4 - 2)(@ + \/W) ~ 86. The tensor nuclear norm leads to a mode
based component of log(4 - 5)(22=1 \/n_k) ~ 47. As an alternative reshaping method,
we propose to combine any two modes together to create a reshaping set such as
D' ,D’Z,D;) = (ny, ny, n3, (ny, ns)) for the reshaped tensor nuclear norm, which lead to a
mode based component of log(4 - 4)( \/n_l + \/n_z + \/n_g + M) ~ 54. Comparing the
Rademacher complexities using the mode based components we see that the lowest gen-
eralization bound is given by the tensor nuclear norm. Figure 1b shows that our theoreti-
cal observation is accurate since the tensor nuclear norm gives the best performance com-
pared to other two reshaped norms. For the reshaped latent tensor nuclear norm we used
all the 10 combinations of two modes combinations, which resulted in reshaping sets of
D = (((ny, ny), n3, ny, ns), (ny, (ny, n3), Ry, Rs), ..., (1], Ny, N3, (ny, n5))). Figure 1b shows that
the reshaped latent tensor nuclear norm has outperformed the tensor nuclear norm.

The next simulation focuses on a different multilinear rank for the 4-way tensor
T; € RM¥XX% with ny = n, = 10, ny = n, = 40. Figure 2a shows the simulation experi-
ment with multilinear rank of (3, 3, 35, 35). Again based on Mu et al. (2014) we can
reshape 7; by using a reshaping set of (Dy,D,) = ((n,n;),(n,,ny)) or
(Dy,D,) = ((n;,ny), (n,y,n5)) to create a square matrix to use with the square norm. From
Theorem 1 we can observe that the square norm will result in a rank based component of
HkK:] re/(max;_; HIED/_ r)=105 and a mode based component  of
log(4 - 2)(y/nyny + \/nyn,) ~ 63. However, if we combine the high ranked modes 3 and 4
together to create the reshaping set (D', D', D)) = (n;,n,, (n,n,)) for the reshaped tensor
nuclear norm, then the rank based component will decrease to

0.3r 0.02
—RTNN —RTNN
025} _._%LNN
0.015 I
0.2r
7] 7]
2 0.15 0.01
0.1F
0.005
0.05
0 : . - . 0 : : : :
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
Fraction of training samples Fraction of training samples
(a) Multilinear rank (3,3, 35, 35) (b) CP rank 243

Fig.2 Performances of completion of the tensors (a) Tensor 7; € R!*1040x40 with a multilinear rank
(3, 3, 35, 35) and (b) tensor 7; € RI0X10x10x10x10 with 3 CP rank 243
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HkK | Fe/ (max;_y 5 HZGD/ r;)=9 and mode based component will decrease to

log(4 - 2)(\/_ \/_ + M) ~ 55. Furthermore, the tensor nuclear norm leads to a rank
based component of H gt Te/(max;_;  47;) =315 and mode based component of
log(4 - 4)(Zk | \/_ n,) = 53 resulting in a larger generalization bound compared to the pro-
posed reshaped set (D}, D}, D) = (n;, n, (n3,n,)). This analysis is also confirmed with the
experimental results as shown in Fig. 2a where the reshaped tensor nuclear norm gives the
best performance. Using the Theorem 2, we find that if we use reshaping sets
((ny,ny,n5,n4),((ny,ny),n5,n,)) for the reshaped latent tensor nuclear norm, the
Rademacher complexity will be bounded by the smaller rank based component from the
reshaping set (n;,n,,n;,n,) and the mode based component from the reshaping
set ((n,,n,), ny, n,). However, the reshaped latent tensor nuclear norm was not able to per-
form better than the tensor nuclear norm or the proposed reshaped norm with
(D}, D}, D)) = (ny, ny, (n3,ny)).

The final simulation result shown in Fig. 2b is for a tensor 7, € RI10X10x10xI0x10 i 5
CP rank of 243. For this experiment, we used the same reshaping strategies as in the previ-
ous experiment with CP rank. We see that when the fraction of training samples is less than
40 percent the tensor nuclear norm has given the best performance. When the fraction of
the training samples increases beyond 40 percent the reshaped latent tensor nuclear norm
has outperformed the tensor nuclear norm.

6.2 Multi-view video completion

We performed completion on multi-view video data using the EPFL data set: Multi-camera
Pedestrian Videos data (Berclaz et al. 2011). Videos in this data set capture sequentially
entering a room and walking around of four people from 4 views using 4 synchronized
cameras. We down-sampled each video frame to a height of 96 and width of 120 to obtain
a frame as a RGB-color image with dimensions of 96 X 120 x 3. We sequentially selected
391 frames from each video. Combining all the video frames from all views resulted in a
tensor of dimensions of 96 X 120 X 3 X 391 x 4 (height X width X color X frames X views).

To evaluate completion, we randomly removed entries from the multi-view ten-
sor and performed completion using the remaining elements. We randomly selected
percentages of 2, 4, 8, 16, 32, and 64 of the total number of elements in the tensor as
training elements. As our validation set we selected 10 percent of the total number
of elements. The rest of the remaining elements were taken as the test set. To create a
square norm, we considered the reshaping set ((height,width),(color,frames,views)).
For the reshaped tensor nuclear norm, we experimentally found that the reshaping set
((height,views),(width,color),(frames)) gives the best performance. To create the reshap-
ing set for the reshaped tensor nuclear norm we combined the reshaping sets of the square
norm and the reshaped tensor nuclear norm with the unreshaped original tensor. The result-
ing set was D = ((height,width,color,frames,views), ((height,width), (color,frames,views)),
((height,views),(width,color),(frames))). We cross-validated all the completion models
with regularization parameters out of 10~", 10=%7>, 10703, ..., 107.

Figure 3 shows that when the training set is small (or the reshaped tensor nuclear norm
is sparse) the reshaped tensor nuclear norm and the tensor nuclear norm have given good
performance compared to the square norm. When the percentage of observed elements
increases more than 16 percent, the square norm outperforms the other norms. However,
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Fig.3 Tensor completion of the 55

multi-video tensor
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the reshaped latent tensor nuclear norm has shown to be adaptive to all fractions of training
samples and has given the overall best performance.

7 Conclusions

In this paper, we generalize tensor reshaping for low-rank tensor regularization and
introduce the reshaped tensor nuclear norm and the reshaped latent tensor nuclear norm.
We propose tensor completion models that are regularized by the proposed norm. Using
generalization bound analysis of the proposed completion models we show that the
proposed norms lead to smaller Rademacher complexity bounds compared to exiting
norms. Further, using our theoretical analysis we discuss optimal conditions to create
reshaped tensor nuclear norms. Simulation and real-data experiments confirm our theo-
retical analysis.

Our research opens up several future research directions. The most important
research should be focused on developing theoretical guaranteed methods for optimi-
zation of completion models regularized by the the proposed tensor nuclear norms.
Though the approximation methods we have adopted for computing the tensor spectral
norm to be used with the Frank-Wolfe from Yang et al. (2015) provide performances
that agrees with our generalization bounds we do not know its approximation error. We
believe that future theoretical investigations are needed to understand qualitative prop-
erties of the proposed optimization procedures. Furthermore, optimization methods for
nuclear norms that can scale for large-scale higher order tensors would be an important
future research direction. Another important research direction is to further explore the
theoretical foundation of tensor completion using the reshaped tensor nuclear norm. In
this regard, recovery bounds (Yuan and Zhang 2016) would provide us with stronger
bounds on sample complexities for the proposed method.
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MEXT Kakenhi [Grant Number 19H04169] and AIPSE by Academy of Finland.

@ Springer



522 Machine Learning (2021) 110:507-531

Appendix
Dual norms of reshaped tensor nuclear norms

In this section, we discuss the dual norm of the proposed reshaped tensor nuclear norm.
The dual norm is useful in developing optimization procedures and proving theoretical
bounds.

The dual norm of the tensor nuclear norm (Yang et al. 2015; Yuan and Zhang 2016)
for a K-mode tensor 7 € R™**« is given by

110, = Iy ”3 11< K< V1 ® Y, ® - ® yg)- (6)

This definition applies to all tensor nuclear norms including the reshaped norms.

The next lemma provides the dual norm for the reshaped latent tensor nuclear norm.

Lemma 1 The dual norm of the reshaped latent tensor nuclear norm for a tensor
W € R"X*% for a collection of G reshaping sets D; = (DY, ..., D®)is

”W”r_latent(DL)* = mgx ”W(D(g))“op'

Proof Using the standard formulation of the dual norm, we write the dual norm for
”W”r_latem(DL)* as

G
. k
||W||r_]atem<DLy=sup<22c<">,w> st inf 2||25(3<k))||*_ (7)

G _
k=1 +&C

The solution to (7) resides on the simplex of infya,.., yo_y Zszl IIXEI;M)II* < 1 and one

of the edges of the simplex is a solution. Then, we can take any g € 1,...,G such that
A® = X and all X**® = 0, and arrange (7) as

Ml senpyy = slup(}(»cm)),wmw)) St 1 Xl < 1,
g€el,...,

which results in the following

”W”rflatent(DL)* = génl,aXG ”W(Dm))”op

Proofs of theoretical analysis

In this section, we provide proofs of the theoretical analysis in Sect. 4.

First, we prove following useful lemmas. These lemmas bound the tensor nuclear
norm and the reshaped tensor nuclear norms with respect to the multilinear rank of a
tensor.
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Lemma 2 Let X € R"*"*" be a random K-mode tensor with a multilinear rank of
(rys ..., rg). Letr,, be the CP rank of X,then

1, = { Zy,w Zyjul, ® ity ® @ g llugill? = 1.7, > v > 0}
Jj=1 Jj=1
K
.
< Hk=1 k

71

max;_ xT;

where y; is the ith singular value of X.

Proof Let us consider the Tucker decomposition of X as

o

x= ZZ Z i JK1(11)® <2)® ® ’

Ji=1jp=1 Jxk=1

where C € R"™*"¥’k is the core tensor andbtéi) e R, ||uil.)||2 =1li=1..,r,j=1..,K
are component vectors.

Following Chapter 8 of Hackbusch (2012), we can express the above Tucker decompo-
sition as

=33 (36 ) o0

Jxk=1 Nj=1
N e’

D[y, jx1ERM

®)

where we have taken summation over the multiplications of core tensor elements and com-
ponent vectors of the mode 1. It is easy to see that we can also consider the summation

over component vectors of any other mode in a similar manner.
D[y

By considering @0, .. i) = Vlias oo i where
Ylas o sji] = 18Py, ... .jk]ll,, the above arrangement leads to a CP decomposition
. HK Ty
with a rank of r,,, = A=l
max;—; k7

By arranging y[j,, ... ,jx] in descending order along component vectors &V[j,, ..., jx]
and renaming them as y; > y, > ... and uy;, respectively, we obtain

||X||*={Zy,|x Zy,u1j®u2, - ® g, llugl12 = ,y,-zy,-+1>0},

J=1

(k)

where w; € [uy . ui’z)] are component vectors from (8) foreachk =2, ..., K.

Then we arrive at the final bound of

Il X1l

» -
{ DX =Dy @ gy @ ugg, llugll3 = 1,7, 2 741 > O}
=

J=1

K
Hk:1 T

max,_; g7
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Lemma 3 Let X € R™*" be a random K-mode tensor with multilinear rank of
(rys ... rg). We consider a set of M reshaping modes D;, i =1, ...,M. Let r, be the CP
rank of X, then

Tep Tep

1%p,....pplls = { DXy pyy = D it ® gy @ty
= =

K
Hk=1 Tk

71
j=1,....M HieD, Ti

gl = 17, > 7 > o} <

where y; is the ith singular value of X, . p .

Proof Let us consider the Tucker decomposition of X’ as

.o n g

Y= 2 2 X Gt @] @ @0,

Ji=1j>=1 Jk=1

where C € R"**'« ig the core tensor and u’l e R, ||u£||2 =1li=1..,r,j=1..,K
are component vectors. We rearrange the Tucker decomposition for the reshaped tensor
X, as

(D). Dyy)

— (a) (b)
Xo,...0,) = Z ( Z < Z le,.,,iKHDl(uju Qu; )>

77 " A=)
Jyidyye €Dy X1 ey Jadn-- €Dy
a’ b g Y

“
i [D),. “,D;/I]GRPHM(DI)
@) & @)
® Ip, (" @ u,” ) ) @ -+,
a ‘]b

o where y[D),....D),1= |li[D, ..., D1l

&1 DD}, 112
We can consider the above summation over any reshaping set and it is easy to see that the
K

k=1 "k

with @,[D}, .., D1 = yID}, .., Dj,]

arrangement takes a CP decomposition with a CP rank of r,,, =

By arranging y[D,, ..., D,,] in descending order order along with component vectors
#[D,, ...,D,,] and renaming them as y, > y, > ...and uy;, respectively, we obtain

Tep Tep
— — 2 _
1Xp,..oylls = { VX, oy = D Vit ® oy -+ @ty g3 = 1,7, > 1,4y > 0},

J=1 J=1

’ / ! /
where u;; € [I'[Dk(u(l“) ® u(lb) R T HDA(MSJ) ® u(rl,’) ---)] are components for each
a b

k=2,...,Mandd.b,... € D,.
Using the above results we arrive at the following bound
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Tep

Ty
1Xp,....00 = { Z YilXop,...p,) = Z Yilty; @ Uy -+ @ Uy,
=1 =1

j=
K
Hk=1 T

Y1»
=1,...M HieDj T

||”kj||§ =Ly 2y > 0} <

|

Lemma 4 Let X € R"**" be a random K-mode tensor with CP rank of r,,,. We con-
sider a set of M reshaping sets D;, i =1, ... ,M. Then

,,,,, DM)“* S rcpyl’

where y; is the ith singular value of X, p

Proof Let us consider X as

Tep

X= Z Vit ® Uy -+ @ g,

J=1
with ||u,(j||% = 1,y; 2 ;41 > 0. For the reshaping set (Dy, ..., D)), we rearrange X as

Tep

‘X’(DI""’DM) = Z yj(oile[)luilj) ® (oiZEDzuiz/ " (OiMEDMuiMf ’
J=1

where aob = [a,b, azb,...,anb]T is the Khatri-Rao product (Kolda and Bader 2009).
It is easy to verify that vec((aob) ® (cod)) = vec(a ® b ® ¢ ® d), which indicates that

vec(X) = vec(X(D] """ DM))'
Using the fact that Rank(a ® b) < Rank(a)Rank(b) from Kolda and Bader (2009), we
have

Rank(X(D] Dm) < Rank(&) = Fepe

.....

This lead to the final observation
”X(DI,...,DM)”* Syt

|

In order to prove Rademacher complexities in Theorems 1 and 2, we use the follow-
ing lemma form Raskutti et al. (2015).

Lemma 5 (Raskutti et al. 2015) Consider a K-mode tensor X € R"*"*"« with random
samples from an i.i.d. Gaussian tensor ensemble. Then

K
EllXllyp < 410g4K) Y 1/
k=1

Given a tensor X € R™* ¥« with Gaussian entries, we can write
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EX=E ) X, e ®c ®Qc.

[ IR PN

where ¢; is the vector with 1 at the kth element and rest of the elements are zero. Due to
each & ; . being a Gaussian entry, we have

EX = [E [E Z zl sigseens zK

iy,

Xy lei, ® e, ® - ® e,

wheree; ; ;€ {—1,1}. Using the Jensen’s inequality, we have

[E [E Z 1112

'1 iz .k‘leil ® eiz Q- eiK

[ IR PN
> E, 2 iy, ikEgl/Yil,iz,m,iKleil e, @ e
iy sy
27k, Z €y €, D€, @ gy
A

This shows that we can use the Lemma 3 to bound tensors with Bernoulli random variables
Next we give the detailed proof of Theorem 1.

Proof of Theorem 1 We expand the Rademacher complexity in (5) as

1
Rg(loW) = W[E" sttelgv'z D ikl(‘)(il,...,i,(’Wil,...,ik)]’
I)yeensly
where 2.

iy = 0jWhen (i, ..., i) €Sand %, ; =0, otherwise.

,,,,,,,,,,

< E[E ,i)lélgv”W(Dl*'“’DM)H*HZ(DI““’DM)H**’(Duality relationship)

(a) Given that tensor has a multilinear rank of (r, ..., rx), using the Lemma 3 we know
that

K
W < H"—l L W
IWo,..oplls < Tl nWo,....n,)- (10)
i€

Using Lemma 5 we can bound E

"""" D)” <410g(4M)Z / 11

By substituting (10) and (11) to (9), we obtain the following bound
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K M
cA Hk:1 T
RsloW) < IS <maxj=l,.4.,M [Liep, 7: >h Wep,...00) o8 EM) Z H T (12)

(b) Given that a tensor has a CP rank of 7,

”W(Dl DM)”*— cp7’1(VV<Dl ,,,,, D))

M
o, = 4‘°g(4M)j§ \/oih,

By substituting (13) and (14) to (9), we obtain the desired bound

From Lemma 5, we have

Ry(loW) < |C?A|

Next, we give the proof for Theorem 2.

J=1

using the Lemma 4 we have

ro W) log(M) Z I

Jj=1 PED;

peb;

13)

(14)

15)

Proof of Theorem 2 We expand the Rademacher complexity in (5) using latent tensors

W WO for the reshaped latent tensor nuclear norm as

Rs(lo(WV + - + WD) = |S|[E |: sup i

. Ipyenes i
WOt WO, Sl

where Zi, i =0; when (i;, ...,ig) € Sand Z,

i1y = 0, otherwise.
We analyze the Rademacher complexity as

Rg(lo(W® + - + WD) = L[E" v
|S| WO WO WeW, 10K

< A[Er, sup S ixWa ik (Rademacher contraction)
IS [ ssw@=iew, ik
A . N
< gt sup IVl tatent IZlle_tateni ~ (Duality relationship).
S| WD WO =WeW,
(16)
(a) For a tensor with multilinear rank, using Lemma 4 we obtain
IVl e =0 Z Ve ol
a7

< min < Hk L >71 (VV(Dm

G
8€G \max;_; H,eD(“ 2

Using Lemma 1 we can bound E, [|Z||, jyen+ as
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Mﬁ'
E, 121, jaenes = max |[WE < 4maxlog(4M,) I n, (18)
raten 2€G (D(l’” ..... DY ) N ¢eG 8 ; pEDj(.”) P
By substituting (17) and (18) to (16), we obtain the following bound
HkK—1 T
R(lo < — m n — we
s(lon) S| g€G <maX =1, M HieD(.’“ "i)yl( D, Dﬁ;))
M,
max 10g(4M ) Z H
=1 pED(g)
(b) For tensor with CP rank, using Lemma 4 we obtain
G
. 8)
”W”r_latent V\/‘{@ Z ” (D(“ """ D(g))”* S mmr pyl (VVED(]g)w-aD;Z)> . (19)

By substituting (19) and (18) to (16), we obtain the following bound

MK
8)
Ry(loW) < £ mlnrcpyl(VV( , )I;leaGXlOg(4Mg)z II »

(A) (©)
D D
( Mg) =1\ pep®
i

a

Finally, we derive the Rademacher complexity for the tensor completion model regular-
ized by the Schatten TT norm.

Theorem 3 Consider a K-mode tensor W& R™> > with a multilinear rank of
(r1s ..., rg). Let us consider the hypothesis class Wrr = {WI|| 7|,y < t}. Then Rademacher
complexity is bounded as

war= 225w ({17 1 (T

Jj=k+1

(20)

where ||W||g < By and ¢’ is a constant.

Proof For this case we consider the hypothesis class Wiy for the Rademacher complexity
follows as

Rg(loWV) = ﬁ[Eo’[ sup Z , Zil,“.,ikl(Xil,m,iK’Wil,.“,i,()]a

Wir€W olk

where X; . =o;when(i,...,ix) €SandZ; ; =0, otherwise.
Now we analyze the Rademacher complex1ty for the hypothesis class Wyr. We have
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Rs(tow) = EIE [Wilwﬂl Z Zil"“’il(l(/’rilv“'*. ’Wil""'ik)] ’

< ﬁ[EUl sup Z W ik]’ (Rademacher contraction) (21)

[P PR FII
WeWr - ;
T f,...ig

A[E sup ||Wll,7IIZ|l;7+, (Duality relationship)
IS % wewy, ’ ’

where || - ||, 7 is the dual norm of || - || 7. The last step can be obtained by applying the
Holder’s inequality to the sum of trace norms in the Schatten TT norm.
Considering ||W|l, 7, we can expand it as

K-1 K-1 7
Wl = o= 210Dl = == 3 3 7,0,
k=1 k=1 i =1

where Qy 1 7— R"#*"« is a reshaping operator, and y; () and 7 are the i;th singular value
and the rank of the reshaped tensor by Q,, respectively. Using the Cauchy-Schwarz ine-
quality, we have

Zy QD) = —Z\/_BT,

ip=1

Ml < = > Vi
where || 7]z = B7. Using Lemmas 1 and 2, we can infer that

Wlr < o5 2mm<H\/7, H f)BT, 22)

Jj=k+1

Similar to the overlapped trace norm (Tomioka and Suzuki 2013), the Schatten TT norm
also sums nuclear norms of the the same tensor reshaped into different matrices. Hence,
we can extend the dual norm of the overlapped trace norm in Tomioka and Suzuki (2013)
to the Schatten TT norm. Using (Tomioka and Suzuki 2013), it is easy to the dual norm of
Schatten TT norm as

TR D Y (¢

Op'

T4 3K =3,
We want to bound
k-1
E|Zll, ;- =E_inf lo.(z®)] .
” ”s’T 2(1)+..1.r_'1.2(1():2 Zk:l Qk( op
and since we can take any of ® k = 1, ..., K to be equal to X, we have

ENZI, T*< mm ||Qk(2)||op.

.....

We apply Latata’s Theorem (Latata 2005; Shamir and Shalev-Shwartz 2014) to the reshap-
ing by the Q, operator and bound [E||Q,<(Z)||Op as
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K
[E”Qk():)“(,p <C ll;[k”i + jl;[k”j +1/ 0D |

and since /[0, (@] < v/[1k, n; < % (\/Hkk n; + \/H,I-(Zk n_,->, we have,

3C
El|Q:(®D)|,, < =+

This gives us the bounds for E||Z|| 7 as

ElIZl < (23)

By combining (22) and (23) to (21), we obtain
Rg(loW) < |S|(K D me( Ol (24)
a

References

Berclaz, J., Fleuret, F., Turetken, E., & Fua, P. (2011). Multiple object tracking using K-shortest paths opti-
mization. IEEE Transactions on Pattern Analysis and Machine Intelligence, 33, 1806—19.

Carroll, J. D., & Chang, J.-J. (1970). Analysis of individual differences in multidimensional scaling via an
n-way generalization of “eckart-young”decomposition. Psychometrika, 35(3), 283-319.

El-Yaniv, R., & Pechyony, D. (2007). Transductive rademacher complexity and its applications. Learning
Theory, 4539, 157-171.

Fazel, M., Hindi, H., & Boyd, S. P. (2001). A rank minimization heuristic with application to mini-
mum order system approximation. In Proceedings of the 2001 American Control Conference. (Cat.
No.01CH37148) (Vol. 6, pp. 4734-4739).

Guo, X., Yao, Q., & Kwok, J. T. (2017). Efficient sparse low-rank tensor completion using the frank-wolfe
algorithm. In Proceedings of the Thirty-First AAAI Conference on Artificial Intelligence, February
4-9, 2017, San Francisco, California, USA. (pp. 1948—1954).

Hackbusch, W. (2012). Tensor spaces and numerical tensor calculus. Berlin Heidelberg: Springer Series in
Computational Mathematics. Springer. ISBN 9783642280276.

Harshman, R. A. (1970). Foundations of the PARAFAC procedure: Models and conditions for an explana-
tory multimodal factor analysis. UCLA Working Papers in Phonetics, 16, 1-84.

Hillar, C. J., & Lim, L.-H. (2013). Most tensor problems are np-hard. Journal of ACM, 60(6), ISSN
0004-5411.

Hitchcock, F. L. (1927). The expression of a tensor or a polyadic as a sum of products. Journal of Math-
ematics and Physics, 6(1), 164—189.

Imaizumi, M., Maehara, T., & Hayashi, K. (2017). On tensor train rank minimization: Statistical efficiency
and scalable algorithm. In NIPS, pp. 3933-3942.

@ Springer



Machine Learning (2021) 110:507-531 531

Karatzoglou, A., Amatriain, X., Baltrunas, L., & Oliver, N. (2010). Multiverse recommendation: N-dimen-
sional tensor factorization for context-aware collaborative filtering. In RecSys (pp. 79-86). ACM.
Kolda, T. G., & Bader, B. W. (2009). Tensor decompositions and applications. SIAM Review, 51(3),
455-500.

Latata, R. (2005). Some estimates of norms of random matrices. Proceedings of the American Mathematical
Society, 133(5), 1273-1282.

Lim, L., & Comon, P. (2014). Blind multilinear identification. IEEE Transactions on Information Theory,
60(2), 1260-1280.

Liu, J., Musialski, P., Wonka, P., & Ye, J. (2009). Tensor completion for estimating missing values in visual
data. In ICCV (pp. 2114-2121).

Mu, C., Huang, B., Wright, J., & Goldfarb, D. (2014). Square deal: Lower bounds and improved relaxations
for tensor recovery. In ICML (pp. 73-81).

Oseledets, 1. V. (2011). Tensor-train decomposition. SIAM Journal on Scientific Computing, 33(5), 2295—
2317, ISSN 1064-8275.

Rai, P,, Hu, C., Harding, M., & Carin, L. (2015). Scalable probabilistic tensor factorization for binary and
count data. IJCAI'15, pp. 3770-3776. AAAI Press. ISBN 978-1-57735-738-4.

Raskutti, G., Chen, H., Yuan, M. (2015). Convex regularization for high-dimensional multi-response tensor
regression. CoRR, abs/1512.01215v2.

Shamir, O., & Shalev-Shwartz, S. (2014). Matrix completion with the trace norm: Learning, bounding, and
transducing. Journal of Machine Learning Research, 15, 3401-3423.

Song, Q., Ge, H., Caverlee, J., & Hu, X. (2017). Tensor completion algorithms in big data analytics. CoRR,
abs/1711.10105.

Tomioka, R., & Suzuki, T. (2013). Convex tensor decomposition via structured schatten norm regulariza-
tion. In NIPS.

Wimalawarne, K., Sugiyama, M., & Tomioka, R. (2014). Multitask learning meets tensor factorization:
Task imputation via convex optimization. In NIPS.

Yang, Y., Feng, Y., & Suykens, J. A. K. (2015). A rank-one tensor updating algorithm for tensor completion.
IEEE Signal Processing Letters, 22(10), 1633—1637. ISSN 1070-9908.

Yuan, M., & Zhang, C.-H. (2016). On tensor completion via nuclear norm minimization. Foundations of
Computational Mathematics, 16(4), 1031-1068.

Zheng, V. W,, Cao, B., Zheng, Y., Xie, X., & Yang, Q. (2010). Collaborative filtering meets mobile recom-
mendation: A user-centered approach. In AAAI, AAAT’ 10, pp. 236-241. AAAI Press.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Reshaped tensor nuclear norms for higher order tensor completion
	Abstract
	1 Introduction
	2 Review of low-rank tensor norms
	3 Proposed method: tensor reshaping and tensor nuclear norm
	3.1 Generalized tensor reshaping
	3.2 Reshaped tensor nuclear norm
	3.3 Reshaped latent nuclear norm
	3.4 Completion models

	4 Theory
	4.1 Optimal reshaping strategies

	5 Optimization procedures
	6 Experiments
	6.1 Simulation experiments
	6.2 Multi-view video completion

	7 Conclusions
	Acknowledgements 
	References




