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An elementary approach to Brownian local time based on
simple, symmetric random walks
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Abstract

In this paper we define Brownian local time as the almost sure limit of the local
times of a nested sequence of simple, symmetric random walks. The limit is jointly
continuous in (¢,z). The rate of convergence is n%(log n)% that is close to the best
possible. The tools we apply are almost exclusively from elementary probability theory.

1 Introduction

The present work is part of a bigger project that aims to rebuild stochastic calculus using
almost sure (strong) approximations by simple, symmetric random walks (RW’s), applying
tools almost exclusively from elementary probability theory. The most advanced tool one
needs for this project is a large deviation inequality. The underlying motivation is partly
didactic, partly the belief that this elementary approach may help in attacking some harder
problems. The prototype of such efforts was the construction of Brownian motion (BM =
Wiener process) as an almost sure limit of simple RW paths, given by Frank Knight in 1962
[6]. This lead him to a related construction of Brownian local time via the now celebrated
Ray-Knight theory in 1963 [7]. An important contribution to the theory of local time was
given by P&l Révész in 1981 [8] in which he showed that Brownian local time can be almost
surely approximated by the local time of a simple, symmetric RW with rate of convergence
nite. Further contributions and generalizations to this were given by Endre Cséki and P&l
Révész in 1983 [3], A.N. Borodin in 1989 [2], and several others. M. Csérgé and L. Horvath
in 1989 [4] gave a best possible strong approximation based on Skorohod embedding with
rate ni (logn)z (loglogn)i. This was generalized for a wide class of RW’s by R.F. Bass and
D. Khoshnevisan in 1993 [1].
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The level sets {t : W(t) = x, 0 < t < oo} of Brownian motion have zero Lebesgue
measure, hence it is not at all obvious that Brownian local time given by the classical
definition of P. Lévy

.1
L(t,x) = 21\1?% % Mse[0,8]: W(s) € (x—e,x+€)}, (1)

where A denotes Lebesgue measure, is a well-defined, non-vanishing process which has a
version jointly continuous in (¢,2). This fact was first shown by Trotter in 1958 [13]. In
this paper we define Brownian local time as the almost sure limit of the local times of a
nested sequence of simple, symmetric RW’s. This limit is automatically jointly continuous
n (t,z). The rate of convergence is ni (logn)? that is close to the best possible.

2 From random walks to Brownian motion

A main tool of the present paper is an elementary construction of BM. The specific con-
struction we are going to use in the sequel, taken from [I0], is based on a nested sequence
of simple, symmetric random walks that uniformly converges to the Wiener process on
bounded intervals with probability 1. This will be called “twist and shrink” construction or
RW construction in the sequel.

We summarize the major steps of the “twist and shrink” construction here. We start
with an infinite matrix of independent and identically distributed (i.i.d.) random variables
Xm(k), P{X,,(k)=+1} =1/2 (m > 0, k > 1), defined on the same underlying probability
space (92, F,P). Each row of this matrix is a basis of an approximation of the Wiener
process with a dyadic step size At = 272™ in time and a corresponding step size Az = 2~™
in space: S5, (0) =0, Sp(n) = >0, Xm(k) (n>1).

The second step of the construction is twisting. From the independent RW’s we want to
create dependent ones so that after shrinking temporal and spatial step sizes, each consec-
utive RW becomes a refinement of the previous one. Since the spatial unit will be halved
at each consecutive row, we define stopping times by T,,(0) = 0, and for k£ > 0,

T (k +1) = min{n : n > T (k), [Sm(n) — Sm(Tm (k)| =2} (m > 1)

These are the random time instants when a RW visits even integers, different from the
previous one. After shrinking the spatial unit by half, a suitable modification of this RW
will visit the same integers in the same order as the previous RW. We operate here on each
point w € ) of the sample space separately, i.e. we fix a sample path of each RW. We
define twisted RWs S,, recursively for k = 1,2, ... using S,,_1, starting with So(n) = So(n)
(n > 0) and S,,,(0) = 0 for any m > 0. With each fixed m we proceed for k = 0,1,2,...
successively, and for every n in the corresponding bridge, T),(k) < n < T, (k 4+ 1). Any
bridge is flipped if its sign differs from the desired:

% _ Xm(n) if Sm(Tm(k + 1)) - Sm(Tm(k)) = 2Xm—1(k + 1);
Xom(n) = { —Xm(n) otherwise,

and then S,,(n) = Spu(n — 1) + X,n(n). Then S,,(n) (n > 0) is still a simple symmetric
random walk [I0, Lemma 1]. The twisted RW’s have the desired refinement property:

St (Tms1(k)) =25, (k) (m >0,k >0).

The third step of the RW construction is shrinking. The sample paths of S, (n) (n >0)
can be extended to continuous functions by linear interpolation, this way one gets Sy, (t)



(t > 0) for real t. Then we define the mth approximating RW by

B (t) = 27™8,,(t2°™).
Then the refinement property takes the form
Bt (Tmﬂ(k)r?(“%“)) = B (k272™)  (m >0,k >0). 2)

Note that a refinement takes the same dyadic values in the same order as the previous
shrunken walk, but there is a time lag in general:

Tg1 (k)2720mF+D _ g9=2m £ ), (3)

Then we quote some important facts from [I0] about the above RW construction that
will be used in the sequel. These will be stated in somewhat stronger forms but can be read
easily from the proofs in the cited reference, cf. Lemmas 2-4 and Theorem 3 there.

Lemma 1. Suppose that X1, Xs,... is a sequence of i.i.d. random variables, E(X}) = 0,
Var(X) = 1, and their moment generating function is finite in a neighborhood of 0. Let
Sg=X1++ Xk, k>1. Then for any C > 1 and N > Ny(C) one has

P{ sup |Si| > (QCNlogN)%} < 2N'-€,
1<k<N

We mention that this basic fact, that appears in the above-mentioned reference [I0],
essentially depends on a large deviation theorem. Also, the lemma is valid even when N is
not an integer.

We have a more convenient result in a special case of Hoeffding’s inequality. Let
S1,52,..., 8N be arbitrary (finite or countable) sums of the type: S = > ap, Xp, with
P{X}, = +1} = %, 1 <k < N, where X, and X;s can be dependent when k # [. Then
we have the following analog of Lemma[I] cf. [T1] or [12]: for any C' > 1 and N > 1,

P{ sup |Sk| > (QClogN sup Var(Sk)) }SQNI_C. (4)
1<k<N 1<k<N

Lemma [I] easily implies that the time lags ([B]) are uniformly small if m or K are large
enough.

Lemma 2. For any C > 1, and for any K > 0 and m > 1 such that K2?™ > N{(C), we
have

2
P sup [Ty (k)2720mFD — g2=2m| > <§CKlog*K> mz27"m
0<k2—2m <K 2

< 2(K22m)1—c,
where log, x = max{1,logz}.

This lemma and the refinement property (2)) implies the uniform closeness of two ap-
proximations of BM if m or K are large enough. We give a proof of the next lemma since
its statement is somewhat stronger than the one of the corresponding Lemma 4 in [I0]; also,
we want to emphasize the similarities between this and lemmas about the local time below.



Lemma 3. For any C > 1, and for any K > 0 and m > 1 such that K2?™ > No(C), we
have

(a)

~ ~ 11 m
P { sup | Bga (k27°™) = Byu(k27>™)| 2 - CK ¥ (log, K)imirz}

0<k2-2m <K

S 6(K22m)170,

(b)

wf

~ ~ 1
P {sup sup |Bi;(t) — B (t)| > 27 CKJ (log, K)im32~ }
§>10<t<K
6

2m\1-C

)

where K, = max{1, K}.

Proof. (a) Using the abbreviation t; = k272", we have

Biyi(ty) = Bm(ts) = Byt (41@2*2(’”“)) — Bt (Tmﬂ(k)g*?(wrl))

271 (81 (4K) = Spnir (T (K))

Let D, = CK7(log, K)imi2~% . Then

- ~ 11
P{ sup Boa() = Bulti) = D}
0<t, <K 4

K227n
o 1.,
< P{Axm}+ Y P{ sup ’5m+1(3)—5m+1(4k‘) 252 DK,m},
k=1 }

{g:15—4k|<N’

where

A = { sup |Tot1(k) — 4k| > N/} , N'=|(24CmK log, K)%Qmj. (5)

’ 0<k2-2m<K

Here we can apply Lemma [2 to the first term and inequality (@) with N' and C” to the
terms in the summation above. The constant ¢’ > 1 is chosen so that the two terms be
of the same order: (N')'=¢" ~ N=C where N = K22, Then (N')}~¢ < (K22m)1-¢" =
(K22™)=¢ implies ¢’ = 2C + 1 < 3C. Since log N’ < mlog, C'log, K if K or m are large
enough and

sup Var (§m+1(j) - S’m+1(4k;)) =N,
{5:l5—4k|<N"}
it follows that (2C'N'log N’)% < %QmDKym.
As a result, we obtain that

_ ~ 11
P { s 1Bia(t) - Bult)] 2 Dic
0<tn <K

< 2(K22m)17C + 2K22m2(N/)1fC' < 6(K22m)170.



This proves (a).
1 3 3 m
(b) Let D, = CK) (log, K)im32=%. By (a),

i ~ 1n .
sup [Bpmt1(tk) — Bm(tr)| < IDK,W
0<tr <K

except for an event of probability not exceeding 6(/K22™)!~C. Consider an interval [ty, tj11].
Clearly, | By (tps1) — Bm(tr)| =27™ < 2_%D}(1m. On the other hand, B,,; makes 4 steps
of magnitude 2~™~! on this interval. Then the maximum deviation between Berl and Bm
at the instant ;1 (or at tr4 3 ) cannot exceed Dy m+%2_m+2_m_1 < (%+%2_%)D}7m.
At time tk+1 the deviation cannot be larger than 1D}(,m +27™~1 which is smaller than
the previous bound. Hence

5 - 11+3-272
P { sup |Bm+1(t> — Bm(t>| Z ;D?{m} S 6(K22m)1—0'
0<t<K 4 >

Using the fact that

Som+ )i <miat Y14 j)tet < Dontos
=0 =0

(the last inequality can be checked for example by MAPLE), we obtain that

65 11+3-273
P{s_up sup |Bunj(t) = Bu(t)| = = ﬁDK,m}
§>1 0<t<K

IN

> 11+3-272 _,
E P sup [Bimtj+1(t) — Bugj(t)| = — DPkmti
=0 0<t<K

6

2(m+j)\1-C __
6(K22(m+0)) =g

(K22m)170.

M

Il
o

J

Since % - M < 27, this proves (b).
|

It follows then that the above procedure gives a rather natural and nearly optimal (as
far as Skorohod embedding is concerned, see below) construction of BM.

Theorem 1. On any bounded interval the sequence (Bm) almost surely uniformly converges
as m — oo and the limit process is Brownian motion W. For any C > 1, and for any K > 0
and m > 1 such that K2>™ > No(C), we have

(K22m)1—C

: 6
P{ sup |W(t) — B(t)] > 27 CK 3 (log, K)%m%Q_?} <—
0<t<K 1-4

Now using the Borel-Cantelli lemma we get that for any fixed K > 0 there is a constant
cx = 28 Ki(log, K)# (taking C =1+ 7=, say) such that almost surely,

S

limsupm™12% sup [W(t) — Bm(t)] < ck- (6)
m— 00 0<t<K



Similarly, for any fixed m > 1 there is a constant ¢, = 55 m12=% such that almost surely,

limsup K~ 3 (log K)~% sup |[W(t) — B (t)| < cm. (7)
K—oc0 0<t<K

For, since K7 (log K)# and also for any w € Q, supg<i<x | W (t) — B, (t)| are non-decreasing
in K, it is enough to show that

limsupn~i(logn)~% sup |[W(t) — Bu(t)| < cm, (8)
n— o0 0<t<n+1

when n runs through integer values only. Since

(n+1)7(log(n + 1))

<l+e€
ni(logn)i

for any € > 0 if n is large enough, taking, say, C' =2+ 2% in Theorem [ the Borel-Cantelli
lemma shows (g]).

Next we are going to discuss the properties of another nested sequence of random walks,
obtained by Skorohod embedding. This sequence is not identical, though asymptotically
equivalent to the above RW construction, cf. [I0, Theorem 4]. Given a Wiener process W,
first we define the stopping times which yield the Skorohod embedded process B, (k272™)
into W. For every m > 0 let s,,(0) = 0 and

Sm(k+1)=1inf{s: s> s (k),|W(s) = W(sm(k)) =277} (k> 0). (9)
With these stopping times the embedded process by definition is
B (k272™) = W (s (k)  (m>0,k>0). (10)

This definition of B,, can be extended to any real ¢ > 0 by pathwise linear interpolation.
The next lemma describes some useful facts about the relationship between Bm and B,,.
These follow from [10, Lemmas 5,7 and Theorem 4], with some minor modifications.

In general, roughly saying, B,, is more useful when someone wants to generate stochastic
processes from scratch, while B, is more advantageous when someone needs a discrete
approximation of given processes, like in the case of stochastic integration.

Lemma 4. For any C > 1, and for any K > 0 and m > 1 such that K2*™ > N3(C) take
the following subset of the sample space:

A ={sup  sup 27T, .(k) — k272" < (42CK log, K)Zm32™"™ |
' n>m 0<k2-2m<K

where Ty (k) =Tpo0Ty—q10--- 0Ty (k) forn>m >0 and k > 0. Then

* c 2 my1—
P{(A%..)} < W(Kf )'e.

Moreover, lim,, o0 272" Ty, n(k) =t (k) exists almost surely and on A}‘(’m we have
B (k272™) = W(tm(k)) (0 < k272 < K),
cf. D). Further, on Ay, except for a zero probability subset, sm (k) = t,,(k) and

sup  |sm(k) — k272 < (42 CK log, K)?m?2™"™.
0<k2—2m <K



If the Wiener process is built by the RW construction described above using a sequence
(B, of nested RW’s and then one constructs the Skorohod embedded RW’s (B,,), it is
natural to ask about rate of convergence of the latter. The answer described by the next
theorem is that it is essentially the same as the one of (Bm), cf. Theorem [

Theorem 2. For any C > 1, and for any K > 0 and m > 1 such that K2*™ > max{N(C),
N3(C)} we have

1 3 3._m 8 ]
P{Oiup |W(t) — B (t)] > 27 CK{ (log, K)im72 z}gm(m? y1=c.
<t<K

This theorem and its proof are slight modifications of Theorem 1 in [12]. Kiefer [5]
showed that the best possible rate of convergence one can get with Skorohod embedding is

1

ni (logn)z (loglog n)i. Our rate of convergence ni (log n)%, n = K22 is close to this.

3 An elementary definition of Brownian local time

We define the local time of the random walk (S,, (k)2 at a point x € Z at time k € N =
{0,1,2,...} as £,,(0,2) = 0 and

U(kox) = #{j: 0 < j <k, Sm(j) =2} (k>1).

This is somewhat different from the more usual definition £,,(k,z) = #{j : 0 < j <
k,Sm(j) = x}, but the former fits better the construction of Brownian motion discussed
in this paper. The local time of the mth approximation B,, at a point z € 2-™Z at time
t € 272™mNy is defined as L, (t,z) = 274y, (t2%™,22™), corresponding to the fact that the
spatial step size of By, is 2~™. This is in complete agreement with @) replacing W by B,
there.

Finally, we define L,,(t,x) for arbitrary ¢ € R4 and 2 € R by linear interpolation,
making it into a continuous process:

t—1t
Lo(t,2) = Ln(tr,xj) + " (Lon(tor1, Tjs1) — Lot 2j41))
tra1 — g
Xr — X
+ 7J(£m(tka$]+1)_£m(tkax]))
Tj+1 — Xj
if x > Zj + 2m(t - tk),
t—1t
Lo(t,2) = Lon(ti,xj) + o (Lon(tr1, ) — Lon(th, 7))
b1 — g
Xr — X
+ ———L (Lon(trrr, j41) — Lon(tey1, 25))
Tj+1 — %j

if @ < @ +2™(t — tx), where ¢, = k272™ (k € Ny), x; = j2=™ (j € Z), and (t,z) €
[tks tht1) X [z, 2541]. Our aim is to define the local time L£(¢,z) of Brownian motion as the
limit of £y, (¢, ) as m — oo and to show that this limit is jointly continuous in (¢, ).

The local times at x = 0 are simply denoted by £,,(k), £,(k), and L, (t), respectively.
Then ¢, (k) =14 £,,(k — 1) for k > 1 integer.



One can define “one-sided”, up and down local times () (k,z) and ¢,,(k,z) (k € N,
x € Z) as well: ££(0,2) =0 and

(Ekyx) =#{j:0<j <k, Spn(i) =2, Sm(j+1)=x+1} (k>1).

Then ¢, (k,z) = £} (k,z) + £, (k,x). The definitions of £} (t,x) and L, (t,z) for t € Ry
and z € R can go in the same way as the definition of £,,(t, z) above.

It can be useful to introduce an even finer division of local time, introducing up-crossing
local time by

Grke)=#{j:1<j<k, Sn(i—1)=2—-1,Sm(j) =2, Su( +1) =z +1}
and up-bouncing local time by
Gtk 2) = #{j: 1< G <k, Sm(j =) =2 +1, Su(j) = 2, Sm(j +1) =2 +1},

where k > 2, x € Z. Then £} (k,z) = €57 (k,x)+£, 7 (k,z). The definitions of down-crossing
and down-bouncing local times ¢, (k,z) and £}~ (k,z) are similar.

As it is well-known, see e.g. [9, p. 95], the exact distribution of the local time l of a
simple, symmetric RW (S(k))32,, S(0) =0, is

P {i(2k) = j} =P {l(2k+1) = j} =272+ (Qkk_j) (j=0,....k).

Hence the usual argument for the De Moivre-Laplace limit theorem gives that uniformly
forany 0 < j < K = o(kg) one has

P {i(k)=j} ~ Jgexp (—;—k) (k — o0),

where ~ denotes “asymptotically equal”. Then for any sequence uy — 0o, up = o(k?s
obtain the following large deviation inequality for local times £(k, ), T (k,z), and £~
(x € Z):

if k is large enough, k& > k.
Both the statements and the proofs of the next lemmas about local times are very similar
to the ones about BM approximations B,,(t) in Lemma Bl

— Ol
> —

Lemma 5. For any C > 1, and for any K > 0 and m > 1 such that K2?™ > N4(C), we
have

P {Sup Sup | Lomi1(tr, x;) — Lon(tr, ;)| > 6 CK % (log, K)imZQ?}
JEZ 0<t, <K

S 12(K22m)1—0,
where ty = k272™ and x; = j27™.

Proof. We are making use of the fact that a RW of length N = K22™ typically cannot have
values or local times much larger than V/N. Let us introduce the abbreviations Dgm =



m
2

CKi(log, K)im12=%, M = (3CmK log, K)22™ (for the “maximum”), N” = v/3 M (for
the “maximal” local time), and K, = | K2?™|. Then using the triangle inequality
|€m+1(4ka 2.7) - 26771(]{/’) .7)|
< Ml (Tinga (k), 25) = 26 (ks 3)| + my1 (4F, 25) = b1 (T (K), 25
= Am+1(k;j>+Bm+1(kaj>a

we get that

P {sup sup  |Lomi1(tr, ) — Lo (tr, 25)| > 6DK7m}
JELZ 0<tp <K

< P{ sup  sup 27" Ml (4K, 25) — 20, (k, §)| > 6DK,m}

[JISM 0<tp <K

+ P{Sup sup |Em+1(tk,$;‘)Em(tkvxj)|26DK,m}

|5]>M 0<t, <K

IN

N//
S Py (K, j)=n; sup 2—m—1Am+1(k,j)23DK,m}
<M n=1 0=k Kom

Kum/2

+ > Y P{Em(Km,j):n; sup 2—’"—1Am+1(k,j)23DK,m}
1M N1 0<k<Kp

+ P{ sup  sup 2_’"_1Bm+1(k:,j) > SDKM}
jI<M 0<k<K,,

+ P{Sup sup |Em+1(tk,$;‘>Em(tkvxj)|26DK,m}

[7[>M 0<tp <K

=: p1+p2+p3+p4,

We are going to estimate p;1, p2, ps, and p4 one by one.

FEstimation of p;.

This is the essential part of the proof. Fixing m > 0, j € [-M,M], n > 1, and
given £y, (Kpm,j) = n, let 7o < 7 < --» < 7,1 < K, denote the random time instants

when the “twisted” RW S, (k) is at the point j in the interval [0, K.,): Sin(7) = j; then

Sm+1(Tm+1(1:)) = 25. We define 7,, = K,,, irrespective whether S,,(7,) = 0 or not. Then
we can write that

i1 (T4 1 (K 20) = D b1 (Tt 1(73),25) = Lo (T (7i1), 25)
=1

n
§ Yni-
=1

(The dependence of 7, ,; on m and j is suppressed in the notation.) Here each random
variable 7,,; (i = 1,...,n) is the number of time instants when S,,, (k) hits the point
27 in the interval [Ty, 41(7i=1), Trnt1(7:)). This is simply 1 plus the number of the +1, —1
or —1,+1 pairs of steps of S,,;1(k), starting from Ty, 41(r;_1). Any such sequence ends
with a pair +1,41 or —1, —1. Clearly, this means that (7, )i is a sequence of indepen-
dent, geometrically distributed random variables with parameter p = %; E(vn,:) = 2 and

Var(y,,:) = 2.



From the construction of S,, (k) discussed in Section 2 it is also clear that given
b (Kom, j) =n (n > 1),

Sup  [fs1 (Toss (), 29) — 20 (k)|
0<k<K.

= sup [lpmt1(Tm+1(7i),25) — 20p(73,7)| = sup Z%,i —2r|.
1<i<n 1<r<n |5

(Note that £, (K, j) = 0 implies €11 (Tmt1(Km), 25) = 0 as well.) Hence

N//
p1 < Z ZP{ sup Z%“—Qr >62" DKm}
=M =t 1<r<n |5
< (2M+1)N"P { sup % 23\/§2mDK,m}
1<r<N"

Here we are going to use Lemma [Il with N” and C”. The constant C” is chosen so that
the error probabilities p1, p2, ps, and ps be of the same order: (2M + 1)N”(N”)1*C” <
(2.5/V3)(N")3=C¢" ~ N'-C where N = K22 Then (N")3-¢" < (K22m)3-¢" =
(K22™)1=C implies C” = 2C + 1 < 3C. Since log N” < mlog, Clog, K if K or m are
large enough, it follows that (2C" N" log N”)% < 3v2 2" Dk m. Thus we obtain that

1< (B5/VB)(N")PCT < 3(K 22, (12)

if K22™ is large enough.
Estimation of po.
Here we are using inequality (II)):

Ky /2
pe <Y > P{ln(Knm,j) =n} < (2M +1)P{ly (K, 0) > N}
il <M n=N""+1
K 1
< (2M+1)P{L\/K_::)Z(90mlog*l()5}
< (2M +1)exp <§Cm10g* K)
< (E2)IC, (13)

if K22™ is large enough.

Estimation of ps.

Here Lemma[2 and inequality (1) will be used. Let Ak ,,, and N’ be the same as in ({]).
Then

ps < P{Agn}

K22m
b S P (el (4520) — b (T (), 2)] > 627D}
l7|1<M k=0
S 2(K22m)1—0

KQZTVL
+ >N P{ sup |£m+1(4k,2j)£m+1(i,2j)|262mDK7m}.

lil<M k=0 |i—4k| <N’

10



If ¢ > 4k, say, then
P {Em'i‘l(i) 2.7) - €m+1(4ka 2]) > U} < P {ﬂm-‘rl(l - 4ka 0) > U} )

for any u > 0. For, §m+1(0) =0, while §m+1(4k) can be different from 2j and after the first
visit 7 > 4k of S;,41 to the point 2j it starts from scratch by the strong Markov property
of a simple, symmetric RW. We get that

ps < 2(K22™)1=C L 2(2M + 1)K2*"P { sup  Lr1(i—4k) > 6 2mDK,m}
0<i—4k<N'

o, N’ 1 3 1
< ok e+ )E2R { I S 060 nlog, |
< 2K22™)1=C 4 2(2M + 1)K2*™ exp (—2—%(30)%m10g* K)
< 4(K2¥m)=C, (14)

if K22™ is large enough.
Estimation of py. ~ 5
Here we are going to apply inequality @) to Sp+1(4k) and Sy, (k):

po= P{ sw Bunll = 2 f P { s (Ba(n] > 2
0<t,<K 0<tp<K
= P{ sup  [Spp1(4k)) > 2M} + P{ sup  |S (k)| > M}
0<k<K, 0<k<K,,
> P{ sup | St (4k)] > (20K22<m+1> 10g(K22m))§}
0<k<Km,
+ P{ sup  |Sp (k)| > (2CK2%™ 1og(K22m))5}
0<k<Kp,
< A(K2Pm)C (15)

if K22™ is large enough.
Combining (I2), (I3), (), and ([I3), we get the statement of the lemma. O

Lemma 6. For any C > 1, and for any K > 0 and m > 1 such that K2?™ > N5(C), we
have

1 1 3 3__m
P {sup sup L)} (b, @) — =L (tr, ;)] = 6 CK % (log, K)%m%Q_T}
JEL 0<t <K 2

S 12([{22’1’?7,)176‘7
where ty, = k27 and x; = j27™. A similar statement holds for L, (tx,x;).

Proof. This proof goes similarly as the proof of the previous Lemma [ except for the
estimation of p;, where there are some differences. Hence this is the only point detailed in
the sequel. We only discuss the case of L}, .| as the case of £, is analogous.

Fixing m > 0, j € [-M,M], n > 1, and given £,,(K,,j) = n, let 9 <11 < -+ <
Tn—1 < K,, denote the random time instants when gm(n) = j in the interval [0, K,,); then

11



Sm+t1(Tm+1(1:)) = 2j. We define 7,, = K,,,. Then we can write that

Oy (T (K, 2j) = Z%H(Tmﬂ(ﬂ), 2j) — 0} 1 (Tnga (1i—1), 24)
=1
= Z(an,i + Xn,i)-

=1

(The dependence of a,; and X, ; on m and j is suppressed in the notation.) Here each
random variable oy, ; (¢ = 1,...,n) is the number of time instants k € [Th11(Ti—1), Tm+1(73))
when Syp1(k) = 27, Smy1(k+1) = 2j+1, and Sy,41(k+2) = 2j. This is simply the number
of the +1, —1 pairs of steps of §m+1(k) in the interval [Ty, 41 (7i-1), Tm+1(7:)). Any sequence
of +1, —1 or —1, 41 pairs ends with a pair +1,+1 or —1, —1. In the former case, X, ; = 1, in
the second case X, ; = 0. It follows that (cu, ;)P , is a sequence of independent, geometrically
distributed random variables with parameter p = 2; E(an;) = 1 and Var(o,;) = %
Further, (X, ;)i_, is a sequence of independent indicator variables with parameter p = 3;
E(X,;) = 1 and Var(X,,;) = 1. The two sequences are also independent.
It is also clear that given £,, (K, j) =n (n > 1),

Cmgr(k,j) = sup |65 (Tmga(k), 27) — b (K, )]
0<k<Knm

Z(an,i =+ Xn,z) —T.
i=1

= sup |05 1 (Tns1(13),25) = b (73, 4)| = sup
1<i<n 1<r<n

Hence in the same way as in the proof of Lemma [B]

N//
pro= Y S P {ln(Kd) = 27 O (k. §) > 3D }
5| <M n=1
N T
< Z ZP{ sup Z(anyiJan,i)fr 262mDK7m}
ljl<Mmn=1 (ISTSn]imy
< (@M +1)N"P{ sup Z(ai—i—X,m-—l) > 62" Dg.m
1<r<NY |
< 3(K22m)=C, (16)

if K22™ is large enough. This ends the proof of the lemma.
O

Lemma 7. For any C > 1, and for any K > 0 and m > 1 such that K2?™ > Ng(C), we
have

P {sup sup |[Lomtr(t, ) — Lon(t, )] > 79 CKé(log* K)ZmEQEL}
r>1 (t,2)€[0, K] xR

15

2m\1-C
S 1 74170 (K2 ) )

where K, = max{1, K}.
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Proof. STEP 1

By (k2720 +0) visits new points 25,1 = (j + §)27" = (2j + 1)27"7! (j € Z) that
were not visited by By, (k272™). Thus first we need to show an inequality for £, ;1 (tx, Tjp1 ),
similar to the one in Lemma

SE

P {sup Sup  [Lom41 (e, j41) — Lin(te, zj51)[ =9 CKi(log* K)%m%27
JEZ 0<t, <K 2
< 15(K2%m)1=¢, (17)
Since L (tk, %) is obtained by linear interpolation and
Em-ﬁ-l(Tm-i-l(k/’) 2j+ 1) = €m+1( m+1(k)a 2]) + £;+1(Tm+1(k)a 2j + 2)

(note that Sy, 1(Tmy1(k)) never equals 25 + 1), it follows that

[Lms1(ths @54 1) = Lo (b, T4 1)

= 27Nl (4K, 25 + 1) — L (ky §) — b (K, J + 1)

< 27 M1 (Tog1 (K), 27 + 1) = b (K, §) — Lin (K, j + 1)
+ 27 1 (4K, 25 4+ 1) — L1 (Tiga (B), 25 + 1)

< 27N L (Toga (K), 25) = L, )

+ 27l (T 1 (R), 25 + 2) = (K, § + 1))

+ 27 N1 (4K, 25 4 1) — L1 (Tgr (), 25 + 1)

=1 Fop(k,j) + Gug1(k, j) + Hig1 (K, 5).

From this point the proof of (7)) goes similarly as the proof of Lemma[f] except for the
estimation of p1, where there are some differences. Hence this is the only point detailed

here. By (I6),

N//
o= 3 YRt = s Funilb) 2 30
jl<M n=1 Ok=ton
N” {
C

+ Y > P

ma]
Em m;j + 1) n; sup Gerl(kvj) 2 3DK,m}
lil<M n=1

0<k<K,,
< 6(K2*™)!

if K22™ is large enough.
STEP 2 )
Let D ,, = CK/ (log, K)imi2=%. By Lemma [f]

sup sup |Lyp1(te, 5) — Lon(tr, 75)| < 6Dk s
JEZ Ot <K

except for an event of probability not exceeding 12(K22™)'=C. Also, by (1),

sup  sup [Los1(te, Tj41) = Lo (e, 24 1) < 9D
JEL 0ty <K

except for an event of probability not exceeding 15(K22™)1 ¢,

13



Consider an interval [ty, tg41]. Clearly, 0 < Lo, (try1, 25) — L (tr, xj) <277 < 2’%D§(’m.
On the other hand, Bm-‘,—l makes 4 steps on this interval. Thus 0 < £m+1(tk+1,xj) —
L1 (te, ;) < 2-27m71 =27m and 0 < £m+1(tk+1,xj+%) — £m+1(tk,xj+%) < 27™Mas
well. Since L,,(t,x) and L,,+1(t, ) are obtained by linear interpolation for real ¢ and =z, it
follows that

P { sup | Lmg1(t, ) — Lon(t,z)] > (9 + 2§)D}(7m} < 15(K22m)1=¢, (18)
(t,z)€[0,K]xR

From this point the proof is the same as the last part of the proof of Lemma[3(b), except
for the constant multipliers. Since % (9+2*%) < 79, this proves the statement of the lemma.
O

By the Borel-Cantelli lemma, the previous Lemma [ leads to an alternative definition of
the local time of Brownian motion W obtained in Theorem [I], via a sequence of continuous
local times of the approximations B,,.

Theorem 3. On any strip [0, K] X R the sequence (L, (t,x)) almost surely uniformly con-
verges as m — oo and the limit is a process L(t,x) jointly continuous in (t,x), the local
time of Brownian motion W (t). For any C > 1, and for any K > 0 and m > 1 such that
K22™ > Ng(C), we have

P sup |L(t,x) — L (t,2)| > 79 CK*i (log, K)imi2~%
(t,@)€[0, K] xR
15

2m\1-C
Sm(fﬂ )

Now using the Borel-Cantelli lemma we get that for any fixed K > 0 there is a constant
1 .
cx =80 K (log, K)3 (taking C =1+ %9, say) such that almost surely,

limsupm ™~ 12% sup |L(t, z) — Ln(t, 2)] < ck. (19)
m—oo (t,z)€[0,K]xR

Also, for any fixed m > 1 there is a constant ¢, = 159 mi2=% (taking C = 2 + %9, say)
such that almost surely,

limsup K 3(logK)™%  sup  |L(t,2) — Lon(t,2)| < Cm- (20)
K—oco (t,z)€[0,K] xR

This also follows by the Borel-Cantelli lemma, in a similar way as (7)) did.
One has similar convergence results for the one-sided local times as well.

Theorem 4. On any strip [0, K] x R the sequence (L (t,x)) almost surely uniformly con-
verges as m — oo to the one half of the Brownian local time L(t,x). For any C > 1, and
for any K >0 and m > 1 such that K2°>™ > N7(C), we have

1 1 m
P sup = L(t,x) — L} (t,z)| = 50 CK ! (log, K)imi2~%
(t,z)€[0,K]xR 2

30

2m\1-C
SW(KQ )

Similar statements hold for (L., ,(t,)) as well.
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Proof. STEP 1
First we need to show an inequality similar to ([I7) for points z; 1

1
P {sup sup ‘E;‘;Jrl(tk,xj_i_;)iﬁm(tk,xj_,_;)
JEZ 0<t, <K

< 15(K22™)1=C. (21)

> 9 CK(log, K)imZQT}

Our argument will follow a similar path to the ones in Lemmas@and [l Since Lo (tk, ;1)
is obtained by linear interpolation, it follows that

1
}‘C::H-l(tk’xjﬁr%) =5 Ltz y)

1
= 2024 D) = (b8 + bl + 1)

IN

e . 1 . ,
27 |6 T (9,23 1) = § (66 + bl + 1)

+ 27O (4K, 25+ 1) — £ (T (K), 27 + 1)

IN

e . 1 .
37 (T (02 1) = (8.5

+

et | — ) 1 )
2 ! Em—-il_-l(Tm-‘rl(k)an + 1) - 5 fm(ka] + 1)’
+ 27N 4k, 25+ 1) — £ (T (K), 25 + 1),

where we applied the notations for up-crossing and up-bouncing local times, introduced
above.
Here, analogously to the proof of Lemma [6] given ¢,,(K,,,j) = n, one has

n

g;il(Tm+1(Km)72] + 1) = ZXn,i;

i=1

where X, ; = 1 if a sequence of +1,—1 or —1, +1 pairs of steps of Spni1(k) in the interval
[Tr+1(Ti—1), Trm+1(7;)) ends with a pair +1,+1 and 0 otherwise; 7o < 71 < -+ < Tp—1 < K
are the random time instants when S,,(7;) = j in the interval [0, K,,) and 7, = K,,.
Then (X, ;)" is a sequence of independent indicator variables with parameter p = %;
E(X,,) = % and Var(X,, ;) = 1. Further, given (,,, (K, j) = n,

. 1 .
sup E;il(Terl(k), 2j+1)— B Km(k,j)‘ = sup
0<k<K, 1<r<n |

Similarly, given £, (K, j + 1) = n,
it (D1 (Kn), 25 + 1) =Y B,
i=1

where (3, ; is simply the number of the —1,+1 pairs of steps of S’m+1(/<:) in the interval
[Tn+1(Tic1), Tnt1(13)); 70 < 11 < -+ < Tp—1 < K, are the random time instants when

Sm(7;) = j+1in the interval [0, K,,,) and 7, = K. It follows that (8,)", is a sequence of
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independent, geometrically distributed random variables with parameter p = %; E(Bni) = %
and Var(8,;) = %. Moreover, given £,,(K,,,j + 1) = n,
a 1
S (5 1) ‘ .
i=1

From this point the proof of (2] is essentially the same as the proof of (7).

STEP 2

By Lemma [6] and formula (2IJ), using the same argument as in STEP 2 of Lemma [7], it
follows that

sup
0<k<Kpnm

1
b (Tsr (), 25 1) = 5 (k. + 1)‘ ~ sup

1<r<n

1
E;+1(t,x) -5 Lo (t,x)

P sup > (94272)D,, » <I5(K22™)1=C  (22)
(t,3)€[0,K]xR ’

Since |3 L(t,z) — L} 1 (t, )| < |3 L(t,2) — § L (t,2)| + |3 Lin(t,2) — L (t,2)], formula

@2) and Theorem [ give that
79
L(t,x) — L (tx)| > (; +9+ 25> D}m}

1
P sup —
(t,z)€[0,K]xR 2
15 2m\1-C
< (m + 15) (K2°™) .
This proves the theorem. O

We mention that similar convergence results can be shown for up- and down-crossing or
up- and down-bouncing local times as well.
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