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REFINEMENTS OF FEJER’S INEQUALITY FOR CONVEX
FUNCTIONS

K.-L. TSENG, SHIOW-RU HWANG, AND S.S. DRAGOMIR

ABSTRACT. In this paper, we establish some new refinements for the celebrated
Fejér’s and Hermite-Hadamard’s integral inequalities for convex functions.

1. INTRODUCTION

One of the most important integral inequalities with various applications for
generalised means, information measures, quadrature rules, etc., is the well known
Hermite-Hadamard inequality [1]

(1.1) f<a+b>§ . /abf(x)dng(aHf(b)

2 b—a 2 ’

where f : [a,b] — R is a convex function on the interval [a,b].
In order to refine and generalize this classical result for weighted integrals, we
define the following functions on [0, 1], namely

G<t)=;[f(m+(1—t)a;b)+f(tb+(1—t)“;b)};

1

b
H () = 7— f(t:c—l—(l—t)a;b)dm;

Hg(t):/abf<m+(1—t)“;rb>g(x)dx;

I(t)/ab; {f<t$;a+(lt)a—;b> +f<tx;b+(1t)a;b)]g(z)dx;
F(t):(b_la)z/ab/abf(tx+(1—t)y)dxdy;

K(t):/ab/abi[f(tx;a+(1—t)y;a>

T+a y+b z+b y+a
+f(t : +(1—t)2>+f(t —+(1-0 5 >

w1 (5 =050 g @0 ) dods
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- 1
2(b—a)

b
Lyt)=5 [ I (ta+ (1= 1)0) + f 0+ (1~ 0)2)] g (o)

Sg(t):zll/ab {f (ta+(1—t)$;a>+f<ta+(1—t)x;“b>
+f<tb+(1_t)$;a)+f(tb+(1—t)m—2|—b>}g(x)dx

b
/[f(ta+(1ft)x)+f(tb+(17t)x)]dx;

and

N(t)/ab; {f(taJr(lt)x;a>+f<tb+(1t)x;bﬂg(x)daﬂ.

where f : [a,b] — R is convex, g : [a,b] — [0,00) is integrable and symmetric to
atb
7

Remark 1. We note that H = Hy =1, F = K and L = L, = S, on [0,1] as
9(@) = 525 (x € la,b]).

For some results which generalize, improve, and extend the famous Hermite-
Hadamard integral inequality see [2] — [20].
In [8], Fejér established the following weighted generalization of (1.1).

Theorem A. Let f,g be defined as above. Then
b
(1.2) f(a+b)/ dx</ f@ dx<w/ g (@) da.

In [11], Tseng et al. established the following Fejér-type inequalities.

Theorem B. Let f,g be defined as above. Then we have

1(452) [ o@ae < LB EIED) /bg<x>dz

) e
<glr(450)+ TS0

f(a)—;ﬂb)/a (o) do.

(1.3)

IN

In [2], Dragomir improved the first part of the Hermite-Hadamard inequality by
considering the functions H, F as follows:

Theorem C. Let f, H be defined as above. Then H is convez, increasing on [0, 1],
and for all t € [0, 1], we have

b
vy () rosr0snw - [ @

Theorem D. Let f, F be defined as above. Then
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(1) F is conver on [0,1], symmetric about %, F is decreasing on [0,3] and
increasing on [%, 1] , and for all t € [0, 1],

b
sup F(t)=F(0)=F(1) = ! /f(:r)dx

e b_a
and
r0=r (3) g [ (52 e
(2) We have:
(1.5) f(a;€>§F(;>; H({)<F(), tel0,1].

In [11], Tseng et al. established the following Fejér-type inequality related to the
functions I, N, which is also the weighted generalization of Theorem C.

Theorem E. Let f,g,1, N be defined as above. Then I, N are convex, increasing
on [0,1], and for all t € [0,1], we have

f(“gb)/:g(@dz:uomut) < 1)

(m;a)+f(x+b”gwﬂw

=N(0) <N (t) <N (1)

a b
(1.6) :iugi@/g@Mm

In [7], Dragomir et al. established the following Hermite-Hadamard-type in-
equality related to the functions H, G, L.

Theorem F. Let f, H G, L be defined as above. Then G is convex, increasing on
[0,1], L is convez on [0,1], and for all t € [0, 1] we have

H#<GH<LE) < — M) 20

x)dxr +t-

) 1
- 2

In [12] — [13], Tseng et al. established the following theorem related to Fejér-type
inequalities concerning the functions G, Hy, Ly, I, Sy and which provides a weighted
generalizations of the inequality (1.7).

Theorem G ([12]). Let f,g,G,H,, Ly be defined as above. Then L, is convez,
increasing on [0,1], and for all t € [0,1], we have

b
10 <G [ 9@ <L,
b
1—t/f x)dx +t- M/g(w)dm

(1.8) < f(2)/a g (z)dx.

(1.7)
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Theorem H ([13]). Let f,g,G,I,S, be defined as above. Then S, is convez,
increasing on [0,1], and for all t € [0,1], we have

b
1) sa<t>/ g (2)dz < S, (1)

su—t)/ab; (550) 1 (55| s

b
+tf@;“még@w

(1.9) < f(a)—l_f(b)/bg(x) dzx.

- 2
Finally, we notice that in [5], Dragomir established the following Hermite-Hadamard-
type inequalities related to the functions H, F), L.
Theorem 1. Let F, H, L be defined as above. Then we have the inequality
(1.10) 0<F{#)—H@)<L(1-t)—-F(t)
for all t € ]0,1].

In this paper, we establish some Fejér-type and Hermite-Hadamard-type in-
equalities related to the functions H,F,L,H,, Ly, 1,5, K defined above. As an
important consequence we also obtain the weighted generalizations of Theorems D
and I.

2. MAIN RESULTS
The following lemma plays a key role in proving the new results:

Lemma 2 (see [9]). Let f : [a,b] — R be a convex function and let a < A < C <
D<B<bwithA+ B=C+ D. Then

F(C)+ f(D) < f(A)+ f(B).
We can state now the following result:

Theorem 3. Let f,q,1, K be defined as above. Then:
(1) K is convex on [0,1] and symmetric about %.

(2) K is decreasing on [O, %] and increasing on [%, 1] ,

(2.1) Q&K@:K@:Km
LA 2 s
and

inf K(t)=K <1>
t€[0,1] 2

VA T+y+2a r+yt+a+b
[ LAl () e ()

(2.2 £ () 5@ ) o
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(3) We have

b
(2.3) I(t)/ g(x)dx < K (t)

and

(2.4) f(“;b)<[fg@wm>2gzr<§)

for all t € [0,1].

Proof. (1) Tt is easily observed from the convexity of f that K is convex on [0, 1].
By changing the variable, we have that

K(t):K(l_t)a tE[O,l},

from which we get that K is symmetric about %

(2) Let t; < tg in [0, %] . Using the symmetry of K, we have

(25) K (1) = 5 [ (6) + K (1 - 1),

(2. K (t2) = 3 [K (t2) + K (1~ 1)

and, by Lemma 2, we have

(2.7) UK (1) + K (1 1) < 3 [ (1) + K (1— 1),

From (2.5) — (2.7), we obtain that K is decreasing on [0, 1] . Since K is symmetric

' 2
about % and K is decreasing on [0, %]7 we get that K is increasing on [1 1] . Using

2
the symmetry and monotonicity of K, we derive (2.1) and (2.2).

(3) Using substitution rules for integration and the hypothesis of g, we have the
following identity

2o ko= [ [Gr(E e a-nt)

r+a a+2b—y x+b y+a
—|—f<t 5 +(1—t)2>+f<t 2 +(1-1) 5 )

+f (tx+b + (-1 a+2b_yﬂ g9(x) g (y) dydz

2 2

for all t € [0,1].
By Lemma 2, the following inequalities hold for all ¢ € [0,1], = € [a,b] and
y € [a,b]. The inequality

(2.9) Lf (tz+a+(1—t)a;b)

2
Si{f<tx—;—a+(1_t)y+a>+f<tac—2|—a+(1_t)a+2b—y>}

2 2
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holds when
A=t -l
b
C:D:tw+a+(1—t)a;— and
2b —
B:tx+a+(1—t)¥
in Lemma 2. The inequality
1 x+b a+b
(2.1 =
0 5 (55 =03
1 x+b y+a x+b a+2b—y
<z 1— 1—t)—=——7
_4[f<t -0t ) r (-0 )]
holds when
b
A=t a-n 2t
b b
c=p=¢2E +(1—t)a;r and
b 2b —
B—2t +(1—t)¥

in Lemma 2.
Multiplying the inequalities (2.9) and (2.10) by ¢ (z) g (v), integrating them over
x on [a,b], over y on [a,b] and using identities (2.8), we derive the inequality (2.3).
From the inequality (2.3) and the monotonicity of I, we have

f(“jb) (/abg<x>dx>2=1<o>/abg<m>dx
1) e ()

from which we derive the inequality (2.4).
This completes the proof. O

Remark 4. Let g(z) = ;1 (z € [a,b]) in Theorem 3. Then I (t) = H (t), K (t) =
F(t) (t€][0,1]) and Theorem 3 reduces to Theorem D.

Remark 5. From Theorem E and Theorem 8, we obtain the following Fejér-type
inequality

() (/abg@c)dx)Z <10 [(g@ar<K0
L) [

Theorem 6. Let f,g,1,K,S, be defined as above. Then we have the inequality

b b
(2.11) ogK(t)_I(t)/ g(x)deSg(l—t)/ (@) dz — K (1),
for allt €10,1].




REFINEMENTS OF FEJER’S INEQUALITY 7

Proof. Using substitution rules for integration and the hypothesis of g, we have the
following identity

0= L3 )

a+2b—y r+b y+a
Jrf(t B +(1t)2>+f<t 5 +(1-1¢) 5 )

w1 (5 -0 ) @ g s

[l (et 0-o)
+f<; (1t)(a+by))+f(t;b+(1t)y)

w1 (a0 @ro-n) ooy - ) dyds

1 b 3a+b
“2/ )

' [f(tx;aﬂl—t)y)
;a+(1t)<3a2+by)>

+(1—t)(a—|—b—y)>

(

(
+f<tm+a+(1—t)<b;a ))

(

(

2
tx+b+(1—t) >+f<t+b+(1—t)<3a2+b—y)>

+f 5
+f tx;rb+(1t)(a+by))
(2.12) +f <tx_2|—b+(1—t) <b;a+y>>}g(a:)g(2y—a)dydm

for all t € [0,1].
By Lemma 2, the following inequalities hold for all ¢ € [0,1], z € [a,b] and
RS [a, %] . The inequality

(2.13) f<t$+a+(1—t)y>+f<tx;a+(1—t)(3a2+b—y>>
gf(tx;a+(1—t)a>+f<w+a (1_t)a—2kb>
holds when
A:tx+a+(1—t)a, C:tm+a+(1—t)y,
D=t$+a+(1—t)(3a2+b_y> and B:tm+(1_t>a;b



8 K.-L. TSENG, SHIOW-RU HWANG, AND S.S. DRAGOMIR

in Lemma 2. The inequality

(2.14) f(tx;—a—i-(l—t) <b_2a+y>) +f(tx;ra+(1—t)(a+b—y)>
gf(tm+a+(1—t)a;b>+f<tx;a+(1—t)b>

2
holds when
r+a a+b z+a b—a
A=t 5 +(1-1¢) 5 C=t 5 +(1—t)( 5 +y>,
D=t % L (1—t)(at+b—y) and B=t""% (1)

in Lemma 2. The inequality

+(1—t)y>+f<tx;b+(1—t)<3a2+b—y)>

§f<tw+b+(1t)a> +f<tx+b+(1t)a;rb

z+b

(2.15) f (t

2 2

N———

holds when

A=tE 0 e, o=t

+(1 -1y,

a+b
2

3a+b_

D=t +(1—t)< . y) and B:tx;b+(1—t)

in Lemma 2. The inequality

(2.16) f(tm;rbﬂl—t) <b_2a+y>> +f<tx+b+(1—t)(a+b—y)

2
<f(tx;rb+(1—t)a;rb>+f<t$;b+(1—t)b>

holds when
z+b a+b z+0b b—a
= — = 1—
A=t 5 +(1—1) 5 C=t 5 + ( t)( 5 +y>,
b b
D=t L (1—t)(a+b—y) and B=1"24fa—-0

in Lemma 2.
Multiplying the inequalities (2.13) and (2.16) by ¢ (z)g (2y — a), integrating
them over z on [a,b], over y on [a, 242] and using identity (2.12), we have the

inequality

(2.17) 2K (t) < [I(t) + S, (1 - )] / g ) d,

a

for all t € [0,1]. Using (2.3) and (2.17), we derive (2.11). This completes the
proof. ([l
Remark 7. Let g (z) = 7= (z € [a,b]) in Theorem 6. Then K (t) = F (t), I (t) =
H(t),S;(1—-t)=L(1—1t) (t €]0,1]) and Theorem 6 reduces to Theorem I.

The following two Fejér-type inequalities are natural consequences of Theorems
3, 6, E, G, H and we omit their proofs.
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Theorem 8. Let f,g,G,I,K, Ly, S, be defined as above. Then, for allt € [0,1],
we have

559 ([0

IN
~

0 [ gl <K (0

IN

10)+8,0-0)] [ g(@)ds

IN

G(t)/ g(m)dw—l—Sg(l—t)]/ ¢ (z)dz

IN

Ly )+ 5, (1-1)] [ g(a)da

NI~ N~ N~ N

IN

Qhﬂ/fwﬂﬂm

(5433 s

b 2
(2.18) < M (/ g(x) dm)

and

) ([oee)

IN
~

b
@/QMMSK@

IN

b
um+&ufm/g@m$

IN

b b
G(t)/ g(a:)da:JrSg(lt)]/ g (z)dzx

IN

b
mm+%ufm/gmm

</b; {f <x2a> +f <$;b>} g () da

—I—M/bg(x)dx) /bg(x)da:

N — N N — N

IN

2

b 2
(2.19) < M (/ g(x)dx) .

Let g (z) = 3= (« € [a,b]) . Then we have the following Hermite-Hadamard-type

inequality which is a natural consequence of Theorem 8.
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Corollary 9. Let f,9,G,H, F, L be defined as above. Then, for all t € [0,1], we
have

f(a;rb>SH(t)SF(t)S;[H(t)JrL(lt)]
<LIEWM+ L)< S [L0)+ L 1)
b
(2.20) g% bia f(x)dx+f(a);rf(b) Sf(a);rf(b)
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