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THE ARITHMETIC OF CARMICHAEL QUOTIENTS
MIN SHA

ABSTRACT. Carmichael quotients for an integer m > 2 are intro-
duced analogous to Fermat quotients, by using Carmichael func-
tion A(m). Various properties of these new quotients are investi-
gated, such as basic arithmetic properties, sequences derived from
Carmichael quotients, Carmichael-Wieferich numbers, and so on.
Finally, we link Carmichael quotients to perfect nonlinear func-
tions.

1. INTRODUCTION

Let p be a prime and a an integer not divisible by p, by Fermat’s
little theorem, the Fermat quotient of p with base a is defined as follows

[ |
@Qp(a) p
Moreover, if @,(a) = 0 (mod p), then we call p a Wieferich prime with
base a.

This quotient has been extensively studied from various aspects be-
cause of its numerous applications in number theory and computer
science; see, for example, [7, 8, 9, 11, 16, 17]. A first comprehensive
study of Fermat quotient was published in 1905 by Lerch [12], which
was based on the viewpoint of arithmetic. More arithmetic properties
were investigated in [3].

In [4], the authors generalized the definition of Fermat quotient by
using Euler’s theorem. Let m > 2 and a be relatively prime integers,
the Fuler quotient of m with base a is defined as follows

afm _q

Qm(a’) - T

m

where ¢ is Euler’s totient function. Moreover, if @,,(a) = 0 (mod m),
then we call m a Wieferich number with base a. They also undertook
a very careful study of Euler quotients.

2010 Mathematics Subject Classification. 11A25, 11B50, 11A07.
Key words and phrases. Carmichael function, Carmichael quotient, Carmichael-
Wieferich number, perfect nonlinear function.
1


http://arxiv.org/abs/1108.2579v7

2 MIN SHA

In fact, there are some other generalizations of Fermat quotients,
see [1, 18, 19]. Especially, in [1] the author introduced a quotient like
(a® —1)/m, where ged(a, m) =1 and e is the multiplicative order of a
modulo m.

In this paper, we introduce a different generalization of Fermat quo-
tient by using Carmichael function and study its arithmetic properties.

For a positive integer m, the Carmichael function A(m) is defined to
be the exponent of the multiplicative group (Z/mZ)*. More explicitly,
A(1) = 1; for a prime power p” we define

r—1 :
~_ P p—1) ifp>3orr<2,
A(p)_{zf—2 if p=2and r > 3;

and
)‘(m) = 1CII1()\(])?), )‘(p;2)7 T 7)‘(p7];k)>7
where, as usual, “lem” means the least common multiple, and m =
pitps? -+ - ppk is the prime factorization of m.
For every positive integer m, we have A(m)|@(m), and A(m) = ¢(m)
if and only if m € {1,2,4,p",2p*}, where p is an odd prime and k > 1.
In addition, if m|n, we have A(m)|A(n).

Definition 1.1. Let m > 2 and a be relatively prime integers. The
quotient
am™ — 1

is called the Carmichael quotient of m with base a. Moreover, if
Cin(a) =0 (modm), we call m a Carmichael-Wieferich number with
base a.

We want to indicate that the term “Carmichael quotient” was intro-
duced in [2] to denote a different quotient, and we think that there is
no much danger of confusion.

We extend many known results about Fermat quotients or Euler quo-
tients to Carmichael quotients by using the same techniques, such as
basic arithmetic properties with special emphasis on congruences, the
least periods of sequences derived from Carmichael quotient, Carmichael-
Wieferich numbers. Finally, we link Carmichael quotients to perfect
nonlinear functions.

2. ARITHMETIC OF CARMICHAEL QUOTIENTS

In what follows, we fix m > 2 an integer unless stated otherwise.

In this section, we study some basic arithmetic properties of Carmichael
quotients and extend some results about Fermat quotients or Euler
quotients in [4, 12, 13]. See [4] for historical literatures.
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For any integer a with ged(a, m) = 1, we have Cp,(a)|@Q(a). In par-
ticular, Cp,(a) = Qn(a) when m is an odd prime power. Furthermore,
it is straightforward to prove that they have the following relation.

Proposition 2.1. For any integer a with ged(a, m) = 1, we have

Qm(a) = plm). Cpn(a) (modm).

A(m)
Proof. Since A\(m)|¢o(m), we derive
A(m)yp(m)/A(m) _
Onla) = (a*™) 1
m
(@™ 1) (1 4+ a0 4 4 (@AD)plm/Am-)
B m
p(m)
=——2Cp(a) (modm).
A(m)

U

Now we state two fundamental congruences for Carmichael quotients,
which are crucial for further study.

Proposition 2.2. (1) If a and b are integers with gcd(ab,m) = 1, then
we have

Cm(ab) = Cp(a) + Cp(b)  (modm).
(2) If a, k are integers with ged(a,m) =1, and « is a positive integer,
then we have

kA
Cn(a+ km®) = Cy(a) + (m) m*'  (modm®).
a
Proof. (1) We only need to notice that
A(m) pA(m) _
Ci(ab) = e — 1
m
(@ ) 1) (@ 1) 4 () )

m
(2) Using the binomial expansion, it is easy to see that
A(m) A )\(m)—lk o _q
Cr(a+ km®) = ™™ + Mm)a m (mod m®),
m
which implies the desired congruence.

O

The following two corollaries concern some short sums of Carmichael
quotients.
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Corollary 2.3. If m > 3, for any integer a with ged(a,m) = 1, we
have

3

Cn(a+km)=0 (modm).
0

e
i

Proof. First applying Proposition 2.2 (2) and then noticing that A(m)
is even when m > 3, we obtain

—_

3

A(m) m(m —1)
a 2

Cr(a+km) =
0

=0 (modm).

B
Il

U

Corollary 2.4. If m > 3, for any integer a with ged(a,m) = 1, we
have

Cn(a) =0 (modm).

Proof. Notice that

Cn(a) = Z C(a+ km).

a=1 a=1 0
ged(a,m)=1 ged(a,m)=1

Then, the desired result follows from Corollary 2.3. U

e
i

We want to remark that the results in Corollaries 2.3 and 2.4 are not
true when m = 2.

The next proposition concerns some relationships between various
Cyn(a) with fixed base a and different moduli.

Proposition 2.5. (1) If ged(a, mn) =1, then
Crn(a)|nChn(a).
(2) If ged(a,mn) = ged(m,n) = 1, then

A(n)
n - ged(A(m), A(n))
(3) Assume that ged(a, mn) = ged(m,n) =1, and let X and Y be two
integers satisfying m?>X +n?Y = 1. Then
nA(n)
ged(A(m), A(n))

Crun (@)

Ci(a) (modm).

mA(m
ged(A(m), A(n))

Crn(a) YCp(a)+ XCp(a) (modmn).
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Proof. (2) Under the assumption, noticing that A(mn) = %,
we have
()
Con(a) = a#%_l B (ak(m))gcd(k?'m),)\(n)) 1
" " _ Am) @@y
= mn-ged(A(m),\(n)) (I'IlOd m)

(3) It suffices to show that the equality is true for modulo m and
modulo n respectively. But this follows directly from (2). O

For any integer a with ged(a, m) = 1, we denote (a) as the subgroup
of (Z/mZ)* generated by a, and we let ord,,a be the multiplicative
order of @ modulo m. The following expression is so-called Lerch’s
expression [13].

Proposition 2.6. If gcd(a,m) =1 and assume n = ord,,a, then

1 jar

— {—J (mod m),

ar Lm

5

S
I
=
)

[

r=1
refa

<

where | x| denotes the greatest integer < x.

Proof. For each 1 < r < m with r € (a), we write ar = ¢,(modm),
with 1 < ¢, < m. Notice that when r runs through all elements with
1 <r <mandr € (a), so does ¢.. Let P denote the product of all
such integers ¢,. If the products and sums below are understood to be
taken over all r with 1 <r <m and r € (a), we have

Am) Am) ar (N0 sy o) mo|ar [\
P n :HCT'n — (ar_m\‘—J> = P n H(l—_L_J)
m ar Lm

So

1=a'™ H (1 - g {%J)AL = g™ <1 — mz % {%J) ' (mod m?).

Then we get
Am) & 1 jar
Am) _ 1 = )™ L L_J dm?
a a - ; — 1 (modm?),
re(a)
which implies the desired congruence. U

In the last part of this section, we describe the decomposition of
Carmichael quotients in the dependence of the prime factorization of
the modulus. Further we investigate Carmichael quotients for prime
power moduli.
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Proposition 2.7. Let m = pi'---pi* be the prime factorization of
m, and let a be an integer with ged(a,m) = 1. For 1 < i < k, let
di = A(m)/\(p"), m; = m/p. and m) € Z such that m?m/ =1 (mod
p;'). Then

k
Cnla) = Z mim;d;Cyri(a) (modm).
i=1
Proof. 1t suffices to prove for each 1 < j < k,

k
Cp(a) = Z mimid;C ri(a) (modp}’),
i=1

that is
Cin(a) = mjm;-dep;j (a) (modp}).
Since we have
a)‘(P;j)dj -1 d.(ak(p;j) —1)

C(a) = - = p- = mjm;de’p;j (a) (modp}),

the result follows. O

Proposition 2.8. Let p be an odd prime and ged(a,p) = 1. For any
two integers i and 7 with 1 < i < j, we have

Cpi(a) = Cpi(a) (modp).
Besides, for 3 <i < j and gcd(a,2) = 1, we have
Cyi(a) = Cyi(a) (mod271).

Proof. Notice that Cpi(a) = Q,i(a) if p is an odd prime. By [4, Propo-
sition 4.1], for any integer k£ > 1, we have

Cri(a) = Cpr(a) (modph).

p p

Then the first formula follows.
Since for r > 3, we have

Cpi(a) — Cor(a) = P 1Cy(a) (mod2")

3
0 (mod2 1),

we get the second formula. O

The following corollary, about the relation between Carmichael quo-
tients and Fermat quotients, can be obtained directly from the above
two propositions.
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Corollary 2.9. Suppose that p is an odd prime factor of m, and p*
is the largest power of p dividing m. Let dy = %, my = m/p®, and
m} € Z such that m?m/;, = 1 (mod p%). Then for any integer a with

ged(a,m) =1, we have
Ci(a) = mimidiQy(a) (modp).

3. SEQUENCES DERIVED FROM CARMICHAEL QUOTIENTS

In this section, we will define two periodic sequences by Carmichael
quotients and determine their least (positive) periods following the
method in the proof of [10, Proposition 2.1].

As usual, for a periodic sequence {s,}°°,, a positive integer j is
called its period if s,1; = s, for any n > 1; if further j is the smallest
positive integer endowed with such property, we call j the least period
of {s,}.

Let m = pi' - - - p,* be the prime factorization of the integer m (m >
2). For each 1 < i < k, put m; = m/p;*, and let w; be the integer
defined by p;”" = ged(A(m)/A(p;*), p;*), here note that 0 < w; < r;.

Now, we want to define a sequence {a,, } following the manner in [10].

First, for any integer n and any 1 <4 < k, if pi|n, set C,ri(n) = 0.
Then, for every integer n > 1, by Proposition 2.7, a,, is defined as the
unique integer with

& mamiAm) o
a, 20T Cyri(n)  (modm), 0<a,<m-—1,
where m/, € Z is such that m?m/ =1 (mod p.*) for each 1 <i < k. So,
if ged(n, m) = 1, we have a,, = Cp,(n) (mod m).
By Proposition 2.2 (2), m? is a period of {a,}. We denote its least
period by T. For each 1 < i < k, let T; be the least period of the
sequence {a, mod p;'}. Obviously, we have

T =lem(Th, -, Ty).

Thus, in order to determine T, it suffices to compute T; for each 1 <
1 < k.
For every 1 < i < k, we have
A(m) .
—————C r(n) (modp.").
o Con) - (mod )

So, T; equals to the least period of {C,r:(n) mod p;""*"}. Here, we

(3.1) Qp,

also denote T; as the least period of the sequence {Cri(n) mod p;"~ "}
without confusion. In the sequel, we will calculate T; case by case for
any fixed 1 <1 < k.
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Lemma 3.1. If w; = r;, then T; = 1.

Proof. Since in this case we have Cri(n) = 0 (mod p;"~*") for all
n > 1. O

Lemma 3.2. Ifp; > 2 and w; < r;, then T; = p;"i—wi'f‘l.

Proof. Combining Proposition 2.2 (2) with Proposition 2.8, for integers
n and ¢ with ged(n, p;) = 1, we have

Cp? (n+Lp; ™) = Cpgrwi (n+ Cp;™"")
= Cpiwi(n) + n~ " (pi — V)pfi !
= -1 m—wi—l ;i —W;
= Cp:i (n) +n~"(p; — 1)p; (mod pl ™).
Thus, T; = pj " o
Now, it remains to consider the case p; = 2.

Lemma 3.3. If p; =2 and w; = 0, then

4 Tizl,
T;I 8 Ti:2,
27’1'-1-2 7,223

Proof. Notice that for each n with ged(n,2) = 1, by Proposition 2.2
(2) we have

Cori(n+£-2") = Cori (n) + n~"A(2")  (mod 2).
Then, the result follows easily. O
Lemma 3.4. For r > 3, the least period of the sequence {Cor+1(n)
mod 2"} is 2712

2"

Proof. For r > 3 and ged(n, 2) = 1, we have Cyr1(n) = 2 ;H Cor(n).
Then using Proposition 2.2 (2), we deduce that

Corir(n—+0-27) — Cyria(n) = "W;“ (Cor(n+£-27) — Cor(n))

= =z 22+1-€n_12T_2 (mod 27),

which implies the desired result by noticing that n? ° = 1 (mod 27)

r—2
and then ™ 5 *L s odd. dJ

Lemma 3.5. ]fpl =2 and 3 S Ty —w; < Ty, then E = 27"i_wi+2'

Proof. By Proposition 2.8, for ged(n,2) = 1, we have
Cori (n) = Cori—wi+1(n)  (mod 27%%).
Then, the result follows directly from Lemma 3.4. U
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Lemma 3.6. Ifp; =2, 7, >3 and 1 < r;—w; < 2, then T; = 2ri—wit2,
Proof. From Proposition 2.8, for ged(n, 2) = 1, we have
Cori(n) = Cys(n)  (mod 2%).

So, T; equals to the least period of the sequence {Cs3(n) mod 27~ *i}.
By Proposition 2.2 (2), we have

Cos(n+€-2%) = Cys(n) +20n~"  (mod?2?),

which implies the desired result. In fact, one can also verify this lemma
by direct calculations. O

Lemma 3.7. If p; =2, r; =2 and w; = 1, then T; = 1.
We summarize the above results in the following proposition.

Proposition 3.8. For each 1 <1 < k, if p; is an odd prime, then

' i <

otherwise if p; = 2, then

1 w; = 1,

4 Ty = 1,11)2‘ = 0,
ﬂ: 8 7"2‘:2,11)2‘:0,

1 ry = 2,“}2‘ = 1,

Qri—wit2 ri > 3,w; <.

In particular, the least period of {a,} is T =T\Ty---Tj.

When m = p” with p an odd prime and » > 1, we have T = p" !,
which is consistent with [10, Proposition 2.1]. If m = 2" with r > 3,
then 7' = 2"2; but by [10, Proposition 2.1], the least period of the
sequence defined there by Euler quotient is 2"+,

Finally, we want to define a new sequence {b,, }, which is much simpler
but has the same least period as {a,}.

For an integer n > 1 with ged(n,m) = 1, b, is defined to be the
unique integer with

b, = Cp(n) (modm), 0<b,<m-—1;
and we also define
b, =0, if ged(n, m) # 1.

Since b,, also satisfies (3.1) for any integer n with ged(n,m) = 1, the
least period of {b,} equals to that of {a,}.

Proposition 3.9. The sequence {b,} has the same least period as {a,}.
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4. CARMICHAEL- WIEFERICH NUMBERS

In this section, except for extending some results in [4], we study
Carmichael-Wieferich numbers from more aspects, especially Proposi-
tion 4.5.

First, we want to deduce some basic facts for Carmichael-Wieferich
numbers.

Proposition 4.1. Ifm > 3 and 1 < a < m with gcd(a,m) = 1, thenm
cannot be a Carmichael-Wieferich number with bases both a and m —a.

Proof. Notice that A(m) is even when m > 3. By Proposition 2.2 (2),
we have

A
Cpn(m—a) =Cpla) — @ (modm).
Then, the desired result comes from A(m) < m. O

Corollary 4.2. Ifm > 3, define the set S, = {a: 1 < a < m,ged(a,m) =
1,m is a Carmichael-Wieferich number with base a}. Then |S,| <

p(m)/2.

By Proposition 2.2 (2), for any ged(b,m) = 1, there exists 1 < a <
m? with b = a (mod m?), such that

Cn(b) =C(a) (modm).

Hence, if we want to determine with which base m can be a Carmichael-
Wieferich number, we only need to consider 1 < a < m?.

Assume that m has the prime factorization m = pi*---p;*. In [4,
Proposition 4.4] the authors have used the Euler quotient @, to define a
homomorphism from (Z/m?Z)* to (Z/mZ,+), whose image is dZ/mZ,
where
(4.1)

k
_ ' ) ged(pit, 20(m) [o(p;')) if pi =2 and 7; > 2,
d= Hd’ and - d; = { ged(pl*, o(m)/p(pi*))  otherwise.

i=1
Here, we can do similar things using the Carmichael quotient and ap-
plying the same strategy as in [4].

By Proposition 2.2, the Carmichael quotient C,,(x) induces a homo-
morphism

G 2 (Z)MPL)* — (Z)mZ,+), 2 — Cp(z).

Proposition 4.3. Let m = pi'---p* be the prime factorization of
m > 2. Forl1l<i<k, put

g — 4 eed(i, 2M(m) /(")) if pi =2 and i =2,
) ged(prt, A(m)/A(p;))  otherwise.
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Letd = Hk d;. Then the image of the homomorphism ¢, is d'Z/mZ.

=1 """

Proof. We show the desired result case by case.

(I) First we prove the result for the case k = 1, that is m = p", where
p is a prime and r is a positive integer.

Suppose that p = 2. If r = 2, then C,,(3) = 2, and for any positive
integer n we have C,,(2n 4+ 1) = n(n + 1), which is even, so the image
of ¢y, is 2Z/mZ. On the other hand, if 7 = 1 or r > 3, since C(3) =1
and Cg(3) = 1, by using Proposition 2.8 we see that C,(3) is an odd
integer, so the image of ¢,, is Z/mZ.

Now, assume that p > 2. Note that C,(p + 1) = —1 (mod p),
by Proposition 2.8 we have C,,(p + 1) = —1 (mod p), which implies
that p ¥ Cp(p + 1). Thus, there exists a positive integer n such that
nCp(p +1) = 1 (mod m). Then, by Proposition 2.2 (1) we deduce
that Cp,((p+1)") =1 (mod m). So, the image of ¢, is Z/mZ.

(IT) To complete the proof, we prove the result when k > 2.

For simplicity, denote m; = m/p;" and n; = A\(m)/A(p;") for each
1 < i <k, and then let m} be an integer such that m?m/, =1 (mod p.*).
By Proposition 2.7, we have

k
(4.2) Crn(a) =Y mimin;Cyri(a) (mod m).
i=1

So, for each 1 <1 <k, Cp(a) = mimin;Cpria) (mod py'). If p; = 2
and 7; = 2, note that for any odd integer a > 1, Cy(a) is even, then
we see that d | n;C)ri(a), and thus d; | Cn(a). Otherwise if p; > 2 or
r; # 2, then d; | n;, and so d; | C,,(a). Hence, we have d' | C,(a) for
any integer a coprime to m.

Let b = ged(m,mym/ny,...,myming). Then, there exist integers
X1,..., X} such that

k
(4.3) b= ZmimgniXi (mod m).
i=1

If we denote b; = ged(p;', mymin;) for each 1 <i < k, then b = Hle b;,
here we remark that b; = ged(p;’, n;). It is easy to see that for each
1<i<k, if pp >2orr; # 2, we have d; = b;. Further, when p; = 2
and r; = 2, d} = 2b; if 81 A(2p1 ... px), and d; = b; otherwise.

We now have three cases for m:

(i) There exists 1 < j < k such that p; = 2,7, = 2 and
81 A(2p1-..pk).



12 MIN SHA

(ii) There exists 1 < j < k such that p; = 2,r; =2 and

8 [ A(2p1 ... pr)-
(iii) All the other cases.
Clearly, in Cases (ii) and (iii) we have d’ = b, and in Case (i) d’ = 2b.
According to (I), there exist integers a; with p; t a; for 1 < i < k
defined by

2X; in Case (i),
X; in Case (iii),
Cyrila;) = (mod p;*)
X; in Case (ii) and 7 # j,
0 in Case (ii) and i = j.

By the Chinese Remainder Theorem, we can choose a positive integer
a such that a = a; (mod p). So, by Proposition 2.2 (2) we have
Cyri(a) = Cpri(a;) (mod p;*). Then, combining with (4.3) and the
relation between b and d', we obtain m;min;C,ri(a) = d’' (mod p;*) for
each 1 < ¢ < k in all the three cases. Finally, using (4.2) we have
Cp(a) =d (mod m), which completes the proof. O

Comparing (4.1) with Proposition 4.3, we have d' | d. Moreover, by
Proposition 2.1 we get

) 17 i = iz,

A(m)
which implies that gcd(%d’ ,m) =d.

In Proposition 4.3, if choosing m = 2" with r > 3, we have d = 2
and d’ = 1; while choosing m = 2"p" with r; > 3 and odd prime
p = 3 (mod 4), we have d = 4 and d' = 1. Hence, compared with
[4, Proposition 4.4], the homomorphism ¢,, can be surjective in more
cases.

For any integer m > 2, we define the set

T, ={a:1<a<m?ged(a,m) =1,
m is a Carmichael-Wieferich number with base a}.

Actually, T, is the kernel of the homomorphism ¢,,, then the following
result follows directly from Proposition 4.3.

Corollary 4.4. We have |T,,| = d'¢(m), where d' is defined in Propo-
sition 4.3.

Corollary 4.4 shows that any integer m > 2 can be a Carmichael-
Wieferich number with some base. However, the next proposition sug-
gests that such Carmichael-Wieferich numbers are rare.
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|Tm |
p(m?)

=0.

Proposition 4.5. We have lim

m—r0o0

Proof. Denote by d(m) the parameter d in (4.1). By Corollary 4.4, we
know that

T, d
Tl _ dim)
p(m?) = m
So, it suffices to prove that lim @ = 0.
m—roo
For primes p, we have
d 1
lim @: lim — = 0.
p—=oo P p—o0 P
So lim inf d(TZL = 0.
m—0o0
Suppose that lim sup 7& 0. Then there exists a subsequence
m—)oo
{d(”l } such that lim 22 — lim sup d(m # 0.
i—oo M m—oo
For an integer m > 2, let m = pi' - - p* be its prime factorization.
Put o, = max{ry,- - - rk} Here we use the notation in (4.1). For each
1 < j <k, we have ¢ T < d; /p] . In particular, if p; is the largest
prime factor of m, then 2™ < 2 / prj
For each 7, let p; be the largest prime factor of nz, we abbreviate
oy, to ;. Since M < 2 for each i and lim 4" ;é 0, there must
g i—oo T
exist an integer ¢ such that pi < qforalli. Put =2 ] (p—1).
2<p<q
p prime

When z' —> oo, we must have a; — oo as ¢ — oo. Hence, we have

Since d(n;) < 3, we have % < 2 for each i. Notice that n; — oo

lim 2" — (. This leads to a contradiction.
1—00 i
So, we have lim sup —~ = (0. This completes the proof. O
m—00

Assume that there are infinitely many Sophie Germain primes. We
construct a sequence {n;} with n; = p;(2p; + 1), where p; is a Sophie
Germain prime, and then 2p, + 1 is also a prime. It is easy to see that

d(n;) = p; and hm \/_) = \f This implies that the limit nll_rgo W =0

may be not true 111 general.

In the sequel, we want to characterize all the Carmichael-Wieferich
numbers.

Let p be a prime and a an integer with p { a. Put

o(a,p) = ord, (e’ ' —1) =1 if p is odd;
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~ Jordy(a—1)—1 ifa=1 (mod4),
o(a,2) = { ords(a+1)—1 ifa=3 (mod4).

Then, we can state an analogue of [4, Proposition 5.4]. For the conve-
nience of the reader, we reproduce the proof.

Proposition 4.6. Let gcd(a,m) =1, and m = pi' - - - p,* be the prime
factorization of m > 3. Fix an integer j with 1 < j <k, let p = p; and
r=r;. Ifp#2orr <2, put

[0 if ordplem (py — 1, ,pp— 1) <7 —1,
| ordplem (py — 1, ipr— 1) —r+ 1 otherwise;

otherwise if p =2 and r > 2, put

|0 if ordylem (py — 1, -+ ,pp — 1) <71 —2,
| ordplem (py — 1, ,pr — 1) — 7+ 2 otherwise.

Moreover, put

. n if p 7& 2 o0rr <2,
e(m,p) = { n—1 otherwise.

Then we have
ord,Cy,(a) = e(m,p) + o(a,p).

Proof. Notice that A(m) = p"A(p") X, where X is an integer with p t X.
Put b = a?"*®") Then, since

X-1
A 1= —1=(b-1)) ¥,

i=0
b=1 (mod p) and 3.5 " = X # 0 (mod p), we obtain
ord,(a*™ — 1) = ord, (b — 1) = ord, (a?"*®”) — 1).
Thus, if p is an odd prime, by using [4, Lemma 5.1] we have

ord,(a*™ — 1) = ord, ((a?~1)?

n+r—1

— 1) =ord,(a? ' —=1)+n+r—1,
which implies that
ord,Cy,(a) = e(m,p) + o(a,p).

Similarly, applying [4, Lemmas 5.1 and 5.3], one can verify the remain-
ing case p = 2 by noticing that m > 3. O

The next proposition, a criterion for a number m being a Carmichael-
Wieferich number, follows directly from Proposition 4.6.
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Proposition 4.7. Let gcd(a,m) = 1, and m = pi* - - - p* be the prime
factorization of m > 3. Then the following statements are equivalent:
(1) m is a Carmichael-Wieferich number with base a,
(2) e(m,p;) +ola,pj) >r;, forany 1 < j <k.

Although it is known that Wieferich primes exist for many different
bases (see [15]), the following problem is still open.

Whether Wieferich primes exist for all bases?

Proposition 4.8. For a non-zero integer a, if there exists a Carmichael-
Wieferich number m with base a and m has an odd prime factor, then
there exists a Wieferich prime with base a.

Proof. Let m = p}*---p* be the prime factorization of m with p; <
po < -+ < pg, where py is an odd prime. Since e(m,p;) = 0 and m is a
Carmichael-Wieferich number with base a, by Proposition 4.7 we have
o(a,py) > > 1. Notice that pj is an odd prime, so py is a Wieferich
prime with base a. 0

Finally, we want to remark that a Carmichael-Wieferich number m
with base a is also a Wieferich number with base a, but the converse
is not true.

Example 4.9. From Table 1 of [15], 3 and 7 are two Wieferich primes
with base 19. It is straightforward to see that 2 is not a Wieferich prime
with base 19. By [4, Theorem 5.5], m = 2%-3-7 is a Wieferich number
with base 19. But by Proposition 4.7, m is not a Carmichael-Wieferich
number with base 19.

5. INVOLVING PERFECT NONLINEAR FUNCTION

Let (A,+) and (B, +) be two additive abelian groups, and denote
by A the set of non-identity elements of A. When |A| is a multiple of
| B|, we can consider the following definition; see [5] for more details.

Definition 5.1. Let f : A — B be a function from A to B. Then
f is called perfect nonlinear if for every (a,b) € A x B, |{x € A :

f(x+a) - f(x) =b}| = 4L

Perfect nonlinear functions have important applications in cryptogra-
phy, sequences and coding theory. For example, as in [6], such functions
can be used to construct authentication codes.

For the homomorphism @,, : (Z/m?Z)* — (Z/mZ,+), defined in
Section 4, we extend its definition to those integers a with ged(a, m) # 1
by defining ¢,,(a) = 0. Then we get a function

fn : (Z/m*Z,+) = (Z)mZ, +),x — dm(T).
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For this function f,,, we have the following proposition.

Proposition 5.2. The function f,, is perfect nonlinear if and only if
m is a prime number.

Proof. First, suppose that m is a prime number. By [6, Lemma 8] (or
[5, Theorem 48]) and Proposition 4.3, it is easy to show that f,, is
perfect nonlinear.

Now assume that m is a composite integer. Let p be a prime factor of
m. Notice that f,,(kp) = 0for any k > 1, and (m+2)p < m(m+2)/2 <
m?. Then choosing (p,0) € Z/m*Z x Z/mZ, we obtain

Hx € Z/m?Z : fr(x+p) — frul2) =0} > {z=kp: 1 <k <m+2}
=m+2>m.

By definition, the function f,, is not perfect nonlinear. U

Thus, the function f,, gives a new kind of perfect nonlinear functions
when m is a prime number. Furthermore, this kind of perfect nonlinear
functions is much more convenient for computations than that given in
[5, Example 49].
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