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PARTIAL ACTIONS AND AN EMBEDDING THEOREM FOR

INVERSE SEMIGROUPS

MYKOLA KHRYPCHENKO

Abstract. We give a simple construction involving partial actions which per-
mits us to obtain an easy proof of a weakened version of L. O’Carroll’s theorem
on idempotent pure extensions of inverse semigroups.

Introduction

It was proved by D. B. McAlister in [9, Theorem 2.6] that, up to an isomorphism,
each E-unitary inverse semigroup is of the form P (G,X, Y ) for some McAlister
triple (G,X, Y ). There are several alternative proofs of this fact (see, for example,
the survey [7]), in particular, the one given in [4] uses partial actions of groups on
semilattices.

L. O’Carroll generalized in [12, Theorem 4] (which is a reformulation of [10,
Theorem 2.11]) McAlister’s P -theorem by showing that for any inverse semigroup
S and an idempotent pure congruence ρ on S there is a fully strict L-triple (T,X, Y )
with T ∼= S/ρ and Y ∼= E(S), such that S ∼= Lm(T,X, Y ). This gives rise to a
categorical equivalence as shown in [5, Theorems 1.5, 4.1 and 4.4]. Moreover, when
S is E-unitary and ρ is the minimum group congruence on S, this coincides with
McAlister’s description of S as P (G,X, Y ).

In this short note we prove the following weakened version of [12, Theorem 4]:
given an inverse semigroup S and an idempotent pure congruence ρ on S, there
exists a fully strict partial action τ of S/ρ on E(S), such that S embeds into E(S)⋊τ

(S/ρ). Moreover, the image of S in E(S) ⋊τ (S/ρ) coincides with a subsemigroup
E(S)⋊m

τ (S/ρ) of E(S)⋊τ (S/ρ) which can be explicitly described. Our approach
permits one to avoid the necessity of the poset X in O’Carroll’s L-triple. On the
other hand, this weakens the result, as the partial action τ that we construct may
in fact be non-globalizable.

1. Preliminaries

Given an inverse semigroup S, we use the standard notation ≤ for the natural
partial order on S, and ∧, ∨ for the corresponding meet and join. Notice that s∧ t
or s ∨ t may not exist in S in general. However, if e and f are idempotents of
S, then e ∧ f exists and coincides with ef , which is again an idempotent. Thus,
the subset of idempotents of S, denoted by E(S), forms a (meet) semilattice with
respect to ∧.
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2 MYKOLA KHRYPCHENKO

A congruence ρ on S is said to be idempotent pure, if

(e, s) ∈ ρ & e ∈ E(S) ⇒ s ∈ E(S).

The semigroup S is called E-unitary, if its minimum group congruence σ, defined
by

(s, t) ∈ σ ⇔ ∃u ≤ s, t,

is idempotent pure. An F -inverse monoid is an inverse semigroup, in which every
σ-class has a maximum element under ≤. Each F -inverse monoid is E-unitary
(see [6, Proposition 7.1.3]).

Given a set X , by I(X) we denote the symmetric inverse monoid on X . The
elements of I(X) are the partial bijections of X , and the product fg of f, g ∈ I(X)
is the composition, i.e.

fg : g−1(dom f ∩ ran g) → f(dom f ∩ ran g), (fg)(x) = f(g(x)).

Observe using [6, Proposition 1.1.4 (3)] that f ≤ g in I(X) if and only if f ⊆ g
regarded as subsets of X ×X . It follows that

there exists
∨

i∈I

fi in I(X) ⇔
⋃

i∈I

fi ∈ I(X), in which case
∨

i∈I

fi =
⋃

i∈I

fi. (1)

Here ∪ is the union of functions as subsets of X ×X .
Let S and T be inverse semigroups. Recall from [4] that a map τ : S → T is

called a premorphism1, if

(i) τ(s−1) = τ(s)−1;
(ii) τ(s)τ(t) ≤ τ(st).

One can easily show that

τ(E(S)) ⊆ E(T ) (2)

(see, for example, [14]). By a partial action of an inverse semigroup S on a set X
we mean a premorphism τ : S → I(X). If τ is a homomorphism, then we say that
the partial action τ is global. We use the notation τs for the partial bijection τ(s).

2. Construction

We fist make several observations. By [6, Proposition 2.4.5] a congruence ρ on
S is idempotent pure if and only if

ρ ⊆∼, (3)

where ∼ is the compatibility relation on S defined by

s ∼ t ⇔ s−1t, st−1 ∈ E(S). (4)

Moreover, ∼⊆ σ by [6, Theorem 2.4.1 (1)], whence

ρ ⊆ σ (5)

for each idempotent pure congruence ρ on S.
We would also like to note that, given a partial action τ of S on X and s ∈ S,

then by (i) and (ii)

idran τs = τsτ
−1
s = τsτs−1 ≤ τss−1 . (6)

1In [13] such a map is called a prehomomorphism, and in [8, 14] it is called a dual
prehomomorphism.
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Lemma 2.1. Let S be an inverse semigroup, X a set, ρ an idempotent pure con-
gruence on S and τ a partial action of S on X. Then for any ρ-class [s] ∈ S/ρ the
join

∨

t∈[s] τt exists in I(X).

Proof. Let (s, t) ∈ ρ. Then by (i) and (ii) one has that τsτ
−1
t = τsτt−1 ≤ τst−1 and

similarly τ−1
s τt ≤ τs−1t. Since τst−1 , τs−1t ∈ E(I(X)) thanks to (2), (3) and (4), it

follows from [6, Proposition 1.2.1 (2)] that τs ∪ τt ∈ I(X). It remains to apply [6,
Proposition 1.2.1 (3)] and (1). �

Lemma 2.2. Under the conditions of Lemma 2.1 define τ̃ : S/ρ → I(X), [s] 7→ τ̃[s],
by

τ̃[s] =
∨

t∈[s]

τt. (7)

Then τ̃ is a partial action of S/ρ on X.

Proof. By Lemma 2.1 the map τ̃ is well defined. Using [6, Proposition 1.2.1 (4)]
and (i), we obtain that

τ̃−1
[s] =

∨

t∈[s]

τ−1
t =

∨

t∈[s]

τt−1 =
∨

t∈[s−1]

τt = τ̃[s−1] = τ̃[s]−1 .

Moreover, applying [6, Proposition 1.2.1 (5)] and (ii), we conclude that

τ̃[s]τ̃[t] =





∨

s′∈[s]

τs′









∨

t′∈[t]

τt′



 =
∨

s′∈[s]

τs′





∨

t′∈[t]

τt′



 =
∨

s′∈[s], t′∈[t]

τs′τt′

≤
∨

s′∈[s], t′∈[t]

τs′t′ ≤
∨

u∈[st]

τu = τ̃[st] = τ̃[s][t].

�

Remark 2.3. If, under the conditions of Lemma 2.2, S is E-unitary, ρ = σ and
⋃

e∈E(S) dom τe = X , then τ̃ is a partial action [2, 4] of the maximum group image

G(S) = S/σ of S on X as in [14, Theorem 1.2].

Remark 2.4. If, under the conditions of Lemma 2.2, S is an F -inverse monoid,
τ is global and ρ = σ, then τ̃[s] = τmax[s]. In particular, if G is a group, S is the

monoid S(G) from [2]2 and τ1S = idX , then identifying G(S) with G, we see that τ̃
is the partial action of G on X induced by τ as in [2, Theorem 4.2].

Let (E,≤) be a meet semilattice, i.e. a partially ordered set, in which any pair
of elements e, f ∈ E has a meet e ∧ f . Then (E,∧) is a commutative semigroup,
and all its elements are idempotents. It follows that E is inverse, and the natural
partial order on E coincides with ≤. The converse is also true: each commutative
inverse semigroup S, such that E(S) = S, is a meet semilattice, where e ∧ f = ef
for all e, f ∈ S (see [6, Proposition 1.4.9]). Notice that an order ideal of (E,≤) is a
semigroup ideal of (E,∧), an order isomorphism (E1,≤1) → (E2,≤2) is a semigroup
isomorphism (E1,∧1) → (E2,∧2), and vice versa, so we may use the terms ‘ideal’
and ‘isomorphism’ in both senses.

Following [13] for any meet semilattice E we denote by Σ(E) the inverse sub-
semigroup of I(E) consisting of the isomorphisms between ideals of E. Given an

2Notice that S(G) coincides with Birget-Rhodes prefix expansion of G (see [1, 15])
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inverse semigroup S, by a partial action τ of S on E we mean a premorphism
τ : S → Σ(E). For any such τ set

E ⋊τ S = {(e, s) ∈ E × S | e ∈ ran τs} (8)

with the multiplication

(e, s)(f, t) = (τs(τ
−1
s (e) ∧ f), st). (9)

Since τs(τ
−1
s (e) ∧ f) ∈ τs(dom τs ∩ ran τt) = ran (τsτt) ⊆ ran τst, the product (9) is

well defined.

Lemma 2.5. The set E ⋊τ S is an inverse semigroup with respect to the oper-
ation (9). Its semilattice of idempotents is {(e, f) ∈ E ⋊τ S | f ∈ E(S)} and
(e, s)−1 = (τ−1

s (e), s−1) for every (e, s) ∈ E ⋊τ S.

Proof. See [13, Lemmas VI.7.6–7]. �

Lemma 2.6. Let τ be a partial action of an inverse semigroup S on a meet semi-
lattice E and ρ an idempotent pure congruence on S. Then τ̃ is a partial action of
S/ρ on E.

Proof. We know from Lemma 2.2 that τ̃ is a premorphism from S/ρ to I(E). So,
we only need to prove that τ̃ (S/ρ) ⊆ Σ(E). Clearly, dom τ̃[s] and ran τ̃[s] are ideals
of E as unions of ideals dom τt and ran τt, respectively, where t ∈ [s]. Furthermore,
let e, f ∈ dom τ̃[s] and e ≤ f . There exists t ∈ [s], such that f ∈ dom τt. Since
dom τt is an ideal, it follows that e ∈ dom τt. Then, taking into account the fact
that τt preserves ≤, we have

τ̃[s](e) = τt(e) ≤ τt(f) = τ̃[s](f).

Since τ̃−1
[s] = τ̃[s]−1 , then τ̃−1

[s] is also order-preserving. Thus, τ̃[s] ∈ Σ(E). �

3. The embedding theorem

Let S be an inverse semigroup. It is well known (see, for example, [6, Theo-
rem 5.2.8]) that the map δ : S → Σ(E(S)), s 7→ δs, where

δs : s
−1sE(S) → ss−1E(S) and δs(e) = ses−1 for any e ∈ s−1sE(S), (10)

is a global action of S on E(S), called the Munn representation of S.

Proposition 3.1. Let S be an inverse semigroup and ρ an idempotent pure con-
gruence on S. Then S embeds into E(S)⋊δ̃ (S/ρ).

Proof. Define ϕ : S → E(S)⋊δ̃ (S/ρ) by

ϕ(s) = (ss−1, [s]). (11)

As ss−1 ∈ ss−1E(S) ⊆ ran δ̃[s], the map ϕ is well defined. Since by (7) and (10)

(ss−1, [s])(tt−1, [t]) = (δ̃[s](δ̃[s]−1(ss−1)tt−1), [st])

= (δ̃[s](δs−1(ss−1)tt−1), [st])

= (δ̃[s](s
−1s · tt−1), [st])

= (δs(s
−1s · tt−1), [st])

= (stt−1s−1, [st])

= (st(st)−1, [s][t]),
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ϕ is a homomorphism. Suppose that ϕ(s) = ϕ(t). By (11) this means that (s, t) ∈
R∩ ρ, where R is the Green’s relation on S, defined by

(s, t) ∈ R ⇔ ss−1 = tt−1.

As R ∩ ρ ⊆ R∩ ∼, it follows by [13, Lemma III.2.13] that s = t, and hence ϕ is
one-to-one. �

To make the result of Proposition 3.1 more precise, we follow [12]. We say that
a partial action τ of S on E is strict, if for each e ∈ E the set {f ∈ E(S) | e ∈
dom τf} has a minimum element, denoted by α(e), and the map α : E → E(S) is
a homomorphism of meet semilattices. Observe using (6) that if (e, s) ∈ E ⋊τ S,
then α(e) ≤ ss−1. The set of (e, s) ∈ E ⋊τ S for which

α(e) = ss−1 (12)

will be denoted by E ⋊
m
τ S.

Lemma 3.2. The subset E ⋊
m
τ S is an inverse subsemigroup of E ⋊τ S.

Proof. We first observe, as in [12, Lemma 2], that

α(τs(e)) = sα(e)s−1 (13)

for any e ∈ dom τs. Indeed, e ∈ dom τα(e), therefore using (ii) and (6) we have

τs(e) ∈ ran (τsτα(e)) ⊆ ran τsα(e) ⊆ dom τsα(e)(sα(e))−1 = dom τsα(e)s−1 ,

whence

α(τs(e)) ≤ sα(e)s−1. (14)

For the converse inequality replace e by τs(e) and s by s−1 in (14) and then use (i).
Let (e, s), (f, t) ∈ E ⋊

m
τ S. Then for their product (τs(τ

−1
s (e) ∧ f), st) we have

by (i), (12) and (13) that

α(τs(τ
−1
s (e) ∧ f)) = sα(τ−1

s (e) ∧ f)s−1 = s · s−1α(e)s · α(f)s−1 = stt−1s−1.

Hence, (e, s)(f, t) ∈ E ⋊
m
τ S. Moreover, for each (e, s) ∈ E ⋊

m
τ S the inverse

(e, s)−1 = (τ−1
s (e), s−1) belongs to E ⋊

m
τ S, as α(τ−1

s (e)) = s−1α(e)s = s−1s. �

A strict partial action τ of S on E is called fully strict, if the homomorphism

π : E ⋊
m
τ S → S, (e, s) 7→ s, (15)

is surjective.

Remark 3.3. Let τ be a fully strict partial action of S on E. Then E⋊
m
τ S = E⋊τS

if and only if S is a group.

Indeed, the “if” part trivially holds for any strict τ . For the “only if” part take s ∈ S
and suppose that s ≤ t for some t ∈ S. Since τ is fully strict, there are e, f ∈ E, such
that (e, s), (f, t) ∈ E⋊

m
τ S. In particular, e ∈ ran τs and f ∈ ran τt. Since ran τs and

ran τt are ideals of E, we have ef ∈ ran τs ∩ ran τt, whence (ef, s), (ef, t) ∈ E ⋊τ S.
But E ⋊τ S = E ⋊

m
τ S, so ss−1 = α(ef) = tt−1 by (12). Consequently, (s, t) ∈ R.

Then s = t thanks to [6, Proposition 3.2.3 (2)], and thus the natural partial order
on S is trivial. It remains to apply [6, Proposition 1.4.10].
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Theorem 3.4. Given an inverse semigroup S and an idempotent pure congruence
ρ on S, there exists a fully strict partial action τ of S/ρ on E(S), such that S
embeds into E(S)⋊τ (S/ρ). Moreover, the image of S in E(S)⋊τ (S/ρ) coincides
with E(S)⋊m

τ (S/ρ), and ρ is induced by the epimorphism π : E(S)⋊m
τ (S/ρ) → S/ρ.

In particular, the embedding is surjective if and only if ρ is a group congruence, i.e.
S is E-unitary and ρ = σ.

Proof. As we know from Proposition 3.1, there is an embedding ϕ : S → E(S)⋊δ̃

(S/ρ) given by (11). For each e ∈ E(S) consider the set

Ae =
{

[f ] ∈ E(S/ρ) | e ∈ dom τ[f ]
}

.

Clearly, [e] ∈ Ae, as e ∈ eE(S) = dom δe ⊆ dom δ̃[e]. Moreover, if [f ] ∈ Ae, then e ∈
gE(S) for some idempotent g ∈ [f ]. So, e ≤ g and hence [e] ≤ [g] = [f ]. This shows
that [e] is the minimum element of Ae, and since α(e) = [e] is a homomorphism

E(S) → E(S/ρ), the partial action δ̃ is strict. Now, for each s ∈ S consider the
pair ϕ(s) = (ss−1, [s]) ∈ E(S) ⋊δ̃ (S/ρ). We have α(ss−1) = [ss−1] = [s][s]−1, so

in fact (ss−1, [s]) ∈ E(S)⋊m

δ̃
(S/ρ), proving that δ̃ is fully strict.

The range of the embedding ϕ is contained in E(S) ⋊m

δ̃
(S/ρ) as shown above.

Now if (e, [s]) ∈ E(S)⋊m

δ̃
(S/ρ), then e ∈ tt−1E(S) for some t ∈ [s] and [e] = α(e) =

[s][s]−1. It follows that e = ett−1 = et(et)−1 and [et] = [s][s]−1[t] = [s][s]−1[s] = [s].
Therefore, (e, [s]) = ϕ(et), whence ϕ(S) = E(S) ⋊m

δ̃
(S/ρ). Moreover, π(ϕ(s)) =

π(ϕ(t)) ⇔ [s] = [t] ⇔ (s, t) ∈ ρ in view of (11) and (15).
Finally, if ϕ is surjective, then E(S)⋊m

δ̃
(S/ρ) = E(S)⋊δ̃ (S/ρ), so S/ρ is a group

by Remark 3.3. Therefore, ρ ⊇ σ by [6, Theorem 2.4.1 (3)], which yields ρ = σ in
view of 5, and thus S is E-unitary. �

4. Globalizable partial actions and O’Carroll L-triples

Let S be an inverse semigroup, φ : S → I(X), s 7→ φs, a partial action of S on
a set X and Y ⊆ X . Then for any s ∈ S the partial bijection

τs = idY φsidY (16)

is the restriction of φs to the subset

dom τs = {y ∈ domφs ∩ Y | φs(y) ∈ Y } = φ−1
s (ranφs ∩ Y ) ∩ Y ⊆ domφs. (17)

Thus, τs is a bijection

φ−1
s (ranφs ∩ Y ) ∩ Y → φs(domφs ∩ Y ) ∩ Y.

Moreover,

τsτt = idY φsidY φtidY ≤ idY φsφtidY ≤ idY φstidY = τst,

so that τ : S → I(Y ), s 7→ τs, is a partial action of S on Y called the restriction of
φ to Y .

A partial action τ of an inverse semigroup S on a set Y is said to be globalizable
if it admits a globalization3, i.e. a global action φ of S on a set X together with an
injective map ι : Y → X , such that

τs = ῑφs ῑ
−1 (18)

3In a more general context this was called an augmented action in [3]
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holds for all s ∈ S. Here ῑ is the bijection Y → ι(Y ), y 7→ ι(y). It was proved
in [3, Theorem 6.10] that τ is globalizable provided that it is order-preserving, i.e.
s ≤ t ⇒ τs ≤ τt for all s, t ∈ S. Observe that the converse of this fact is also
true. For, a global action φ of S on X , being a homomorphism S → I(X), is
order-preserving, so that its restriction τ defined by (16) is also order-preserving.

Globalizable partial actions of inverse semigroups on semilattices turn out to be
closely related to O’Carroll L-triples. Recall from [12] that an L-triple is (T,X, Y ),
where

(i) T is an inverse semigroup, X is a down-directed poset, Y is a meet sub-
semilattice and order ideal of X ;

(ii) T acts (globally) on X via a homomorphism φ : T → I(X), t 7→ φt, such
that φt is an order isomorphism between non-empty order ideals of X ;

(iii) X = TY , where TY =
⋃

t∈T φt(domφt ∩ Y ).

With any L-triple (T,X, Y ) O’Carroll associates in [12] the inverse semigroup

L(T,X, Y ) = {(a, t) ∈ X × T | a ∈ Y ∩ ranφt, φ−1
t (a) ∈ Y }, (19)

where the product of any two pairs from L(T,X, Y ) is given by the same formula (9)
as we used in the case of a partial action. An L-triple (T,X, Y ) was called strict
in [12] if for every y ∈ Y the set {f ∈ E(T ) | y ∈ domφf} has a minimum
element e(y), and the map e : Y → E(T ), y 7→ e(y), is a homomorphism of meet
semilattices. In this case

Lm(T,X, Y ) = {(a, t) ∈ L(T,X, Y ) | e(a) = tt−1}

is an inverse subsemigroup of L(T,X, Y ) by [12, Theorem 2]. Moreover, if the
homomorphism Lm(T,X, Y ) → T , (a, t) 7→ t, is surjective, then the strict L-triple
(T,X, Y ) was said to be fully strict [12].

Proposition 4.1. Let (T,X, Y ) be an L-triple and φ : T → I(X) the corresponding
action of T on X. Denote by τ the restriction of φ to Y . Then τ is a partial
action of T on the meet semilattice Y such that dom τt 6= ∅ for all t ∈ T , and
L(T,X, Y ) = Y ⋊τ T . Moreover, τ is strict (resp. fully strict) if and only if
(T,X, Y ) is strict (resp. fully strict), in which case Lm(T,X, Y ) = Y ⋊

m
τ T .

Proof. It was shown in [11, Lemma 3] that, given an action φ of T on (X,≤), such
that φt is an order isomorphism between order ideals of X for all t ∈ T , and an
order ideal Y of X satisfying TY = X , one has that

X is down-directed & ∀t ∈ T : domφt 6= ∅ ⇔ ∀t ∈ T : φt(domφt ∩ Y ) ∩ Y 6= ∅.
(20)

By (17) the latter is the same as ∀t ∈ T : ran τt 6= ∅ or, equivalently, ∀t ∈ T :
dom τt 6= ∅. Let y ∈ dom τt, i.e. y ∈ domφt ∩ Y and φt(y) ∈ Y . For any
z ≤ y one has that z ∈ domφt ∩ Y , as Y and domφt are ideals of X . Moreover,
φt(z) ≤ φt(y) ∈ Y since φt is order-preserving, so φt(z) ∈ Y . Thus, z ∈ dom τt,
and consequently τt ∈ Σ(Y ) for all t ∈ T .

Notice using (17) and (19) that (a, t) ∈ L(T,X, Y ) ⇔ a ∈ ran τt. Thus,
L(T,X, Y ) is exactly Y ⋊τ T defined by (8). Now, for any y ∈ Y and f ∈ E(T )

y ∈ domφf ⇔ y ∈ domφf ∩ Y = φf (domφf ∩ Y ) ∩ Y = dom τf .

Hence, (T,X, Y ) is strict if and only if τ is strict. The remaining assertions of the
proposition are immediate. �
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Lemma 4.2. Let τ be a strict partial action of an inverse semigroup T on a
semilattice (Y,≤). If τ is globalizable, then τ admits a globalization φ : T → I(X)
such that T ι(Y ) = X, where ι : Y → X is the corresponding injective map.

Proof. Let φ′ : T → I(X ′), ι : Y → X ′ be a globalization of τ . Without loss of
generality we may identify Y with ι(Y ), so that Y ⊆ X ′, ι : Y → X ′ is the inclusion
map and τ is the restriction of φ′ to Y . Consider

X = TY ⊆ X ′ and φ being the restriction of φ′ to X. (21)

Since τ is strict, each y ∈ Y belongs to

dom τα(y) = ran τα(y) = φ′
α(y)(domφ′

α(y) ∩ Y ) ∩ Y ⊆ X,

so Y ⊆ X . Moreover, notice by (21) that

x ∈ domφ′
t ∩X ⇒ φ′

t(x) ∈ X. (22)

Indeed, if x ∈ domφ′
t and x = φ′

u(y) for some u ∈ T and y ∈ domφ′
u ∩ Y , then

φ′
t(x) = φ′

tu(y). This implies that

domφt = domφ′
t ∩X. (23)

It follows that (18) holds, and we only need to show that the partial action φ is
global, i.e. φtu = φtφu for all t, u ∈ T . Using the fact that φ′ is global, (22)
and (23), we have

y ∈ domφtu = domφ′
tu ∩X = domφ′

tφ
′
u ∩X

⇔ y ∈ domφ′
u ∩X & φ′

u(y) ∈ domφ′
t

⇔ y ∈ domφ′
u ∩X & φ′

u(y) ∈ domφ′
t ∩X

⇔ y ∈ domφu & φu(y) ∈ domφt

⇔ y ∈ domφtφu,

in which case φtu(y) = φ′
tu(y) = φ′

t(φ
′
u(y)) = φt(φu(y)). �

Lemma 4.3. Let τ be a strict partial action of an inverse semigroup T on a
semilattice (Y,≤) and φ : T → I(X) a globalization of τ such that T ι(Y ) = X,
where ι : Y → X is the corresponding injective map. Then there exists a partial
order ≤′ on X, such that φt : domφt → ranφt is an order isomorphism between
order ideals of X. Moreover, (ι(Y ),≤′) is an order ideal and meet subsemilattice
of (X,≤′) isomorphic to (Y,≤).

Proof. As in the proof of Lemma 4.2 we assume for simplicity that Y ⊆ X and
ι : Y → X is the inclusion map. Define the relation ≤′ on X as follows

x1 ≤′ x2 ⇔ ∃t ∈ T and ∃y1, y2 ∈ domφt ∩ Y such that

x1 = φt(y1), x2 = φt(y2) and y1 ≤ y2. (24)

Reflexivity of ≤′ is explained by the fact that TY = X . For anti-symmetry suppose
that x1 ≤′ x2 and x2 ≤′ x1, i.e. x1 = φt(y1) = φu(z1) and x2 = φt(y2) = φu(z2)
for some t, u ∈ T and y1, y2 ∈ domφt ∩ Y , z1, z2 ∈ domφu ∩ Y , such that y1 ≤ y2
and z2 ≤ z1. Then z1 = φ−1

u (φt(y1)) = φu−1t(y1) = τu−1t(y1) and similarly z2 =
τu−1t(y2). Since y1 ≤ y2 and τu−1t is order-preserving, we conclude that z1 ≤ z2,
whence z1 = z2 by anti-symmetry of ≤, and thus x1 = x2. For transitivity of ≤′
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take x1 ≤′ x2 and x2 ≤′ x3. By (24) there are t, u ∈ T and y1, y2 ∈ domφt ∩ Y ,
z1, z2 ∈ domφu ∩ Y , such that

x1 = φt(y1), (25)

x2 = φt(y2) = φu(z1), (26)

x3 = φu(z2) (27)

and y1 ≤ y2, z1 ≤ z2. It follows from (26) that y2 = φt−1u(z1) = τt−1u(z1).
Since ran τt−1u is an ideal of Y and y1 ≤ y2, one has that y1 = τt−1u(z0) for some
z0 ∈ dom τt−1u. Applying τ−1

t−1u
to the inequality y1 ≤ y2, we obtain z0 ≤ z1,

whence z0 ≤ z2 by transitivity of ≤. Using (25), we have φu(z0) = φu(τ
−1
t−1u

(y1)) =

φu(φ
−1
t−1u

(y1)) = φuu−1 (φt(y1)) = φuu−1(x1) = x1. Then x1 ≤′ x3 in view of (27),
which completes the proof of transitivity of ≤′, and thus ≤′ is a partial order.

Suppose that x2 ∈ domφt and x1 ≤′ x2. By (24) there are u ∈ T and
y1, y2 ∈ domφu ∩ Y , such that x1 = φu(y1), x2 = φu(y2) and y1 ≤ y2. It fol-
lows that y2 ∈ domφtu = domφ(tu)−1tu. Since φ(tu)−1tu(y2) = y2 ∈ Y , we have

that y2 ∈ dom τ(tu)−1tu. Then α(y2) ≤ (tu)−1tu. But α, being a homomorphism
of meet semilattices Y → E(T ), is order-preserving, so α(y1) ≤ α(y2) in E(T ),
and by transitivity α(y1) ≤ (tu)−1tu. Therefore, φα(y1) ≤ φ(tu)−1tu = φ−1

tu φtu. As

y1 ∈ dom τα(y1) ⊆ domφα(y1), we conclude that y1 ∈ dom(φ−1
tu φtu) = domφtu =

dom(φtφu). The latter implies that x1 = φu(y) ∈ domφt, so that domφt is an order
ideal of (X,≤′). Notice also that in this case φt(x1) = φtu(y1) and φt(x2) = φtu(y2).
Hence φt(x1) ≤′ φt(x2), and φt is an order homomorphism domφt → ranφt. Since
the same holds for φt−1 = φ−1

t , the bijection φt is an order isomorphism between
order ideals of (X,≤′).

Let y1, y2 ∈ Y with y1 ≤ y2. Since y1 = τα(y1)(y1), y2 = τα(y2)(y2) and ran τα(y1),
ran τα(y2) are ideals of Y , we have that y1, y2 ∈ ran τα(y1) ∩ ran τα(y2) ⊆ ranφα(y1) ∩
ranφα(y2) = ranφα(y1∧y2), whence y1 = φα(y1∧y2)(y1) and y2 = φα(y1∧y2)(y2).
Therefore, y1 ≤′ y2. Conversely, suppose that y1, y2 ∈ Y with y1 ≤′ y2. By (24)
there are t ∈ T and z1, z2 ∈ Y ∩ domφt, such that y1 = φt(z1), y2 = φt(z2) and
z1 ≤ z2. Observe that y1 = τt(z1), y2 = τt(z2), and consequently y1 ≤ y2, as τt is
order-preserving. This shows that the intersection of ≤′ with Y × Y coincides with
≤. In particular, (Y,≤′) = (Y,≤) is a meet subsemilattice of (X,≤′).

We now prove that Y is an ideal of X . Suppose that y ∈ Y and x ≤′ y for some
x ∈ X . There are t ∈ T and y1, y2 ∈ Y ∩domφt with y1 ≤ y2, such that x = φt(y1)
and y = φt(y2). Then y2 = τ−1

t (y), and since dom τt is an ideal of Y , y1 ∈ dom τt,
so that x = τt(y1) ∈ Y . �

Proposition 4.4. Let τ be a globalizable strict partial action of an inverse semi-
group T on a semilattice Y such that dom τt 6= ∅ for all t ∈ T . Then there exists
a globalization φ : T → I(X), ι : Y → X of τ such that (T,X, ι(Y )) is a strict L-
triple. Moreover, in this case Y⋊τT ∼= L(T,X, ι(Y )) and Y ⋊

m
τ T ∼= Lm(T,X, ι(Y )).

In particular, if τ is fully strict, then dom τt 6= ∅ is automatically satisfied for all
t ∈ T , and in this case (T,X, ι(Y )) is also fully strict.

Proof. Existence of a pair φ : T → I(X), ι : Y → X , such that (T,X, ι(Y )) is an
L-triple, follows from Lemmas 4.2 and 4.3 and the observation at the beginning of
the proof of Proposition 4.1 (see (20)). The strictness of (T,X, ι(Y )) is guaranteed
by the strictness of τ : the corresponding homomorphism e : ι(Y ) → E(T ) is just
the (usual) composition of α with ῑ−1. The isomorphism Y ⋊τ T ∼= L(T,X, ι(Y ))
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is simply the identification of (y, t) ∈ Y ⋊τ T with (ι(y), t) ∈ L(T,X, ι(Y )), which
restricts to the isomorphism Y ⋊

m
τ T ∼= Lm(T,X, ι(Y )). Finally, if τ is fully strict,

then for every t ∈ T there exists y ∈ Y , such that (y, t) ∈ Y ⋊
m
τ T . In particular,

y ∈ ran τt, so that dom τt = ran τt−1 6= ∅ for all t ∈ T . The full strictness of
(T,X, ι(Y )), whenever τ is fully strict, is immediate. �

Propositions 4.1 and 4.4 permit us to conclude that O’Carroll’s [12, Theorem
4] is equivalent to the version of our Theorem 3.4 where the partial action τ is
additionally globalizable. The latter property, however, does not always hold for a
partial action, as the following example shows.

Example 4.5. Let S be the meet semilattice {0, e, f}, where 0 is the minimum
element and e ∧ f = 0. Consider the least congruence ρ on S which contains the
pair (0, e). Then ρ is idempotent pure and the partial action δ̃ of S/ρ on E(S) is
not globalizable.

Proof. Indeed, the fact that ρ is idempotent pure is trivial, since S = E(S). Notice
that the ρ-classes are [e] = {e, 0} and [f ] = {f}, so that [e] ≤ [f ]. Now,

δ̃[e] = δe ∨ δ0 = ideE(S) ∨ id0E(S) = id{0,e} ∨ id{0} = id{0,e},

δ̃[f ] = δf = idfE(S) = id{0,f}.

Since δ̃[e] 6≤ δ̃[f ], the premorphism δ̃ is not order-preserving. Thus, it is not global-
izable as a partial action. �

Acknowledgements

The author thanks the referee for the very detailed reading of the manuscript and
numerous useful suggestions which permitted to simplify and shorten the proofs.
In particular, the use of [6, Proposition 1.2.1] in the proofs of Lemmas 2.1 and 2.2,
as well as the use of the order-preserving property of τt in the proof of Lemma 2.6
are due to the referee. Section 4 also arose from referee’s comments.

References

[1] Birget, J.-C., and Rhodes, J. Group theory via global semigroup theory. J. Algebra 120, 2
(1989), 284–300.

[2] Exel, R. Partial actions of groups and actions of inverse semigroups. Proc. Amer. Math. Soc.
126, 12 (1998), 3481–3494.

[3] Gould, V., and Hollings, C. Partial actions of inverse and weakly left E-ample semigroups.
J. Aust. Math. Soc. 86 (2009), 355–377.

[4] Kellendonk, J., and Lawson, M. V. Partial actions of groups. Internat. J. Algebra Comput.
14, 1 (2004), 87–114.

[5] Lawson, M. V. A class of actions of inverse semigroups. J. Algebra 179, 2 (1996), 570–598.
[6] Lawson, M. V. Inverse semigroups. The theory of partial symmetries. World Scientific,

Singapore-New Jersey-London-Hong Kong, 1998.
[7] Lawson, M. V., and Margolis, S. W. In McAlister’s footsteps: a random ramble around

the P -theorem. In Semigroups and formal languages. World Sci. Publ., Hackensack, NJ, 2007,
pp. 145–163.

[8] Lawson, M. V., Margolis, S. W., and Steinberg, B. Expansions of inverse semigroups. J.
Aust. Math. Soc. 80, 2 (2006), 205–228.

[9] McAlister, D. B. Groups, semilattices and inverse semigroups II. Trans. Am. Math. Soc.
196 (1974), 351–370.

[10] O’Carroll, L. Inverse semigroups as extensions of semilattices. Glasgow Math. J. 16, 1
(1975), 12–21.



PARTIAL ACTIONS AND AN EMBEDDING THEOREM FOR INVERSE SEMIGROUPS 11

[11] O’Carroll, L. Idempotent determined congruences on inverse semigroups. Semigroup Forum
12, 3 (1976), 233–243.

[12] O’Carroll, L. Strongly E-reflexive inverse semigroups. Proc. Edinburgh Math. Soc. (2) 20
(1977), 339–354.

[13] Petrich, M. Inverse semigroups. Pure and Applied Mathematics (New York). John Wiley
& Sons, Inc., New York, 1984. A Wiley-Interscience Publication.

[14] Steinberg, B. Inverse semigroup homomorphisms via partial group actions. Bull. Aust.
Math. Soc. 64, 1 (2001), 157–168.

[15] Szendrei, M. B. A note on Birget-Rhodes expansion of groups. Journal of Pure and Applied
Algebra 58, 1 (1989), 93–99.
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