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Abstract

Letp = —g =5 (mod 8) be two prime integers. In this paper, we investigate the unit groups
of the fields L; = Q(ﬁ, NIBNCE V=D and LT = Q(ﬁ, /P> +/q)- Furthermore , we
give the second 2-class groups of the subextensions of L as well as the 2-class groups of
the fields L, = Q(/P, /4, {;n+2) and their maximal real subfields.

Keywords Multiquadratic number fields - Unit group - 2-class group - Hilbert 2-class field
tower - Cyclotomic Z;-extension.
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1 Introduction

Let k£ be a number field and Ej its unit group. The determination of Ej is a very difficult
computational problem that serves to give answers to many problems such as the computation
of the class number of &, the capitulation problem and many other problems in algebraic
number theory. The most spectacular result that describes the structure of Ej is the well-
known Dirichlet unit theorem that says that

Ex = pu(k) x Z+21

where 1 (k) is the group of roots of unity contained in k, r1 is the number of real embeddings
and r is the number of conjugate pairs of complex embeddings of k. This is the only known
and general result that covers any given number field k. If k is an imaginary J-field, there is
a known result of Hasse that gives the difference between the unit group of k and that of its
real maximal subfield k™ i.e., the index [E} : (k) Ej+] equals 1 or 2.

Unfortunately, these results do not give much information on the generators of the group
Ej.. For the particular family of multiquadratic number fields there are some useful algorithms
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by Wada ([15]) and Azizi ([3]) that helped to compute the unit groups of many families of
real biquadratic number fields and imaginary triquadratic number fields ([4,7]). However,
these algorithms became very difficult to apply to real multiquadratic fields of degree at least
8 and imaginary multiquadratic fields of degree at least 16. To the best of our knowledge
there is only one example in the literature that explicitly determines the unit groups of some
infinite families of such fields (see the recently published paper [9]). In Sect. 2 of this paper
we shall modify the algorithms of Wada and Azizi by a process of elimination based on
norm maps and class number formulas to explicitly determine the unit groups of the fields
L = QW2, yp. g, ~=1) and LT = Q(v2, /P, \/q), where p and g are two primes

that satisfy one of the following conditions:
p=5 (mod8), g=3 (mod 8) and <£) =1, (1.1
q

p=5 (mod8), g=3 (mod 8)and (g) -1 (12)

In Sect. 3, we determine the 2-class groups and the second 2-class groups of the unramified
quadratic extensions of Q(/2pgq, i), as well as we give the 2-class groups of the layers of
their cyclotomic Z,-extension.

Notations

Let k be a number field. We shall use the following notations for the rest of this paper:

ho (k): the 2-class number of k,

ha(d): the 2-class number of the quadratic field Q/4d),

&4 the fundamental unit of the quadratic field Q(/4d),

E}: the unit group of k,

FSU: abbreviation of “fundamental system of units”,

kM: the Hilbert 2-class field of k,

k®): the Hilbert 2-class field of k1,

k™ the maximal real subfield of k, whenever k is imaginary,
q(k) = (Ex : []; Ex;) is the unit index of k, if k is multiquadratic, where k; are the
quadratic subfields of k,

% Ny i: the norm map of an extension k' /k.

KO K K K X X K KX

2 Units of some multiquadratic number fields of degree 8 and 16

Let us start by collecting some results that will be useful in the sequel.

Lemma 2.1 ([2, Lemma 5]) Let d > 1 be a square-free integer and €4 = x + y~/d, where
X, y are integers or semi-integers. If N(eq) = 1, then 2(x + 1), 2(x — 1), 2d(x + 1) and
2d(x — 1) are not squares in Q.

Lemma 2.2 ([3], Proposition 2) Let Ko be a real number field, K = Ky(i) a quadratic
extension of Ko, n > 2 an integer and &, a 2"-th primitive root of unity. Then &, = %(un +

Ani), where by = /2 + tn—1, 2n = /2 — pn—1, k2 =0, Ao =2 and u3 = A3 = 2. Let

no be the greatest integer such that &, is contained in K, {e1, ..., &/} a fundamental system
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of units of Ko and & a unit of Ko such that (2 + i, )€ is a square in K (if it exists). Then a
fundamental system of units of K is one of the following systems:

Lo {et, .o, &r—1, /Enoe) if € exists, in this case & = &' -+ - &' |&,, where j; € {0, 1};
2. {e1,...,¢&} else.

Let us recall the method given in [15] that describes a fundamental system of units of a
real multiquadratic field Kg. Let o1 and o7 be two distinct elements of order 2 of the Galois
group of Ko/Q. Let K, K» and K3 be the three subextensions of K invariant by o, oo and
03 = 0103, respectively. Let € denote a unit of K. Then

e2 = g% ee (% e%2) 7!,

and we have, ¢! € Ek,, e€”2 € Eg, and €°'¢®? € Ek,. It follows that the unit group of
Ky is generated by the elements of Eg,, Ex, and Eg,, and the square roots of elements of
E, Eg, Eg, which are perfect squares in K.

Let us continue by stating the following results.

Lemma 2.3 Let p and q be two primes satisfying (1.1).
(1) Let x and y be two integers such that &34 = x + y«/2pq. Then we have

(1) p(x —1)isasquareinN,

(i) \/282pg = Y14/P + Y2+/2q and 2 = 2qy§ - pylz, for some integers y1 and y».
(2) Let a and b be two integers such that €pq = a + b,/pq. Then we have

(1) 2p(a+1)isasquare in N,

(i) /epg =b1/P+b2/qand 1 = pb% - qb%, for some integers by and b,.
(3) Let c and d be two integers such that 24 = ¢ + d+/2q. Then we have

(1) ¢ — lisasquareinN,

(it) /2824 =di +da/2q and 2 = —all2 + 2qd22, for some integers dy and d».
(4) Let a and B be two integers such that e, = o + B./q. Then we have

(i) o — lisasquareinN,

(i) /2e4 = B1+ P2/q and2 = —ﬂlz + qﬂ%,for some integers B1 and f».

Proof (1) It is known that N(e2,,) = 1. Then, by the unique factorization in Z and
Lemma 2.1, there exist some integers y; and y» (y = y1y2) such that

(1).{x:|:1:y12, ()‘{x:tlzpylz,

x 1 =2py?,
xF1=2pgy3, xF1=2gy3,

or (3): {xzplzqy%.

2
+ System (1) can not occur since it implies 1 = <y71> = (%) = (#) = (%) =

(2) = —1, which is absurd.

P
* Similarly, system (3) can not occur either since it implies 1 = (%) = (%) = (%) =
(%) = —1, which is absurd.
= py? 2
* Suppose that ¥+l py1,2 Then1=(21) = (M) = (M) = <;> = -1,
x —1=2qyj. q q q q

which is also impossible.
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x—1=pyi,
x+1=2qy22,

V262p4 = y1/P + y24/2q and 2 = 2qy;5 — pyy}.
(2) N(gpg) = 1. Then, by Lemma 2.1, we have

fa+1=pb CJax1=01, fat1=2pb?,
() {a¢1:qb§, (2)-{”1:,%,;73, or @): 0T 0T

Thus, the only possible case is { which implies that

for some integers by and b, such that b = b1by or b = 2b1by (b = 2b1b; in the cases
a+1=2pb?,

a—1=2gp3. 1™

of system (3)). As above we show that the only possible case is {

this we infer that \/g,, = b1/P + b2/q and | = pb? — gb3.
(3) N(g&2¢) = 1. Then, using Lemma 2.1 and the same technique as above, we show that

c—1=d}, _
1= quzz. Thus, \/2e2, = dy +day/2q

there are two integers d; and d; such that {
and 2 = —d} + 2qd3.
(4) N(gq) = 1.Then, using Lemma 2.1 and the same technique as above, we show that there

1= g2
= 1=P" " Thus, /26 = Bi + Br/q and

i h th
are two integers B and B such that {a t1= 6]/322-

2=—B7+4qp3.
Corollary 2.4 Let p and q be two primes satisfying (1.1).

(1) AFSU of Q(/P, \/q) is given by {ep, &4, /Epq}-

(2) AFSU of Q(W2, \/q) is given by {e2, \/Eq. \/E24}-

(3) AFSU of Q(/p. ~/2q) is given by (e, €24, \/€2482pq -
(4) AFSU of Q(/q, ~/2p) is given by (g4, €2p, \/E2pq }-

(5) AFSU of Q(W2, /Pq) is given by {e2, € pq. /Epq€2pq)-

Proof Note that /2 ¢ Q(/p, /9) and g, has negative norm. So, using Lemma 2.3, one

easily verifies that the only element of the form 8251 8{;85, for i, j and k € {0, 1}, which is
a square in Q(/p, \/q), is €pq. So (1) follows by the method given on Page 3. One can
similarly deduce the rest from Lemma 2.3 and [7, Propositions 3.1 and 3.2]. O

Now we are able to state the first important result of this section.

Theorem 2.5 Let p and q be two primes satisfying (1.1). Put K = QW2, NIBNIRVESY)
and K+ = Q(v2, /P, /@). Then the following hold.

(D) (@) Ex+ = (=1, 2, 8p, /oq> \/E29> /Epq> /E2EpE2p» \| €5E24€ pg€2pg)-
(b) The class number of KV is odd.

4
(2) (@) Ex = ({24 0r (s, &2, EpsAE€qs AEpg> A/E2EPE2D, C/S%)Equpqupqs \/§€§28%5‘152‘1>’

according to whether g = 3 or not.
(®) ha(K) = ha(=pg).

Proof (1) Consider the following diagram (see Fig. 1):
Note that by [6, Théoreme 6], {e2, &y, \/e26,82)}, is a FSU of ki. By Corollary 2.4,
{e2, /&4, /24 } is aFSU of k> and a FSU of k3 is given by {2, &4, /€2pq€pq}-
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Unit groups of some multiquadratic number fields 239

Fig.1 Subfields of KT /Q(+/2)

It follows that

Ekl Eszk3 = (—1, &2, Eps Epgs /Eqs A/E2q> \/gpq‘gquv \/828p82p)-

Note that a FSU of K consists of seven units chosen from those of k1, k> and k3, and from the
square roots of the units of Ey, Ey, Ex, which are squares in K (cf. Page 3). Thus, we shall
determine elements of E, Ex, Ex, which are squares in K*. Suppose X is an element of K*
which is the square root of an element of Ej, Ey, Ei,. We can assume that

X2 = eSepeh /e E2 VEpaFapg | JEREpEL,
where a, b, ¢, d, e, f and g are in {0, 1}.
We shall use norm maps from K to its subextensions to eliminate the cases of X> which
do not occur.
Let 71, 72 and 73 be the elements of Gal(K*/Q) defined by

u(W2)=—v2, (/P =P (VD = V4.
»(W2) =2, n(/p) =—p,. /D=4
13(V2) = V2, 3(/P) = /P, 13(J/q) = —/q.

Note that Gal(K*/Q) = (1, 72, 13) and the subfields k1, ky and k3 are fixed by (z3), (12)
and (tp73) respectively. Lemma 2.3 is used to compute the norm maps from K¥ to its
subextensions. We summarize these computations in Table 1. Let us start by applying the
norm map Ng+y, = 1+ 12

Nig+ iy (X%) = Nigt iy (X)7 = 3% (=" - 12665, - (=1)] - (=1)8"¢5

2a .d b+ f+gv .8
=g 8q82q (—HP+/ 8¢5,

Note that, by Corollary 2.4, {e, NCTE /€24}1s a FSU of ky. Thus, &, and &5, are squares

in ky whereas &7 is not. Since Ng+ i, (X%) > 0, then b + f+vg =0 (mod 2) and sg isa
square in k». Therefore g = 0 and b = f. So we have

2 _ a.f.c d e f
X =€56p€,0\q €24 Epg€apq” -

Similarly, by applying Ng+ i, = 1 + 7273, one gets

Nige iy () = €3 - (=)F -2 (=) - (=1)¢ - )y,
= e%“sf,f]g,,qszpq( 1/ Hdte o 0.
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240 M. M. Chems-Eddin

Note that, by Corollary 2.4, &,,€2p4 is a square in k3. Thus, all that we can deduce is
f+d+e=0 (mod 2). Let us now apply Ng+ i, = 1 + 71, where k4 = Q(/P, /9)-
‘We have

, |
Nty (X2 = (=D e - €2 - (=g - 1+ (epq)”
= gf,fsf,;egq (=t 83 > 0.

Thus, a +d =0 (mod 2). By Corollary 2.4, ¢, is a square in k4 and, by Lemma 2.3, 2¢,
is a square in k4 whereas &, is not (in fact V2 ¢ ky). Sod = 0 and then a = 0. Since
f+d+e=0 (mod 2), we have f = e. Therefore,

2 S i ]
X° = spszq‘/szqf,/quszqu.

Note that, by Lemma 2.3, ¢, is a square in K™, so we may put

2 f
X" =z¢p v82qfv8pq82qu~
Suppose that f = 0. Then, by the above discussions and Lemma 2.2, a FSU of KV is

(€2, 6p, /8qs \/€2q /Epq > /E2pq> /E26pE2p)-

Thus, g(K*) = 25, We have hao(p) = ha(q) = ha(2qg) = ha(2) = 1 and ho(2p) =
ha(pq) = ha(2pg) = 2 (cf. [10, Corollaries 18.4, 19.7 and 19.8]),

1
hy(K*) = 2*961(Kﬂhz(2)hz(P)hz(q)hz(ZP)hz(Zq)h(M)hz(ZM)
L s
:279.2 1-1-1-2-1-2-2
!
>

which is absurd. Thus, f = 1 and then ¢(KT) = 26, So we have (1).

(2) Keep the notations of Lemma 2.2. Note that the greatest integer n¢ such that {no is
contained in K equals 3, therefore u,, = V2. So, according to Lemma 2.2, we should find
an element Y, if it exists, which is in KT such that

g
2 b e —d
Y2 = Q2+ V2)ehe) o o Ve VEE e\ ehergepgeang -

wherea, b, c,d, e, f and g are in {0, 1}. So firstly we shall use norm maps to eliminate some
cases (see Table 1).

e We have N+, = 1 + 2. So, by applying N+ ,, we get
Nice i, (Y2) = 2+ V223 (= DPeled, - (—1)° - (=D ’e] (~ ¥ /2358,
= Q2+ V2 e eed (—1)ITer ] Jen s > 0.

Thus, b + e + fv + gs = 0 (mod 2). By Corollary 2.4, {e3, /84, \/€24} is a FSU of
ka. Since &, /€24 and &3, /€3, are not squares in kp, we have f = ¢ = O andso b = e.
Therefore,

Y2=02+ \6)8[218; eq" /szqd, /€pq’ -
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We have N+, =1+ 1) with k4 = Q(/p, \/q)- So

Nit iy (Y?) = (4 =2 (=) (=) - 1 €5,

_ 2 +
= apeef,q(—l)” €.2. s; > 0.
Soa+c =0 (mod 2).Since /2 ¢ k4 and, by Lemma2.3, ,/2¢, € ky4,thenc = 1. Therefore
a = c = 1 and we have

Y2 = Q2+ V226 \fog /20" Epg -
By applying the norm map, Ng+z, = 1 + 1273, we get
Nigt i (V) = 2+ V225 - (=1 - (=) - (=D.(= D)5,
= 2+V2)%5 - (=D > 0.

Thus, 1 +d = 0 (mod 2). Sod = 1. As, by Corollary 2.4, &, is a not a square in k3,
then e = 0. It follows that

Y2 = Q2+ V2)e, /€4 /€2q -
Let us now verify that (2 + V2)es /€4 /€24 1S a square in K.

e Note that by [5, Theorem 5.5], the 2-class group of L,, = Q(,/pq, V2, i) is cyclic.
Since K is an unramified quadratic extension of L, this implies that the Hilbert 2-class

field of L p,(i.e., L%) and K have the same Hilbert 2-class field. So h2(L »4) = 2h2(K).
Therefore, again by [8, Lemma 3], we have 2/, (K) = 2h2(—pq). Thus,

ha(K) = ha(—pg). 2.1

Assume that (2 + +/2)e» €q+/€24 i NOL a square in K. Then, by Lemma 2.2 and
the above discussions, K™ and K have the same fundamental system of units. Thus,
g(K) = 27. We have ha(—1) = ha(=2) = ha(—q) = 1, ha(=p) = ha(=2p) =
ha(—2g) = 2 and ha(—2pq) = 4 by [10, Corollary 18.4], [10, Corollary 19.6] and [12,
p- 353] respectively. So, by the class number formula (cf. [15, p. 201]) and the above
setting on the 2-class numbers of real quadratic fields (Page 6), we get

1
hay(K) = ﬁq(K)hz(—1)h2(2)h2(—2)h2(P)hz(—P)hz(Q)hz(—Q)h2(2p)
ha(=2p)h2(2q)h2(—2q)ha(pq)h2(—pg)h2(2pg)ha(—=2pq)

1
= ﬁ-27-1~1-1-l-2~1-1-2-2-1-2-2-h2(—pq)~2-4
—lh( )
=3 2(=pq).

This contradicts (2.1). It follows that (2 + +/2)e» /€4./€2¢ 1S @ square in K*. Hence
Lemma 2.2 completes the proof. O

To prove our second main result of this section, we need the following lemma and corollary.

Lemma 2.6 Let p and q be two primes satisfying (1.2).
(1) Let x and y be two integers such that &34 = x + y«/2pq. Then we have
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1) 2p(x — 1) is a square in N,

(i) \/2&2pg = Y14/2p + Y24/q and 2 = —2py12 + qyzz, for some integers y and y».
(2) Let a and b be two integers such that €pq = a + b,/pq. Then we have

(1) pla+1)isasquareinN,

(i) \/2epq = b14/P + b2 /qand?2 = pb% - qb%,for some integers by and bs.
(3) Let c and d be two integers such that 24 = ¢ + d+/2q. Then we have

(1) ¢ — lisasquareinN,

(it) /2824 =di +da/2q and 2 = —d12 + 2qd22, for some integers dy and d».
(4) Let o and B be two integers such that e, = o + B./q. Then we have

(i) a — 1isasquareinN,

(ii) /2e4 = B1 + P2/q and 2 = —B} + q B3, for some integers P and P,.
Proof We proceed similarly as in the proof of Lemma 2.3. O

Corollary 2.7 Let p and q be two primes satisfying (1.2).

(1) AFSU of Q(\/P, \/q) is given by {ep, &4, \/€4€ pq }-

(2) AFSU of Q(W2, /q) is given by {e2, /7. \/E2q}-

(3) AFSU of Q(/p, /2q) is given by (e, £2¢4, /E2pq }-
(4) AFSU of Q(/q, ~/2p) is given by {eq, €2, \/Eq€2pq)-
(5) AFSU of Q(W2, /Pq) is given by {&2, € pq. /Epg€2pq -

Proof We proceed similarly as in the proof of Corollary 2.4. O

We can now state and prove the second main theorem of this section.

Theorem 2.8 Let p and g be two primes satisfying (1.2). Put L = Q(+v/2, P Na N =1
and LT = Q(v/2, /D5 \/9)- Then the following hold.

(D) (@) Ep+ = (—1,82,8p, /84, /82q> \/Epq> /E2EpE2p> 48%8%5(]51;,1821;,1).
(b) ha(Lh) =1.
(2) (@) EL = ({4 0r {8, €2, 8p, /20, /% v4/<928p52p,C/gggégququpqaC/ng‘g%gquq);

according to whether g = 3 or not.
(b) ho(L) = ha(—pq) = 2.

Proof (1) We consider an analogous diagram as in Fig. 1. Note that, by [6, Théoréme 6]
and Corollary 2.7, a FSU of k| = Q(ﬁ, /D) is given by {e2, &, . /€2Epe2)}, a FSU of
ky = Q(v2, J@) is given by {e2, /24, \/e24} and a FSU of k3 = Q(W2, /pq) is given
by {€2, €pg, /E2pq€pq}- 1t follows that

Ex Exy Exy = (—1, &2, Eps Epgs A/Eq> A/ E2g> «/SpqSqua «/‘928178217)-

Note that, by Lemma 2.7, &4 is a square in L. So we shall find elements X of L, if
they exist, such that

X2 = ggai’,‘/eqc, /aqu\/quazpq‘\/szapszpf,
where a, b, ¢, d, e and f are in {0, 1}. Let us define 71, 72 and 73 similarly as in the proof
of Theorem 2.5. We shall use Table 2.
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244 M. M. Chems-Eddin

By applying the norm map Ny +/x, = 1 + 12, where ky = Q(v/2, \/q), we get
Np+ iy (X2) = 3 (—1)? - e8ed, - (D¢ - (1) Ve]
= 5%“8;82q (— 1)b+e+fve > 0.
We have b + ¢ + fv =0 (mod 2). By Corollary 2.7, the units &, and &, are squares in k3
whereas ¢; is not. Then f = 0 and b = e. Therefore

X2 = sgez,/sqc, /ezqd,/quszqu,
Np+ g, = 1+ 71, where kg = Q(/p, \/q). We have

Nit g (X3) = (1) &) - (=1)° - ¢ - 1- ¢},
_ 2b atc  c b
=&, (=1 “EgEpg > 0.

Then a + ¢ = 0 (mod 2), so a = c. Since, by Corollary 2.7, the units &, and ¢, are not
squares in k4, we have ¢ = b. Thus, a = b = ¢ and

L N ANCAN T
Let us now apply N+ i, = 1 + 1273, where k3 = Q2. /pq)- Then
Nitjig (X = 637 (=D (=D (=D - €565, = 837 - (=D - e5,¢5,4 > 0.

Thus, d = 0. Hence, X2 = 838; /84 \JEpa€2pq” -
Let us suppose that a = 0. Then a FSU of L* is
{82, 8ps /84> /€2q s /Epqs N/E2pqs /E2EpE2p}-

Thus, g(LT) = 25. We have hao(p) = ha(g) = hay(2g) = hy(2) = 1 and hy(2p) =
ha(pq) = ha(2pg) = 2 (cf. [10, Corollaries 18.4, 19.7 and 19.8]). So the class number
formula (cf. [15, p. 201]) gives

1
hy(LF) = *96](L+)h2(2)h2(P)hz(Q)hz(zp)hz(ZQ)h(PQ)thPQ)

= 22.1-1-1-2-1-2-2
1
5 )
which is absurd. So necessarily @ = 1 and then ¢(IL7) = 26, Therefore we have (1).
(2) We shall proceed as in the second part of the proof of Theorem 2.5. So let

g
2 b d 4
Y :(2+x/§)8§8p./8qc,/82q Jque./szs,,ezpf,/8%£%eqsmszpq ,

wherea, b, c,d, e, f and g arein {0, 1}. According to Lemma 2.2, we should find an element
Y, if it exists, which is in LT. So firstly we shall use norm maps to eliminate some cases (see
Table 2).

e We have Np+ g, = 1 + 1. Note that, by Corollary 2.7, {e2, JVEqs /€24} is a FSU of kj.
So we have

Npt g, (V%) = Q+ 7223 (— 1)’ - &9, - (D¢ - (1) Ve] (—1)8 5 ez,
— (2+[)28%080 d ( 1)b+e+fv+gs f+g\/7g - 0.
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Thus, b+ e+ fv+ gs =0 (mod 2). We have

* f = g = lisimpossible. In fact, , /g, is not square in k.
* f # gisimpossible. In fact, &2 /€24 and &; are not squares in k.

Thus, f = g = 0 and b = e. It follows that
Y2 = 2+ V2)eseh Jeg Ve epg
We have Np+y, = 1+ 71 with ks = Q(/p, /q). Note that, by Corollary 2.7,
{ep, 84, \/Eq€pq} is a FSU of k4. We have
Nt (Y?) = G =2 (=" &) - (=) g5 - 1 (=1)P - &b,
=& (D)2 gl eh > 0.

Soa+b+c =0 (mod 2). Since g€ 4 is a square in k4 whereas 2 is not, this implies ¢ # b.
So a = 1 and we have

Y2=0+ ﬁ)szslb),/sqc /szqd, /equ,

with ¢ # b. Let us now apply N+ i, = 1 + 1273 to obtain

Npvji(Y?) = 2+ V2)7 65 - (=" - (=D - (=D".(=1)".&h,

=Q2+V2)? g5 (=) b 0.

Thenc+d = 0 (mod 2) and so ¢ = d. By Corollary 2.7, €, is a not a square in k3, therefore
b = 0. Since ¢ # b, we have ¢ = d = 1. Therefore
Y2 = Q2+ V2)e2, /85 /e2g-
Let us now verify that (2 + ﬁ)azﬁ\/@ is a square in L.
e As in the second part of the proof of Theorem 2.5, we show that
ha(L) = ha(—pq) = 2. (2.2)

Assume that (2 + ﬁ)ezﬁ /€24 is not a square in LL*. Then, by Lemma 2.2 and the
above discussions, LT and L have the same fundamental system of units. Therefore
g(L) = 27. We have ha(—1) = ha(=2) = ha(—q) = 1, ha(=p) = ha(=2p) =
ha(—2q) = ha(—pg) = 2 and ha(—2pg) = 4 by [10, Corollary 18.4], [10, Corollary
19.6] and [12, p. 353] respectively. So, by the class number formula (cf. [15, p. 201]) and
the above setting on the 2-class numbers of real quadratic fields (Page 11), we get

1
hy (L) = ﬁq(]L)hz(—1)h2(2)h2(—2)h2(p)hz(—P)hz(Q)hz(—Q)hz(Zp)

ha(=2p)h2(2q)h2(—2q)ha(pq)h2(—pg)h2(2pg)ha(—2pq)
1

=—.2"-1-1-1-1-2-1-1-2.2:1-2:2:2-2-4=1.
216

This contradicts (2.2). It follows that (2 + ﬁ)sz /€4./€24 18 a square in L* and so
Lemma 2.2 completes the proof.
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3 Remarks on Hilbert 2-class field towers and cyclotomic 7Z,-extensions

Let k be an algebraic number field and Cl, (k) the 2-Sylow subgroup of its ideal class group
ClI(k). Let kD (resp. k@) be the first (resp. second) Hilbert 2-class field of k and put G =
Gal(k® /k). Then if G’ denotes the commutator subgroup of G, we have by class field
theory that G’ ~ Gal(k® /k"V) and G/G’ ~ Gal(kV /k) ~ Cl,(k). Assume in all what
follows that Cl, (k) is of type (2, 2). Then in [13] Kisilevsky showed that G is isomorphic to
7.)27 X 7.]27, Qm, Dy, or Sy, where Q,,, Dy, and S, denote the quaternion, dihedral and
semidihedral groups, respectively, of order 2", where m > 3 and m > 4 for S,,. Let Fy, F>
and F3 be the three unramified quadratic extensions of k and assume that the 2-class group
of F is cyclic. Then, using some known results of group theory, one can easily deduce from
[13, Theorem 2] that we have the following remark (cf. [9, Remark 2.2]):

Remark 3.1 The 2-class groups of the two fields F> and F3 are cyclic if and only if k") = k)
or kM # k@ and G ~ Q3. In the other cases the 2-class groups F and Fj are of type (2, 2)
(whereas that of F7 is cyclic).

Set the following notations:

(1) Lpg: Q2. \/qp. D),

(2) Fpq: Q(/P, 29, 1),

3) Kpq: Q(\/Z?, «/6?7 i).

Remark 3.2 Let p and g be two primes satisfying conditions (1.1) or (1.2). Note that, by
Lemmas 2.3 and 2.6, x £ 1 is not a square in N, where x and y are the two integers such
that £,; = x + y+/2pq. Thus, the Hasse unit index of k = Q(+/2pq, i) equals 1 (cf. [3,
3.(1) p. 19]). So by [1] the 2-class group of k is of type (2, 2). We similarly deduce, by using
Lemmas 2.3 and 2.6, [9, Lemma 4.1] and [3, 3.(1) p. 19], that the condition on the Hasse
unit index of Kk, in [2, Théoréme 21], is always verified (so, in particular, the conditions of
this theorem hold).

Theorem 3.3 Let p and g be two primes satisfying (1.1). Then the following hold.

(1) The 2-class group of Ly is 7./2" N7, with ho(— pg) = 2.
(2) The 2-class group of Fyy is of type (2, 2).
(3) The 2-class group of K pq is of type (2, 2).

Proof Let k = Q(+/2pq, i). By Remark 3.2, the 2-class group of k is of type (2, 2). Note
that L ,, Fp, and K, are the three unramified quadratic extensions of k. Note that, by [8,
Theorem 10], the 2-class group L , is cyclic. So the above preliminaries complete the proof.

]

Since the 2-class group of L, is cyclic, the Hilbert 2-class field tower of L, terminates
at the first layer. Now we shall determine the structure of the groups Gal(F ,(3]) /Fpq) and
2
Gal(K 52 /K pg).-

Theorem 3.4 Let p and q be two primes and m such that and hy(—pq) = 2™.
(1) If p and q satisfy (1.1), then we have

Gal(F()/Fpg) ~ Gal(K ) /K pg) ~ Q1.
(2) If p and q satisfy (1.2), then we have
Gal(F(?) | Fpg) ~ Gal(K}) /K py) ~ Z/AL.
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Proof LetL ,, = QW2, /4, /D, 1).Since the 2-class group of L 4 is cyclic (so its Hilbert
2-class field tower terminates at the first layer) and L, is an unramified extension of L ,,
we have that the 2-class group of Ly, is also cyclic. As Ly, is also a quadratic unramified
extension of both F), and K 4, then by [9, Proposition 2.2] and Theorems 2.5 and 2.8 we
have [Gal(FS; /Fpg)| = |Gal(K S /K pg)| = 2 - ha(L1) = 2 - ha(—pq). Since ha(—pq) is
even, and hy(—pg) = 2 if and only if (5) = —1 (cf. [10, Corollaries 18.4 and 19.6]), then
we have the orders of the groups in question in both cases. Suppose that (g) = 1. Then,
by [2, Théoreme 21], Remark 3.2 and the above discussions, the two groups in question are
subgroups of index 2 of Q2. So they are also quaternions of order 2+,

Suppose now that (£) = —1. Then, by [2, Théoréme 21] and Remark 3.2, the groups in
question are subgroups of Q3 of index 2. So they are cyclic. This completes the proof. O

Remark 3.5 Put k = Q(4/2pgq, i) and assume that p and ¢ are two primes satisfying (1.1).
The author of [2] did not determine the order of Gal(k® /k). Now it is easy to deduce
that it is of order |Gal(k® /k)| = 22 (i.e., Gal(k® /k) ~ Q,42), where m is such that
ha(=pq) =2".

Theorem 3.6 Let p and g be two primes satisfying (1.1) or (1.2). Putry = 2, mp = 24+42,...,

Tn = 24+/Tu—1, Ln = Q(/q, /P> {nt2) and L = Q(/P+ /4> /7n). Then the following
hold.

(1) Foralln > 1, the 2-class group of L}} is trivial.
(2) Foralln > 1, the 2-class group of L, is Z/2" 7"~ Z, where hy(—pq) = 2".

Proof (1) We claim that the 2-class group of k = Q(/p, /q) is trivial. In fact, by Corollar-
ies 2.4 and 2.7, [10, Corollaries 18.4 and 19.7] and Kuroda’s class number formula ([14,
p- 247]), we obtain

1

)

4
By Theorems 2.5 and 2.8, the class number of Q(,/p, /g, V/2) the first step of the
cyclotomic Zy-extension of k is odd. So we have proved (1) by [11, Theorem 1].

(2) Note that L, is the genus field of L, ,, = Q(\/Pq, {on+2) and [L,, : Ly pq] = 2. By [8,
Theorem 10], the 2-class group of Ly, ,4 is isomorphic to a cyclic group of order ontm

therefore that of L, is also cyclic and h2(L,) = M =2ntm=1 §g (2) is proved.
O

1
ha(k) = ZCI(k)hz(P)hz(Q)hz(PCJ) = S1-1-2=1.

Remark 3.7 Let p and g be two primes satisfying (1.1) or (1.2). By the above theorem, the
Iwasawa invariants A2 and v, of the fields Fp;, K,y and Q(/p, \/q, i) are equal to 1 and
m — 1, respectively.
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