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Abstract

In this paper, we study how the roots of the Kac polynomials W), (z) = ZZ;(I) £,z¥ concentrate
around the unit circle when the coefficients of W,, are independent and identically distributed
nondegenerate real random variables. It is well known that the roots of a Kac polynomial
concentrate around the unit circle as n — oo if and only if E[log(1 4 |&])] < oco. Under
the condition E[&g] < 00, we show that there exists an annulus of width O(n—2 (log n)=3)
around the unit circle which is free of roots with probability 1 — O((logn)~'/?). The proof
relies on small ball probability inequalities and the least common denominator used in [17].

Keywords Locally sub-Gaussian random variables - Salem—Zygmund type inequalities -
Small ball probability - Zeros of random polynomials

Mathematics Subject Classification Primary 60G99 - 12D10; Secondary - 11CXX - 30C15

1 Introduction

The z-transform (a particular case is the discrete Fourier transform) is an important tool in
signal analysis and speech recognition. In this context, the study of the zeros of z-transforms
provides useful information on a signal. The existence of a region free of zeros around the
unit circle is important to the proper working of the z-transform. For further details, see
Chapter 3 in [4]. Roughly speaking, in this paper we find a region free of zeros around the
unit circle for Kac polynomials, which are closely related to the discrete Fourier transform.
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160 G. Barrera, P. Manrique

Letn € N and let &y, ..., &,_1 be independent and identically distributed (iid for short)
nondegenerate real random variables (rvs for short) defined in the probability space (2, F, P).
Denote by E the expectation with respect to the measure IP. The Kac polynomial W,, is defined
as the random polynomial of degree n — 1 given by

n—1
Wa(z) =) &2/, zeC.
j=0

In the sequel, we introduce the basic notation and terminology that will be used throughout
this paper. For any z € C, let |z| denote the modulus of z and arg(z) the argument of z. Choose
a,b € R such that a < b. Let R, (a, b) denote the number of roots of W,, in the annulus
{zeC:a <|z] <b}and, forany «, 8 € [—m, ] such that @ < 8, let S, («, B) denote the
number of roots in {z € C: o < arg(z) < B}.

Shparo and Shur proved in [20] that under general conditions on the random coefficients
(rcs for short), the roots of W, concentrate around the unit circle with asymptotically uniform
distribution in the argument as n increases. Moreover, Ibragimov and Zaporozhets showed
in [7] that the rcs of W,, are nondegenerate satisfying E[log(1 + |£p])] < oo if and only if its
roots are asymptotically concentrated near the unit circle. Later, Kabluchko and Zaporozhets
provided in [9] a wide description of the localization of the roots for different conditions on
the rcs. We point out that the localization of the roots of Kac polynomials determine the poor
efficiency of some algorithms for speech recognition and signal processing applications; see
[5] for further details.

Ibragimov and Zaporozhets proved in [7] that

1
]P( lim —R, (1—8,1+8) = 1) — 1 holds forany § € (0, 1)
n—-oon
if and only if E[log(1 + |£9|)] < oo. They also proved that for any distribution &, and
o, B € (—m, ) the following holds:
1 B—a
]P’( Iim —-§, (o, B) = 7) =1.
n—-o00 n 21
Shepp and Vanderbei studied in [ 19] the case of iid standard Gaussian coefficients and showed
that
1 14+ 2 1

lim ~E[Ry (e, ] = T 1 foranys > 0, (1

n—oo n 1 — 6728 5
Later, Ibragimov and Zeitouni, in [8], extended (1) to the case of iid coefficients, whose
common distribution belongs to the domain of attraction of an «-stable law:

1 1 —ad
lim ~E[Ry(e /", /] = T _ = forany s > 0. )
n—00 n l—e % b
14e 8

Note that for any § > 0, as @ — 07 we have = - % — 0. Then (2) may tend to zero
as n — oo when & has a slowly varying tail distribution. In fact, G6tze and Zaporozhets
showed in [6] that if |£p| has a slowly varying tail distribution, then

—ad

lim P(R,(e™",¢")=0) =1 foranys > 0,
n—oo

i.e., the roots of a Kac polynomial with iid rcs with a slowly varying tail distribution hit the
unit circle with almost zero probability.

@ Springer



Zero-free neighborhoods around the unit circle for Kac... 161

In the case that W, has iid rcs whose common distribution belongs to the domain of
attraction of an «-stable law, limit (2) yields that, for § > 0, W,, has at least one root in the
annulus Rs, := {z € C: 7% < |z| < €%/} with positive probability for all large n and

l+e® 2

=1z e af +o(D.
Therefore, a remarkable question is to determine if there exists an annulus inside of Rs , such
that W, has at least one root on it or not. The existence of roots pretty close to the unit circle
is an important aspect in the analysis of signals. This helps us to understand the contribution
of the phase information of a signal. We refer to [5] for further details.

Shepp and Vanderbei conjectured in [19] that, with high probability, the nearest root of
W,, to the unit circle is at a distance of order O(n~2). Later, Konyagin and Schlag showed in
[13] that the last conjecture holds true when the rcs have standard Gaussian or Rademacher
(uniform distribution on {—1, 1}) distribution. To be more precise, in [13] it is shown that
there exists a positive constant C such that for any ¢ > 0

IP’(R,, (e, &8y = n)

limsupIF’( min  |W,(2)] < tn_1/2> <Ct. 3)

n—00 |lz|—1|<tn—2

Moreover, in (2.3) in [13] the limit
]P( min |W,(x)| < n_l/z(logn)_y> =o(l), asn — 0o, )
x€[0,1]

is established for ¥ > 1/2 and iid Gaussian rcs.

Karapetyan in [12] mentioned that it is possible to extend the above result under the
assumption of nondegenerate real sub-Gaussian rcs, but only a sketch of the proof was
given. Moreover, he claimed that the previous result can be extended under the finiteness of

the third moment on the rcs. However, Karapetyan in [11] showed that for iid rcs with zero
9936

mean and finite third moment, it follows, for any € € (0, 1) and n > 16C ¢ ,
n—1 1

]P( min ‘2 £l zn”/z*f)f T
xel0,1] 14 ’ ne /180
Jj=0

(&)

where the constant C depends only on the moments of &y. The proof of (5) is long, technical
and complicated.

Later, Barrera and Manrique [2] proved that if the moment generating function of iid
coefficients exists in an open neighborhood around 0, then for any ¢ > 1

P( min Wa (@] < tn™(logm ™ ) = O(ogm ™ *11%), ()
llz|-1|<tn=2(ogn)~1/2=7
where y > 1/2. The proof of (6) recovers the essential ideas of Konyagin and Schlag
[13], who only considered the problem when the rcs have Rademacher or standard Gaussian
distribution. Their proof is quite technical and involved. It is based on the Salem—Zygmund
inequality for sub-Gaussian rvs.

To extend for more distributions, Barrera and Manrique [2] took advantage of the concept
of least common denominator (lcd for short), which was developed in the study of the singu-
larity of random matrices [17]. Roughly speaking, the lcd is a combinatorial measurement to
understand the concentration of a sum of independent rvs in a small ball. Furthermore, under
the assumptions of the finiteness of the second moment, using similar ideas from Barrera
and Manrique [2], it is possible to find an annulus in which W,, does not have roots with
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162 G. Barrera, P. Manrique

high probability. We remark that the lcd has been converted into a useful tool that allows the
analysis of various interesting problems. For instance, it is used in the study of isomorphism
between graphs [15] and in the analysis of the condition number for random matrices [18].
In this paper, the lcd is used to understand how small the modulus of a random polynomial
near the unit circle can be.

In this work, the lcd allows us to develop clear arguments to estimate how close the
roots of a Kac polynomial are to the unit circle. To be more precise, when the rcs of a Kac
polynomial are iid rvs with zero mean and finite second moment, the majority of the roots
are at a distance of order O(n~2(logn)~>) with probability 1 — O((logn)~'/?). The main
obstacle for extending this result comes from the Salem—Zygmund inequality as we will see
in Section 2.

The main result of this paper is the following.

Theorem 1.1 Let {Ej o 0} be a sequence of real iid nondegenerate real rvs satisfying
supP(g) —ul < y) < 1—q and P(go] > M) <2 (H)
uelR 2

for some M > 0, y > 0and g € (0, 1). Suppose E[&)] = 0 and IE[S(%] < 00. Then for all

fixedt > 1 we have

IP( min (W, ()| < tn~ /2 (1ogn)*2) — O((log n)~1/?), 0]

llz|—1|<tn=2(logn) >
where the implicit constant depends on t and the distribution of &.
Remark 1.2 (1) In Theorem 1.1 we only assume the finiteness of the second moment, zero

mean and condition (H) which include Rademacher and standard Gaussian rvs. As a
direct consequence of Theorem 1.1, we have

P(W, hasnoroots on {z € C: ||z — 1] < tn=? (logn) > N=1- O((logn)~'/%).

(2) We point out that in (7) we consider the minimum of the modulus of the Kac polynomial
over the set {||z| — 1| < rn 2 (log n)_3} which is properly contained in the region con-
sidered in (3), but it contains the region considered in (4). Nevertheless, we obtain the
upper bound O((log n) /%) which improves the bound given in (3).

This paper is organized as follows. In Sect.2 we give an outline of the proof. In Sect.3
we provide the proof of Theorem 1.1. Finally, in Appendix A we prove auxiliary results that
we used throughout the paper.

2 Outline of the proof

In this section, we present the strategy used to prove Theorem 1.1. Our goal is to estimate
P(A,), where

A, = { min W, (2)| < m*l/z(lognﬂ}

2€C:||z|—1|<tn=2(logn) 3

and ¢+ > 1 is a fixed constant. First, motivated by the estimates given in [13, Section 2,
p- 4964], we analyze the probability of the events

Anae = {IWy (exp(i27x0))| < g} for xg = Ni «=0,.. . Ny—1,
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where N, and g, are appropriate functions of n (we provide a precise description of them
later on). We anticipate that N, &~ nz(log(n))3, which is similar to the number of balls used
in [13]. We point out that N, needs to trade off g, in order that the probability of A,  tends
to zero, as n — oQ.

Second, foreach o =0, ..., N, — 1 we analyze the arithmetic structure of the sequence
{exp(i2m jxo) : j =0, ...,n — 1} and using the so-called small ball inequalities we prove
that P(A, o) — 0, as n — oo. The idea is to apply the Taylor Theorem to approximate W,
in small balls with centers at exp(i2w x,,). This allows us to write the event A, as the union of
events of the form A, . However, we need to handle the maximum value for the derivative
of W, on the unit circle. The latter can be done by a Salem—Zygmund type inequality, which
estimates the maximum possible value of a Kac polynomial on the unit circle.

Let |W,|lc denote the supremum norm of W, over the unit circle. In the case of
&, ..., &,—1 being iid sub-Gaussian rvs, a Salem—Zygmund type inequality (in probabil-
ity) gives

P(|Wallo > Cpn'/? (logn)'/?) = 0 (n7?) (®)

for some suitable positive constant C,, see for instance [10, Chapter 6, Theorem 2]. In [2], the
authors showed that (8) holds for iid zero mean rvs with a finite moment generating function.
In this paper, we do not assume the existence of the moment generating function. Instead, we
assume the finiteness of the second moment. By applying the majorizing measure method,
Weber [21] showed (8) in expectation. To be more precise, let &, &1, ..., §,—1 be iid zero
mean rvs with finite second moment. Corollary 2 in [21] implies that there exists a positive
constant C (that only depends on E[&g]) such that

E[|Wylleol < Cn'/? logn)'/?>  foranyn € N.

To improve Theorem 1.1 (using the lcd technique) to more general rcs, we require a refined
version of the Salem—Zygmund inequality for rvs without a finite second moment. At the
moment, the authors are not able to obtain a Salem—Zygmund type inequality for rvs without
the finiteness of the second moment. Later, we apply small ball inequalities to show that

P (W, (exp (i27xy))| < gn) —> 0, asn — oo.

Such inequalities allow us to consider more general rcs and provide a new proof of the main
theorem in [13]. To apply small ball inequalities, we analyze the lcd for some specific matrix.
In the sequel, we give the definition of the Icd for a matrix. Let log, x := max {log x, 0} for
any x > 0.

Definition 2.1 (Least common denominator (lcd)) Let L > 0 be a positive number. Let || - ||2
be the standard Euclidean norm and let dist (v, M ) denote the distance between the vector
v € RM and the set ZM . For a given matrix V € R"™*M the lcd is defined as

vTe
D(V):=inf{||®],:0 € R’”,dist(VT@, ZM) < Ly/log, VOl

For a review of the concept of lcd, we recommend [17, Section 7]. For our purposes, in
Definition 2.1 we take m = 2, M = n and the matrix V is given by

Vo 1 cos(2mxy) ... cos((n—1)2mxy)
T 0 sin (2mxg) ...sin((n — 1)27wxy) |
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164 G. Barrera, P. Manrique

Set X = [SO, o, E,,_l]T. Observe that
PIVXI2 < gn) =P (W, (exp (27 xe))| < gn) -
Note that if det (VVT) > 0, Theorem 7.5 in [17] implies that fora > O and # > 0

c2L? 1y
P VXl <t) < t s 9

(laVXlla =0 = 5 s Gerv vy ( + D(aV)) ©)
where L > /2/q and the constant C only depends on constants M, y, g specified in Theorem
1.1. By Definition 2.1 it is not hard to deduce that, for any a > 0, D(aV) > (I/a)D(V).
Recall the inequality (x 4 y)* < 2x% + 2y for any x, y € R. By (9) we deduce

C2L? c?L?
PlaVXl2=1) = 7zt 7
a2 (det (VVT)) a2 (det (VVT)) ' (D(aV))?
C2L?? c?r?

K)

< + :
a? (det (VVT)'2 0 (det (VVT))2 (D(V))?

Since x4 = NL,, the arithmetic properties of x, given by « and N,, should play an impor-
tant role in the estimates. Depending on the greatest common divisor between o and N,
ged (a, Ny), we deduce suitable positive lower bounds for det (V7'V) and dist (V7 ©, Z")
which together with (K) allow us to show that P (||V X||» < g,) is sufficiently small.

Taylor’s approximation

In the sequel, define the trigonometric random polynomial 7,,(x) := Z;?;(I) & e* x e R,
and let T,: denote its derivative with respect to x. To make the notation shorter, A, denotes
the following event:

Ay = max (Wa(2)] < 032, | T)lloo < Con**logn,
z€C:||z|—1|<2tn=11/10

where Cy is a positive constant of which we will find the precise value later on. We also
let P (A, B) denote the probability P (A N B) for any two events A and B. By the total
probability law, we deduce

P(An) = P(An A +P (ITlloc > Con? logn)
+ IP( max (W, (2)| > n3/2> ' (10)
2€C:||z|—1|<2tn—11/10

The Markov inequality yields

n—1 j
2t )/
32 ' 2 3/2
IP’( max [Wa(2)| > n > =F Z|$J|<1+n1+1/10> -

zeC:||z|—1]|<2tn—11/10 20

n—1,s. 2t Y
E[Zj=0|‘§]| (1 + ,,1+1/10) :| - e2an[|§0|] B e2t]E[|$o|]

= 1n3/2 =T B2 T T an

in other words,

IP’( max (W, (2)| > n3/2> :O(n’l/z), (11)

zeC:||z]—1|<2tn—11/10
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where the implicit constant depends on ¢ and E [|£y]]. On the other hand, the Bernstein
inequality (see [16, Theorem 14.1.1]) allows us to deduce for the second term on the right-
side hand of (10) the inequality

P (17, loc > Con**logn) <P (| Tyl > Con'/*logn).

Since E [§g] = 0and E [Eg] < 00, one can apply [21, Corollary 2] which together with the
Markov inequality imply

21y1/2,,1/2 1/2 1172
[FD(”T ” - C0n1/2 IOgn) < C(E [50]) / n / (logn) / _ C(E [%-0]) /
noo - Con'/?logn Co (logm)' /2"

where C is a universal positive constant. Consequently, the Bernstein inequality yields

P(||I7)lloc > Con**logn) = O ((logn)~"/?). (12)

By (10), (11) and (12), we observe that to estimate P(A,,) we only need to analyze P(A,,, A,).

Remark 2.2 In the preceding reasoning we only used zero mean and the finiteness of the
second moment of &y. In particular, it holds for sub-Gaussian rvs, which includes Rademacher,
standard Gaussian, and bounded rvs.

Arithmetic properties of x

In the sequel, we decompose the event A,, N A, into regions for which the arithmetic properties
of x4 are useful in allowing the use of the anti-concentration assumption(H) and allowing
us to show that P(A,, A,) tends to zero, as n — oco. We point out that in the following
reasoning we use only assumption(H).

To achieve our goal, we consider a set of balls with center at points on the unit circle
with an adequate radius. We distinguish two kinds of balls: the special balls with center at
1 + 0i and —1 + 0i, where the radius r is large (r = 2tn~'1/19), and the balls with center
at points z with argument satisfying n='/19 < |arg(z)| < m — n~'"/10 and small radius
(r =2tn=% (logn) ™).

Recall that for any x € R, [x| denotes the greatest integer less than or equal to x. Let
N = an (logn)3j and xo, = % fore« =0,1,...,N—1.Forae Cands > 0, let B (a, s)
denote the closed ball with center ¢ and radius s,i.e.,B (a,s) = {z € C: |z — a| < s}. Write
S! for the unit circle and let

A(Sl, tn~? (logn)’3) = {z eC:llzl-1<tn? (10gn)’3}.
Notice that

A(S], ”’l_z (logn)_3) = {Z cA: n_”/lo < |arg(z)| < 7T — n_”/lo}

—11/10

UfzeA:larg(z) <n or larg(z) — | < n~ 1110}

If + > 1, observe that

—11/10 711/10}

{zeA:jargz)| =n
CB(=1+0i,2tn ") UB (1 + 0i, 2tn~11/10) .

or J|arg(z) —m| <n

The preceding inclusion yields that any z € A with small argument belongs in the union of
the balls with center at 1 + 0i and —1 4 0i with radius 2¢n~'/19. On the other hand, for
z € A with large argument,
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166 G. Barrera, P. Manrique

[zeA:n 10 < arg(x)| < —n~ 1110}
N-1 '
c U B (e’zm"‘, 2tn~2 (1ogn)*3>.

—11/10

a=1
:n*11/10<|2nxa\<nfn

o
Define
Jin, N) == {a e [1,N — 11NN : ged (@, N) > n'10 logn)~"/2}
L, Ny :={a eI, N = 11NN : a1 logn)™"/? > ged (@, N) > n (logn)*},
J(n,N):={ae[l,N —11NN:n(logn)® > ged (o, N) > n*/' (logn)*},

where ged(o, N) denotes the greatest common divisor of & and N.
For any @ € J3(n, N), we have

" 1 < N < 1110,
n (logn)® ~ ged (a, N)

The preceding inequalities mean that the irreducible fraction of x, is as small as a multiple
of n=11/10 Therefore,

N—1 )
U B (6’2”0‘, 2tn~2 (log n)—3>

o n*11/10<|2nxa\<nfn*“/lo

= U B (eizm", 2tn~? (logn)_S) U U B (eiznx“, 2tn~2 (log n)_3>

aeli(n,N) aeJy(n,N)
U U B (eiz’””, 2tn"? (logn)_3) .
aeJz(n,N)

We emphasize thatif « € Ji(n, N) U Jo(n, N) U J3(n, N), then

n—ll/lO n—]]/lO.

< 2mxy| <m—

Consequently,

P(A,, A,) <P (An, |Wa(2)| < tn~1/? <logn)‘2)

min
z€B(140i,21n=11/10)
+P(A,, min [Wu(2)| < tn~"/? (logn) 2
2€B(—1+0i,2tn=11/10)
+ Y P(AwB)+ Y P(ALBy)+ Y P(A, B,

aelJi(n,N) aeJr(n,N) aeJz(n,N)
(13)

where

By = : min [WL(2)| < tn~1/? (log n)z} .
zeB(

ei2nxa 2tn—2(log ;1)_3)

The right-hand side of (13) will be estimated as follows.
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Zero-free neighborhoods around the unit circle for Kac... 167

Lemma 2.3 The following hold.

logn
IP A N i W t _1/2 1 -2 :O
( e a Wn @] < 072 g e
and
logn
Pl A, min Wa(2)| < tn~ Y2 (logn)~2 =0<7),
( " zeB(flJrOi,Zm*”/'O)' (@) (logm) n1/10

where the implicit constants in the big O notation depend on L and t.

Lemma 2.4 Suppose gcd (o, N) > nt1/10 (log n)~V2 where N = |_n2(10g n)3|. Then for a
suitable constant C it follows that

. - 1 4
> op (|W,, (6’2’”")| < G2 (log n)_z) -0 <(°1g")> ,
11/20
aeJi(n,N)

where the implicit constant in the big O notation depends on L and t.

Lemma 2.5 Suppose (12;;% > ged (o, N) > n (10gn)3, where N = LnQ(logn)3J. Then

for a suitable constant C it follows that

Z IF’<|W,, (eiz’”")| <Ctn™'/? (logn)_z) =0 (loglgn> ,

actr(n,N)

where the implicit constant in the big O notation depends on L and t.

Lemma 2.6 Suppose n (log n)~3 > ged (o, N) > n°/10 (log n)3, where N = |n? (log n)3j.
Then for a suitable constant C it follows that

> B(1Wa (7)1 < G2 (togn)?) =0 <nl%> ’

aeJz(n,N)

where the implicit constant in the big O notation depends on L and t.

In the sequel, we stress that Theorem 1.1 is just a consequence of what we have already
stated up to here. Indeed, combining Lemma 2.3, Lemma 2.4, Lemma 2.5, Lemma 2.6,
estimate (11) and estimate (12) in inequality (10) yields Theorem 1.1.

3 Proof of Theorem 1.1
In this section, we show that the left-hand side of inequality (13) is of order O((log(n))~ 172y,

3.1 Estimates on the balls centered at —1 and 1

Proof of Lemma 2.3 Let z € B (1 + 0i, 2tn='"/10). The Taylor Theorem implies

[Wa(2) = Wa(D)] < |z = 1[W, (D] + [R2(2)],
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168 G. Barrera, P. Manrique

where R»(z) is the error of the Taylor approximation of order 2. On A,,,
(2m—1—1/10)2
- max

I —o(l)  zeB(140i,2tn=11/10)
4202715312 42— 1/2-1/5

< =
= 1-o(]) 1—o(l)

R (2)| < (W, (2)]

’

where o(1) = 2tn~' /10 By the preceding inequality on A, we infer
42n—1/2-1/5

1 —o(1)
482n—1/2-1/5

1—o(l)
482p—1/2-1/5

1 —o(1)

[Wa(2) = Wa (D] < 2en™ 110w (1)) +
< 2tn V0T oo +

< 2Cotn'2 110100 4

Hence,
P( A, min Wa@)| < tn~ V2 (logn)~2 | <P <|W,,(l)| < 2c2m1/2—1/1010gn),
zeB(140i,2tn=11/10)

where 2Cy = 2Cy + 4t + 1. Since W, (1) = Z']’;(l) &, [17, Corollary 7.6] implies

la]l
for L > \/1/q, where C3 is a positive constant and D(a) is the lcd of

CsL 1
P (|Wa(1)] < 2Com" 210 1og ) < =32 <2C2t N m)
a

a=(n"2"""%%gn)"" (1,..., 1) e R".

By [17, Proposition 7.4], D (a) > ﬁ, where |a|, denotes the maximum Euclidean norm
of the columns of a. Then D(a) > 1/2n'/2=1/1010g 1 and

C3Llogn 2
1/10 (2C2t + nl/Z—l/lOIOgn)
(2Cyt +2)C3L1ogn

= L1/10

P (W, (1)] < 2Cotn'/27 110100 ) <

Therefore,

L A min w - logn
’ i [n71/2 1 21 _ of e
( ! ZGB(I-FOi,thn—U/lO)' n(Z)| < ( Og”) = 1/10

On the other hand, for z € B (—1 + 01, 2tn_11/10) a similar reasoning yields

P(A,, min IWa(2)| < tn™ % (logn)™2 | <P (IWa(=1)| < 2C2tn'/?7/010gn).
2€B(—140i,2tn=11/10)

In this case, we need to analyze W, (—1) = Z?;(l) (-1DJ &;. Again taking L > /1/¢q and
applying [17, Corollary 7.6], we obtain

C3L 1
P(|W,(=1)] < 2Ctn'?71/10)9e ) < 2= <2czt+—>,
(W, en) = Yy D(b)
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where C3 is a positive constant and D(b) is the lcd of
b= (n'/2"lgn) " (1,=1,1,..., (=1)") e R".
By [17, Proposition 7.4], D(b) > 1/2n'/2=1/1010g . So

_ C3Llogn 2
_ 1/2—1/10
P (|Wu(=D| < 2Catn logn) < 1710 <2C2t + nl/Z*l/lﬂlogn)

(2C2t +2)C3L1logn
= L1/10

Therefore,

A min o IWa@l < ™2 Gogm) 2 =0<loﬂ)
n’zeB(71+0i,2m*11/10) " nl/10 ) -

3.2 Estimates of P (A, By)

In the sequel, we apply the Taylor Theorem repeatedly in order to reduce P (A,, B,) to an
estimate of the probability of how small a sum of iid rvs can be. The latter can be computed
(estimated) using small ball inequalities.

Let z € B (e/?™,2tn=2 (logn)~>) and suppose that A, holds. The Taylor Theorem
yields

Wa(2) = Wy (250 )] < 1z — o7 | Wy (275 )] + | Ro(2)]

. 420512 (1 -6
<2tn~% (logn)3 W, (elznx“>| + dr7n 77 (logm) 7

1—o(1)
< (2tCo+4r*) n™/2 (logn) 72,
where o(1) = 2tn—2 (log n)_3. Hence
P(AnBo) = P (1W, (¢27)] < 26Con™ 2 logm)2). (14)

To show that P (A,,, By) tends to zero as n increases, we rewrite the sum W, (ei 2 xa) as the
product of a matrix and a vector, and then we analyze the lcd of the corresponding matrix.
Define the 2 x n matrix V, as follows:

V. o— 1 cos 2mxy) ... cos((n— 1)2mwxy)
Y0 sin 2rxg) ...osin((n — 1)27xy)

and take X = [é‘o, e E,,_l]T € R". Notice that

n—1
VeXl2 = ‘ Zé—jeiﬂnm
j=0

— |Wn (eiZHXOt)"

Let ® = r[cos (0),sin (9)]7 € R2, where r > 0 and 6 € [0, 27r). For fixed r and 6 we
have

VaTG) =r[cos(—60),cos Laxy —60),...,cos(2(n — 1)mxy — 9)]T e R".
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We also point out that || VaT®||2 < r4/n. On the other hand, we observe that

-1 . -1 .. .
Z?:O cos? (j2mxg) % Z?:o sin (2 - j2mwxy)

: Z?;(l) sin (2 - j2mxg) ZI};(I) sin? (j27xy)

Bearing all this in mind, we can use the notion of lcd for high dimensions to obtain an accurate

upper bound of the left-hand side of (14).
‘We recall that the events A, N B, are defined for

,—11/10

det (VaVT> = det

o

< 2mxq| <7 —p~1/10,

Therefore, to estimate the left-hand side of (14), we distinguish the following three cases.
3.2.1 Estimation on J;(n, N)

Proof of Lemma 2.4 Notice that
2 3
N - n* (logn)

— 2910 72
ged (o, N) — pll/10 (10gn)71/2 n (logn)

and

o a/ged (o, N) 1
|2nxa|:2nﬁ:27rN T N > 2 9710 75
/ged (o, N) n (logn)

Then 27 x, also satisfies n~1 < [2mwxy| < w —n~! for all large n. By [13, Lemma 3.2, Part
1], there exist positive constants c4, C4 such that

C4I12 < det (VO(VT

o

) < Cyn’. (15)

By Lemma A.1 in Appendix A we obtain that the number of indices o € [1, N] N N that
1/2 N 1Ho(D)

satisfies the condition ged (o, N) > n''/19 (logn)~!'/2 is at most AT710Gogny 72 By the
definition of N we obtain
1+o(1 2+0(1 7/2+40(1
N 1Ho(D) p2to() (logn) /2+o(1) _9/1050(D) (logn)7/2+°(l) a6)
n11/10 (logn)~1/2 = 11710 :

By [17, Proposition 7.4], the lcd of V, satisfies D (V,) > m, where |Vy|oo denotes
the maximum Euclidean norm of the columns of V,. Observe that |V,|s = 1 and hence
D (Vy) > 1/2. Therefore, inequality (K), inequality (15) and inequality (16) yield

Yoop (|W,, (eﬂ“a)| < 2:Con~ /2 (1ogn)—2)

aelJi(n,N)
272 2 272
< p9/10+0(1) (1g )7/2+o(1) 2C°L" (21Cy) 2C°L
(641’12)]/2 (n'/2 (log n)z)2 i (C4n2)1/2
- 8C2C%L2t2 8C2L2 (]Og n)7/2+0(1)
™ c/?n11/10-0(1) (log n)!/2 o) c}2n1/10-0)

for all large n. Consequently,

> B (1w () < 2uCon 2 logm?) =0 (%) ’

acJi(n,N)
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where the implicit constant depends on L and . O

3.2.2 Estimation on J,(n, N)

Proof of Lemma 2.5 Notice that

N
n>————>n"1(ogn)’? - o(1), an
gcd (o, N)
where o(1) = (12%1'71;/2. The latter implies
d (o, N
|2ma|:2nf:2nw> -

N Niged @, N) =0

Then 27 x, also satisfies n~1 < |27xy| < 7w —n~! for all large n. By [13, Lemma 3.2, Part
1] there exist positive constants c4, C4 such that

o

can® < det (vavT) < Cun’. (18)

Note x, = % = ]‘i‘,—,, where @« = «’ged (o, N) and N = N’ ged (a0, N). Observe that
gcd (o/, N’) = 1. Since N’ < n, for any 6 we have

' 1
{exp(i (jZn%—G)):j:O,...,N’—l}:{exp(i(jZnﬁ—9>) :j:O,...,N/—l}.

Hence, without loss of generality, we assume that x, = ﬁ A straightforward computation
yields

VaT(H) =r[cos (—0),cos 2mxy —0), ...,cos 2(n — Dxeg —0)]T € R".

Notice that the proof of Lemma A.2 in Appendix A holds true for any real positive number
r.If r < s1—, by Lemma A.2 in Appendix A, inequality (17) and remembering that

327 xy

IV.I®|2 < r/n we deduce

9/10 172 _ o (1)) <
gy (1 (ogm)"% —o (1)) < 1287,

”VaT@”Z ml/z n3/2
<L log+T§L log, 2 <L log_,_T,

which yields a contradiction as L > 4/2/q is fixed. Then for r > ﬁ we have

< dist (V] ©,2")

1
D(Vo)zr > - (n°1% (logn)"? — o (1)).
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Therefore, the preceding inequality together with inequality (K), inequality (18) and the fact
that the cardinality of J»(n, N) is at most N allow us to deduce

op (|W,, (eﬂ”a)| <24Con~ 12 (1ogn)*2)
aeJr(n,N)

2C2L2 (21Cy)?
<n? (logn)3< ()

(C4n2)1/2 (n'/2 (log n)z)2
272
+I’12 (logn)3 ( 1/2 1 2L 7/2 2)
(can?) " (55 (n%/10 (logn)"/? — 0 (1))
8C2C3L*t*  2048cm2C%L?

c}t/z logn ci/2n2/5 (log n)*
for all large n, where c4 is a positive constant. As a consequence we obtain

>op <|W,, (e”“a>| <2:Con~ /2 (logn)*z) - o( ! ) ,

aeJr(n,N) IOgn

where the implicit constant depends on L and ¢. O

3.2.3 Estimation on J3(n, N)

Proof of Lemma 2.6 This case requires a more refined analysis. Observe that

N
nV0> > o1,
gcd (o, N)
where o (1) = nz(lo]W' Then 27 x,, satisfies
nMW0 < Ry <—o)™! or m—m—o0)! < 2% <7 —n V10,
By [13, Lemma 3.2, Part 2], there exist positive constants c4, C4 such that
can® V5 < det (V. VJ) < Can. (19)

By Lemma A.1, the number of indexes « € [1, N]NN that satisfy the condition n (log n)3 >
ged (o, N) > n?/10 (log n)3 is at most n1 /1040 (10g (1)) | where o(1) — 0, as n — 0.

In the sequel, we analyze the lcd of V. In particular, we find an appropriate lower
bound for the distance between VJ@ and the set Z". Since x, = % = X‘,—/, with
gcd (cx’ SN’ ) = 1l and N’ > n — 1 for all large n, then we have that all the points in
{exp (i (j2wxq —0)): j=0,...,n— 1} are. Let r € N and consider the set of intervals
of the form [2, ”’TH] for all m € [—r,r — 1] N Z. Write I, and J!, for the correspond-
ing arcs on the unit circle such that their projections on the horizontal axis belong to the
interval [%, ’”TH] If 4r < n, then the Pigeonhole Principle implies that there exists at least
one M € [—r,r — 1] N Z such that I; or Jy; contains at least :7 > 1 elements of the set
fexp(i (j2mxy —0)):j=0,...,n—1}.

In the sequel, we write

Iy = {je{0,...,n—1}:008(1’277)6—9)6[K’MJFI]e [%’MJFI}}#@’
r

r r r
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and, for each j € I7,, we define

M M+1
dj:min{cos(jana—G)—f ,|cos (j2mxy — 6) — ha H
r r
Note that
2ra’  2m
min |12 xq — k21 x4| > * = —.
0<l<k<n—1 N’ N’

Let L = min { 5?7 — % R L% — %J] and observe that for each 0 < A < L there exists at

least j € Iy, such that d; > (21 + 1) 2%. Then

L
27 2n(L+1)>  2nL?
Swi= ) djz ) Qi+ o= >
r=0

Jjely
. . 2
By the choice of L, if < [n'/4], then 2L~ > ,,121710 n3/2 for all large n.
Here, let v be a vector in R” with entries v; = cos (j2mx, —6) foreach j =0,...,n —
1. If r is a positive integer with < |n!/*|, then by the previous discussion we deduce

dist(rv, Z") > 27n?/ forall large n. If r is any positive real number, observe that [£ ﬂ] C

r’> . r

[ﬁ, %], where s € N, and therefore our previous analysis holds true for any r > 0.

Suppose r < Lnl/ﬂ and recall that || VaTG)IIz < ry/n and that L > /2/q is fixed. By the
definition of lcd, for all large n, we obtain

Ve 3/4
20?3 < dist (V) ©,2") < L\/log+ M < L\/log+ "T

which yields a contradiction for n large. Thus, D (Vy) > Lnl/ 4J. Therefore, the preceding
inequality together with inequality (K), inequality (19) and the fact that the cardinality of
J3(n, N) is at most n11/10+0M) (1og(1))°MD allow us to deduce

Z P (|W,, (eiz’”")| <2tCon~ % (log n)_z)
aely(n,N)

< p!1/10+0(D) (16 (1) )0(D (

20212 (21C5)? )
(can?=1/3) % (n1/2 (log n)?)°

272
+ nll/10+0(1)(10g(n))0(1) 2C°L
(c4n2—1/5)1/2 (n1/4)2

8C2CL*? 2077
ci/2n4/10 ci/2n1/10

for all large n. As a consequence we obtain

> B (1w (7)) < 26Con” 2 Gogm)?) = 0 (ﬁ) ’

aeJz(n,N)

where the implicit constant depends on L and ¢. O
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Appendix A: Arithmetic properties

This section contains the proofs of the results that we skipped in the paper in order to be
more fluid.

LemmaA.1 Ifm > 1 and M € N, then the cardinality of the set

M .—(kell, M]NN: gcd (k, M) > m}

—1 . .
%M”Cﬂog logM)™" "\where C is a positive constant.

15 at most m

Proof Let T denote the Euler totient function. Observe that
M
M
1< T— ).
Sis > r(y)
kerM d=|m]
d\M

It is well known that T (s) < s — +/s for all s € N. Moreover, if d(s) denotes the number of
positive divisors of s, then [1, Theorem 13.12] implies that there exists a positive constant C
such that d(s) < §Cloglog(s) ™" Hence,

Z | < MM 7 ClloglogM) ™" _ 1 g 1+Clloglog M)~!
ker Lm] Lm] = m]
which yields the statement. O

LemmaA.2 Let 6 € [0,27w) and n € N. Let V = (V) je(1,...n) € R" such that V; =
1

rcos (j2rx —0) for j =0,...,n— 1, wherer € Nandx = 1/n. If ;= > 8, then
1
dist (V, Z") > .
012 2 e
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Proof Let 6 € [0,27) and n € N. Let x = 1/n and we define the following sequence:
P, ={exp(i (j2mrx —60)): j =0,...,n — 1}, where i is the imaginary unit. Note that P,
is a set of points on the unit circle which can be viewed as vertices of a regular polygon with
n sides inscribed in the unit circle.

Since the arguments of “two consecutive points" on P,, exp (i (j2wrx —6)) and
exp (i ((j + )2z x — 60)), are separated by a distance Z?x, the number of points in P, which

are in any arc of length ¢ on the unit circle is at least 5 — — 2.

Let [y, y + 87 x] be a subinterval of [—1, 1]. We consider an arc }\ on the unit circle such

that its projection on the horizontal axis is [y, y 4+ 8 x]. If the length of the arc 7 is £, then
the number of values cos (j2rx —0), j = 0,...,n — 1, that belong to (y, y + 8mx) is at
least % (% — 2). Observe that % (zﬁx — 2) > 1 when £ > 8mx.

Letr e Nandm € [—(r — 1), (r — 1)]NZ. By the preceding explanation, for all positive
integers k < ﬁ, there exists j € {0, ..., n — 1} such that

. m m m m+1
cos (j2rx —0) € (— +8r(k—1)x, — +871kx) c|—, .
r r

r r

In the sequel, set

I ::{je{o,...,n—1}:cos(j2nx—9)e[T,mﬂ]};&@

r r

and, for each j € I} , define

. m
dj = mm{’cos (j2rx —0) — —‘ ,
,

1
cos(j2nx—9)—& }
r

Let L be the biggest integer such that 87 Lx < %, or, equivalently, L = Lﬁj Observe
that

1
L > 1> when > 8.
167rrx 32rrx dmrx
Then
L 1
ro._ . 2
sho= Z dj =Y 2)(87x) > 87xL? > TR
JEly r=1
Moreover,
m=r—1
p 2r — 1 1
Yo sz > :
1287r2x ~ 128mrx
m=—(r—1)

where the last inequality follows since # > 1 for r € N. Consequently, the distance
between the vector V € R" with entries V; = rcos (j2nx —6) for j =0,...,n — 1 with
x = 1/n and the set Z" is at least

1 1 1
r = verifying that > 8 is fulfilled.
1287rx 1287 x Admrx

[}
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