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Abstract

Let o be a real algebraic number of degree d > 3 and let 8 € Q(«)
be irrational. Let u be a real number such that (d/2) +1 < p < d and
let Cy be a positive real number. We prove that there exist positive real
numbers C; and C2, which depend only on «, £, u and Cp, with the
following property. If x1/y1 and x2/y2 are rational numbers in lowest
terms such that

H(z2,y2) > H(z1,y1) > C1

and

a- Co g2 Co

< T/ N, 1/ N,
vi|  H(z,y)» y2 | H(za,y2)
then either H(x2,y2) > Cy *H (x1, y1)* %2, or there exist integers s, t, u, v,
with sv — tu # 0, such that

B= sa—+t and E: sx1 +tyr

uo + v Y2 ury + vy1 ’

or both. Here H(z,y) = max(|z|, |y|) is the height of =/y. Since pu — d/2
exceeds one, our result demonstrates that, unless o and [ are connected
by means of a linear fractional transformation with integer coefficients,
the heights of z1/y1 and z2/y2 have to be exponentially far apart from
each other. An analogous result is established in the case when « and 8
are p-adic algebraic numbers.

1 Introduction

The theory of Diophantine approximation concerns the question of how well
real numbers can be approximated by rationals, and its variations. If « is a real
number and x/y is a rational number, with z,y € Z and y > 1, then the quality
of approximation of « by x/y can be measured by means of a quantity p such
that the inequality
T 1
a——| < — (1)
Y yr
is satisfied. The larger p is, the better the approximation of z/y with respect
to « is. It was observed by Dirichlet that for 4 = 2 the inequality above can be
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achieved for infinitely many integers = and y, as long as « is real and irrational.
On the other hand, Liouville pointed out that, if « is an irrational algebraic
number of degree d and u > d, then (D) has only finitely many solutions in
integers x and y with y > 1. In other words, algebraic numbers cannot be
approximated by rationals too well.

It is not difficult to count distinct z/y satisfying (), with y varying in a
fixed range. Indeed, if it so happens that C; < y; < yo < Cb, then the fact that

x1/y1 # w2 /Y2 yields

1 I xTo X1 xTo 1 1 2
— < |———|<|la-—|+|la-—| < 5+ 5 <73,
Y1y2 Y1 Y2 Y1 Y2 Y1 Y2 Y
resulting in the inequality
2y2 > yil_la

which is known as the gap principle. For p > 2 this inequality states that, if two
distinct rationals satisfy (), then their denominators must be exponentially far
apart from each other.

Unfortunately, as the quantity Cs can be arbitrarily large, the gap principle
itself does not allow us to count the number of distinct solutions to (Il). However,
it was established by Thue [I5] that, when « is an irrational algebraic number
of degree d > 3 and (d/2)+1 < p < d, then there exist computable positive real
numbers Cy and i > 1, which depend only on « and pu, such that every solution
z;/y; with C1 < y; < ... <y, satisfies y; < y{. This phenomenon is known as
the Thue-Siegel principle and it was vastly generalized by Bombieri and Mueller
[2]. When combined with the gap principle, the Thue-Siegel principle enables
us to count the number of solutions z/y to () such that y > C;.

For a rational number z/y in lowest terms, let H(x,y) = max(|z|, |y|) denote
the height of x/y. In this article, we generalize the gap principle as follows.
Notice that the positive real numbers Cy, Cs, . . . occurring throughout the article
are all computable.

Theorem 1.1. (A generalized Archimedean gap principle) Let « be a real al-
gebraic number of degree d > 3 over Q and let B be irrational and in Q(«). Let
w be a real number such that (d/2) +1 < p < d and let Cy be a positive real
number. There exist positive real numbers C1 and Csy, which depend only on
a, B, u and Cy, with the following property. If x1/y1 and x2/y2 are rational
numbers in lowest terms such that H(xa,y2) > H(x1,y1) > C1 and

CO CO
P — S —
H(z1,y1)H H(x2,y2)"

then at least one of the following holds:
o H(x27 y?) > 02_1H(I15 Z/l)“idﬂz’

L2

-z

€
Y1

o —

o There exist integers s,t,u,v, with sv —tu # 0, such that

sa+t To sr1 +tys
= and — = —".
uo + v Y2 ury + vy1




Since the exponent u— d/2 exceeds one, our result demonstrates that, unless
«a and [ are connected by means of a linear fractional transformation with
integer coefficients, the heights of x1/y; and z3/ys have to be exponentially far
apart from each other.

Next, let | |, denote the p-adic absolute value on the field of p-adic numbers
Q,, normalized so that |p|, = p~!. An analogous result for p-adic algebraic

numbers is as follows.

Theorem 1.2. (A generalized non-Archimedean gap principle) Let p be a ra-
tional prime. Let o € Qp be a p-adic algebraic number of degree d > 3 over
Q and let B be irrational and in Q(«). Let p be a real number such that
(d/2) +1 < p < d and let Cy be a positive real number. There exist posi-
tive real numbers Cs and Cy, which depend only on a, B, u and Cy, with the
following property. If x1/y1 and x3/y2 are rational numbers in lowest terms
such that H(x2,y2) > H(x1,y1) > C3 and

Co
H(xy,y)"

Co

—_ < 7,
e =, H(zo,y2)*

Y2 — 2], <

then at least one of the following holds:
° H(l’g, y2) > Cle(fElu yl)u_d/2;
o There exist integers s,t,u,v, with sv — tu # 0, such that

5= s+t and T2 _ sx1 +tyr

uo 4+ v Y2 uri + vy1 '

We apply our result to establish an absolute bound on the number of large
primitive solutions of certain Thue inequalities. A Thue inequality is an inequal-
ity of the form

0 < [F(a,p)| < m, (2)

where m is a positive integer and F' € Z[x,y] is an irreducible binary form of
degree d > 3. A solution (z,y) € Z? to the above inequality is called primitive
when z and y are coprime. In [§ Theorem 1], Gyéry proved that there exists a
positive real number Y, which depends only on m and F', such that the number
of primitive solutions (z,y) to @) with H(z,y) > Yo does not exceed 25d (here
the solutions (z,y) and (—z, —y) are regarded as the same). Using Theorem
[T, we can improve Gy6ry’s result in the case when F' is irreducible and the
field extension Q(«)/Q is Galois, where « is a root of F'(x,1).

To state our result, we need to introduce the notion of enhanced automor-
phism group of F. For a 2 x 2 matrix M = ({4 ), with complex entries, define
the binary form Fj; by

Fuy(,y) = F(sz +uy, to + vy).

Let Q denote the algebraic closure of the rationals and let K be a field containing
Q. We say that a matrix M = ({4) € My(K) is a K-automorphism of F' (resp.,



|F|) if Fay = F (resp., Fay = £F). The set of all K-automorphisms of F' (resp.,
|F'|) is denoted by Autx F (resp., Autk |F|). We define

Aut/|F|—{;<i u>:s,t,u,v€Z}ﬁAut@|F| (3)

V|sv — tul v

and refer to it as the enhanced automorphism group of F. One can verify that
Aut’ |F| is a group. In Section [1 we will show that, under the conditions on
F specified above, it is finite and contains at most 24 elements. We prove the
following.

Theorem 1.3. Let F € Zlx,y] be an irreducible binary form of degree d > 3.
Let a be a root of F(x,1) and assume that the field extension Q(«)/Q is Galois.
For a positive integer m consider the Thue inequality (3). Let u be a real number
such that (d/2) +1 < p < d. There exists a positive real number Cs, which
depends only on m, F and p, such that the number of primitive solutions (x,y)
to (@) with H(x,y) > Cs does not exceed

11.51 + 1.5logd + 1
#Aut’|F|-{1+ 51+ 1.51og +oguJ

log(p — d/2)
Here the solutions (z,y) and (—z,—y) are regarded as the same.

Let p = (3d 4+ 2)/4. Then the function

11.51 4+ 1.51logd + log((3d + 2)/4)

fld)=1+ log((d + 2)/4)

is monotonously decreasing on the interval [3,00). To see that this is the case,
log((3z+42)/4)
log((z+2)/4)
monotonously decreasing on the specified interval. We leave it as an exercise to

the reader to prove that the derivatives of g(z) and h(x) take negative values

when evaluated at any xg > 3. Since f(3) & 64.5, we can use the upper bound
# Aut’ |F| < 24 established in Lemma as well as Theorem [[3] to conclude

that the number of primitive solutions (x,y) to ([2) such that H(z,y) > Cs does
not exceed 24 - | f(3)| = 1536 when d > 3. Furthermore, since f(10'%) < 4 and
dlim f(d) = 3.5, we can also conclude that it does not exceed 24- | f(10)| = 72
—00

it is sufficient to prove that g(x) = m((ﬁ% and h(x) = are

when d > 10'4. While it is an interesting task to compare the value of C5 to the
quantity Y7, in [I0] (see equation 2.9) or to the quantity Yy in [8, Theorem 1],
it lies outside the scope of this article.

The article is structured as follows. In Section [2 we outline a number of
auxiliary results, which are used in the later sections. We recommend the
reader to skip this section and use it as a reference. In Section Bl we intro-
duce the notion of a minimal pair P,Q € Z[z] for a tuple of algebraic numbers
(o, B) € Q x (Q(a) \ Q), and summarize the properties of minimal pairs. Mini-
mal pairs enable us to construct a nonzero polynomial R(z,y) = P(z) + yQ(x),



which vanishes at the point («, 8). When R(z,y) does not vanish at the ratio-
nal point (z1/y1, x2/y2), establishing the gap principle is a rather easy task.
In Section @ we prove that despite the vanishing of R(x,y) at (x1/y1, T2/y2),
it is still possible to prove that the heights of (x1,y1) and (x2,y2) are exponen-
tially far apart, provided that a and S are not connected by means of a linear
fractional transformation with integer coefficients. In Sections Bl and [l we prove
Theorems [[LT] and [[.2] respectively. In Section [0 we investigate the properties
of the enhanced automorphism group Aut’|F|. Finally, in Section B we prove
Theorem

2 Auxiliary Results

This section contains several definitions and results, which we utilize in the
remaining part of the article. We recommend the reader to skip this section
and refer to it when reading the proofs outlined in sections that follow it.

Let us begin with the number of definitions. For an arbitrary polynomial R €
Zlxy,xa,...,2y,], we let H(R) denote the maximum of Archimedean absolute
values of its coeflicients, and refer to this quantity as a height of R. For an
algebraic number a with the minimal polynomial f, we write H(a) = H(f).
For a point (x1,z2,...,2,) € C", we define

H((Eh.’ljg, v 7x’ﬂ) = i:{DQa“X n{|$1|}

and refer to this quantity as the height of (x1,x2,...,2n).
In this section, as well as all the subsequent ones, we write

1 ot 1 d
Y = T aXavT =
Lemma 2.1. (Liouville’s Theorem) Let o € C be an algebraic number of degree

d over Q. There exists a positive number Cg, which depends only on «, such
that for all integers x and y, with y # 0 and x # Yy, the inequality

> —— (4)

holds.
Proof. See [13, Theorem 1E]. O

Lemma 2.2. (p-adic Liouville’s Theorem) Let p be a rational prime and o € Qp
a p-adic algebraic number of degree d over Q. There exists a positive number
C7, which depends only on «, such that for all integers x and y, with x # ya,
the inequality

Cr

lya — x|, > (w1 (5)

holds.



Proof. Let
f(@) = cax® + - + 1w + co

be the minimal polynomial of o and let F(z,y) = y¢f(z/y) be its associated
binary form. Since f(a) =0, it follows from Taylor’s Theorem that

d
F(a,y) = (z — oy) Z D;f(a)(z —ay) 'y

_ (I _ ay) Z D1f(1 )(cdx _ Cday)zflydfz'

i—
=1 d

Since cqa and cg_iDi f(a) are algebraic integers, their p-adic absolute values do
not exceed one, so

D;f(a)
=1,..., d Cfi_l

.....

Since x # ya, it must be the case that F(z,y) # 0. By the product formula,
the following trivial lower bound holds:

1 S 1

z,y)| ~ (d+ 1) H(a)H (z,y)*

The result follows once we combine the upper and lower bounds on |F(z,y)|,
and use the inequality |cq|, > ;. O

F@0)ly > ¢

Lemma 2.3. (Siegel’s lemma, [4]) Let N and M be positive integers with
N > M. Let a;; be integers of absolute value at most A > 1 fori=1,...,N
and j =1,..., M. Then there exist integers t1,...,tn, not all zero, such that

M

N
[ti| < (NA)~= Z&i,jti:(), j=1,...,M.
i=1

Proof. See, for example, [16, Lemma 2.7]. O

Lemma 2.4. Let o be an algebraic number of degree d over Q. Then for every
non-negative integer r there exist rational numbers a,; such that

d—1
o = Qpr d—1Q +-+ Qpr & + Qr.0-

Furthermore, if we denote the leading coefficient of the minimal polynomial of
a by co and put

Ce=1+ 0isdo1 llaaal},



then cg’aX{O’T*dH}am € Z and |ay;| < anax{o’rfdﬂ} for all i such that 0 < i <
d—1.
Proof. See [16], Proposition 2.6]. O

Let P € C[z] be a polynomial of degree d > 1. The house of P, denoted [P,
is defined to be
[Pl = max {|a1|, ..., |aql},

where ag,...,aq € C are the roots of P. For an algebraic number «, we define
the house of a as [al = |7|, where f is the minimal polynomial of a.

Let a be an algebraic number and O the ring of integers of Q(a). Let ¢,
denote the leading coefficient of the minimal polynomial of o. We define

0o = [0: Zcaa]] . (6)
That is, 6, is equal to the index of Z[c,a] in the additive group O.
Lemma 2.5. Let o be an algebraic number of degree d over Q and
B =ba_1a’" 4+ + b + by,

where by, b1,...,bg—1 € Q. There exists a positive number Cy, which depends
only on o and B, such that

Jpoax {[bil} < Co

Furthermore,
Bacpf € Zcaal,

where Oy, is defined in (@). In particular, O,cb; € Z for all i =0,1,...,d — 1.

Proof. Let a = aq,...,aq denote the conjugates of . For j =1,...,d, let

d—1
ﬂj = biaj.
i=0

Then each 3; is a conjugate of 8 = ;. Further,

51 1 oy a% o aéll*i bo
B2 1 as a3 ... oy b1

o I IE D : ' : : (7)
Ba 1 ag o2 ... o8t ba—1

Let us denote the Vandermonde matrix on the right-hand side of the above
expression by V. Then it follows from the inequality (4.1) in [7] that

1 .
1. < max A o]
IV < *
1<j<d 14 |
1<i<d
i

b
i — ayl



where || - ||o denotes the matrix infinity norm.
Now, let V=1 = (v;;). Then it follows from (Tl that b; = Z;l:l i35, SO

1+|ai|
o — oy

d
|bi| < Z vig| - 185 < d-[B]- max, |
j=1 1<i<d
i#£]
Next, let ¢, and cg denote the leading coefficients of the minimal polynomials
of o and 3, respectively. Note that 0,cgf = (#0O/Z[cqa])csh € Zlcaa] due to
the fact that csg8 € O. Finally, observe that

d—1

Oacpf = ZHQCBbiai € Zlcaq]
i=0

Since Z[cqa) C Z[a], it must be the case that each coefficient 0,cgb; is an
integer. o

Let P € C[z] be a polynomial that is not identically equal to zero, with
leading coefficient cp. The Mahler measure of P, denoted M (P), is defined to
be M(P) = |ep| if P is the constant polynomial and

d
M(P) = |cp| Hmax{l, lai|}
i=1

otherwise, where a1,...,aq € C are the roots of P. For a binary form @ €
Clz, y], we define the Mahler measure of @ as M (Q) = M(Q(x,1)). Finally, for
an algebraic number «, we define the Mahler measure of « to be M (a) = M(f),
where f is the minimal polynomial of a.

The following lemma is a reformulation of a well-known result of Lewis and
Mabhler [9].

Lemma 2.6. Let

d—

F(.I,y) = Cd«rd+Cd71I 1y—|—..._|_coyd

be a binary form of degree d > 2 with integer coefficients such that cocq # 0.
Let x1 and y1 be nonzero integers. There exists a root a of F(x,1) such that

min{ a2 ,‘a_l—ﬂ } <M,
s 1 H(x1,y1)*
where
2d—1d(d—1)/2M(F)d—2
Cro = —
| D(F)[M
Proof. Let a be a root of F(x,1) that minimizes | — z/y|. By [14, Lemma 3],
’a _n| CulFlp)
Y [y1




If |y1]| > |#1|, then H(z1,y1) = |y1], and so the result holds. Otherwise, since
cocq # 0, we see that the roots of F(z,1) and F(1,z) are nonzero, meaning
that all roots of F(1,x) are of the form a1, where « is a root of F(z,1). If we
let 37! be a root of F(1,z) that minimizes |3~! — y1/x1], then it follows from
[14, Lemma 3] that

ﬁ_l _ ﬂ S CIO|F(‘T;7y1)|
X1 |$1|
Since |z1] > |y1], the result follows. O

Lemma 2.7. Let K =R or Q,, where p is a rational prime, and let K denote

the algebraic closure of K. Denote the standard absolute value on K by | |.

Let o and B be distinct numbers in K. Let i and Cy be positive real numbers.
If 21 /y1 is a rational number such that H(x1,y1) > (2Co/|a — B))Y/* and

I CQ
a - 7,
Y1 H(xy,y1)H
then
T Oo
g-Tl> 0
Y H(xy,y1)

Proof. Suppose that the statement is false. Then it follows from the triangle
inequality that

T X1 200
a—Bl<la-—|+|8-—| < 7,
e 1 ‘B yi|  H(zy,y)H
and so H(z1,y1) < (2C/|a — B])/*, leading us to a contradiction. O

Corollary 2.8. Let K = R or Q,, where p is a rational prime, and let K
denote the algebraic closure of K. Denote the standard absolute value on K by
| |. Let f(x) € Zlx] be an irreducible polynomial of degree d > 2 with roots
ai,...,aq € K. Let p and Cy be positive real numbers. There exists a positive
number C11, which depends only on f, u and Cy, with the following property.
If 1 /y1 is a rational number such that H(xz1,y1) > C11 and

X1 < CO
o — 2L e
Yo H(z1,y1)H

for some i € {1,...,d}, then

T Oo
aj— 2> 2 _
yi| — H(zi,yn)*
for all j # 1.
Lemma 2.9. (The Thue-Siegel Principle [2]) Let K = R or Q,, where p is
a rational prime, and denote the standard absolute value on K by | |. Let



ay € K be an algebraic number of degree d > 3 over Q and let as € Q(ay) have
degree d. Lett and T be such that

24+ /2d3 + 2d? — 4d 2 2
T T <t<\/g, \/2—dt2<r<t—a, (8)

d(d+ 1)
and put A =2/(t — ), so that A < d. Define

2

d
=5 am (10gM(0¢i) + —) Jori=1,2.

2

Let x1/y1 and zo/ys be rational numbers in lowest terms that satisfy the in-
equalities

T .
a——| < ————— fori=12.
Yi (4ei H (x4,y:))
Then
log(4eA2) +log H(2o,12) < 67! (log(4eA1) + log H(xl,yl)) ,
where
5= dt? + 72 -2
- d-1

Proof. Since d > 3, the intervals in (8) are guaranteed to be non-empty, so the
statement is not vacuously true. Since

1 1

T
A < A
(de?iH (24, y:)) (3eAi H (zi,y:))

o — —
Yi

fori=1,2,

the case when |a;| < 1 and |az| < 1 follows directly from [2, Section II]. More
precisely, the comment on p. 184 of [2] states that the triple (47, A2, 7) is ad-
missible for the data (a1, ag,x1/y1,x2/y2,t,9,0), where we take ¥ = 1. Note
also that the comments on p. 74 of [3] apply in our situation:

(i) the hypothesis K5 = k, is not used in the proof and therefore may be
omitted;

(ii) c(9t) < log3,;

(ili) the chosen value for A; implies a fortiori |a; — £+ < J(t — 7) for i = 1,2;

(iv) h(xz;/y;) = H(z;,y;) for i =1,2;
(v) the exponent in (5A), p. 179 of [2] should be 29/(t — 7), not 2971 /(t — 7).

Next, we consider the case when |a;| > 1 for some ¢ € {1,2}. If K = R, then
|x;/yi| > 1, and so

-1 Yi
o — —

<ai| " i /il (46AiH($iayi))_>\ < (36AiH($iayi))_)\'

%

10



If K = Qp, then |y;| < 1 and we claim that |x;| = 1. For suppose not and
|¢;| < 1. Since x;/y; is in lowest terms it must be the case that |y;| =1, so

Jwiag ! = lwil - | < 1= yil.
Since |z;; | # |yil, it follows from the strong triangle inequality that
lvio; ' — yi| = max {|z;e; ', |yi|} = max {|z;e; |, 1} > 1.

Thus,

1< |zio; ™t =yl = Jyillog |

= 22| < (et (i)

which is impossible. Hence |z;| = 1, so

_1 Yi A
a - =

< lai| "My /il (46&'15’(961',yz‘))_A < (BeH(xi,y:))

K2

We conclude that, as long as |a; — ;— < (éle"‘l'H(a:i,yi))fA for i = 1,2, the
inequalities
i 1 _ i 1
ai—x— <———— and ail—y— —_—
Yil o (3eH(wi,y:)) Til - (3eAH(wi,yi))

hold whenever |a;| > 1 for some i € {1,2}. Consequently, we can always
choose r,s € {—1,1} so that |af| < 1, |o§| < 1 and (A1, A2, 7) is admissible
for the data (af,as, (x1/11)", (x2/y2)%,t,9,d). The result now follows from
[2, Section IT]. O

3 Minimal Pairs

Let a be an algebraic number of degree d over Q and let 8 € Q(«) be irrational.
With a pair («, 3) we associate two polynomials P, Q) € Z[z], which possess cer-
tain minimal properties listed in Definition B.Jl The properties of minimal pairs
summarized in Proposition [3.2] will play a crucial role in proofs of Archimedean
and non-Archimedean gap principles, which are outlined in Sections [Bl and [G]
respectively.

Definition 3.1. Let « be an algebraic number of degree d and let 8 € Q(«) be
wrrational. We say that two univariate polynomials, P and Q, not both identi-
cally equal to zero, form a minimal pair for (o, 8), if they satisfy the following
four properties:

(1) P,Q € Za].
(2) P(a) + BQ(a) = 0.

11



(8) The quantity max{deg P,deg Q} is minimal among all polynomials satisfy-
ing properties (1) and (2).

(4) The quantity max{H (P), H(Q)} is minimal among all polynomials satisfy-
ing properties (1), (2) and (3).

If P,Q is a minimal pair for («, 8), we write
r(a, ) = max{deg P,deg Q}.

If P,@ is a minimal pair for («, 5) then —P, —@ is also a minimal pair for
(a, B). This already demonstrates that minimal pairs are not unique. Further-
more, the uniqueness is not guaranteed even if we impose an additional condition
that the leading coefficient of @ is equal to one. Indeed, let

27 47
a = 2cos <E> and [ = 2cos <E> .

P(z)=—-2+2, Qi(z)=1

Then both

and
Py(z) = -2 +2x—1, Qu(z)=22—2—1

are minimal pairs for (a, 3).
If P,@ is a minimal pair for («, ), then we can define a polynomial

R(z,y) = P(z) + yQ(x).

Polynomials of such form were used by Thue [15] for the purpose of establishing
the first instance of the Thue-Siegel principle [2]. More precisely, they were con-
structed as to achieve high vanishing at the point («, @), i.e., D;R(a, ) =0
for i=0,1,...,¢ for some large ¢ (see the exposition of Thue’s method in
[16, Chapter 2]). In turn, we construct R(z,y) so to achieve R(a, ) = 0 for
arbitrary irrational 8 € Q(«) for the purpose of obtaining a generalized gap
principle. The following proposition summarizes various properties of minimal
pairs.

Proposition 3.2. Let a be an algebraic number of degree d over Q and let
B € Q(«) be irrational. Let P, Q be a minimal pair for (o, 8) and putr = r(«, 5).
Then the polynomials P, Q, and their Wronskian W = PQ’' — QP’ possess the
following properties.

1.
1<r<|d/2]. 9)

2. P and Q are coprime.

3. If P,Q € Z[x] satisfy P(a)+BQ(c) = 0 and max{deg P,deg Q} < d—1—r,
then P =GP, Q = GQ for some G € Z|x).

12



4. There exists a positive number Cho, which depends only on o and 3, such
that
max{H(P), H(Q)} < C12. (10)

5. If a € C, there exists a positive real number Cys, which depends only on
a and B3, such that
(W ()| = Cis. (11)

Similarly, if o € Q, for some rational prime p, there exists a positive real
number Cr4, which depends only on « and (3, such that

W(@)lp = Cha. (12)

Proof. Let us prove each of the above statements.

1. First, we prove that » > 1. If not, then r = max{deg P,deg@Q} = 0,
which means that P = p and @Q = ¢ for some integers p and ¢, not both
equal to zero. If ¢ # 0, then P(«) 4+ 8Q(«) = 0 implies 8 = —p/q, which
contradicts the fact that g is irrational. If ¢ = 0, then p = 0, which is
impossible, since we assumed that both p and ¢ cannot be equal to zero.
Thus, r > 1.

Next, we prove that r < s, where s = |d/2]. Write

S S
P(z) = Zaﬂl and Q(z) = Z As 1442 (13)
i=0 i=0
We view the 2s+2 integer coefficients ag, . . ., a2s41 as variables. Since « is

algebraic of degree d over Q and 3 € Q(«), the equation P(a)+5Q(a) = 0
defines d linear equations over QQ, which we will define in the proof of Part
4. Since 2s + 2 > d, the existence of a non-trivial integer solution to the
system of d linear equations over Q in 2s + 2 variables is guaranteed by
Lemma 2.3 Therefore, there exist polynomials P, Q, not both zero, such
that max{deg P, deg Q} < s. Consequently, the polynomials P, with
max{deg P, deg Q} minimal satisfy

max{deg P,deg Q} < max{deg P, deg Q} < s.

2. Let G = ged(P, Q) and suppose that deg G > 1. Then certainly G(«) # 0,
because a has degree d and degG < degP < d. Put P = P/G and
Q= Q/G. Then R R

P(a) +BQ(a) =0
and
max{deg P, deg Q} < max{deg P, deg Q},

in contradiction to our assumption that max{deg P,deg @} is minimal.
This means that deg G = 0, and so P and @ are coprime.
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3. Since R
P(a) + BQ(a) = P(a) + BQ(a) =0,
we have

P(a)Q(a) - Q(a) Pla) = 0.
Since « has degree d and
deg (PQ - QP) < max{deg P, deg Q} + max{deg P, deg Q}
<r+d-1-r)

<d,

we conclude that PQ QP is identically equal to zero. If Q = 0, then
P=0,and so G =0. Otherwise P/Q) = P/Q If we put G = gcd(P Q)
then it becomes clear that P = GP, Q GQ.

4. Define b;, ci; € Q as follows:

k =14

o =cp g0 -+ cpia+ ¢,

B =bg_10%  + -+ b+ bo.
Let P,Q be as in (I3). Then,

s d—1 s
P(a) + BQ(a) = Z aa’ + (Z biai> : Z agp14j07
i=0 i=0 §=0
s s d—1
= Z aiai + Z As+1+j Z biaiJrj
1=0 7=0 =0

d—1+j
:Zaza +Za5+1+J Zbl Ja + Z b ]a
d—1+j
= +Z(Is+1+3 sz ja +Za’8+1+] Z br— chk il
=0
s s d—1+4j
= az—|—2bZ Jas+1+3—|—z Z br—jCk,iGst1+4j o+
i=0 j=0 k=d
d—1 s d—1+j
+ Z <bij+ Z bkjck,z) Aot1450"
i=s+1 j=0 k=d
d—1
= Li(a)a,
1=0

14



where @ = (ag, a1, ..., a2s+1) and

i d—14j s fd=1+; o
a; + Z (bifj + Z bkfjck,i> Ast14j + D ( > bk—j@v,i) ast14; i <s,

Li@@) = j=i+1 \ k=d

d-11j
Z <bz i+ Z br—jck, 7,) As+1+5

7=0
We conclude that the equation P(a) + SQ(e) = 0 is equivalent to the
system of d linear equations Lo(&@) = ... = Lg—1(@) = 0 over Q.
Put
B= max {|b;|} and C= max {|ck.l}.

0<i<d—1 0<k<d—1+s
0<i<d—1

Then we can bound the (rational) coefficients of L;(@) from above by
B(1+ sC):

d—1+j
bioj+ Y bejeri| <B+jBC < B(1+sC),
k=d
d—1+j
> be_jeri| < jBC < sBC < B(1+5C).
k=d

By Lemma we have fycgb; € Z for all i and B < Cy. Further, by

Lemma 27 we have {041, ¢k, € Z for all i,k and C' < Cg. Hence
the linear forms R
Ll(&’) = HQCBCZLZ' (J)

have integer coeflicients and the size of these coeflicients is at most
A = 0yc5¢5,Co(1 + sC3).
By Lemma [2.3]
max{H(P), H(Q)} = {lail}

()<7,<25+1

< ((28 + 2)A)d/(2s+27d)
< ((25 4 2)0acsci,Co(1 4 sCg)) Y/ et

Now that we know an upper bound on max{H (P), H(Q)}, we can deter-
mine an upper bound on max{H (P), H(Q)} by considering the following
two cases.

Case 1. Suppose that max{degP deg Q} > d—1—r. Then it follows from

Part 1 and the inequality max{deg P, deg Q} < |d/2| that

d < r+ max{deg P,deg Q} < 2|d/2].

15
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Thus, d is even and max{deg P,degQ} = r = d/2. Therefore the pair
P, Q satisfies Properties (1), (2), (3) in Definition Bl By Property
(4), the polynomials P and @ satisfy

max{H(P), H(Q)} < max{H (P), H(Q)},

and so the result follows.

Case 2. Suppose that max{deg P, deg Q} < d-1-—7r. Then we can use
Part 3 to conclude that P = GP, Q = GQ for some G € Z[z]. Since
either P or Q is nonzero, we have H(G) > 1. By Gelfond’s Lemma
[1, Lemma 1.6.11],

H(P) < H(G)H(P) < 2%¢(GP) g(GP) < 24/2H(P).
An analogous estimate for H(Q) yields the result.

5. Since P and @ are coprime and r» > 1, they are linearly independent
over Q, so the Wronskian W = PQ’ — QP’ is not identically equal to zero.
Since « has degree d and

deg W = deg(PQ’ — QP")
< max{deg P,deg Q} + max{deg P’,deg Q'}
<d/24(d/2-1)
<d,

we conclude that W(a) # 0.
With the basic properties of heights listed in [I6] Section 2.4.1], we find
the following upper bound on H(W):
H(W) < H(PQ') + H(QP')

<r(H(P)H(Q") + H(Q)H(P"))

< 2r*H(P)H(Q)

< 2r?max{H(P), H(Q)}?

<2(d/2)*Ct,.

Suppose that a € C. Then ¢ WV (a) is a nonzero algebraic integer, so

d
Ng(ay/q (€2 W(a)) = cis™ T W (a)

=1
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is a nonzero rational integer. Thus,

d
W(a)| = < casW TTIW(ay)]
1=2
d
< 45V T (deg W + 1) H (W) max{1, |a; [}
1=2
d_lM(a) 2r—1
< d—1  Ca M)
< (2rH(W)) (max{l, |a|})
e M)
max{1, |a|}

< (@ /2)C3)"" (

Suppose that a € Qp. Let f(z) denote the minimal polynomial of o with the
leading coefficient ¢,. By [12, Theorem 1.3.2], there exist polynomials ¢, €
Z[z] such that degp < degW, deg ¢ < d, and

p(x)f(x) + (@)W (z) = Res(f, W).

Here Res(f, W) denotes the resultant of f and W. Since Res(f,W) # 0 and
a is a root of f(z), we see that 1(a)W (a) = Res(f, W). Since c&14(a) is an
algebraic integer, its p-adic absolute value does not exceed one, so

W(a)l, > lea™ " w (@)W (a)lp = g™ Res(f, W),

Further, it follows from Hadamard’s inequality, as well as the upper bound on
H (W) established previously, that

|Res(f, W)| < (deg f + 1)28"W/2(deg W + 1)98 /2 (a)ds W [ (W)dee f
< (d+ 1)@ =D/2(20) 2 H ()71 (2(d/2)2CF,)*
< (d+1)D2q42 ()41 ((d?/2)CFy) "

Combining the lower bound on |W ()|, with an upper bound on | Res(f, W)|
yields the result:

(W ()], > |ed™" Res(f, W),
> [ed ! Res(f, W)~
> H(a)~“"Y|Res(f, W)™
2 (d + 1)7(d—1)/2d—d/2H(a)72d+2((d2/2)cl22)7d'
O

4 A Gap Principle in the Presence of Vanishing

Let a be an algebraic number over Q of degree d > 2 and let 5 € Q(a) be
irrational. Let P, @ € Z[z] be polynomials such that

P(a) + BQ(a) = 0.

17



In this section we prove Proposition[4.I] which states that despite the vanishing

of P(z) +yQ(x) at the point (5—1, Z—z) € Q?, it is still possible to produce a gap

principle, provided that the quantity r = max{deg P, deg Q} exceeds one.
Proposition 4.1. Let P,Q € Z[z] be coprime and such that
r = max{deg P,deg @} > 1.

Let x1/y1,x2/y2 be rational numbers in lowest terms such that H(x2,y2) >
H(z1,y1) and

P (ﬂ) +2q (ﬂ) 0. (14)
Y1 Y2 Y1

H(‘Tlvyl)r
H(.TEvaQ) Z 015 maX{H(P),H(Q)}2T2+3T’

Then

where ) ,
Ci5=2" (T + 1)(37“ +2r)/2.

The proof of Proposition [4.1]is given at the end of the section, and it follows
directly from the results established below.

Lemma 4.2. Let P,Q € Z[x] be coprime polynomials of degrees r and s, re-
spectively, such that r > max{1,s}. Let cp be the leading coefficient of P,

P(z,y) =y "P(z/y) and Q(z,y) =y " Q(z/y).

Then for all coprime integers a and b the number g = ged (P(a,b), Q(a,b))
divides

0= |cp "Res(P,Q)],
where Res(P, Q) denotes the resultant of P and Q. Furthermore,

1< o< (r+1)" max{H(P),H(Q)}*".

Proof. Let a and b be coprime integers and suppose that a prime power p”
exactly divides g = ged (P(a,b), Q(a,b)). Since a and b are coprime, either a
or b is not divisible by p. Suppose that p does not divide b. By [12, Theorem
1.3.2], there exist polynomials ¢, € Z[x] such that

o(x)P(z) + ¢(2)Q(z) = Res(P, Q).

Let ¢ = max{degy,deg®}. We evaluate the polynomial on the left-hand side
at z = a/b and multiply both sides of the above equality by bt

bt p(a/b)P(a,b) + b')(a/b)Q(a,b) = Res(P, Q)b"*

By definition of ¢, the numbers bfp(a/b) and b'1)(a/b) are integers. Since p does
not divide b and p™ divides both P(a,b) and Q(a,b), we conclude that p™ divides
Res(P, Q).

18



Suppose that p divides b. Then p does not divide a, and so by analogy
with the previous case we see that p™ divides Res(P(1,x),Q(1,z)). Let R(f) =
x9e/ f(1/z) denote the reciprocal of a polynomial f(z). Then

P(l,z) =R(P) and Q(l,z)=2a""°"R(Q),
S0
Res(P(1,2),Q(1,z)) = Res (R(P), 2" *R(Q))
= Res(R(P),x)"~° Res(R(P), R(Q))
= ((=1)"cp)" " (=1)"" Res(P, Q)
= (—1)"c *Res(P, Q).

Therefore, p™ divides |C§JS Res(P, Q)|, and the result follows.
Finally, since P(z) and Q(x) are coprime and r > 1, we have Res(P, Q) # 0,
so 0 > 1. Applying Hadamard’s inequality and r > s, we obtain
¢ *Res(P, Q)| < ep|"*(r + 1)"*(s + 1)"?H(P)*H(Q)"
< (r+ 1) max{H(P), H(Q)}*".

O
Lemma 4.3. Let
P(z,y) = ﬁ(aix + Biy) and Q(z,y) = ﬁ(vjx +4;v)
i=1 j=1
be binary forms of degree v > 1, with complex coefficients. Let
C—CP.Q) - min; ; {|aid; — Bi;l} (15)

max; j {max{|a;| + [, 16| + [;]}}

Suppose that P and Q) do not have a linear factor in common, so that C > 0.
Then for all pairs (a,b) € C* we have

max{|P(a,b)|,|Q(a,b)|} = C"H(a,b)".
Proof. We claim that either

_min {laia+ Bib|} > Clb| or min {lvja+ d;b|} > Clb).
i=1,...,7 Jj=1,...,r

For suppose not. Then for all 7, j we have

[(@id; — Biv;)bl = |ai(via + 6;0) — vj(cua + Bib)|
< (Jail + |v5]) max {|aia + B;b], |v;a + 6;b[}
< (Jeil + [ Dol
< min{|e;d; — Biv;|}bl,
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so we reach a contradiction. Without loss of generality, suppose that min{|o;a+
B:b|} > C|b|. Then

1P(a,b)] = [T leia+ B;b] = min {|aza + B;b]}" > C"[b]".

i=1
Analogously, either

min {|asa+ Bb]} > Clal or  min {ya+8;b]} > Clal.

1=1,... =

.....

In the first case we can immediately conclude that | P(a, b)| > C" H(a,b)” and the
result follows. Otherwise we have |Q(a,b)| > C"|a|”. Combining this inequality
with |P(a,b)| > C"|b|" yields the result. O

For the proof of the following result, recall the definition of the Mahler
measure and the house of a polynomial introduced in Section

Corollary 4.4. Let P,Q € Zx] be coprime polynomials of degrees r and s,
respectively, such that r > max{1, s}. Define

Plz,y) =y"Plz/y) and Q(z,y) =y Qz/y).
Then for all pairs (a,b) € C? we have

H(a,b)"
-+ D7 max{(H(P), H(@Q P+

max{|P(a,b)[,|Q(a,0)[} = 55
Proof. Let cp and cg be the leading coefficients of P and @, respectively. Then
jep| - max{1,[Pl} < M(P) and |eg| - max{L,[Ql} < M(Q),
and so it follows from [I, Lemma 1.6.7] that
jep|- max{LIPI} < (r+ 1) H(P) and |eq| - max{L,[Ql} < (s + ) H(Q). (16)

Let 1, ..., 1y be the roots of P(x) and write

T

P(x,y) = cp [ [ (= — pay) = [ [ (ciw + Biy),
i=1 i=1
where «a; = C}D/ "B = —C}D/T,ul-. We consider the following two cases.
Case 1. Suppose that s =0, i.e., Q(z) = c¢g. Then

T

Q(z,y) = cqy” = [[(vjz + 69,

j=1
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where v; = 0 and §; = cgr. Using (I6), the constant C in (I8 can be estimated
from below as follows:

_ lepeql'”
max; {max{|cp|'/", |cp /" || + g/} }
_ leql™"
- co 1/r
max;{ max{1, |u;[ + |22 }}
_ 1
- 1/r 1 1/r
max;{ max{ % , f—é i H}
_ 1
- 1/r 1/r
1 [P 1
max{ co| et T |er }
1

= o] - max{L,IPI} + Jeg - max{L, [}
1

T D e P @

Case 2. Suppose that s > 1. Let v4,...,vs be the roots of Q(x) and write

Q(xz,y) = cou" ™ [ [ (@ = vjm) = [[(viz + 5,9),
j=1 j=1
where
o le/T, if1 <i<s, o —cég/Tl/i, if1<i<s,
Vi . . and  9; 1/r . .
0, ifs+1<i<r, g > ifs+1<i<r.

Using ([I8]), the constant C' in ([I5]) can be estimated from below as follows:
min; ; {|aid; — Biv;l}
max; j {max{|ou| + [, 18| + 16;1}}
|cpeq|/ min{1, ming ; {|p; — vj[}}
= ep[ /7 - max{ L, [PT} + leg |/ - max{L, Q)

min{1, min; ; {|p; — v;[}}
~2(r+1)Y2max{H(P),H(Q)}

By [5l Theorem A],

min {|pi — v} > 277 (r + )00 max{ H(P), H(Q)} "
1552

Since P,Q € Z[z] and r > 1, we have max{H (P), H(Q)} > 1, so the quantity
on the right-hand side of the above inequality does not exceed one. Combining
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the lower bound on min, ;{|u; — v;|} with the lower bound on C' established
above, we obtain

C>27"(r+1)"%/?max{H(P), H(Q)} >
The result now follows from Lemma O

Proof of Proposition [{.1} From equation (I4) it follows that Q(z1/y1) # 0, for
otherwise P(x1/y1) = 0, which means that P and @ are not coprime. Let

P(z,y) =y"P(x/y) and Q(z,y) =y Q(z/y).
Since |y1| > 1, it must be the case that Q(z1,y1) = y7Q(x1/y1) # 0, so

zy _ Plzi/y)) _ Plz,y)

Yo Q(x1/y1) Q(z1,91)

Since x5 and yy are coprime, and P(x1,y1) and Q(z1,y1) are integers, we see

that P
| ($1,y1)| and |y2|:|Q($17y1)|7

9

where g = ged (P(21,91), Q(%1,91)). By LemmalZ g < (r+1)" max{H (P), H(Q)}*".
Thus,

|z2| =

max{|P(x1,y1)], |Q(z1,y1)[} > max{|P(x1,y1)], |Q(z1,y1)[}
g ~ (r+ 1) max{H(P), H(Q)}*"

Finally, since P and @ are coprime, Corollary [£.4] applies:

max{|P(z1,y1)], |Q(z1,41)[}

(r+1)" max{H(P), H(Q)}*"

S H(z1,51)"
= or2 (7‘ + 1)(3r2+2r)/2 max{H(P), H(Q)}2r2+3r )

H(xa,y2) =

H(xa,y2) >

5 A Generalized Archimedean Gap Principle

In this section we prove Theorem [[LIl Recall that, for any h € Z[x] and i such
that 0 <14 < deg h, the inequality

degh+1

D)) < () (VL

) max{1, |o|}de& ¢ (17)
holds.

Let P, @ be a minimal pair for («, 8), and define R(z,y) = P(x) + yQ(z),
so that R(«, 8) = 0. Choose Cy so that

Cy > CYm
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Then

a——<1 and < 1.

U1

If R(x1/y1,22/y2) # 0, then it follows from the trlangle inequality, (), and
the two inequalities established above that

1 ()
< —, =
H(z1,y1)"H(z2,92) Y1 Yo

J

<Synaaife-3 -3

Co -

<0 S (iR, B)| + |DiaR(a, B)
H(fﬂlayl)”; 0

Co -

< S (D:P()] + (1 + 18]) - IDQ))
H(xlayl)H;

Ch s r+1 r+1 .
< g 2o () 0410 (7)) @) )
< i (2 ) max(H(P), H(Q)} max(1, oy Z(”l)
< H(%Oyl)uz”l@ + 18)Cra max{1, |af}"
< o e 2 2+ ) Cro max(1 ol
~ H(wr,y1)H

where the second-to-last inequality follows from (I0). By (@),
H(wg,y2) > Cy "H(wy,y0)" " > Cy " H(wy, 1) Y2,

which means that case 1 holds.

Suppose that R(z1/y1,22/y2) = 0. If r = 1, then by definition R(z,y) =
(sz +t) — y(ux 4+ v) for some integers s, ¢, u and v. Note that sv — tu # 0,
for otherwise the number § would have to be rational. Since R(a, ) =0 and
R(z1/y1, x2/y2) = 0, case 2 holds.

It remains to consider the case when R(z1/y1,22/y2) = 0 and r > 2. We
will prove that H(z1,y1) < C for some positive real number C, which depends
only on «, 8, u and Cy. By choosing C; so that C; > C, we then arrive to a
contradiction. Note that

b

_ P(x/m1) _ | P(a)Q(z1/y1) _Q(Q)P(xl/yl)l' (18)

'Q Q(x1/y1) |Q()Q(21/y1)|
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Further,
1Q(a)] < (r + 1) max{H(P), H(Q)} max{1, |a|}" < (r + 1)C12 max{1, |a|}(r1,9)

%

(20)

@)oo b
< gIDiQ(G)

<# @ (7F]) maxffaly

i=0
< 2"y, max{1, |«|}".

It remains to estimate |P(a)Q(z1/y1) — Q(a)P(z1/y1)| from below. Let
W = PQ’ — QP’ denote the Wronskian of P and Q). By Taylor’s Theorem, ([I7])

and (),

= |P(a) gz:o i_?(a) (ﬂ;— - a)l - Q(e) éZODiP(OO (Z— - 0‘)1 |

=le—a) Z% (P(@)Di11Q(a) = Q(@)Dis1 Pla)) (2 —a)’

Ja—=]|. ‘W o) + (2~ a) i (P(@)Di1Q(0) = Q(@)Dir P(a)) (2 —a)
oo 2] (e - H(zggw 5 Pl @le) - Q(a)DmP(a)l)

Zla—y (I () — Fpsi2(r + 1) max{H(P), H(Q)}? Z (712) max{l, Ial}”‘i*)
> | — 2] (Crg — Oy " Co2 2 (r + 1) 0 max{1,[a]}>") |

where the last inequality follows from H(z1,y1) > C1, ([0) and ({Il). Thus, if
we choose C so that

Ol > 219/243((d/2) + 1)CoC 05 max{L, [al}?,

then it follows from r < d/2 that

‘P(Q)Q (%) - Q(a) < )‘ ‘ - —‘ (Ci3 — C1 " Co2"2(r + 1)CF, max{1, |a]}*")
‘ 013 — C7*Cp2 Y D+2((d)2) + 1)C% max{1, |a|}d)
> Gul, o)
-2 Y1
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Combining the above result with ([I8]), (T9) and 20) yields

|P(2)Q(z1/y1) — Q(a) P(w1/y1)] C13 o
1Q()Q(x1/y1)] 2r+2(r 4 1)CF, max{1, [a]}2"

€
Y1

T2
p-3-
Y2

By Proposition [£.1]

H(z1,y1)" H(z1,91)"
" > >
28 2 G a1 (P), HQPPT = G027

where ) , , ,
Cis =27 (T‘—l— 1)(3r +2r)/2 < 2d /4((d/2) + 1)(3d +4d)/8' (21)

Consequently,

T1
a— 2=
Y1

< 272 (r +1)0% max{1, |a|}*" T2
Cis Y2

- 22 (r + 1)C%, max{1, |a|}*" ' Co
Cis H(z2,y2)*

_ 272 + DGOy MOl max(1, ]}

- Ci3H (w1,y1)"™" '

Thus, we obtain an upper bound on |a — z1/y1|. On the other hand, by
Lemma 2] the lower bound () holds. Combining upper and lower bounds,

T
a——l <
Y1

2742 (p 4+ 1)CoC 2 320t hax (1 Ja}2r

Cs <
CisH (x1,y1)"™

H(z1,y1)¢ ~

Since p > (d/2) + 1 and r > 2, we see that ru —d > 0, so

243 - 1/(rp—d)
H(wr,p1) < (2772 + 1)Co(CeCra) €3 7" 20t max(1, o} )

1/(2u—d)
< (270/4((d/2) + 1) HDIECy (CoCrg) 1Ol T max{L, o} )

=C.

Notice how in the second-to-last inequality we have utilized the upper bound
on C15 given in ([2I)). Thus, if we choose C; so that C; > C, then H(x1,y1) >
C1 > C, and so we arrive to a contradiction.

6 A Generalized Non-Archimedean Gap Princi-
ple

In this section we prove Theorem[[2l Let P, Q be a minimal pair for (o, 8), and
define R(z,y) = P(z)+yQ(x), so that R(a, 8) = 0. Suppose that R(z1/y1,x2/y2) # 0.
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Then the following trivial lower bound holds:

SR (E @) !
R e 1, T e R(a Jy, 2 /2)]
1
>
~ 2(r+ D) max{H(P), H(Q)}H (z1,y1)" H (2, y2)

1
= 2((d/2) + 1)CraH (x1,y1)Y2H (22, y2)

Let c, and cg denote the leading coefficients of the minimal polynomials of «
and 3, respectively. Note that for each (i,7) € {0,...,r} x {0,1} the p-adic
number cg’icflfj D;;R(c, 8) is an algebraic integer. Thus, its p-adic absolute
value does not exceed one. Via the application of Taylor’s Theorem we obtain
the following upper bound:

T . ,
Y1y R (y—I, y—z> <  max {|Din(a,ﬁ)|p Jyra— a1y, - Y28 — £C2|fg}

p (09)#(00)

crﬂ'céijin(oz, B)

(o3

= ~max 1 'yla_$1i'y26_$2j
(i.5)#(0,0) cg_lcé J | | I
P
<leqesl, o max {lyrcaa = camil}, - ly2cpB — cpxal) }

< e egmax{|y1ca — ca1lp, [y2cs8 — caxalp}

< cpegmax{|calp, [elp} max{|yia — @1, [y28 — @2[p}
Coclcs

H(zy,y0)*

Upon combining the upper and lower bounds, we obtain

<

1 < Cocl e
2((d/2) + 1)Cr2H (z1,y1)?H (22, y2) ~ H(x1,51)*

If we now set Cy = (d 4+ 2)00012cf/2c6, then
H(z2,y2) > Cy H(wy, yr)" 2,

which means that case 1 holds.

Suppose that R(z1/y1,22/y2) = 0. If r = 1, then by definition R(z,y) =
(sz +t) — y(ux + v) for some integers s,t,u,v. Note that sv — tu # 0, for
otherwise the number S would have to be rational. Since R(«, ) =0 and
R(z1/y1,22/y2) = 0, case 2 holds.

It remains to consider the case when R(x1/y1,22/y2) = 0 and r» > 2. We
will prove that H(x1,y1) < C for some positive number C, which depends only
on « and 3. By choosing (3 so that C3 > C', we then arrive to a contradiction.

First, we claim that by choosing C5 so that

Cs > Cé/ﬂ
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we can ensure that |y1], > c;!. This inequality clearly holds when p does not
divide y1, so we assume that p | y1. Since z1 and y; are coprime, it must be the
case that p does not divide z1. Suppose that |y1a|, # |21|p. Then it follows
from the strong triangle inequality that

1 — @1y = max {[yraly, [e1]p} = max {[yraf,, 1} > 1.

Since |[y1a — z1|p < CoH(x1,y1)™*, we find that H(z1,y1) < Cé/“ < (3, so
we reach a contradiction. Thus, |yial, = |z1], = 1. Since ¢y is an algebraic
integer, it must be the case that |cqoa|, < 1, so

wnly = o™, > leal, > ez,

as claimed.
Now that we have chosen C3 so that |y1|, > ¢ ?,
the equation R(z1/y1,22/y2) = 0, which implies that

|P(21,91)] 1Q(z1,91)]
g g

we turn our attention to

|z2| = and  |yo| =

where g = ged(P(z1,91), Q(x1,y1)). Consequently,

o = [P(@)Q@1,y1) — Qa)P(x1, y1)ly
92 = 2l 90, ' (22)

Since g is an integer, we have
lglp < 1. (23)

Since ¢/, Q(«) is an algebraic integer,
|Q(O‘)|p < |Ca|;r <c, < Cg/2- (24)

It remains to estimate |P(a)Q(z1,y1) — Q(a)P(x1,41)|p from below. Before
we proceed, note that for any ¢ the number

2 (P(@)Dip1Q(er) — Q(@) Dy P(av))

is an algebraic integer, so its p-adic absolute value does not exceed one. Conse-
quently,

P()Diy1Q(a) — Q(@) Diy1 Pa)

12
Ca

271 (P(a)Di1Q(a) — Q(a)Di 1 P(a))

Carfl

p
< |Co¢|;(2r_1)

S C(er—l

< ci_l.
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Now, let W = PQ’ — QP’ denote the Wronskian of P and (. By Taylor’s
Theorem and (I2]),

[P(@)Q(z1,y1) — Q) P(z1, 1),

- ]P(a) 52 DiQ(@) (a1 — ) i~ Q(0) 52 DiP(@) (1 — ) o]

p
r—1 . 1
= |yra — z1], _ZO (P(@)Di+1Q(c) — Q() Di1 P(a)) (1 — an)' yy
= P
P(a)Diy1Q(a)=Q() Diq1 P(a)

> = aal, (W@t~ o —aaly _puax_{]

)

Ca
>y —al, (IW(@yi ™ - e )

> |y — ﬂU1|p Chraca "™V — Cgfucocirfl) ,

where the last inequality follows from H(x1,y1) > Cs, () and |y1]p > ¢3'. Thus, if
we choose (5 so that

Ol > 20y Oyl cBa72,
then

Cl4

|P(@)Q(z1,y1) — Q(a)P(z1,y1)l, > [y1a — 2], (01465(“1) - 037“006371) 22—z e — @,

~ 9cld-

Combining this observation with (22)), (23) and (24)),
_ [P(@)@Q(z1,y1) = Q@) P(z1,y1)lp  _Cha

Y28 — a2 > — Y100 — T1p.
| b 1900, 2T »
By Proposition [4.1]
™ ™
H(xa, o) > H(x1,41) s H(zi,y1)

~ Cis IIlELX{I—[(P)7 H(Q)}2r2+3r = 01501252+3r )
where C15 satisfies the upper bound (21I)). Consequently,

2
- 2¢41 281 CoC 2T TR
P CuH(x2,y2)* = CraH(z1,31)™"

lyro — 21|, <

c

chfl
014 [y28 — 2|

Thus, we obtain an upper bound on |y1a¢ — z1|p. On the other hand, by Lemma
we have the lower bound (H). Combining upper and lower bounds,
2
2¢d " CoC RO
C1aH (z1,y1)"*

Cr
— < — <
H(z1,y1)* — e =l

Since p > (d/2) + 1 and r > 2, we have

213, _ 1/(rp—d)
H(l’lyyl) < (20271000771C$ s )“0141055)

2 1/(2u—d)
< <2d2u/4((d/2) n 1)(3d2+4d);¢/802710007710£121 +3d)u/20;11)

=C.

Notice how in the second-to-last inequality we have utilized the upper bound on C'is
given in (2I). Thus, if we choose Cs so that Cs > C, then H(z1,y1) > Cs > C, and
so we arrive to a contradiction.
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Group | Generators | Group | Generators

a b)) |20

C- (_01 —01> D: ((1) (1))’<_01 —01>
Cs (—01 —11> Ds <(1) (1))’<—01 —11>
co | (Ga) |2 (o) (So)
a | 3) [P (o))

Table 1: Representatives of equivalence classes of finite subgroups of GL2(Q)
under GL3(Q)-conjugation.

7 The Enhanced Automorphism Group

In this section we establish several results about the enhanced automorphism group
Aut’ |F| of a binary form F. At the end we prove Proposition [[.3] where we explain
the relation between automorphisms of F' and the roots of F(z,1).

Lemma 7.1. Let F € Z[z,y] be a binary form of degree d > 3 and nonzero discrimi-
nant D(F). Then Autg |F| is GL2(Q)-conjugate to one of the groups from Table[d.

Proof. See [11]. a

Lemma 7.2. Let F € Z[z,y] be a binary form of degree d > 3 and nonzero discrimi-
nant D(F). Let Aut' |F| be as in [@). Then Aut' |F| = C, or Aut' |F| = D,,, where
n € {1,2,3,4,6,8,12}.

Proof. Note that Autg|F| is a subgroup of Aut’|F|. Furthermore, for any M €
Aut’ |F| we have M? € Autg|F|. By Lemma [Z1l Autg|F| is finite, and so any
M € Aut'|F| has finite order. In fact, since the orders of elements in Autg |F| are
{1,2,3,4,6}, the only possible orders of elements in Aut’ |F| are {1,2,3,4,6,8,12}.

Next, recall a classical result that any finite subgroup of GL2(R) is GL2(R)-
conjugate to a finite subgroup of the orthogonal group O2(R). Since finite subgroups
of O2(R) correspond to rotations and reflections on a plane, we conclude that each
finite subgroup of GL2(R), including Aut’ |F|, is isomorphic to either a cyclic group
C,, of order n or a dihedral group D,, of order 2n.

Now suppose that Aut’ |F| contains at least 25 distinct elements My, ..., Mas. By
Schur’s Theorem [6], any finitely generated torsion subgroup of GL, (C) is finite. Hence
(M, ..., Mas) is a finite subgroup of GL2(R), so it is isomorphic to either C,, or D,
for some n. In the former case we see that n > 25, while in the latter case n > 13.
In both cases we obtain a contradiction, since the largest order that an element of
Aut’ |F| can have is 12. Therefore Aut’ |F| contains at most 24 elements. |
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Let us give an example of a group of the form (8] that is not a subgroup of GL2(Q).

Consider
o=((1 o) (1% %)

Then G = Ds2. If we choose coprime integers a and b so that a = 3b (mod 10), then
any (reciprocal) binary form

F(z,y) = a(z'® +y'*) — 6azy(z'" + ')
L Bla+2

5

495 5b 5 5
%x4y4(x4+y4)+2bx°y°

B 1122a5+ 29b 2540

¥ («® + 7)) — (1760 + 20)2°y* (2° + ¢°)

(=% +y°)

will have integer coefficients and satisfy Fiar = F for any M € G. Consequently, if
(z,y) is a solution to the Thue equation F(x,y) = m, then so are (y,—x +y), (—z +
Y, —:17), (—:E, _y)7 (—y,:l? - y)v (x—y,:c), (yvx)v (—:E+y,y), (—:E, —:E+y), (_yv —:E), (:L’—
Y, —Y), (x,x —y). This phenomenon was observed by Stewart in [I4], Section 6] with
respect to binary forms invariant under Dg, which is a subgroup of G. In addition
to these 12 solutions, we have F(x',y’) = 729m for any (2',y’) € {(z + vy, —z + 2y),
(—$+2y7 _2:C+y)7 (—217-"-:(/7 —T— y)7 (—JZ —Y, T — 23/)7 (JZ —2y,2x— y)7 (2‘77 Y m+y),
(—x+2y,z+y), (—2x+y,—x+2y), (—x—y, —2x+7vy), (x—2y, —x—y), 2x—y,T—2y),
(x+y,2z—y)}

Proposition 7.3. Let F(z,y) = cax® + ca_12% 'y + -+ 4 coy? € Z[x,y] be an ir-
reducible binary form of degree d > 3. Let au,...,aq be the roots of F(x,1). There
exists an index j € {1,...,d} such that

vy — U
oy = —/———
—tag + s

for some integers s, t, u and v if and only if the matriz

M= 1 <s u)
V]sv —tu| \t v

2/d
is an element of Aut’ |F|. Furthermore, if M € Aut' |F|, then |sv — tu| = ‘%dt) :
Proof. Suppose that there exists an index j € {1,...,d} such that a; = f?;;fs
for some integers s, ¢, u and v. Since F(xz,1) is irreducible, its Galois group acts
transitively on the roots a1, e, ..., aq. Therefore,

var — U vag — U vog — U
—tar+s  —tas+s’ 7 —tag+s
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is a permutation of aq,...,aq. Thus,

i u
Flwy) —CdH(x‘m>

d

= —ta; + s)x — (vas —u
Hlls—taz 1;[1 i (vai —u)y)

—C—dF(s:c+u tx + vy)

7F(S,t) y7 y

=+ F(sz + uy, tz+ vy)

= tFum(z,y),
where 17 = |cq/F(s,t)[/% and M =7 (5“). Since
D(Fy) = (det M)*@=Y D(F)

and Fyr = £F, we see that |D(Fa)| = |D(F)|, so | det M| = 1. Hence |n|?-|sv—tu| = 1,
which leads us to the conclusion that 7 = || = |sv — tu|™*/? and M € Aut’ |F|.
Conversely, suppose that M = [sv — tu| /2 (5 *) is in Aut’ |F|. Then

+F(z,y) = Fu(z,y)
d

Cd
= m H(sx + uy — ai(te + vy))

i —u
|sv—tu|d/2H< —ta +s )

We see that the polynomial Fas(z,1) vanishes at f?;ffs fori=1,...,d. Since Fa =

+F, the polynomials Fi(z,1) and F(x,1) have the same roots, so there exists some
index j such that a; = 2%2="_ Furthermore, the leading coefficients of F(z,1) and

tag+s
; ; — _IF(st)]
Fy(x,1) must equal up to a sign, i.e., |ca| = (Pt

2/d

Of course, this is the same as

F(s,t)
cd

|sv—tu|:‘ a

8 Counting Primitive Solutions of Large Height
to Certain Thue Inequalities

In this section we prove Theorem [[.3l It follows from a more general result stated in
Theorem [BI] where we count approximations x/y of large height to distinct algebraic
numbers a1, ..., an such that Q(a;) = Q(au) for all i = 1,2,...,n. In order to state
the main result of this section we need to introduce the notion of an orbit. For an
irrational number «, the orbit of « is the set

orb(Oc):{%—_’_uS : s, tyu,v € Z, sv—tu;éO}.

Theorem 8.1. Let K = C or Qp, where p is a rational prime, and denote the standard
absolute value on K by | |. Let a1 € K be an algebraic number of degree d > 3 over Q
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and a2, as, ..., 0n be distinct elements of Q(a), different from a1, each of degree d.
Let p be such that (d/2)+1 < u < d. Let Cy be a real number such that Co > (4e*)71,
where

=1,...,

A = 500° <logi max {(M(a)} + g) . (25)

There exists a positive real number Chg, which depends on ai,aq,...,an, p and Co,
with the following property. The total number of rationals x/y in lowest terms, which
satisfy H(x,y) > Cie and

T Co
aj — —| < —/——m— 26
oyl T H(zy)e (2)
for some j € {1,2,...,n} is less than
{1 n 11.51 + 1.5logd + loguJ
log(u —d/2) ’
where
v =max{y1,..., W}, v =#{j: oy €orb(ai)}. (27)

Let us see why Theorem [[.3] follows from Theorem [8.1]

Proof of Theorem[[.d Let ai,a2,...,aq be the roots of F(z,1). Notice that, since

F(z,y) is irreducible, the roots of F(1,z) are given by a;',...,a;". Furthermore,

since the field extension Q(«)/Q is Galois, we have Q(a;) = Qo) foralli =1,...,d.
Choose C'5 so that

2d—1d(d71)/2M(F)d—2m

d—p
G > BGEE

Let (z,y) be a primitive solution to (@) such that H(z,y) > Cs. Then it follows
from the result of Lewis and Mahler stated in Lemma that there exists an index
j€{1,2,...,d} such that

min {

Next, adjust the choice of C5 so that Theorem [R] applies:

T
i — =
J

Y

‘afl B g‘ < 2d71d(d71)/2M(F)d72m 1
Yl T IDF)Y2H (2, ) H(z,y)»

Cs 2 max{Clg(al, .. .,ad,u,Cg), 016((1;1,. . .,a;l,,u, C())},

where Cp = 1. If we let v be as in (27]), then it follows from Theorem [B1] that = /y is
one of at most

N {1 n 11.51 + 1.5log d + log ,uJ
log(p — d/2)
rationals in lowest terms that satisfy either of the two inequalities

Co

__ 0 -1_Y Co
H(z, ) <

a; ——| < ‘a —_—.
! 7wl H(zy)r

Y

Aut’ |F|

It now follows from Proposition [.3] that v < . The division by 2 appears due
-10

to the presence of the matrix (' % ) in Aut’|F|, which maps (z,y) to (—z,—y). O

We conclude this section with the proof of Theorem Bl
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Proof of Theorem[81. Throughout the proof we will be adjusting our choice of Cig
four times. First, let Cig > Ci1, where the positive real number C1; is defined in
Corollary 2:8 Then it follows from Lemma 28] that for each z/y satisfying (26]) the
index j € {1,2,...,n} is unique.

Let z1/y1,22/y2,...,%¢/ye be the list of rational numbers in lowest terms that
satisfy the following conditions.

1. Ci6 £ H(z1,91) < H(wa,92) < ... < H(we,ye)-

2. ged(zj,y;) =1foral j=1,2,...,¢

3. For each j € {1,2,...,£}, there exists the index i; € {1,2,...,n} such that
G

H(zj, y;)"

By the discussion above, this index is unique.

Tj
J

Qi; — ==
Yj

4. For every j,k € {1,2,..., £}, if ay;, € orb(a;), i.e.,

S +t

(673
k ua; +v

for some integers s, t, u and v, then

Tk, ST; +1y;
yr T ouxy 4 vy

Due to the fourth condition this list need not be uniquely defined. This fact, however,
does not affect our estimates. The fourth property requires additional clarification: to
each rational approximation in the list

X1 X2 Xy
_7 _7 ey —

Y1 Y2 Ye
correspond several rational approximations, which we call derived. To be more precise,
from z;/y; one can naturally construct a (possibly bad) rational approximation to
arbitrary a € orb(a;;) as follows. Let
sau; +t xi  sxj 4 ty;

a=—"— and — =
uQ; + v Y; ux; + vY;

for some integers s, ¢, v and v. Then

S tu — sv (a- _ﬁ)
vi  (uas, +o)(u(zs/y;) o) 7y )]

so rational approximations to o and «a;; are connected. Thus, by imposing condition
(4), we insist that z’;/y; does not appear in the list z1/y1, z2/y2, ..., Te/ye.

In order to account for the presence of derived rational approximations, we intro-
duce the value +; defined in (]Zﬂ) Note that the value Vi; is equal to the number of
rational approximations derived from z;/y;, including z;/y; itself. Consequently, if
we let N denote the total number of rationals satisfying the conditions specified in the
hypothesis, then N does not exceed Zf.:l 7i;- Therefore,

L
N <Y i <ot
j=1
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where « is defined in (27)). Thus, it remains to estimate £.
To derive an upper bound on ¢, we begin by applying a generalized gap principle
to the ordered pair (aik, aikﬂ). Choose C16 and define C as follows:

Cie > Hjl_aléX{Ol(aj,O(k,lLL, 00)7 C3(aj7ak7,u‘7 OO)}:

= HJl_a];X{OQ(O(j, Ay [y 00)7 C4(aj7 Ak, W, OO)}:

where the positive real numbers C, C3, C3 and Cy are taken from Theorems [I.1] and
[L2 respectively. Note that if K = Q,, then |yx| < 1, and so

T
lyra, — ok| = [yl - |, — —

Analogously,
Co

H(2pr1, Yo"
It follows from Theorems [[.1] and that, for every k € {1,2,...,0— 1},

|yk+106ik+1 —Tpq1| <

H(zp41,yp11) > O~ H(zw, yp) 7,
where
E=p—d/2. (28)
Notice that case 2 in the aforementioned theorems is impossible due to the fact that the
list x1/y1,...,x¢/ye does not contain derived rational approximations. Consequently,

log H(z¢,ye) > Elog H(z¢-1,ye—1) — log C
> E*log H(x¢—2,y0—2) — (1 + E)log C
>E " ogH(z1,31) —(1+ E+ -+ E"?)log C.
Thus, we obtain the following lower bound on log H (¢, ye):
E -1
log H(x¢,ye) > E*log H(z1,y1) — ﬁlog C. (29)
Next, we apply the Thue-Siegel principle from Lemma [Z9] to the pair («, ) =

(aiy, @, ). Observe that, since all a;’s have degree d, we have Q(ay;) = Q(as,), so
ai, € Q(ay, ). For a =1/500, set

t= L T = 2at
T Vd+a? S

Then 9 5
Further,
12 1 2
a0
2 d 2 d
A1 =500 logM(ai1)+§ , Ay =500 logM(ail)—FE ,
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5_dt2+72—2 6a?

d—1 (d+a?)(d—-1)"
Note that
6! < 41667d>. (30)
We further adjust our definition of Cis by choosing it so that
1 1.42vd
Chs > Oou71A42\/E (4€A) pn—1.42V4d 7 (31)

where A is defined in (25). Now with the help of inequalities A < 1.42v/d and
H(zj,y;) > Cis we obtain

Co 1 1

Lj
=J < < )
H(xjvyj)ﬂ (4@AH(xj7yj))1‘42\/E (4614]_[(:17%yj))A

YTy

so that the hypothesis of Lemma [2.9] is satisfied. Thus, we arrive at the conclusion
that

log H(ze,ye) < 67° (log(4eA1) +log H(z1, yl)) — log(4e™?)
< 41667d° (log(4eA1) + log H (z1, yl)) ,
where the last inequality follows from (B0). Thus
log H (z¢,y¢) < 41667d> (log (46A1) + log H (z1, yl)) .

We combine the above upper bound on log H(z¢,y¢) with the lower bound given in
@:

f—1 B -1 2 A

E" log H(z1,y1) — -1 log C' < 41667d (log (46 1) + log H(xl,yl)) .
Reordering the terms yields

EfY -1
(E“ _ 41667d2) log H (x1,41) = ——— log C' < 41667d" log (4eA1) L (32)
Let us assume that )
0>1 log(41667d )7
log(p — d/2)

for otherwise the statement of our theorem holds. Then E‘~! > 41667d?, so we may
use the inequality H(x1,y1) > Ci6 to replace H(z1,y1) with Cis in (B2):

—1

E —1
(Ebl — 41667d2) log Ci6 — E_1 log C' < 41667d° log <4€A1) .
Since E = pu — d/2,

(u—d/2)"" <log Che — gg(’;) < 41667d° log Ci6 + 41667d? log (4eA1) 4 logC

- E-1

We make a final adjustment to C1¢ by choosing it so that

Cre > C*/ED, (33)
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Then
1 1
(1 — 0.5d)" " %Cm < (41667d2 + 5) log Ci6 + 41667d> log (45“1) 7

leading us to a conclusion

_ log (46A1)
—05d) "t <14+83334d% [ 1+ —=——2|. 34
(m ) + + Tog Crg (34)
By our choice of Cis,
1 1.42V/d A
logCig > ——————log Co + ————— log(4e™),
S = T aava 2 T T 1aeva g(de”)

which means that

10g(4eA) < w— 1.42v/d w— 1.42v/d
logCi6 ~ 1.42V/d + log Co/ log(4e4) ~ 1.42v/d — 1’

where the last inequality follows from the fact that Cp > (4€A)71. Plugging the above
inequality into (B4]), we obtain

_ —1.42V/d w—1 /2

—0.5d)" ! < 1+483334d% | 1+ B2V ) — 14833340 —E < 1498896d%/%y,
(o ) 1.42vVd — 1 L42Vd -1~ :
where the last inequality follows from d > 3. We conclude that

3/2
<14 log(98897d°/“ 1) n 11.51 + 1.51log d + log v
log(p — d/2) log(p — d/2)

The result follows once we multiply the right-hand side by the constant v defined in
&D). 0
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