Periodica Mathematica Hungarica (2023) 87:283-292
https://doi.org/10.1007/510998-023-00515-8

®

Check for
updates

On the size of a linear combination of two linear recurrence
sequences over function fields

Sebastian Heintze'

Accepted: 24 September 2022 / Published online: 13 April 2023
© The Author(s) 2023

Abstract

Let G, and H,, be two non-degenerate linear recurrence sequences defined over a function
field F in one variable over C, and let u be a valuation on F. We prove that under suitable
conditions there are effectively computable constants ¢; and C’ such that the bound

(Gn — Hp) < u(Gy) +C’

holds for max (n, m) > cy.
Keywords Linear recurrence sequence - Growth
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1 Introduction

Linear recurrence sequences have been studied by many authors in the past until now. Here,
by a linear recurrence sequence we mean a polynomial-exponential function, from the set
Ny of nonnegative integers into a given field F, of the form

G =ai(n)af + -+ aq(n)alj,

where the «; are called the characteristic roots of the linear recurrence sequence and the
coefficients a; (n) are polynomials in n. It is well known that such a sequence satisfies a
linear recurrence formula. We say that the sequence (G, ),cN, is defined over the field F if
all characteristic roots «; as well as all coefficients of all polynomials g; (r) belong to F. The
recurrence sequence is called non-degenerate if no ratio of two distinct characteristic roots
a;/aj for i # jis aroot of unity in the case that F' is a number field, or if no ratio of two
distinct characteristic roots «; /aj for i # j is contained in the field of constants when F is
a function field in one variable over C, respectively.
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In [2] the author together with Fuchs gave a bound on the size of the nth element of such
a linear recurrence sequence defined over a function field, see Proposition 3.4 below. They
also provide a proof for a well-known bound on the growth of G, in the case that F is a
number field in the appendix of [2].

Recently, Peth§ [6] considered the size of the difference of two linear recurrence sequences
over number fields. More precisely, it is proven that for two recurrences A, and By, taking
only integer values, under some technical conditions (A, has a dominant root, i.e., there is a
unique characteristic root o with maximal absolute value, B, has a pair of conjugate complex
dominating characteristic roots, and some further assumptions) the bound

Ay — Byl > |A,|!~ColoZm/n

holds for (n,m) € N(Z) with max (n, m) > c1, where cg, c; are effectively computable
constants. For more results in this direction see the book [7].

The purpose of the present paper is to find and prove a suitable similar bound in the setting
of function fields in one variable over the field of complex numbers.

2 Notation and results

Throughout this paper F' denotes a function field in one variable over C and g denotes
the genus of F. For the convenience of the reader we will give a short wrap-up of the
notion of valuations that can also be found in, e.g., [2, 3]. For ¢ € C and f(x) € C(x)*,
where C(x) is the rational function field over C, v.(f) denotes the unique integer such that
fx)=x-— c)”f(f)p(x)/q(x) with p(x), g(x) € C[x] such that p(c)g(c) # 0. Further we
write Voo (f) = degg —deg p if f(x) = p(x)/q(x). Additionally, we set v(0) = oo for each
v from above. These functions v : C(x) — Z U {oo} are up to equivalence all valuations in
C(x). If ve(f) > O, then c is called a zero of f, and if v.(f) < 0, then c is called a pole
of f, where ¢ € C U {o0}. For a finite extension F of C(x) each valuation in C(x) can be
extended to no more than [F' : C(x)] valuations in F. This again gives up to equivalence all
valuations in F. Both in C(x) and in F the sum-formula

D v =0

v

holds for each nonzero f, where the sum is taken over all valuations in the considered function

field. Moreover, valuations have the properties v(fg) = v(f) + v(g) and v(f + g) >

min (v(f), v(g)) forall f, g € F. For more information about valuations we refer to [8].
For a finite set S of valuations on F, O§ denotes the set of S-units in F, i.e., the set

Os={feF* :v(f)=0forallv ¢ S}.

Lastly, we call two elements «, 8 € F multiplicatively independent if " 8* € Cforr,s € Z
implies that r = s = 0.

Our first result is now the following theorem which states that there cannot be much
cancellation in the expression aG, — bH,, if both indices are large:

Theorem 2.1 Let G, = ay(n)af + - - - +aq(n)aly and Hy = by(m)B" + - - - 4 b, (m) B be
two non-degenerate linear recurrence sequences defined over F. Assume that oy ¢ C, and
that for any j € {1, ..., t} the pair (a1, B}) is multiplicatively independent. Furthermore,
let u be a valuation on F such that u(oy) < u(e;) fori € {1,...,d}. Fixa,b € F*. Then
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there exist effectively computable constants co and C, independent of n and m, such that for
min (n, m) > co we have
/L(aGn - me) < /»L(Gn) + C.

The non-degeneracy condition already implies that there is at most one characteristic root
in each of the two linear recurrences which is constant. If we require all characteristic roots
to be nonconstant, then we can prove a little bit more:

Theorem 2.2 Let G, = ay(n)af + - - - +aq(n)aly and Hy = by(m)B]" + - - - 4 b, (m) B be
two non-degenerate linear recurrence sequences defined over F. Assume that no o; as well as
no B is contained in C, and that for any j € {1, ..., t} the pair (a1, B;) is multiplicatively
independent. Furthermore, let i be a valuation on F such that u(o1) < wu(oy) fori €
{1,...,d}. Fix a,b € F*. Then there exist effectively computable constants ¢; and C’,
independent of n and m, such that for max (n, m) > c| we have

w(@Gy —bHy) < u(Gy) +C'.

In the case u(aG,) # w(bH,), the inequality directly follows from the strict triangle
inequality. Thus, the power of the above theorems concentrates on the case u(aG,) =
w(bHy,). There they give a nontrivial upper bound, whereas the trivial lower bound in the
case u(aG,) = u(bHy) is

u(aG, — bHy) > min (u(aGy), w(bHy)) = n(aGy) = u(Gy) + u(a).

Rephrased in words, our theorems state that for large indices the recurrence H,, cannot cancel
out too much from G, if at least one “size-determining” root «; is independent of the roots
of Hy,.

The assumption that «; is multiplicatively independent of each characteristic root of the
second recurrence sequence is needed to avoid situations like H,, := G3,,, where G,, — H,,
is zero for n = 2m arbitrary large, and thus the statement of the theorems cannot hold. That
things are different if the two considered linear recurrence sequences are too similar can also
be seen in the results of other authors, see, e.g., [5]. Let us mention that, as in Corollary 4 in
[5], we can deduce here that under the assumptions of Theorem 2.2 the solutions (n, m) to
aG, = bH,, are bounded effectively from above.

From Theorem 2.1 to Theorem 2.2 we extended the area in which the bound for the
valuation holds from min (n, m) > ¢o to max (n, m) > c; to the cost of a little bit stronger
assumptions. The restriction max (n, m) > ¢ cannot be removed completely. Indeed, there
may be sporadic solutions to aG,, — bH,, = 0 whence u(aG, — bH,,) = oo is possible for
small indices.

To illustrate the result, we formulate the following corollary which immediately follows
from Theorem 2.1 by choosing t = v, for the function field C(x). An analogous corollary
can be formulated for Theorem 2.2.

Corollary 2.3 Let G, = ay(m)af +--- +aqg(n)ay; and Hy = by (m)B{" + - - - + by (m) " be
two non-degenerate linear recurrence sequences of polynomials in C[x] where all the char-
acteristic roots are polynomials as well. Assume that oy ¢ C, and that forany j € {1, ..., t}
the pair (a1, B;) is multiplicatively independent. Furthermore, assume that deg oy > deg a;
fori € {1,...,d}. Fixnonzeroa, b € C[x]. Then there exist effectively computable constants
co and C, independent of n and m, such that for min (n, m) > co we have

deg(aG, — bH,;) > deg G, — C.
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3 Preliminaries

In the next section we will make use of height functions in function fields. Let us therefore
define the height of an element f € F* by

H(f) ==Y min(0,v(f)) = ) max (0, v(f)),

where the sum is taken over all valuations on the function field ' /C. Additionally, we define
‘H(0) = oo. This height function satisfies some basic properties that are listed in the lemma
below which is proven in [4]:

Lemma 3.1 If H denotes the height on F /C, then for f,g € F* the following properties
hold:

a) H(f) = 0and H(f) = H(/f),

b) H(f) —H(g) < H(f + &) < H(f) + H(g),

c) H(f) —H(g) < H(fg) <H(f)+H(g),

d) H(f") = In| - H(f),

e) H(f) =0ifandonly if f € C*,

f) H(A(f)) = deg A - H(f) forany A € C[T]\ {0}.

Moreover, the following result due to Brownawell and Masser will be used when proving
our statements. It is an immediate consequence of Theorem B in [1]:

Proposition 3.2 (Brownawell-Masser) Let F /C be a function field in one variable of genus
g. Moreover, for a finite set S of valuations, let uy, ..., ux be S-units and

I14ur+---+ur =0,

where no proper subsum of the left-hand side vanishes. Then

i=l,...,

Furthermore, we will use the following function field analogue of the Schmidt subspace
theorem. A proof can be found in [9]:

Proposition 3.3 (Zannier) Let F/C be a function field in one variable of genus g, let
@1, ..., ¢n € F be linearly independent over C and let r € {0, 1, ...,n}. Let S be a finite
set of places of F containing all the poles of ¢1, . . ., ¢, and all the zeros of ¢1, ..., ¢,. Put
o= ¢i Then

Z; (v(o) ‘i:‘}T??,n”(q’f)) < (Z) (IS +2g —2) + ZIH@,-).
ve i=r+

In addition, the next proposition will be applied in our proofs. It is proven as Theorem
1 in [2] and we state it here in a combined version with the paragraph immediately before
Theorem 1 in [2]:

Proposition 3.4 Let (G,);2, be a non-degenerate linear recurrence sequence taking values

in F with power sum representation G, = ay(n)aj + --- + a;,(n)ay. Let L be the splitting
field of the characteristic polynomial of that sequence, i.e., L = F(ay, ..., o). Moreover,
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let 1 be a valuation on L. Then there are effectively computable constants C* and C~,
independent of n, such that for every sufficiently large n the inequality

.....

.....

holds.

Note that an inspection of the proof of the last proposition shows that it is possible to calculate
a (admittedly rather complicated) bound Ny such that “sufficiently large n” can be replaced
by n > Np.

Last but not least, we will need the following small lemma about multiplicatively
independent elements, which is proven in [3]:

Lemma3.5 Lety, 8 € F \ C be multiplicatively independent and n, m € N. Assume that

y}’l
H (87') <VL.

Then there exists an effectively computable constant L', depending only on y, 8, g and L,
such that
max (n,m) < L.

4 Proofs

We have prepared all auxiliary results needed for proving our theorems. Thus, we can start
with the proof of our first theorem.

Proof of Theorem 2.1 Firstnote thataG,, is again a non-degenerate linear recurrence sequence
with the same characteristic roots as G, and that u(aG,) = u(a) + u(G,). The analogue
holds for b H,,. So, without loss of generality, we may assume thata = b = 1.

Let us rewrite the linear recurrence sequences in a more suitable manner. With

e
k
aj(n) = Zaikn )
k=0
we can write

d d e
Gu=Y aimef =Y Y agn*a]. (4.1)
i=1

i=1 k=0
Now fix for each i € {1, ..., d} a maximal C-linear independent subset {n,-l, e T } of
{aio, . ... aie;}. Using these elements, we can write (4.1) as
d ki
Gn=Y_ Y Pgmmya

i=1g=1
for polynomials P;,(n) € C[n]. Analogously, we get

t L

Hp =YY" Qinm)¥npy,

j=1h=1
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where Q j,(m) € C[m] are polynomials and {1//.,'1, o, wjgj} is linearly independent over
Cforany j € {1, ..., t}. Together these representations yield
d ki Y
Gn—Hp =YY Pigmmigef =Y Y Qjn(m)yrjnp. (4.2)
i=1g=1 j=1h=1

In order to be able to apply Proposition 3.3, we would need the summands in (4.2) to be
linearly independent over C. Therefore we will check this in the sequel and make changes
where necessary. The procedure for doing so is as follows: We assume that we have given
an arbitrary but fixed pair (n, m) of indices and, considering several cases, deduce that then
either min (n, m) < cg, which falls out of the scope of the statement where we only say
something for min (n, m) > co, or a related (but in general slightly modified) sum to (4.2)
consists of C-linear independent summands. During this procedure, the bound c¢¢ will be
updated several (but only finitely many) times without changing its label, i.e., it is always
denoted by cg. As an initial value we choose c( large enough such that

d ki t 4
TTIT P -TIT] Qintm
i=1g=1 j=1h=1

is nonzero whenever min (n, m) > co. Note that this is possible because, without loss of
generality, by construction the polynomials P;; and Q j; are not the zero polynomial as the
recurrences are not the zero recurrence by the non-degeneracy assumption.

Now suppose that the summands in (4.2) are linearly dependent over C. Then we have
complex numbers A;,, yj; € C, not all zero, such that

d ¢

k[ t
Z Z Aig Pig(m)migo + Z Z YinQin(m)yjnBj = 0. 4.3)

i=1g=1 j=1h=1

Note that A;¢ and y;, may depend on (n, m) which we assume as fixed for this consideration.
Now we consider a minimal vanishing subsum of (4.3), i.e., no subsubsum of this subsum
vanishes. In particular, all A;, and y;; appearing in this minimal vanishing subsum are
nonzero. Moreover, we fix a finite set S of valuations such that all «;, B, 7 and ¥ are
S-units, and such that 4 € S, and define the constant

d 3 .
Caux = <Zi=1 ki ZZFl ZJ) (IS + max (0, 2g — 2)) .

Both S and C,yx are independent of n and m. We consider six cases:
Case 1: The minimal vanishing subsum contains only summands with the same factor

a}'. Recalling that {7'[,- P 779 } is linearly independent over C, we see that this case is not
possible.

Case 2: The minimal vanishing subsum contains only summands with the same factor
ﬂ;”. Recalling that {1// e ¥ e } is linearly independent over C, we see that this case is

also not possible.

Case 3: The minimal vanishing subsum contains summands with the factors a;’ and a;’,
respectively, where i # j. Dividing the minimal vanishing subsum by a summand containing
the factor a;? and then applying Proposition 3.2 (note that all summands are S-units since
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}‘iga Pig(n)» yjhv th(m) € C) ylelds

Aig Piog(M)mioal
H ig tg( ) ig ,n < Caus
Ajg Pjg ()7 gl

for some indices g, g’. By Lemma 3.1, this implies

o all Tig
n-H{—|)=H o = Caux +H
o Olj 7Tjg/

and, since G, is non-degenerate, further

Tlig
Caux +maXi7j,g,g/ H <7‘[- /)
n< B 4.4)

- . o
min;£; H o
J

The upper bound in (4.4) is independent of » and m and thus, for an updated ¢y we get
min (n, m) <n < cg.
Case 4: The minimal vanishing subsum contains summands with the factors 8" and ,3;”,
respectively, where i # j. This case is handled completely analogously to the previous one.
Case 5: The minimal vanishing subsum contains summands with the factors o} and ,3;?1,
respectively. Dividing the minimal vanishing subsum by a summand containing the factor
ﬁ;” and then applying Proposition 3.2 yields

M A]gP1g(n)mga’l; < Cune
Yin @ jn(m)yjn B

for some indices g, 7. By Lemma 3.1, this implies

w4 < ¢ +H<m>
— aux :
B} Yin

From this we get either, again by Lemma 3.1,

g
Caux + max; ¢ n H <—>
Yin

n =<
H(ar)
if B; € C, or, by Lemma 3.5,
max (n,m) < L’

if B; ¢ C. In both subcases, the upper bound is independent of n and m, and thus we get
min (n, m) < cop, for an updated cg.

Case 6: The minimal vanishing subsum contains summands with the factors o' and ,8}",
respectively, where i # 1. In particular, we may assume that no summand with a factor o
is contained. Then we can dissolve the minimal vanishing subsum after one of the appearing
terms of the shape Q j,(m)y jp ,8;", i.e., express this term by a C-linear combination of the
remaining terms in this subsum. Now we insert this expression for Q j, (m) ¥ jp, ,87’ into (4.2),
sum terms which differ only by a constant factor, and get recurrences G, as well as H,, with
the following properties: We have G, — H,, = G, — H,, for the considered pair (n, m), all
expressions of the shape m;¢a! or wjhﬂ;ﬁ appearing in G), — H,, also appear in G, — H,,
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290 S. Heintze

(in general with different coefficients in C), no summand containing 7y o} got lost, and
G), — H), has less summands than G, — Hy,.

Next we check whether the summands in G|, — H,, are linearly independent over C. If not,
then we do the same as we have done above with G,, — Hy,. Observe that we are automatically
in Case 6 again since we are only interested in min (n, m) > co. Here we perform the same
reduction process to get G, — H,,. As in each reduction process the number of summands
reduces, this iteration ends after finitely many steps, and after renumbering terms (note that
o stays o since terms containing «q can not be removed during the reduction process) we
get

as Kk 4
Gn—Hn =G} — Hyy =Y Y Prmmgaf — > > 05, myyupy.  (45)
i=1 g=1 j=1h=1

Note that d* > 1 and kT > 1, i.e., o1 appears on the right-hand side. The summands in
the expression on the right-hand side of equation (4.5) are now linearly independent over
C because we only consider min (n, m) > co and no further reduction steps were possible.
Nevertheless, which summands from G, — H,, still appear in G} — H, may depend on the
considered pair (n, m). However, this will not be a problem in the sequel since the number
of summands is bounded uniformly (cf. our definition of Cyyy).

We are now able to apply Proposition 3.3. By our choice of §, each summand of the
right-hand side of (4.5) is an S-unit. Put

d* t*
. * . *
ry = E k; aswellas rp = E Zj
i=1 j=1

and set
@1, .- 0r) = (Pl-’;,(n)mgoef')

i.g

for an arbitrary ordering of the summands of G} as well as

(@r1415 s Ori4ry) 1= <_Q7h(m)l//jh'3;n>j,h

for an arbitrary ordering of the summands of H,;. With this notation, Proposition 3.3 implies

> <u(G; — HY)— min v(<pz)> < Caux- (4.6)
z=l..,r1t+r

ves ~ T

Since G, — H, = G} — H,:, each summand in the sum on the left-hand side of (4.6) is
nonnegative, and u € S, we get

w(Gy — Hy) — min (@) < Caux-
z=L,...ri+r

=1,...

From this we infer

< Caux + 1 (Pfi(m)m110))
= Caux + p(11) +n - ulay)
= Caux + (1) +n- I{lil’ld/L(Ol,‘)

.....

< Caux + u(mpy) + u(Gp) = C~
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= lu’(Gn) + C7

where in the second to last line we have used Proposition 3.4 and ¢ becomes updated for
the last time. This proves the theorem.

The assumptions in our second theorem contain all assumptions from Theorem 2.1. So it
is not surprising that the proof of it builds on Theorem 2.1.

Proof of Theorem 2.2 By Theorem 2.1, there exist constants ¢y and C such that for
min (n, m) > ¢y we have
M(aGn - me) =< /L(Gn) + C.

It remains to consider the case when one index is small.

Therefore let, firstly, m < cq be fixed. Then H,, is fixed as well. Since there are only
finitely many such cases, we can perform the following for each of this cases and write H(,,)
for H,, in the calculation to emphasize that we consider only a fixed value for m each time.
Put @441 := 1 and consider the linear recurrence sequence

~

Gn = aG,, — bH(m)Ot2+l = aG,, — bH(m).

As G, is non-degenerate and has no constant characteristic root, 5;1 is also non-degenerate.
Thus, Proposition 3.4 yields

1 (aGn - bH(m)) =K (G:l)

=1,...,

< C(fn) +n- l__qlindu(a,-)

=1,...,

= C(t,,) +u(Gy) —C~
= u(Gy) + C(m)
forn > c1,(m).
Consider now the second possibility, namely that n < c¢q is fixed. Then G, is fixed as
well. Since there are only finitely many such cases, we can perform the following for each

of this cases and write G, for G, in the calculation to emphasize that we consider only a
fixed value for n each time. Put 8,11 := 1 and consider the linear recurrence sequence

—_~

H, = aG(n)ﬂt"j_l —bH, =aGy) —bH,,.

As H,, is non-degenerate and has no constant characteristic root, f[vm is also non-degenerate.
So Proposition 3.4 yields

123 (aG(n) - me) =M (1,:171)
+ .
=Cu er~j={nmt+ w(B;)
< Cpy +m - pu(Bri1)
_ rt
=Cu
=1 (Gw) + Cw

form > C1,(n)-
Finally, we put

C] .= max <Co, max cp, (m), max Cl,(n))
m=co n=<co
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292 S. Heintze

and
C’ := max (C, max Cim), max C(n)) .
For these constants, it holds that
@Gy —bHpy) < u(Gy) +C’

whenever max (n, m) > c, and the theorem is proven.
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