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ON PERFECT POWERS THAT ARE SUM OF TWO BALANCING
NUMBERS

P. K. BHOI S. S. ROUT, AND G. K. PANDA

ABSTRACT. Let By, denote the k' term of balancing sequence. In this paper we find
all positive integer solutions of the Diophantine equation B, + B,, = x? in variables
(m,n,z,q) under the assumption n = m (mod 2). Furthermore, we study the Dio-
phantine equation

B34+ B3 =21
with positive integer ¢ > 3 and ged (B, By,) = 1.

1. INTRODUCTION

A balancing number B is a natural number which satisfies the Diophantine equation
1424+---+(B-1)=(B+1)+---+(B+R). (1.1)

where R is a natural number. Here R is called balancer corresponding to B (see [2]). If
B is a balancing number, then 8 B2 + 1 is a perfect square and its positive square root
is called a Lucas-balancing number (see [16] and [19]). The n'* balancing and Lucas-
balancing numbers are denoted by B, and C), respectively. The balancing sequence
(Bn)n>0 is a binary recurrence sequence with initial values By = 0, B; = 1 and satisfies
the recurrence relation

B,=6B,_1— B,_o forall n>2. (1.2)

The Lucas-balancing sequence (C,,),,>0 is a binary recurrence sequence with initial values
Cy = 1, C7 = 3 and satisfies the same recurrence relation

C,=6C,_1—C,_5 forall n>2. (1.3)
The Binet formulas for balancing number and Lucas-balancing number are given by
B, o D~ 012 (1.4)

4/2 2

where o = 3 4+ 2v/2 and 3 = 3 — 2v/2. For more information about balancing numbers
and its generalization, one may refer to [19].
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There is a long history of Diophantine equations involving perfect powers and binary
recurrence sequence. Finding perfect powers in binary recurrence sequence is very in-
teresting. Recently, Bugeaud et al. [7] proved that 0, 1, 8, and 144 are the only perfect
powers in the Fibonacci sequence using linear forms in logarithm and modular approach.
Similarly, perfect powers in balancing and Lucas balancing sequence have been studied
(see [10]). Recently, the Diophantine equation

F,+F, =, (1.5)

where F), is n'" Fibonacci number, n > m > 0,y > 2 and ¢ > 2 has been studied by
a number of authors. Luca and Patel [14] proved that if n = m (mod 2), then either
n < 36 or y = 0 and n = m. This problem is still open for n #Z m (mod 2). Kebli et al.
[11] proved that there are only finitely many integer solutions (n,m,y,q) with y,q > 2
of (L) using abe conjecture. Further, in [20] Zhang and Togbé studied the Diophantine
equations

F1+ F1 = (1.6)
with positive integers ¢,p > 2 and ged(F,,, F,,) = 1. Also, perfect powers that are sums
of two Pell numbers have been studied (see [1]). Recently, in [4] Bhoi et al., study the
Diophantine equation U,, + U,, = z? in integers n > m > 0, x > 2, and ¢ > 2, where
(Ur)k>0 is Lucas sequence of first kind. In particular, they proved that there are only
finitely many of them for a fixed x using linear forms in logarithms and that there are
only finitely many solutions in (n,m, z, q) with ¢,z > 2 under the assumption of the abe
conjecture.

In this paper, we prove the following results:

Theorem 1.1. The only positive integer solution of the Diophantine equation
B, + B, =27 q>2 (1.7)
in (n,m,z,q) withn =m (mod 2) is (n,m,z,q) = (3,1,6,2), that is,
B3+ By =35+ 1=6"
Theorem 1.2. The solutions of the Diophantine equation
B? - B% =27 with gcd(B,,B,) =1, ¢>2 (1.8)

in integers (n,m,x,q) withn > m > 0 and x > 0 are (n,m,z,q) = (1,0,1,k), with
k> 2 and (2,0,6,2).

Theorem 1.3. The only solution of the Diophantine equation
B+ B =27 with ged(Bn,B,) =1, q¢>3 (1.9)
in integers (n,m,x,q) withn >m >0 and z > 0 is (n,m,x,q) = (1,0, 1, k), with k > 3.

We organise this paper as follows. In Section 2l we recall and prove some results that
will be useful for the proofs of main theorems. In Section [, we will prove Theorem
LIHL3l Finally, we finish this paper with a concluding remark.
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2. AUXILIARY RESULTS

Lemma 2.1. Assume that n =m (mod 2). Then
Bn + Bm = 23(n+m)/20(n—m)/2

Simalarly,
Bn - Bm = 2B(n—m)/2C'(n—l—m)/2

Proof. By [16, Theorem 2.5], we know that if x and y are natural numbers, then
Buyry = B.C, + CuB,

and for x >y
By, = B,C, — C,B,.

Setting  +y = n and z — y = m in the above equations and since n = m (mod 2), we
get

Bn + Bm = 23(n+m)/20(n—m)/2
and
B,, — By, = 2B 34— 2Cn4m) /2-
]

Before proceeding further, we define two more binary recurrence sequences which are
related to balancing sequence. The Pell sequence (P,),>o is defined recursively as

Pn+1:2Pn+Pn—17 for n:1,2,...

with initial values Py = 0, P, = 1 and the associated Pell sequence (Q,)n>0 is defined
as

Qni1 =20, +Qp_q, for n=1,2,...
with initial values Qo =1, @; = 1.

Lemma 2.2 (Theorem 3.1, [17]). Forn=0,1,...
Bm - QO (21)

where P, and Q,, are the m-th Pell and the m-th associated Pell numbers, respectively.

Note that except By = 1, there are no other perfect powers in the sequence of balancing
numbers.

Lemma 2.3 (Prop. 3.1, [10]). For any positive integers y and l > 2, the equation
B, =1 (2.2)

has no solution for integers m > 2.
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Lemma 2.4 (Prop. 3.2, [10]). For any positive integers y and | with | > 2, the equation
C, =1y (2.3)
has no solutions for integers n > 1.
Lemma 2.5. If
B, = 22" (2.4)
for some integersn >1, x> 1,b>2 and s > 0, then n = 1.

Proof. By Lemma 2.2 we have B, = P,Q, and note that ged(P,,Q,) = 1 (see [12|,
Chapter 7]). Let @ = x129 with ged (21, 22)=1. Then from (2.4)), we get

__os. b b
P,Q, = 2°z]x,.

So, we have the following cases: P, = 2%, Q, = 2%z} and P, = 2°2%, Q, = 25. If
P, =2} and Q,, = 2°25, then by [5, Lemma 2.6] n = 1. In the later case, by [5, Lemma
2.6] we have n € {1,2,7} and among these values of n, only n = 1 satisfies Q,, = 5.

This completes the proof of lemma. O
Lemma 2.6. If

C, = 2°a". (2.5)
for some integers n>1, x > 1, b > 2 and s > 0, then no solution exists.

Proof. Recall that the Lucas-balancing sequence (C,),>o with initial values Cy = 1, C4
= 3, satisfies the recurrence relation ([L3]). First we claim that all the Lucas balancing
numbers are odd. Suppose on contrary ¢ > 2 is the smallest index such that C; is even.
Then from (3], we get C;_o = 6C;_; — C; is even, which is a contradiction. Thus,
all the Lucas balancing numbers are odd integers and hence there does not exists any
solution of (2. O

The following result can be found in [15].

Lemma 2.7. Let n = 2°n, and m = 2°m; be two positive integers with ny and m, odd
integers and a and b non-negative integers. Let d = ged(n,m). Then

(1) ng(Bm Bm) = Bda
(2) ged(C,, Cp) = Cq if a =b and is 1 otherwise,
(8) ged(B,, Cy) = Cyif a > b and is 1 otherwise.
Lemma 2.8. Let p be a prime. If (a,b,c) is an integer solution of the equation
Pyt =2" p>3
with ged(a,b) = 1,abc # 0 and 2|ac. Then 3|c and 2|a but 4 1 a.

Proof. For p = 3, it is a classical result. When p > 17 is a prime, see [I13]. When
p=5,7,11,13, it can be obtained from the result of Bruin [6] and Dahmen [g]. O
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The following result is an easy exercise in elementary number theory.

Lemma 2.9. Let p be an odd prime, x,y, z, k integers with ged(x,y) = 1. If
Ip+ypzzk> k22a

k=Lck for some integer c.

then x +y = c* orp
Lemma 2.10. If

B, = 3z’ (2.6)
for some integersn >1, x> 1,b>2 and s > 0, then n = 1.

Proof. Let © = x1x9 with ged (2, 29)=1. Then from the relation B, = P,Q,, and (2.0,
we get P,Q, = 3°z525. We have two cases: P, = 24 and Q,, = 3%z} or P, = 3°z% and
Qn = 25. So from P, = 28, we have n = 1 or 7 and then substituting the values of n
in Q, = 3%z5, we get n = 1,5 = 0,75 = 1,b = 0. So, altogether n = 1. In the case,
P, = 3°2% and Q,, = 25 we also have n = 1. O

Lemma 2.11 (Prop. 3.3, [10]). For any positive integers y, k and | with | > 2, the
equation

C, = 3%y (2.7)
has no solutions for integers n > 2.

We call a natural number ¢ the period of the balancing sequence modulo p if By =
0,B;11 =1 (mod p) and for if for some natural number &, By, =0, By.1 = 1 (mod p),
then t divides k (see [3| [18]).

Lemma 2.12. The balancing sequence have the following divisibility properties (see [18,
Theorem 5.1]):

2| B, <= n=0 (mod 2);
4| B, <= n=0 (mod4).

Further, the residue of B, modulo 9 depends on the residue of n modulo 12 as follows:

B,=0 (mod9) < n=0,6 (mod 12),

B,=1 (mod9) <= n=1,5,9 (mod 12),

B,=3 (mod9) <= n=28,10 (mod 12),

B,=6 (mod9) <= n=24 (mod 12),

B,=8 (mod9) <— n=3,7,11 (mod 12).
[

Proposition 2.14. The only positive integer solution of the Diophantine equation
BNCM = 2P (28)
with N, M, x positive integers, p >0, ¢ > 2 is (N, M) = (2,1).
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Proof. Put N = 29N, and M = 2"M,, where N,, M, are odd and ¢ and h are non-
negative integers. By Lemma 2.13] 29 | B,,, that is, B, = 29k; for some integer k;. If
g < h, then by Lemma 2.7 we know that ged(By,Cy) = 1. Hence, Cyy = x4 with
2 { x5, which has no solution. So, in this case, solution does not exists.

Hence, we may assume that ¢ > h. Let ¢ — h > 0 and suppose d = ged(N, M).
Therefore d = 2" ged(N,, M,). Write N = 2!dr, where r is an odd integer. Then by
Lemma 2.7 and using B,, = 2B,,C,,, we get

2P = BNCM
= B2fdrCM
= Bagr-14,Cy
- QBQt—ldT,CQtfldT,CM
- 22Bgt72d7,02t72drCgtfldrCM

=2'By. - Cygp - Cogy ... Cyi1gy - Ciy.

Note that vo(dr) = vy(M) and vy(dr) < vy(2'dr) for ¢ > 0. Thus by lemma Z7(3), we
get

ng(Bdra Cdr . C2dr . Cgtfldr . CM) =1.
So,

By =21 or 22, Cy - Cogr...Coimrg. - Oy =23 and 129 = 2.

If By, = 2%x{ with u > 0, then by Lemma 2.5 we get dr = 1. Thus from

P9 = Qthr . Cdr . ngr e Cgtﬂdr . CM
We get

2P x4 :2t'Cl '02...021571 CM
Here, in the right hand side all terms are odd except 2. Hence, p = t. Now let ¢t > 2.
Then vo( M) < v9(271dr). Using Lemma 7] we get
ng(Cgt—ldr, Cdr . C2dr ce CQt72d7« . CM) =1.

Thus,
Ogt—ld/r = l’g, Cdr . C2dr P C2t72d7« . CM = ZL’Z, and 3Ty = T3.

Then 2''dr = 0, which is impossible. Thus, t = 1. Hence, N = 2, and so By = 6.
Now ByC)y; = 2Px?. Here putting the value of By, we get 6C); = 2Px?. which gives
3Cy = 20712, So Cyy = 2P71397 124 as 3|x. Thus if p > 1, then solution does not exist.
If p =1, then Cpy = 397121, So, by Lemma 2.11] we get M = 1. Hence, (M, N) = (1,2).
If p =0, then t = 0, and hence N = dr = 1, and so By = 1. This implies Cy; = z9,
which has no solution. This completes the proof. 0

Now, we will give the proof of our main result.
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3. PROOF OF MAIN THEOREMS

3.1. Proof of Theorem [1.1l. If either n = 0 or m = 0, then the theorem follows from
Lemma 2.3 If n = m, then the (L.7) becomes 2B,, = x%, which can also be written as
B, = 277z, From Lemma 2.5, we get n = 1. Thus, we may assume that n > m > 0.
Since n = m (mod 2), then by Lemma 21 we get

Iq:Bn+Bm:2BNCM, (31)
where N = 25 and M = 25 (here N and M both are positive). So from @B.I)), 2 | z,

2
that is © = 2z, for some integer x1. Thus, ([B.I]) becomes

297129 = BNCly, (3.2)
Using Proposition .14, we get N = 2 and M = 1 and this implies n = 3 and m = 1.
This completes the proof. O

3.2. Proof of Theorem [I.2. For any non-negative integers n and m, we have
29 = B? — B2 = B,ymBnm.

Since ged(By, By,) = 1, we get ged(n, m) = 1. This implies ged(n +m,n —m) =1 or 2.
Suppose ged(n +m,n —m) = 1. By Lemma 2.7,

ng(Bn—Hm Bn—m) = Bgcd(n—l—m,n—m) =By =1.
Thus we have,
By =u?, B, ,=v! and z=uw.
By Lemma 23] we get n +m = 1 and n — m = 1 and hence (n,m,x,q) = (1,0, 1,q).
Next consider the case, ged(n + m,n —m) = 2. In this case,
ng(Bn—i-ma Bn—m) = By =6.
So,
Bpim = 62!, By = 6972, or By =692, B,_,,, = 623

If By = 621 and B,,_,, = 69712, then from Lemma 2.I0 and Lemma 2T we get
n+m =2 and n —m = 2. In this case, we get (n,m,z,q) = (2,0,6,2). This completes
the proof. O

3.3. Proof of Theorem [1.3l First assume the case n = m (mod 2) with n > m. Since
ged(By, By,) = 1, then from Lemma 2.9, we get the following two cases:

(1) B, + By, = 2%
(2) B, %+ By, = 30120,
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For the first case, we know the solution is (n,m,x,q) = (3,1,6,2). However, BS + B} #
29, Hence, there is no solution for this case.

Now consider B, &+ B,, = 37" 'z?. Since n = m (mod 2), by Lemma 21| B, + B,, =

QBNCM, where

"
N=" 2m and M:”Em.

So, 2 | x, that is, = 2y for some integer y. Hence,

BNCM = 2q—1 : 3q—1yq.
As ged(B,,, By,) = 1, thus ged(n, m) = 1, so we have ged(N, M) = 1. Thus, by Lemma
ﬂ, ng(BN,CM) =3Jor 1l

First, we consider ged(By, Cyy) = 3. Since Cy, is odd for any k > 0, we have
By =271.3.27 and Cy =37%-2) with 3{x2s, 2175 =1y.
or
By =211.372.29 and Cy =3 22 with 3{zi29, 1179 = y.
Thus from Lemma 2.10] and Lemma 2.11] we get N =2,¢g =2 and M = 1,q = 3. So,
there is no solution of B,, + B,, = 39 129.

Next consider, ged(By, Cyr) = 1, then we have

o By =27""y{ and Cyy = 377 'y5 with 2{ yo,3f y1 and y1y2 = y, ged(y1, y2) = 1.

o By =3%""y{ and Cyy = 27 'yg with 2141, 31 y2 and y1y2 = y, ged(y1,42) = 1.
In the first case N =1,g =1 and M = 1,¢ = 2 and second case is not possible as Lucas
balancing numbers are always odd.Thus, there does not exist any solution of [[.9l

Now assume that n #Z m (mod 2) with n > m. If m = 0, then n = 1 since
ged(By, By,) = 1. So the solution is (n,m,z,q) = (1,0,1,k), where k& > 3. Thus,
we assume m > 1, which gives B, B,, # 0 and ged(B,,, B,,) = 1. By Lemma 2.8 we
have 3 | x and by Lemma 29, B, + B, = 377 '29. As ¢ > 3, we deduce that

9| (B,*x By), with 2| B,, 41 B,. (3.3)

Further, by Lemma 212 9 | (B, + B,,) if and only if

~—

S 33

(mod 12) and m = 0,6 (mod 12).
,9 (mod 12) and m = 3,7,11 (mod 12).
0 (mod 12) and m = 2,4 (mod 12).

OO\'}—‘O
= ot

AAA
W DN~
—

Since n % m (mod 2), the above cases (1) , (2) and (3) will not hold. Again, 9 |
(B, — By,) if and only if n = 0,6 (mod 12) and m = 0,6 (mod 12) and this not true.
Thus, B, £ B,, Z 0 (mod 9), which contradicts (3.3]). This completes the proof of
Theorem L3 O
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4. CONCLUDING REMARK

For n =m (mod 2) we find all solutions to (IL.7). Finding all solutions to (I.7) when
n #Z m (mod 2) is still an open problem. Note that under the assumption, n Z m
(mod 2), no factorization is known for the left hand side of (L7)). Further, to solve a
more general Diophantine equation of the form

B + BP = a1
in integers (n, m, x,p, q), one need to know integral solutions of equations of the shape
B, =p*z?, and C, = p*2? (4.1)
with p prime, ¢ > 2,a > 0. It is interesting to find all explicit solutions (if any) to (4.1).
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