arXiv:1703.06473v2 [math.FA] 29 Aug 2018

manuscript No.
(will be inserted by the editor)

A directional uncertainty principle for periodic
functions

A. Krivoshein - E. Lebedeva - J. Prestin

Received: date / Accepted: date

Abstract In this paper we introduce a notion of a directional uncertainty product
for multivariate periodic functions and multivariate discrete signals. It measures
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1 Introduction

A notion of uncertainty product is a sufficiently well-studied object in harmonic
analysis. Initially, it was introduced for functions on the real line to measure a
simultaneous localization of a function and its Fourier transform [19]. The essence
of this measurement is concentrated in the fundamental Heisenberg uncertainty
principle, which says that for any appropriate function the uncertainty product
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cannot be smaller than a positive absolute constant. Later, numerous versions
of this framework were developed for different algebraic and topological struc-
tures such as abstract locally compact groups, high-dimensional spheres, etc. (see,
e.g., [8], [13], [16]). For more detailed information concerning this topic, we refer
the interested reader to surveys [3] and [I8] and the references therein.

In this paper we focus on the case of multivariate periodic functions and mul-
tivariate discrete signals. For periodic functions of one variable a notion of uncer-
tainty product was introduced in 1985 by Breitenberger in [2]. The corresponding
uncertainty principle is also valid in this setup. One possible extension of this
notion to the case of multivariate periodic functions was suggested by Goh and
Goodman in [5] (see formula (2))). However, this approach does not take into ac-
count the main difference between periodic functions of one variable and many
variables, namely the localization of a function along particular directions. The
main contribution of this paper is a new approach that allows to include the di-
rectionality into the definition of the uncertainty product (see formula ([B])). We
compare these two approaches and show that they are not equivalent (see Lemma
B). At the same time, both definitions fit into a more general operator approach
(see formula (). This approach was established by Folland in [4] and was ex-
tended to two normal or symmetric operators by Selig in [20] and Goh, Micchelli
in [6]. For several operators this approach was generalized by Goh and Goodman
in [5].

From the other point of view, this directional uncertainty product is applicable
for multidimensional discrete signals due to the duality: periodic signal - discrete
spectrum (Fourier series) and discrete signal - periodic spectrum (the Discrete-
Time Fourier Transform, DTFT). In this sense, our definition is an alternative to
the one given in [11] and allows to take into account the directionality of signals.

The paper is organized as follows. Section 2 is devoted to basic definitions. In
Section 3 we study the properties of the directional uncertainty product for peri-
odic functions and compare this product with one defined by Goh and Goodman.
Lemma [2] gives a sequence of trigonometric polynomials such that the sequence
of their directional uncertainty products tends to the optimal value. Lemma [3] il-
lustrates a difference between these two uncertainty products. In Subsection 3.1.
we study the behavior of both uncertainty products for the Dirichlet and Fejér
kernels. Lemmas[] and [B] concern the directional case. In Lemmalf] we address the
same question to the Goh and Goodman case. In Subsection 3.2. we minimize the
directional angular variance for trigonometric polynomials. Theorem [4] describes
the case of the directional uncertainty product, and Theorem [l corresponds to the
case of the uncertainty product defined by Goh and Goodman. In Section 4 we
give an example of a multivariate periodic Parseval wavelet frame with a small
directional uncertainty product (see Theorem [G).

2 Basic notations and definitions

We use the standard multi-index notation. Let d € N, R? be the d-dimensional
Euclidean space, {e;,1 < j < d} be the standard basis in R?, Z¢ be the integer
lattice in R?, T¢ = R?/Z¢ be the d-dimensional torus. Let z = (z1,...,24)" and
vy = (y1,...,y4)T be column vectors in R?. Then (z,y) := z1y1 + --- + Tqya,

d X
lz|l == /A{z,z), ||z]1 = ijl |z, [|z]loc = max;|z;|. We say that x > y, if
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x; > yjforall j =1,...,d, and we say that > y, if x > y and = # y. Further,
74 = {a € z?: a> 0}, where 0 = (0,...,0) denotes the origin in R?. For

0, =<0

a=(a1,...,aq)T € Z%, denote |a| := a1+ -+aq. Forz € R, x4 := { ’ -

z, x>0.

For a sufficiently smooth function f defined on £2 C R% and a multi-index a €
o lol lol

Zi, D f denotes the derivative of f of order @ and D f = %maf = aﬂlxal...gﬂdxd'

For a = ej, we also use D% f = f]/ The directional derivative of a sufficiently
smooth functlon f defined on £ along a vector L = (L1, ..., Lg) € R? is denoted
by 5f = Z; 1 ]317'
For a function f € La(T?) its norm is denoted by | f||7 = [r. |f(z)|*dz. The
Fourier series coefficients of a function f € La(T?) are given by ¢ = cx(f) =
k)= [ra f(x)e 2 k2 qg k€ Z9. The Sobolev space H'(T?) consists of func-
tions in La(T?) such that all its derivatives of the first order are also in Lz (T%),
which can be written as

HY(TY) = ¢ f € La(T%) = Y [Ik]Plex(H)I* < o0

kezd

Let H be a Hilbert space with inner product (-, -) and with norm ||-|| := (-, ) 1/2,
Let A, B be two linear operators with domains D(A), D(B) C H and ranges in

H. The variance of non-zero f € D(A) with respect to the operator A is defined

to be
.Af, Af7
A(A, f) = | Af|I? H( — )
.5 = IAF" = ||f||2 (rals /

The commutator of A and B is defined by [A,B] := AB — BA with domain
D(AB)D(BA).

2

Theorem 1 [5, Theorem 4.1] Let A1,... Ay, B1,...B, be symmetric or normal
operators acting from a Hilbert space H into itself. Then for any non-zero f in

D(A;B;))D(BjA;), 5=1,...,n,
2

D UALBILNL] < | DDA | | D AB N - 1)

j=1

If the commutator ([Aj;, B;]f, f) is non-zero for all j = 1,...,n, then the un-
certainty product for f is defined as

—2

DAL | DDABL N | DI B )]

Jj=1

In this terms, the uncertainty principle says that the uncertainty product UP(f)
cannot be smaller than , for any appropriate function f.

The well-known Helsenberg uncertainty product for functions defined on the
real line fits in this operator approach, if n = 1 H = L2(R) and the two operators
are as follows Af(z) = 2raf(z), Bf(z) = 5= 4L 47 ().
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The Breitenberger uncertainty product is defined for periodic functions. In
this case, n = 1, H = La(T) and A" f(z) = *™ f(z), BT f(x) = ﬁ%(x) The
commutator is [A", B'] = A". It is more convenient for the Breitenberger uncer-

tainty product, to use the notions of the angular and frequency variance. Since

IAT£IF = 1117,

oy = WFBAA D (7R )
() = (wtfrm)

A% B P~ AT 7
Py = ABL N B R (BT
D= T R T

UPT(f) := var® (f)var” (f).

It is known that the lower bound for UPT does not attain on any function. But
there exist sequences of functions such that UPT tends to the optimal value i (see,
e.g., [15]).

For the space L2(T?) of multivariate periodic functions, Goh and Goodman
in [5] suggest to take the operators as follows A;f(z) = ¢*™'% f(z), B, f(z) =
% 8anj(a:), j=1,...,d. Note that the domains of the operators are ﬂ?zl D(A;) =
Lo(T%), ﬂ?zl D(B;j) = H'(T?). Operators A; are normal, B; are self-adjoint. The
commutators for f € H'(T%) are [A;, Bj]f = A;f. The uncertainty principle for
these operators is stated as follows.

Theorem 2 For a function f € H'(T?), such that (A;f, f) #0,j=1,...,d, the
uncertainty product UPgdG(f) is well-defined and

2
d
4 - 2
J; (IIfIITd kEZchkfejck ) dej2.|ck|2 zdkj\ckﬁ )
T _ keZ ke
UPeelf) = 2 E e =
f: > . =1 f Td f Td
Ck—e.Ck
= ez

where k = (ki,...,ka), ck = cx(f) are the Fourier coefficients of f.

Defining the variances for f € H*(T¢) as

d
1F174 32 ACA;, £)

Jj=1

5, varGa(f) = Y ABs, /113,
(S K45, B)1.1)1) =

varga(f) =

it can be shown, that the variances attain the value oo if and only if (A;f, f) =0,
for all j = 1,...,d. In these cases, we can also assign to UP'E;G(f) the value oo,
except the following case varfs(f) = 0 and var&s(f) = oo. This case happens if
and only if f is a monomial, since vargG(f) = 0 if and only if f is a monomial.
Indeed, since varfo(f) = var&(af) for any appropriate f € H'(T¢) and a € RY,
a # 0, we can assume that ||f|lta = 1. Therefore,

varga(f) =0 if and only if [(B,f, /)I> = 1B fl2a IfI2a Vi=1,...,d.
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Due to the Cauchy-Bunyakovsky-Schwarz inequality the equality is possible only
if f=a;2L, where a; € C for all j = 1,...,d. Thus, f should be a monomial.

However, in this case, i.e., var&g(f) = 0 and varg(f) = oo, inequality () takes
the form 1/4-0 < C - 0. It is trivially true. Thus, inequality () is valid for all
non-zero functions f € H'(T?).

In fact, the above approach for the definition of the uncertainty product does
not deal with a new phenomenon, that appears in the multidimensional case,
namely, the localization of a function along particular directions. We suggest an
approach that allows to include the directionality into the definition.

The directional uncertainty product for T along a direction L € Z¢ (L #£0)
is defined using the operators

Apf(e) =D f(a), Buf(e) = 5 51 (@)

with domains D(AL) = L2(T%), D(BL) = H'(T?). Note that Ay, is normal, By, is
self-adjoint. The commutator for f € D(AL) N D(ByL) is [Ar, BL]f = || L||>ALf.
Thus, the directional uncertainty product for a function f € D(Ar) N D(BL) such
that Apg f # 0 is defined as

Flig IBLfllZa  [(Brf, ) 1
UPTd = ! ”711% —1 ¢ _ LI = var? (f)vart s
t D=1z <<ALf,f>2 T jpja e )

where var{ (f) is the angular directional variance and varf (f) is the frequency
directional variance.

Theorem 3 For L € Z¢ and a function f € H'(T%), such that (AL f, f) # 0, the
uncertainty product UP%d(f) is well-defined and

2
. < Zd %2) Ed<ka>2‘ck|2 Zd<L7 k)lcx|? .
d keZ kEZ kEZ
UPL, (f) = -1 - >,
(LI ? > lexl? > lexl? 4
Ck—1Ck kezd kezd
kezd

3)

where ¢y, = ci(f) are the Fourier coefficients of f.

The statement easily follows from the operator approach and

ALf(:L‘) = Z Ckaezﬂi“C’z), BLf(fE) — _ Z <L, k‘>Ck€27Ti<k’m>,

kezd kezd

It can be shown, that the directional variances attain the value oo if and only
if (Apf, f) = 0. In this case, we can also assign to UP%d(f) the value oo, except
the following case var} (f) = 0 and vary (f) = oo. This case happens if and only if
f is a monomial (with the arguments as above). Thus analogously, inequality ()
for operators Ar, and By, is valid for all non-zero functions f € H 1(’]I‘d).
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3 The properties of the directional uncertainty product for the
periodic case

First of all, we note that the standard manipulations of functions like shifts, modu-
d
lations and multiplying by numbers do not change the uncertainty product UP“,; .

Lemma 1 Let f € HY(T%). Suppose g(x) = a e*™ 52 f(x — x¢), where K € 7,
a€R, a0, zo € RY, then UPT (g) = UPT ().

The proof can be done by straightforward computations.
As for the Breitenberger uncertainty product and for the uncertainty product
defined by Goh and Goodman, the optimal function for the directional uncertainty

product does not exist. Indeed, let a(f) = %;ﬂ;ﬁ and b(f) = <B‘|?J‘c|’2f> . Since By, is
2 2

self-adjoint, b(f) is real. Due to Theorem 3.1 in [20] the equality for the uncertainty
principle is attained if and only if there exist A € C such that

(Br = b(f))f = MAL — a(f)f = =MAL — a(f))[.

The second identity yields

f(z) (AeQWi(L’m> + Ne 2milLz) a(f)N — W)
= 2f(z)(Re(A>™ ™)) — Re(a(f)N) = 0.

This condition can be satisfied only if f = 0 or A = 0. For the second case, we
get (B, —b(f))f = 0 or ﬁg—{(m) = b(f)f(z), which is only possible when f
is a monomial, i.e. f(z) = Ce?™{#& Recall that for monomials the directional
uncertainty product is not defined.

The next lemma gives a sequence of trigonometric polynomials such that the

sequence of their directional uncertainty products tends to the optimal value.

Lemma 2 Suppose pn(z) = (14 cos2n(L,z))" for n € N. Then

1 1
UPTIF/d(pn):—‘FO(—), as n — oo.
4 n
Proof. Denote oy := [,(1+ cos2m(L,z))*"dz = ||pn||7a. Since pn is even

(ALDn, pn) = Iont+1 — I2n. Further,

1BLpnl|2e = n2||L||4/ (1 + cos 2 (L, 2))2" 2 sin® 27 (L, z) dz
Td
= n?||L|[*(2I2n—1 — I20),

since sin? 27(L,z) = 2(1 + cos 2w (L, x)) — (1 + cos 27(L, z))?. Again, since py is
even and sin 27(L, z) is odd, we get (BLpn,pn) = 0. So, finally,

2 lont1 (2120 — Ion+t1)(2I2n—1 — I2n)

d
UP] (pn) = . 4
L (pn) =7 I2y, (I2n4+1 — I2n)? (@)
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It remains to compute I,,. Since (1 4 cos 27(L,z))™ = 2" cos®" M,

2" 27w (L
I, = 5 / cos®" %dx =2" / cos®™(2m(L, z))dz.
[0,2)¢ [0,1)¢

T.L eQﬂ'ij(L,m>e—2ﬂ'i(n—j)<L,z)
o \J

n 627ri(2j7n)<L,x)
< \J

Due to the Parseval equality for the function cos™ (27 (L, z)) we obtain

. 1 & (n 2 1 (2n 1 (2n)!

Therefore, I,, = w Here (2n — 1)!! is the double factorial of 2n — 1. Substi-

tuting this in (), we obtain UPEd (pn) =3+ 8n1_2. O
Let us compare the uncertainty product defined by Goh and Goodman and the
directional uncertainty product. They are not equivalent. The next lemma gives a

pair of examples where the uncertainty products behave differently.

Using Euler’s formula we get

3

cos" (2m(L,x)) = 2%
J

I
2=

J

Lemma 3 Let L € Z°%.

(A) Suppose pp(x) = (1 4 cos2m(L,x))™ + 2 cos 2wx1, where L is not collinear to
e1. Then

d
L UGG P

d
PL (Pn) — =

n — oQ.

(B) Suppose tn(x) = (1 + cos2mz1)™ + 2cos 2n(L, x), where L is not collinear to
all ej and |L;j| > 1 for all j =1,...,d. Then

UPT (1) L2 UPL (L) L d-1

nar 3L n 0 T

Proof. Let us prove item (A). For convenience, we will use the notation
pn(z) = (1 + cos27(L, z))" and some facts used in the proof of Lemma[2l Then

(4n — )N
(2n)!
Brpn () = i||L||*n(1 + cos(2n (L, z)))" ™  sin(2n(L, x)) 4 2Ly sin 271,
IBLBnll7a = n?||L||*(2I2n—1 — Ton) + 2L3.
Since pr, is even and Brpy, is odd we get (Brpn,pn) = 0. Therefore,

4n—1)1l 2 _3)n
L (CEt ) (nQHLu““&ni’R +2L%>

[1BnllFa = [[pnllFa+2 = +2, (ALPn,pn) = (ALPn,Dn) = I2nt1—1I2n,

d
UPT (5n) =
L (p ) ||L||4 (2 (4n71)!!)2

" 2nt1)!

(4n—1)!
(nQn)! +2
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(2n)!(2n+1) (2n)! 1 L? (2n)!(4n—1)
_ n? (1 +2 (anll)” ) 2+2(4nf1)” B 2n+1) 1+2HLﬁ4 ng(“:l)“
- _ 2 (2n)!
(2n -+ 1)(dn — 1) () [

By the Stirling formula n! = v27n (2)" (1+ O(1/n)), it follows that % =

/ 1
W — 0, n — oo. Therefore, UPEd(ﬁn) — i, n — 00.
Now, we compute UP'E;G(‘H”). Let ¢; = ¢x(Ppn) be the Fourier coefficients of

Pn. Then

- _ 2n — !

= [ ()= [ pale)de =1, = n-1

Td Td n:
(2n — 1N

(AjDn,Pn) = D Che,Ch = 0j,1(Ce,C0 + Coe,) = 20j,1-————,
kezd
for j =1,...,d. Further,

Bjpn(z) = —iLjn(1 + cos(2m(L, z)))" " sin(2n(L, z)) — 2i6;,1 sin 271 .

Therefore, ||B;jpn||2. = nQL?(QIQn_l — Iopn) + 265,1. Since py is even and B;pn
is odd, we get (B;pn,Pn) = 0. Hence, combining all results in the definition of
UPgiG (pn) @) and after some simplifications, we obtain

2(2n)!

a n?||L|? (4n — 1N n! n! 2 1+n2||L||2(4n—1)!!
UPL - (Bn) = d 2 —y4 | rrlibEEn= DR
aaPn) = 41 ( @) @n—1n T (2n71)!!) 4o Cn)

(4n—1)N

Il V2 1+0(*
(4(712@1')!! = ﬁ"(QZn G) — 0 as n — oo and 7(271”1_!1)!! =

1 n
m;o(&ﬁ0asn%oo. Thus, %(Qn"i_'l)”:%(lJrO(%)) as m — oo.

¢ = 2
Finally, it follows that Upgg,fp“) — dH3L2H as n — oo.
Item (B) can be proved analogously. By similar arguments it can be shown
that

By the Stirling formula

—nny 2 2n)! ) 2 —1)!
O T o W i ) R e T L e
L (tn) = R (2n—1)!! 4 - (2n)! 4n —1
n! 1+2(4n71)!!
and
n 2n—1)!
rd - o+ 1 (2n)! 2n+1\2 2H2ALIP T
UPL () = [ d +2 - —1 o .
2n (4n -1 2n 14+ 2(4n_1~)“ 4n —1

The Stirling formula yields Item (B).0

3.1 The uncertainty products for the Dirichlet and Fejér kernels

As it was noted in [L5], the sequence of the Breitenberger uncertainty products of
the Dirichlet kernels Dy (z) = >} e?™k% tends to infinity as n — oo. In [14]

k=—n
it was noted that the sequence of Breitenberger uncertainty products of the Fejér
n .
kernels Fr(z) = > (1 —|k|/n)e®™* tends to 3 as n — co. In the multivariate

k=—n



A directional uncertainty principle for periodic functions 9

case the analogous difference between these kernels also holds for the directional
uncertainty product and the one defined by Goh and Goodman. Different methods
of summation can be used for the Dirichlet kernel. Let us consider a rectangular
one.

Lemma 4 Let Dy(z) = S ™52 where N € Z%, N >0, L € Z%. Then
—N<k<N

UPY (Dy) — 00, ||N| — oo

Proof. Let N > L, N = (Nu,...,Ng). Since | Dn|3a = [1j_;(2N; + 1) and
(BLDN,Dn) =0, (ALDn, Dy) = T[_;(2N; +1— L;) and

d d
IBLDN |7 = ) Z(Lk Z Z L;Lnkjkn
i=1n=1n#]

~N<k<N \j=1

H(QN +1)ZL M,

j=1
we obtain

d . 2 d
LI+ \ T, (2N, + 1 — L;)? =3

1— 1— 1+ (1 - 5etig)) e
1 (T (- o)) (4T (1 zNﬁl));L?NJ(NJH)

AR d (1 _ L)Q 3
j=1 2N;+1

a\ d
L (1 (1-min—Ld ZLZL(NJ' +1)
||IL||4 i 2Nj+1 = J 3

d , 1)

> i J g

e e DL R s
j=1

where the last inequality is due to the mean value theorem. Thus, UPF (Dn) = o©

as [|[N|| = o0. ¢

For the case of the multivariate Fejér kernel

F,(x) = Z (1 _ Hklloo) o2mi(k,)

KEZ, || k|loc <m0

the computation of the directional uncertainty product is more involved. For com-
putations we need the following notations

F(d,n) = Z] , F°(d,n) = 2(2_7 +1)* = F(d,2n) — 2% F(d,n).

Also, we need the rate of growth of the above functions when n — co. Due to the
Faulhaber formula, we get

d+1 d dnd—l

t g
2 12

d—3
d+1 0T,

F(d,n) =
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and+1 2d71d ndfl

d—3
d+ 1 12 +0(m™),

F(d,n) =

o 2% i oaa, 2411d 44 d—2
d,n—1)= -2 _— .
Fe(d,n—1) 1" nt = +0(n" ")

Lemma 5 Let F,, be the Fejér kernel, n € N, L € Z%. Then

(d+1)%(d+2)?
6d(d+3)(d+4)

upt
L (Fn) — n — 0o.

Proof. Firstly, we compute

pig= 3 (- M) oy > (1_)2

1Elloo < =1kl

It is not hard to see that the number of vectors k € Z% such that ||k|jcc = j is
equal to (25 + 1)% — (25 — 1)%. Applying the above equalities we can estimate the
rate of growth

n SN\ 2
) , 2F°(d,n) F°(d+1,n)
Fn 2 =1 2 1 d — (27 —1 d 1— l — U _ )
IFlfo =1+ 32+ 1) - 2 ) (1-2 . -
2d+1 d 2d

- 27 g2 d—4
~@rna+ry” Tt o

Now we compute || B Fi||2a. Firstly, consider BF" . Let Dy, (u) be the one-dimensio-
nal Dirichlet kernel. Since Fy,(z) = 1 3777 Hl 1 Dj(z1), we obtain

n—1 d
6x Z 11 Di@)(D;(@1)s,
1 ] =01=2
Therefore,
n—1 d (D 331)) 2
Be, Frll7a = = D; T g
” 1 ’]I‘
7=01=2
n—1 d 2
1 2 / 1 dDj(acl)
== Dj(x;)|"dx — 1 d
7 L [1psran [ |3 25
1S E — 1 dD;(x1) dDm(z1)
— D;(x;) D, — U 2wt 4y = :
+n2 > 2 H/ (1) (l’l)diﬁl/47r2 da do dr1 =: S1+52
i=0 0 = r

The first sum is equal to

n—1 n—1

=5 2(2 + 1) 1](]"‘1)3(2]"'1) %Z(2j+l)dj(j;1)_
Jj=0 =0
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The second sum we rewrite as follows

n—1 n—1 d —
2 —_— 1 dDj(z1) dDm (1)
— g E | | Dj(x1)Dm, —
2 /T (@) (xl)dxl/r47r2 dz dx; dz

=0 m=j+11=2

Sa

25§ (g AU DR

3=0 m=j+1 3
2 = e ad(GHT)
= L= 1+,

Combining the two sums together we get

n—2

1 o
|1 Be, Frl|2a = S1+ S = — > (2n—1-25)(2j+1)
j=0

Let ¢, = ci(Fy) be the Fourier coefficients of F,,. Then

jG+1)  (n—1(2n—1)¢
’ 3 + 3n ’

2

d
IBLFll7a = > (L, k)%ch= > | Y Lik; | ck

kezd kezd \j=1
d d d
=S LY Ea+ 03 Likm Y kikmck = | LI* | Be, Fall3
Jj=1 keZd J=1 j:;lj kezd

due to the symmetry of the coefficients. Now we establish the rate of growth of

Jj=0

L2 n—2 A ‘ ‘ n—2 2*+1d+1 ,2+,
||BLFn||121~d = % (2 2(2] + 1)d(j2 +4) — Z w +(m-1)2n— 1)d )
=0
Denote G(d,n — 1) = ;Zg(Qj + 1)%(j2 + 4). It can be stated that

Gldn—1) = i (Fod+2,n 1) — F(d,n - 1)).

Again, we need to estimate the rate of growth of G(d,n — 1) and G(d+ 1,n —1).
Thus,

old 171 9d+2 D3 1 0 nér2y ) = 2 443 O(nd+2
(,n*)*z d+3(”*) +O0((n—1)"") a1 3" +O0(n""7).

Therefore,
2 d+1

T dt4
Also note that (n — 1)(2n — 1)% = O(n®*!). So, finally,

Gd+1,n—1) n®tt L Oon*t).

2
|BL Fo|2e = IZIZ (QG(d,n —-1) - %G(d—k L,n—1)4 (n—1)(2n— 1)d)

3n
L 2 2d+1 2d+1
- H3 ” (d T 3 - T i OWH))
n

)P 27+1 2 1
) ((d+3)(d+4)nd+ +0(n™ )>'



12 A. Krivoshein et al.

Thus, the rate of growth of ||BFy,||34/||FnllZa is given by

gd+1 d+2 d+1
IBLEwl2 _ IZI? @rs@rn™— + 00T L (d+1)(d+2) o

IFall2: 3 g +0(nd-2) 3 d+3)(d+4)"

+ O(n).

Since F, is even and %Z , 1 =1,...,d, are odd, then (BpF,, F,) = 0 and also

varp (f) = 1B Fllga /| Flla-
Now, we compute the commutator

2

n—1 d
(ALFy, Fp) = /[rd ) B2y gy = %/Td 2l Z HD (z1)| dz
j=01=1
1 — 2mil;x
:n—ZH/ ll|D($l)| dxl
=0i=17
1 n—1 - d il
Jrﬁ Z H/ mi LD (:Dl) (:Dl)dl‘l = R1 + Rs.
7=0 m=0,m =1 T

Let us consider the first sum. The inner integral is the dot product of two Dirichlet
kernels which are the same but one of them is shifted by L;. Thus, this integral is
equal to 2j + 1 — |L;|. Hence, for big enough n we get

n—1

d
Ri=— Z ] i+1-

where n* is such that 2n*+1—|L;| > 0foralll =1,...,d and 2n* —1—|L;| < 0 for
some [ =1,...,d. In fact, we need to compute the rate of growth of R;. Applying
Vieta’s formulas for Ry and the formulas for 7°(d,n) and F°(d — 1,n), we obtain

Z (@i + D= 1L+ 1)) + 0 ™)
=
2¢ i1 271 4 d—3
= —|IL

as n — oo. Now, we consider

n—2n—1 d

=3 Z > H/ *™H D (21) Dy (1) day.

j=0 m=j =1

The inner integral is the dot product of two Dirichlet kernels which are of different
size and one of them is shifted by L;. Its value is equal to

/TeQTHlelD (1) D (w)day = 25 + 1 = (|Li| = (m = 5))+

Changing the variable of summation m to m = m — j in R2, we obtain

l\')

n— 1—yj

- d
:%Z 30 TIei+ 1=l = ).
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Applying Vieta’s formulas, we get

2 n—2 2 n—2 n—l—j d
Ro=—3> (n—1-7)+1)" =53 2+ 17" 3 > (Ll -m)s +00'™),
j=0 j=0 m=1 I1=1
as n — oo. Note that
e L &l =D JENR = L
Sl =y =30 3 (il -y =y L= WP 1B,
m=1 [=1 =1 m=1 =1
Therefore,
1S e 253 I = L i3
Ry = ——22(2J+1) ——22(2]4-1) ——+0(n"7"),
n s n o 2

as n — oco. Applying the Faulhaber formulas for F°(d,n — 1), F°(d+ 1,n — 1),
F(d—1,n—1), we get

— 2
Ro= 2 ro@n -1y - L For1n—1) - 2 Fo@—1,n-pEHE IR 5 12
n n n
d+1 d d 2 _
G +21)(d+ 2) "= d2+ e (% - d “LHI) nTEOWT,
as n — o0o. Thus,
24+ a, (20 27HILI?N a2 d—3
Fp,Fn) = Ri+ Ry = —————— - R o ,
(AL ) 1+ R (d+1)(d+2)n+ 12 d n" " +0(n")

as n — 0o. Combining these estimates we obtain for the angular variance

IFal2 \* LI (d+ D(d+2) 1
(7<ALFn’Fn> —-1= 2 2d +0 5 ), oo

So, the directional uncertainty product of the sequence of Fejér kernels is given by

a d+1)%(d+2)? 1
UPT (F,) = o= :
L) =gqars @y T9\n) oo
For d = 1, the limit is equal to % which coincides With the known results. For
d = 2, the limit is equal to £. For d = 3, the limit is {gg. Similar results are valid

189
for UPGG .

Lemma 6 Let Dy(z) = 5 &2™%®) where N € Z% N > 0, L € Z%. Let
—N<k<N

F,, be the Fejér kernel, n € N, L € Z. Then

(d+1)%(d+2)?
6d(d+3)(d+4)

UPSG(Dy) — 00, |IN|| = 00, and UPha(E,) —

as n — o0.
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Proof. Since ||Dy||2: = [19_,(2N; + 1), (A;Dn, Dn) = 2N; T4 (2N; +

=1 i=1,ij
1),
d

Ny (N, + D)(2N; + 1 Nj(N; +1

18; D2 = R E DN LD T o, 4 1) = o2, 5L,
1=1,i7#]
(A;Dn,Dn) 1
BiDy,Dy)y=0, SEHININ) g
(B D> Dn) D], 2N; +1
d—y° (1_;)2 d
UPGa(Dn) = SR IRVAS b G R,

d L 3
(d*EjﬂWlﬂ) i=1

Thus, UPgdG(DN) — o0 as || N|| — oco.
Concerning the Fejér kernel, using the rates of growths and decays established
in the previous lemma, we get for j = 1,...,d: (B;jFy, Fy) =0,

,FnQ
1B Fn 7 1(CH—I)(d—anQJrO(n), n — 0o,

[Full2e 3 (d+3)(d+4)

(A Fo, Fo)l . (d+1)(d+2) s
IFnll2. 1 Adnz2 +0(1/n%), n— oo,
vargiq(Fn) = driid+2) o(1/n%), n— oo,

2d2n?
then

BiFulza , (d+1)°(d+2)°
| Fnll2, 6d(d+3)(d+4)’

d
UG (Fa) = varda(Fa) 3 L 5 = 00.0

j=1

Also, we can place the Dirichlet and Fejér kernels along the direction vector L.
Namely, let

D#(l‘) _ Z eQﬂ'i(k(Her,w)’ F#(x) — Z (1 - M) eQﬁi(kn+Lm,x>7

n
m=—n m=—n

for some ko € Z%.
Lemma 7 Let L € Z%. Then UPEd(D,LL) — 00, UP?(F,’;‘) — 1%, as n — oo.

The proof can be done by straightforward computations.
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3.2 The minimal angular variance

Now we give a multivariate analogue of Rauhut’s result in [I7] on minimizing the
angular variance for trigonometric polynomials. For a finite subset S in 7%, denote
the set of trigonometric polynomials

HS = {Z Ckezﬂ—uk’z) Ck € (C} .

kes

Then, one is interested in best localized polynomials, i.e., for a fixed L € Z¢ find
all trigonometric polynomials p, whose coefficient support is inside some fixed set
S c 7% and its directional uncertainty product takes its minimal value, i.e.

in {UPT (p)}.
nin {UPL (p)}

This problem is difficult for an arbitrary set S.

Nevertheless, it is possible to minimize the angular frequency and the frequency
variance separately. For the frequency variance the minimum value is equal to zero
and it attains on trigonometric polynomials that have only one non-zero coefficient
as it was shown above.

For the angular variance the situation is not so trivial. Again, since varﬁ( )=
varh (af) for any appropriate f € L2(T?) and a € R?, we can assume that ||p||ra =
1. So, let us consider the problem

min {varf, (p) : [[pllp« = 1}- (5)
pElls

Since the set {p € IIs,||p|lt« = 1} is a compact set and var(p) is continuous
(except the cases when (App,p) = 0), we can conclude that the minimum exists.
During the proof of the theorem below, we need to split the set S into several
disjoint ”threads” of points. Each "thread” U is a subset of S that looks as follows
(the order of elements is fixed)

U={k,k+L,k+2L,...,k+mL},

where m € N and k € S are chosen such that k — L ¢ S, and k+ (m+ 1)L ¢ S.
These "threads” are sorted by decreasing number of elements. Assume that the
number of ”threads” is u and Uy is the longest (if there are several of them, we
can take any). Therefore,

u—1 —1
S=JUi=J{kiki+ L, .. ki+mlL}.
1=0 =0

The next Theorem states that the minimal angular variance (B]) depends on the
length of the longest ”thread” inside S.

Theorem 4 The minimal angular variance for trigonometric polynomials with
coefficient support inside S is equal to

. A
Juin {varf (p), [[pllee = 1} = tan® =,
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where mo+1 is the length of the longest "thread” inside S. The minimum is attained
by the trigonometric polynomial p™™ whose non-zero coefficients are placed on this
"thread”. The Fourier coefficients ci, = c(p™™) of such a polynomial are defined
as follows

mo+2
0 else.

sin "o ifk=ko+(G—-1)L, j=1,...,mo+1,
C = (6)

The directional uncertainty product is given by

4, min mo (mO + 4) 2 ™ 1
P = t ——
UPL (™) 12 Motz 2
Proof. Note that vary(p) = |3, oz ck,Lﬁ}_Q — 1. Then the minimization
2
problem (B)) is equivalent to max{ Soeh—rm| 2 Y el = 1} . Firstly, we re-
kes kES

duce the problem to real coefficients. Let ¢, = rkei¢k, k € S. Thus, we have to

maximize
as Z Irk)® = 1.

kes

2

Z rk_Lﬁei(Qﬁk—L*(ﬁk)
kesS

The maximum is attained only if e*(?*~2~¢k) — const, Vk € S or (Ph—L — bk) = @
mod 27, Vk € S, for some a € R. Then we can take phases as follows ¢ =
B+ a%, where § € R.
Therefore, the minimization problem (B is reduced to the following
Y. Ck—LCk
kes

>

kes

—max, cx €R, ¢ >0. (7)

Let us rewrite the problem using quadratic forms. We enumerate all coefficients
using one index according to the order of ”threads” in S and the order of the
elements inside ”threads”. Hence, () can be written in matrix form

Ck—LC
2, ek _cMC
> cre
kes

where C' = {ci}res is a column vector and M is a block diagonal matrix

010...0
Moy 0 0 10i1...0
0 M . 0 020...0
M = . ) M’L: . .. . ) 2:07 ,U*l
000 1 0

Here M; is a (m; + 1) x (m; + 1) tridiagonal Toeplitz matrix with zeros on the
main diagonal and halves on the sub- and super-diagonal. Therefore, it remains to
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find the maximal eigenvalue of the matrix M and the corresponding eigenvector,

since CC%C < Amax(M). The eigenvalues of these matrices M; are known (see,
e.g., [12, p. 53]). They are equal to cos =25, n = 1,...,m; + 1. Since the set of

+2 J
eigenvalues of the block-diagonal matrix M is the union of eigenvalues of its blocks,

the maximum eigenvalue of M is equal to Amax(M) = cos +2 Moreover, the
corresponding eigenvector also can be found. For the matrlx M the eigenvector

p®™) corresponding to the eigenvalue cos ’”j_ is given coordinate-wise as follows
(in) _ o TN -
v = sin =1,....m;+1, n=1,...,m; + 1.
7 mi + 27 j I I T + bl I bl 7 +

Therefore, the eigenvectors of the block-diagonal matrix M can be easily defined.
Hence, the eigenvector Cmax corresponding to the maximal eigenvalue is given
by (B). The above considerations yield that

. A 1 1 2
p%}?g{varlz (p)v ||p||Td } A?nax(M) cos2 m:+2 an

m0+2'

Now we compute the directional uncertainty product for the polynomials with
the minimal angular variance. In fact, it remains to compute the frequency vari-
ance:

ekt ™ mo + 2
min 0
= C = Sln =
e = S = S st mok2
kesS n=1
mo+1 mo+1
. mo + 2 2 ™
(L, k)2 = (L, ko +nL) sin? = (L, ko) + || L] nsin? ———,
% k nz::l mo + 2 2 nz:l mo + 2
mo+1 wn
Z(L,k)Qci = Z (L, ko + nL)? sin? 5
keS n=1 mo +
mo+ mo+1 mo+1
= (L, ko)> ——= 4+ 2(L, ko) || L] Z n sin? +1L)* Z n? sin? +2
n=1 mo

Based on trigonometric formulas, the formulas for the Dirichlet kernel and for the
conjugate Dirichlet kernel, and taking the derivatives of those kernels we compute

> (LK) |exl? > (L K)lexl®

Varg(pmin) _ kezd | kezd
[[pmin]|2, [pmin]|2,
2
mg + 4mo 1 2 T
— |||t (R Lot .
1] ( 12 2" o+ 2
Finally,

0 miny _ Mo(mo+4) o m 1
UP? = t -
L () 12 Mo +2 2

This finishes the proof. ¢
Note, for mo — oo, we obtain UPEd (p

min) ™
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Next, we establish a similar result for the uncertainty product defined by
Goh and Goodman in case where the coefficients support S is a rectangle S =
H?Zl[—Nj, N;] N Z4, where all N; > 0. The problem is to minimize

-2
d

i=1

2
§ ck—eja

kes

d
() = (4=

j=1

§ Ck—e_,' Ck

kes

when ||p||2: = 1. From the above considerations it follows that for ||p||3. = 1 the

Y Ch—e;Ck

kes
m is the length of the longest ”thread”. Since S = [[%_,[-N;, N;] N Z¢ and

sum for any j = 1,...,d cannot be greater than cos —=—, where

EESE

=1
L = ej, then Zsck e;Ck| < COS 5itos 2N 5 j=1,...,d and for fixed j the equality
ke
Y. Ck—e,Ck| = COS 2N7:T attains, if

keS
o — ﬁsmm\,l_m ifkj=-N;—1+4+1, Il=1,...,2N; +1, k; =0, fori#j,
else,

where k = (k1,...,kaq)-

If it is possible to achieve for some pmin those values cos 5375 N 5 for all j =
1,...,d simultaneously, then we get the minimal possible value for varGG(p) which
is equal to

—2
d d -
A _ -
vargg (Pmin) = lecos 2N 3 ;cos 3N, 12 . (8)

Theorem 5 The value m]i%l {varc(p), |pllra = 1} is given by (@) and it is at-
pells

tained by pmin if the Fourier coefficients cx of pmin are given by

d
1 . ml;
k= S1n 5
E\/Nj-l—l 2Nj+2

where l; =k; + N;j+1,5=1,...,d, k€ S.

Proof. Let us show that the maximum values ' > ck_ejck‘ = cos ﬁ are
kes ) ’
attained for all j = 1,...,d simultaneously. This can be checked by direct compu-

tations. Let us fix 1 = 1, ..., d. Therefore,

U

2N;+1 2Ng+1 d

G Y))
2N +2 2N, + 2

d
. 1 - .o i . 7l; . W(li—l)
*HNj+1 H , Z SN 12 lz_:l SMoN, + 2N 12
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2N;+1
It remains to note that > sin

;=1

Qﬁ:NJquand

2N;+1 2N;+1

. 7l . 7r(l¢ — 1) 1 . l; . 7T(li — 1) . 7r(l¢ =+ 1)
Z Sin Sin = = Z sin Sin + Sin
e 2N; +2 2N; + 2 2 e’ 2N; + 2 2N; +2 2N; +2

adat ml; T T
= Z sin? ' cos =(N;+1)cos —.0
=1 2N; +2 2N; + 2 2N; + 2

4 Well localized multivariate periodic Parseval wavelet frames

First of all, we recall the notion of a Parseval frame. Let H be a separable Hilbert
space. If there exist constants A, B > 0 such that for any f € H the following
inequality holds

AILFIZ < DI f)I2 < B,
n=1

then the sequence (fr)nen is called a frame for H. A frame is a complete system.
Moreover, any element f € H can be expanded in a series Y, an fn, an € C, with
respect to a frame. However, the series expansion is not unique. If A = B(= 1),
then the sequence (fr)nen is called a tight frame (a Parseval frame) for H.

In this section we design a family of well-localized multivariate periodic Par-
seval wavelet frames. This is a generalization of the wavelet family constructed in
[10]. It turns out that these wavelet frames have optimal localization with respect
to the dimension d of the torus T<. More precisely, we claim that

1(d+2)(d®> —2d +4)
4 d3 ’

lim UP} (y;) =
Jj—oo

50 limg s o0 limj 00 UPT (905) = L.

Let A € Z%*? be a dilation matrix that means that all the eigenvalues of
the matrix are greater then 1. The determinant of A is equal to 2. Therefore,
a full collection of coset representatives of Z%/AZ® consists of 2 elements (see,
e.g., [9)). We denote these collection as {0, ko}. Further, B = AT, K; = 2% n

B[~1/2, 1/2)%. Put by definition f;(k) = exp (7%) , where L € Z%, j > 2.

Let us define a B?-periodic sequence v; (k)

1 (k) k€ int(K,;_1),
vi(k) = q (1= f2(k— B'""ko))""* k — B ko € int(K; 1), (9)
1/v2 ke K1\ int(K;_1),

where int(K;) = Z* N B/(—1/2,1/2)* and K; = Z% N B7[-1/2, 1/2]*. The B’-
periodicity means that v;(k + B7p) = v;(k) for any k,p € Z.
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11

For instance, if d =2, A = (71 1

) , then on the main period K; the sequence

v;(k) is defined as follows

1 (k) k€ int(Kj-1),

l/j(k) = (1 — fJQ(k — ijl(vl(r) UQ(T))T))1/2 Bin[j/Q]k €EQr, k€ Kj \ Kjfl,
1/\/§ kEKj_l\int(Kj_l),

where Q, is the r-th quadrant of R?, v1(r) = — cos(wr/2), v2(r) = —sin(nr/2),

r=1,...,4, [y = max{n € N : n < y}. Finally, let us define an auxiliary
function &; € La(T?) with the Fourier coefficients

oo

&)= [[ vk

r=j+1

Later, in Theorem [B] we will prove that the infinite product converges. Then
scaling masks, scaling functions, wavelet masks, and wavelet functions are defined
respectively as

(10)

Theorem 6 Suppose ¢;, 1; are the functions defined in ({I) and v; is a sequence
defined in [@). Then the set ¥ = {p;, ¥;(- — (A_jk)}jeNu{0}7k€Lj, where L; is
a full collection of coset representatives of Zd/AjZd, forms a Parseval frame of
L2(T%), and the following equalities hold true

. T4 . 4 1(d+2)(d* —2d+4)
jlggo UPL (¢;) =1/4, jlggo UPL (%5) = pE . (11)

The scheme of the proof repeats in the main features Theorem 4 [10]. At the
same time, there are differences concerning technical details. In particular, we have
to provide a new proof for an analogue of Lemma 3 [I0] since the existing proof
can not be rewritten for the multivariate case. We exploit Lemma 2 [I0], so we
cite it here for convenience.

Lemma 8 (Lemma 2 [10]) Suppose o, 3,y € R, m=0,1,..., and 0 < b < by,
where by is an absolute constant, then

" (ak + Bl +4)" e RO

kEZ
- (fl)maab—n; (exp (—b ('y - %)) %) + exp (”1; 5) 0(1),

as b — 0, where € > 0 is an arbitrary small parameter.

‘We need also several technical lemmas.
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Lemma 9 Let B? (0) C R? be a ball centered at the origin with radius 1(1+0)7,
0 > 0. Let M € Z9*? be a dilation matriz with determinant equal to 2. Then there
exists o > 0 and jo € N such that BJQ” (0) € MIT? for § > jo.

Proof. Let p = inf; || M~7||*/7 be the spectral radius of the matrix M. Since
M 1is a dilation matrix, it follows that p < 1. Given 0 < € < 1 — p, there exists
jo € N such that (p +¢)? > ||[M~7| for j > jo. Suppose z € BY(0), that is
[l < 5(1 +6)7, then

. . 1 . . ) '
M~ zl| < [M[llz] < 5(1+6)(p + &) for j = jo.

Therefore, any @ satisfying the inequality 0 < # < (p+ €)™ — 1 can be chosen as
fo. This concludes the proof of Lemma[@ ¢

Lemma 10 Suppose b = b(h) =2h*/(1—h),0< h < 1, and
1
F(z) = b||L|?||z||lle - L| (1 - ZbHL”2 (lel? + |z — L||2)> exp(—h|[LI[* (|l]|* + [l — L]|*)),

then

F(k) = F(x)dz + O(h?) as h — 0.
250 L

Proof. The Poisson summation formula
S P = X A
kezd kezd
shows that it is sufficient to prove

> F(k)=0(h?) as h —0.
keZa\ {0}

So, we need only to find the Fourier transform of F. To this end, we rewrite the
function F' as

2

F@) = 25 h@ N - L) = g b@h@ - L)~ s h@ - L),

where f1 (z) = hl|L||||z|lexp(—hl|L||*[|z[|*), f2(2) = h*||L]|*||lz|Pexp(—R[ L] *|z]?).
Therefore, F' can be written as

— 1

2 o o
T T DO g i DO~ hi 0 D),

F(e) = =

It follows from elementary properties of the Fourier transform that

o —d,1/2—d/2 7 4 Do —d,3/2—d/2 7 ¢
R = 12102 (e )« RO = 1082 ().

where
fa(@) = |lzllexp(—||z]|?), fa(z) = [|z[®exp(—||z[*).



22 A. Krivoshein et al.

Since f3 is a radial function, we can exploit Theorem 3.3 chapter IV [21]. So, we
get

N —dyq [ dgq 2

B@) =2ellgl 4 [T e T niel)

0
where J,, is a Bessel function of the first kind. By [I, Formula 11.4.28, p. 486] we
conclude
o apl(df241/2)

Js() = =" =y M(d/2 4 1/2, /2, == [l]1),

where M is Kummer’s (confluent hypergeometric) function. The asymptotic be-
havior as & — oo of this function is known and can be found, for instance, in [T}
Formula 13.1.05, p. 504], therefore we obtain

f3(8) = =1/27x~ 2732 0(d/2+ 1/2) €] 71 + O(l€]72)) as € — oo
Analogously
Fa(©) = 3/an= 272 0(d)2 + 3/2) ¢ UL+ O([I€] 7)) as € — oo
Thus, we get
F1(&) = Cr(@h)g] 41+ O(RIg] ) as & — oo,

F2() = Ca(R® (€| 7* (1 + O(hllE] %)) as € — oo,
and Cy(d) = —1/2||L||x~4/273/21(d/2+1/2), Co(d) = 3/4 || L|| >z~ 4>~ 7/2 1 (d/2+
3/2). Since, in addition, the functions fi and f2 are bounded, the convolutions

f1* fl(/~?L)(§), fa * fl(/~?L)(§), and f * fg(/?L)(g) are well-defined. There-
fore,

F(k) = O(fi * i — L)(k)) = O(h?|K| ™) as h — 0.

Thus,
> F(k)=0(h?) as h -0,
keZN\{0}

which proves the result. ¢

Lemma 11 Let 5? € Lg(Td) be a function defined by its Fourier coefficients

€0 (k) = exp(—I|LI”[[KII*/3)-

Then )
: T ¢0y _ 1
Jim UPT(¢]) = 7.

~

Proof. Since the coefficient {?(k) is a product of d one-dimensional corre-

sponding coefficients, it follows that it is sufficient to apply Lemmal[8 to the series
~ 2 -~ 2 ~ —_
> kezd {?(k) , ZkeZd<L7k>2 )f?(k) ;and Yo, g f?(k — L)g?(k), and then to

substitute the results into the definition of UPF. The result follows by simple
computations. ¢
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Lemma 12 Let n; € La(T%) be a function defined by its Fourier coefficients

201,112 1/2 211112
~ o 2mi(ke, B7IEY (1 _ 2] N 1211
(k) =e (1 exp < G+ exp T .

Then
1(d+2)(d*> —2d+4)
4 d3 ’

lim UP} () =
j—o0

Proof. Denote h = 1/(j + 1), b = b(h) = 2h*/(1 — h) = 2/(j(j + 1)). To
estimate > |75 (k)[?, 32 (L, k)?|7;(k)|? one can use Lemma[§as it was described
kezd kezd
in Lemma 3 [I0]. Namely,

S B®F = X (exp(-2hILIIHP) - exp (- 27 11121607 )

kezd kezd

d d
=11 3 eoc2mepd) - [T 3 ew (-T2 1o

n€Z n=1k,€Z

- (2h||7rL||2)d/2 (g(hluzng)m +OET),

Since Y cza knkm|7j(k)|? = 0, we analogously get

D ALRG (R = |ILI* Y Kl (k)]

kezd kezZd

/2 )

— 2 (1 p\d/2+1 —h
_HLHW(I (L—nh) )+O(e ),

where k = (k1,k2,...,ka)".

However, we have to provide an alternative way to estimate > 7;(k—L)n;(k).
kezd
We write

S k- Dmm| = 3 (1-exp (-oLi?E?))

kezd kezd

1/2
x (1= exp (=blILIPk = LI7)) " exp(=RILIP(IFI* + Ik = LI*)).

Using the Taylor formula for the function f(b) = (1 — exp(—b||L||?||k[?))*/2(1
exp(=b|| L||?||k — L||*))*/? in the neighborhood of b = 0, we get

F(8) = blILIPIIElk = LI (1= blLLI® (11K + llk = LI?) /4) + £ () ¥/,

and f”'&gl)b3 O(||k/|°R®). The last equality is deduced in Lemma 3 [10]. So, using
Lemma [§] for the remamder of the series we get

S LD e I 18- L) = O (h'"’ > ||k||6exp<h||k||2>> = O(n=1/2),

kezd kezd
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Therefore,

S = DB = bILIE Y k] Ik 2] (1f O (11 + ||ka||2))

kezd kezd

xexp(—hl|LI*(|lI* + |k — L]*)) + O(h*~?).
Next, by Lemma [I0] we replace the series by the integral

1
b||L|I? / lll l= — L] (1 = ZbIZ* (Il + |z - LIIQ)) exp(=hl|L|* (|l2]1* + ||z + LI*)) dz,
RA

change the variable y = 2 — L/2 to obtain

L L 1 1% L2
el [ o= 5] |+ 5] (1= 300 (oo + 55 )Y exo (<nize (i + 155 )
Rd

and convert it to the polar coordinates y = r/3, where

B = (singisings...sindg_1, cospisings...sindg—_1,...,cos d)d,l)T
So, we get
I 4 I 2\ 2 1/2
b||L||?exp (7h%) r? ((1 + 7’72%) — T2<L,ﬁ>2>

[0, 00) x [0, 27) X [0, w)d—2

X 171b||L||2 2r2 (LS —2h||L||?r?
. 2+ 120 ) ) exp(=2h] LIPr?)
xr?1gin b2 sin? ?3 ... sin?~2 bg_1 drde.

Next, applying the Taylor formula for ((1+r~2||L[|*/4)* — r*2<L,ﬁ>2)1/2 with
respect to 1/r, changing the variable (2h)'/?||L||r = ¢, integrating with respect to
#, and recalling that b = 2h*(1 — h) ™!, we obtain

2h h||L||4 ~ \¥? 1
<o~
1-rP 2 21| L2 r(d)2)

oo d—2|L|* ht?
X t4H lexp(—t2) (1+ —= R)(1- dt.
/0 exp(=) {1+ 57 21— h)

Integrating with respect to ¢, we finally obtain

> 5k — L)n; (k)

kezd

h L4 r \Y?/d d-2 ., ko d(d+2) )
= —h T 1 2] —— oh?)).
1-hrP ( 2 2h|[L|2 o T ag IEh =y =5 o)

It is easy to see that > (L, k)|7j(k)|* = 0. It remains to substitute the expres-
kezd
sions for S |75(k)[2, 3 (L, k)2|n;(k)|?, and . 7;(k—L)n; (k) to the definition
keZd kezd =
of UPT. Lemma[I2] is proved. ¢
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Proof of Theorem [Bl First of all, it is straightforward to see that the infinite
product &;(k) := ]2, ; vr(k) converges. As usual, if an infinite product is equal
to zero then it is also considered convergent. Indeed, it follows from (@) that
vj(k) = f;(k) for k € int(K;_1), and Lemma [J] says that there exist 6y > 0 and
jo € N such that [|k|| < (14 6o)?/2 implies k € int(K;_1) for j > jo. Therefore,
vi(k) = fj(k) for ||k|| < (1 + 60)7/2. So, we get

& = & LW ;o
R [ (k) T1 o) ={ II welk))exp (- L) 5 <y
&i(k) = r=j+1 r=j1+1 r=j+1
T - L1212 >
[T fr(k)=exp (ff) j >
r=j+1
(12)

where j1 = [logy g, (2]|k]|)] + 1. Therefore, &;(k) is well-defined and &; € La(T%).
Then one can check that all conditions of the unitary extension principle are
fulfilled for the functions ;, ¢; (see Theorem 2.2 [7]). Therefore, the set ¥ =
{wj, ¥i(- = (A77k) }jenu{oy,ker, , forms a Parseval frame of La(T%).

To check (), as in the univariate case, we introduce two auxiliary functions
f? and n; by the Fourier coefficients

€0(k) = exp(—||L|*|Ik)1/5),

) . 2 2 1/2 2 2
) — B <1iexp (iznpu 1] )) o <7||L!I 1] )

JG+1) j+1

Now we claim that

jlifgo 1€5 = &5l Loray + Z 165 = &nllzamey =0,

Jim s — 27245 Ly ray + Z (s = 27243) |y ray = 0,

n=1

where fn means again the partial derivative of f with respect to . Indeed,
Since §O(kz) = @(k) and 7;(k) = 23/21,b](k:) for k € int(K;—1), and, therefore, for
k|| < (14 60)7/2 (see Lemma[), it follows that

1€7 = 1l Z0(xey + Z 167 = &nllZoze)

n=1

- ¥ ‘ ~(k) — gO(k‘ +47r22 Sk ‘Ej(k)f{g(k)Q

1kl = (1460)7 /2 n=1|k[|=(1460)7 /2
By (I2)), we have
o N L|1*||k|
60 - 09| < 2exp (- IELIEL).

Substituting this majorant to the series, we get that the series tends to zero as
j — oo as a remainder of a convergent series. For the functions n; and 2J/21pj
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it can be checked analogously. The functional UPF is continuous with respect
to the norm || f|l,(re) + e | f2ll £, (re), which can be checked as in the one-

dimensional case in Lemma 1 [T0]. Moreover, upPT’ (&), upPT’ (nj) are bounded
with respect to j, which follows from Lemma [I1] and Lemma Therefore,

lim UPY (¢;) = lim UPY (&%), lim UPY (27/%y;) = lim UPY ().
j—oo j—o0 Jj—o0 j—o0

Finally, the functional UPF is homogeneous that is UPEd(af) = UPEd(f), a # 0.
So
d - d
UPL (27%4;) = UPL (1))
Thus,
lim UPT () = lim UPY (&), lim UPT () = lim UPY (n;).
j—oo j—oo j—oo j—oo

To conclude the proof of Theorem [ it remains to apply Lemma [I1] and Lemma

= ¢
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