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Abstract Self-assembly is a powerful process found in
nature that guides simple objects assembling, on their own,
into complex structures. Self-assembly is of interest to
computer scientists because self-assembling systems can
compute functions, assemble shapes, and guide distributed
robotics systems. The tile assembly model is a formal
mathematical model of self-assembly that allows the study
of time and space complexities of self-assembling systems
that lie at the heart of several molecular computer imple-
mentations and distributed computational software sys-
tems. These implementations and systems require efficient
tile systems with small tilesets and fast execution times.
The state of the art, however, requires vastly complex tile
systems with large tilesets to implement fast algorithms. In
this paper, I present Sgs, a tile system that decides 3-SAT
by creating O*(1.8393") nondeterministic assemblies in
parallel, improving on the previous best known solution
that requires ©®(2") such assemblies. This solution directly
improves the feasibility of building molecular 3-SAT
solvers and efficiency of distributed software. I formally
prove the correctness of the system, the number of required
parallel assemblies, that the size of the system’s tileset is
147 = ©(1), and that the assembly time is nondetermin-
istic linear in the size of the input.
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1 Introduction

Self-assembly is a process that guides the creation of
many of nature’s systems, from nanoscale crystals to
cosmos-scale galaxies. Specifically, self-assembly is the
process of simple objects coming together and combining
to form complex structures. Computer scientists and
nanotechnologiests are interested in studying self-assem-
bly because it is capable of computing functions (Adle-
man 2000; Adleman et al. 2002b; Berger 1966; Winfree
1998b), assembling complex shapes (Adleman et al.
2002a; Rothemund and Winfree 2000; Soloveichik and
Winfree 2007), and guiding distributed robotics systems
(Abelson et al. 2000; Brun and Reishus 2009; McLurkin
et al. 20006).

1.1 Self-assembly and tiles

The tile assembly model (Winfree 1998a; Rothemund and
Winfree 2000) is a formal mathematical model of self-
assembly that allows studying the time and space com-
plexities of self-assembling systems. Winfree showed that
the tile assembly model is Turing universal (Winfree
1998b) by demonstrating that tile systems can emulate
Wang tiles (Wang 1961). Wang tile systems with a seed
can simulate Turing machines (Wang 1962). Even without
seeds, Wang tiles are still Turing universal (Berger 1966;
Robinson 1971). Adleman has identified two important
measures of tile systems: assembly time and tileset size; in
some ways, these measures are analogous to the time and
space complexities of traditional computer programs
(Adleman 2000).

Study of tile systems has led to two types of computa-
tional systems: Internet-sized distributed grids (Brun and
Medvidovic 2008) and molecular computers (Adleman 2000;
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Braich et al. 2002). Both types benefit from efficient tile
systems with small tilesets: the speed of computational grids
is proportional to the number of tile types (Brun and Medvi-
dovic 2008) and the state of the art in DNA computation is
systems with no more than 20 distinct tile types (Barish et al.
2005, 2009; Rothemund et al. 2004; Yin et al. 2008).

Winfree’s universal tile systems are in some sense
inefficient and require thousands of distinct tile types
(Winfree 1998b). Lagoudakis et al. (Lagoudakis and La-
Bean 1999) presented a tile system that solves 3-SAT,
though their best solution required ®(n?) distinct tile types
and ©(2") distinct nondeterministic assemblies to solve an
n-variable problem, resulting in over 10* distinct tile types
and 10'° distinct assemblies necessary to solve a 50-vari-
able problem. I have begun the work of reducing the
complexity by designing tile systems that solve complex
computational problems using relatively small tilesets (e.g.,
adding using 8 distinct tile types (Brun 2007), multiplying
using 28 (Brun 2007), factoring integers nondeterminis-
tically using 50 (Brun 2008a), and solving two NP-com-
plete problems nondeterministically, 3-SAT using 64 (Brun
2008c¢) and SubsetSum using 49 (Brun 2008b)). While there
has been some success in designing tile systems with small
tilesets, thus far, tile systems implement only the most
naive, simple, and inefficient algorithms. For example,
today’s best known NP-complete problem-solving tile
systems require ©(2") distinct assemblies for an input of
size n. While we do not know of polynomial-time algo-
rithms to solve such problems, we do know of exponential-
time algorithms with a base smaller than 2 (Woeginger
2003). Here, I present a tile system that implements a
somewhat complex, known algorithm for solving 3-SAT
using only O*(1.8393") distinct assemblies (where the O*
notation hides constant and polynomial factors). This sys-
tem uses 147 distinct tile types and demonstrates that
complex algorithms can be implemented using tiles in a
systematic manner, (1) directly improving the time and
space complexities of tile-inspired computational-grid
architectures (Brun and Medvidovic 2008) and (2) bridging
theory and today’s experimental limitations of DNA
computing. While the tile assembly model’s universality
implies the existence of such a system, here, I construct the
concrete system and demonstrate that it requires a small
number of distinct tiles (147).

Chen and Ramachandran have previously attempted to
improve the efficiency of 3-SAT-solving, molecular systems
(Chen and Ramachandran 2001). They developed a DNA
computer system that implements a randomized 3-SAT
algorithm (Paturi et al. 1997). Just as my system, their work
was purely theoretical and never implemented using DNA or
other molecules. From the practical point of view, the ran-
domized algorithm is similar to the nondeterministic
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algorithm I present here. Sakamoto et al. attempted to
improve the efficiency of 3-SAT-solving, DNA computing
systems by considering DNA encodings of clauses, rather
than variables (Sakamoto et al. 2000). However, imple-
menting DNA computation presents significant challenges
(Braich et al. 2002), such as high error rates (Winfree and
Bekbolatov 2003). One of the main reasons for the com-
munity’s interest in self-assembly and tile systems is that,
unlike DNA computing, self-assembly allows use of error-
correction techniques (Adleman 2000; Winfree and Bekbo-
latov 2003). Clever tile designs can reduce or elinimate
certain types of errors (Fujibayashi et al. 2009). Further, self-
assembly systems allow for implementations that require a
small, constant number of laboratory steps to execute,
whereas DNA computing requires a larger number of steps.
While some approaches have attempted to minimize this
number of steps (Sakamoto et al. 2000), it still typically
depends on the size of the input (Winfree et al. 1998).

1.2 Efficient algorithms for 3-SAT

3-SAT is a well known NP-complete problem of deciding
whether a 3CNF Boolean formula is satisfiable. The naive
algorithms for solving 3-SAT explore the ®(2") distinct
assignments, for formulae with n distinct variables, checking
if any one of the assignments satisfies the formula. While we
are unaware of subexponential-time algorithms to solve NP-
complete problems, there are algorithms that perform in
exponential time but with a base smaller than 2. Woeginger
(2003) provides a fairly complete survey of such determin-
istic algorithms, organized by the different techniques they
employ. Here, I describe such an algorithm for 3-SAT. For
my discussion, I define the O™ notation, which is similar to
the O notation but ignores not only constant factors but also
polynomial factors. Thus I will say O* (m(x)) for a com-
plexity of the form O(m(x) - poly(x)). The justification for
this notation is that the exponential growth of m(x) will
dominate all polynomial factors for large x. For example, if f
is a function such that f(x) = O(1.4142*x*), then 1 write
f(x) = 0*(1.4142%). Note that the exponential term domi-
nates and one could say f(x) = O(1.4143%) and forgo the o*
notation altogether; however, that would not most accurately
describe the functions.

While the naive algorithms explore each of the possible 2"
truth assignments to the n variables, a more intricate algorithm
can explore a subset of those assignments by noting the fol-
lowing fact: if the Boolean formula contains the clause
(x1 V —x2 V x3), then the algorithm need not explore any of
the 2= assignments with x; = x3 = FALSE and x, =
TRUE because this clause would not be satisfied by any of
those assignments. Instead of trying each possible assignment
for each variable, an algorithm could make the assignments
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based on the clauses. For example, if the first clause is of the
form (AV BV C), where A, B, and C are literals, then the
assignments the system should explore are: 1. A = TRUE, 2.
A = FALSE and B = TRUE, and 3. A = B = FALSE and
C = TRUE.

Thus, deciding an n-variable m-clause Boolean formula
can be done by recursively deciding three Boolean formulae:
each with one fewer clause and with one, two, and three fewer
variables, respectively. Thus if T(n, m) denotes the time
necessary to decide an n-variable m-clause Boolean formula,
then T(n, m) = O(1) + T(n—1, m—1) + T(h—2, m—1) +
T(n—3, m—1). This recurrence has the closed form solution
T(n,m) = 0*(1.8393") (Woeginger 2003). By examining
the branching step, it is possible to improve the algorithm
further to an O* (1.6181") algorithm (Monien and Specken-
meyer 1985). Using quantitative analysis of the number of
resulting 2-clauses from such branching improves the time
complexity to O* (1.5783") (Schiermeyer 1993). The cham-
pion algorithm using this technique achieves a time com-
plexity of 0*(1.4963") (Kullmann 1997; Kullmann 1999),
and other techniques result in even faster algorithms (Woe-
ginger 2003). It is not my goal to explore the fastest such
algorithm here, but rather to demonstrate that it is possible to
implement one such complex algorithm using a tile system
with a small tileset. I will thus concentrate on developing a tile
system that follows the O* (1.8393") algorithm, and argue
that since the other algorithms are similar, it is possible to
design tile systems for those algorithms as well.

The remainder of this paper is structured as follows:
section 2 will define the tile assembly model and the
concept of computation within that model. Section 3 will
describe the tile system that implements the O* (1.8393")
algorithm for 3-SAT and prove the correctness and several
other properties of that system. Finally, section 4 will
summarize the contributions of this paper.

2 Tile assembly model

The tile assembly model (Winfree 1998a; Winfree 1998b;
Rothemund and Winfree 2000) is a formal model of crystal
growth. It was designed to model self-assembly of molecules
such as DNA. Itis an extension of a model proposed by Wang
(Wang 1961). The model was fully defined by Rothemund
and Winfree (Rothemund and Winfree 2000), and the defi-
nitions here are similar to those, and identical to the ones in
(Brun 2007; Brun 2008a, b), but I restate them here for
completeness and to assist the reader. Some of the ideas used
in the definitions of nondeterministic computation originate
from Winfree et al. (Winfree et al. 1998). I will first define
the basics of the tile assembly model in section 2.1 and then
the concept of computation within the model in section 2.2

While there exist a number of variations of the tile
assembly model (Aggarwal et al. 2005; Demaine et al.
2008; Doty et al. 2010; Kao and Schweller 2006), some of
which are more biologically accurate, I do not focus on
them in this paper.

2.1 Tile assembly model definitions

Intuitively, the model has tiles or squares that stick or do
not stick together based on various binding domains on
their four sides. Each tile has a binding domain on its north,
east, south, and west side, and may stick to another tile
when the binding domains on the abutting sides of those
tiles match and the total strength of all the binding domains
on that tile exceeds the current temperature. The four
binding domains define the type of the tile.

Formally, let ¥ be a finite alphabet of binding domains such
thatnull € Z.Iwill always assume null € Z even whenIdo not
specify so explicitly. A tile over a set of binding domains ¥ is a
4-tuple (oy,0F, 05, 0w) € >*. A position is an element of
72. The set of directions D = {N, E, S, W} is a set of 4 func-
tions from positions to positions, i.e., Z2 to Z?, such that for all
positions  (x, y), N(x, y) = (x, y + 1), E(x, y) = (x + 1, y),
S, y) = (x, y—1), W(x, y) = (x—1, y). (Note that N = s,
S=N'LE=w"'and W= Eil.) The positions (x, y) and
(', ¥) are neighbors iff 3d € D such that d(x, y) = (', ).
For a tile 7, for d € D, 1 will refer to bd(f) as the binding
domain of tile + on d’s side. A special tile empty =
(nudl, null, null, null) represents the absence of all other tiles.

A strength function g:X x £ — N, where g is com-
mutative and Vo € Zg(null, 6) = 0, denotes the strength of
the binding domains. It is common to assume that
g(o,0') =0<= cither 6 #3¢ or ¢ =0¢ =null. This
simplification of the model implies that the abutting
binding domains of two tiles have to match to bind. For the
remainder of this paper, I will use g = 1 to mean Vo #
null,g(0,6) = 1 and Vo' # g,g(a,06") = 0.

Let T be a set of tiles containing the empty tile. A
configuration of 7 is a function A:Z X Z — T. 1 write
(x,y) € A iff A(x,y) # empty. A is finite iff there is only a
finite number of distinct positions (x,y) € A.

Finally, a tile system S is a triple (7, g, 7), where T is a
finite set of tiles containing empty, g is a strength function,
and 7 € N is the temperature.

If S=(T,g,t) is a tile system and A is a configuration
of some set of tiles 7 C X* then a tile € T can attach to
A at position (x, y) and produce a new configuration A’ iff:

(x,y) € A, and

> aen 8(bda(t),bdg-1(A(d(x,y)))) > T, and

Y(u,v) € Z2, (u,v) # (x,y) = A'(u,v) = A(u,v), and
- A, y) =1t
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That is, a tile can attach to a configuration only in empty
positions and only if the total strength of the appropriate
binding domains on the tiles in neighboring positions meets
or exceeds the temperature 7. For example, if for all
g, g(o, 0) = 1 and 7 = 2 then a tile ¢ can attach only at
positions with matching binding domains on the tiles in at
least two adjacent positions.

Given a tile system S = (T, g, 1), a set of tiles I, and a
seed configuration Sy: Z> — T, if the above conditions are
satisfied, one may attach tiles of 7 to Sy. Note that I allow
the codomain of Sy to be I', a set of tiles which may be
different from 7 but should include the empty tile. Let
Wy C Z? be the set of all positions where at least one tile
from T can attach to Sy. For all w € W, let U,, be the set of
all tiles that can attach to Sy at w. Let 51 be the set of all
configurations S such that for all positions p € Sy, S1(p) =
So(p) and for all positions w € Wy, S1(w) € U, and for all
positions p &€ So U Wy, Si(p) = empty. For all S, € Sl, I
say that S produces S, on Sy in one step. If Ag, Ay, ..., A,
are configurations such that for all i€ {1,2,...,n},S
produces A; on A;_; in one step, then I say that S produces
A, on Aq in n steps. When the number of steps taken to
produce a configuration is not important, I will simply say
S produces a configuration A on a configuration A’ if there
exists k € N such that S produces A on A’ in k steps. If the
only configuration produced by S on A is A itself, then A is
said to be a final configuration. If there is only one final
configuration A produced by S on Sy, then S is said to
produce a unique final configuration on S,. Finally, if A is
a final configuration produced by S on S; and n is the least
integer such that A is produced by S on S in n steps, then
n is the assembly time of S on S to produce A.

Note that a system may produce a unique final config-
uration, even though there exist non-unique sequences of
attachments that continue growing at infinitum. Theoreti-
cally, such constructions pose no problem, though they
may present problems to certain implementations of tile
systems. In particular, the infinite configurations might
consume all the tiles available for construction. It is pos-
sible to limit the definition of a unique final configuration
to exclude systems that produce infinite configurations;
however, such a restriction seems somewhat arbitrary and
would only be helpful for some implementations of the tile
assembly model. I choose not to restrict my definitions
here, though I note that the systems presented in this
paper do not suffer from this problem and produce no
infinite configurations, and thus would satisfy the stricter
definitions.

Winfree showed that the tile assembly model with 1 = 2
is Turing-universal (Winfree 1998b) by showing that a tile
system can simulate Wang tiles (Wang 1961), which
Berger showed to be universal (Berger 1966). Adleman
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et al. (Adleman et al. 2002b) showed that the tile assembly
model with 1 = 1 is Turing-universal.

2.2 Computation in the tile assembly model

In (Brun 2007), I defined what it means to deterministically
compute functions in the tile assembly model. In some
implementations of tile assembly, many assemblies happen
in parallel. In fact, it is often almost impossible to create
only a single assembly. In (Brun 2008a), I extend the
notion of computation in the tile assembly model to non-
deterministic assemblies to leverage this inherent paral-
lelism. For deterministic computation, I have defined a tile
system to produce a unique final configuration on a seed if
for all sequences of tile attachments, all possible final
configurations are identical. In nondeterministic computa-
tion, different sequences of tile attachments attach different
tiles in the same position. Intuitively, a system nondeter-
ministically computes a function iff at least one of the
possible sequences of tile attachments produces a final
configuration which codes for the solution. Finally, in
(Brun 2008b), I defined the notion of a tile system non-
deterministically deciding a set.

Since a nondeterministic computation may have
unsuccessful sequences of attachments, it is important to
distinguish the successful ones. Further, in many imple-
mentations of the tile assembly model that would simulate
all the nondeterministic executions at once, it is useful to
be able to identify which executions succeeded and which
failed in a way that allows selecting only the successful
ones. For some problems, only an exponentially small
fraction of the assemblies would represent a solution, and
finding such an assembly would be difficult. For example, a
DNA based crystal growing system would create millions
of crystals, and only a few of them may represent the
correct answer, while all others represent failed computa-
tions. Finding a successful computation by sampling the
crystals at random would require time exponential in the
input. Thus it would be useful to attach a special identifier
tile to the crystals that succeed so that the crystals may be
filtered to find the solution quickly. It may also be possible
to attach the special identifier tile to solid support so that
the crystals representing successful computations may be
extracted from the solution. I thus specify one of the tiles of
a system as an identifier tile that only attaches to a con-
figuration that represents a successful sequence of
attachments.

Often, computer scientists talk about deciding subsets of
the natural numbers instead of computing functions.
Deciding a subset of the natural numbers is synonymous
with computing a function that has value 1 on arguments
that are in the set, and value O on arguments that are not in
the set. I adapt the definition of nondeterministically
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computing functions to nondeterministically deciding
subsets of natural numbers. (There is also a direct analog of
deciding sets deterministically, which I do not bother to
formally specify here.) Let N = Z (. Since for all con-
stants n € N, the cardinalities of N” and N are the same,
one can encode an element of N” as an element of N. Thus
it makes sense to talk about deciding subsets of N". The
below defined functions o, can depend on the mapping of
N* — N.

Let v:I'UT — {0, 1} code each tile as a 1- or a O-tile.
Let 7iz € N and let Q C N™. For all 0 <m <, let o5,: N —
7* be injections. Let A be a set of (seed) configurations
over I'. Let the seed encoding functions e;,: A — N map a
seed S to /i numbers such that e, (S) = Y2, 2'v(S(os, (i)))
iff for no more than a constant number of (x, y) not in the
union of the images of all o;,, (x,y) € S. Let S be a tile
system with T as its set of tiles, and let r € T. Then I say
that S nondeterministically decides a set Q with identifier
tile r iff for all @ = (ag,ay, ..., a; 1) € N™ there exists a
seed configuration S such that for all final configurations
F that S produces on S, r € F(Z?) iff YO <m <, e, (S) =
a, and d € Q.

If for all m € N, for all 0 <m <m, the o, functions are
allowed to be arbitrarily complex, the definition of com-
putation in the tile assembly model is not very interesting
because the computational intelligence of the system could
simply be encoded in the o,, functions. For example,
suppose & is the halting characteristic function (for all a €
N, h(a) = 1 if the ath Turing machine halts on input a, and
0 otherwise) and oy, is such that the input a is encoded in
some straight line if #(a) = 1 and in some jagged line
otherwise. Then it would be trivial to design a tile system
to solve the halting problem. Thus the complexities of the
05, functions need to be limited.

The problem of limiting the complexities is not a new
one. When designing Turing machines, the input must be
encoded on the tape and the theoreticians are faced with the
exact same problem: an encoding that is too powerful could
render the Turing machine capable of computing uncom-
putable functions. The common solution is to come up with
a single straightforward encoding, e.g., for all m € N,
converting the input element of N into an element of N
via a mapping N — N and using the intuitive direct bin-
ary encoding of that element of N on the Turning machine
tape for all computations (Sipser 1997). A similar approach
is possible in the tile assembly model, requiring all systems
to start with the input encoded the same way. In fact, it has
been shown that such a definition conserves Turing uni-
versality of the tile systems (Winfree 1998b). However, the
assembly time complexity of such systems may be
adversely affected. In my definitions, I wish to give the
system architect freedom in encoding the inputs for the

sake of efficiency of computation; however, I restrict the
oy, functions to be computable in linear time on a Turing
machine. Thus these functions cannot add too much com-
plexity-reducing power to the systems (the functions
themselves cannot compute anything more complex than
what linear-time algorithms can) while allowing the
architects the freedom to place the inputs where they wish.

3 Solving 3-SAT efficiently with tiles

Implementing algorithms in the tile assembly model is not
unlike implementing algorithms using Turing machines, or
programming using a low-level language, such as assem-
bly. The complexity of that process has led to only simple
algorithms implemented into tile systems. Here, I propose
the tile system Sgg (FS stands for “fast satisfiability”) that
implements the O* (1.8393") algorithm for solving 3-SAT.
The algorithm’s running time implies that Sgg will create
0*(1.8393") distinct assemblies to decide an n-variable
formula.

Srs is a combination of several subsystems, each with a
distinct job. Figure 1 shows the general placement of the
distinct subsystems on a 2-D grid. The overall system will
construct a right triangle, starting from region I, which
encodes a Boolean formula ¢. Region II will examine the
eastmost clause of ¢ and determine which literals have not
been assigned a value (at the start of the computation, there
will always be 3 unassigned literals in each clause of a
3-SAT formula, but as the algorithm makes assignment
decisions, clauses may have fewer such literals). Region III
will make the nondeterministic decision on what assign-
ments to make regarding the unassigned literals in the
eastmost clause. Region IV will prepare the literals of the
eastmost clause to be assigned by the decision made in
region III, and region V will make those assignments.
Region VI will simplify the rest of ¢ based on those
assignments. At the top of region VI, the simplified ¢, with
one fewer clause, will emerge to serve as the input

VII

VI

1 clause

Fig. 1 A schematic of seven regions Sgg will use to decide 3-SAT
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(like region I) for the remainder of the computation in
region VII. That is, Sgg will operate recursively in Region
VII on the simplified ¢.

3.1 Notations and definitions

Let ¢ be a Boolean formula in conjunctive normal form.
Let n be the number of distinct variables and m be the
number of clauses in ¢. For all 0 < <m, I refer to the mth
clause as c¢;. For all 0 <7 <n, I refer to the 7ith variable as
x;. A literal over a variable x; is an element of {x;, —;}.
As is common, I assume that no clause of ¢ contains more
than one literal over the same variable.

To assist the readability of this paper, I define the quantity
v and a helper function ¢:N — N. Let v = [lgn| + 1. The
intuition behind v is that each literal will require v tiles to
encode it, [Ign] tiles to encode the index of the variable
in binary, and 1 tile to encode whether or not the literal is
the negation of that variable. For all 0 <m<m, let
c(m) = m(3v + 1) + 1. Since each clause encoding includes
the encodings of three literals and one extra clause-ending
tile, the intuition behind c is that the mith clause is encoded in
columns —c(rit) through —(c(siz 4+ 1) — 1). Note that for all
ke {0, 1,2}, the kth literal of the 7uth clause is encoded in
columns —(c(riz) + kv) through —(c(ii) + ((k + 1)v — 1)).
Definition 1 (General 3 CNF Boolean Formula) For all
m, for all n, for all n-variable, m-clause 3CNF Boolean
formulae ¢, ¢ is a general 3CNF Boolean formula iff each
of the three literals of each clause either is identically a
variable, is the negation of a variable, or is represented by

TRUE or FALSE and no pair of literals within each clause
are over the same variable.

Definition 2 (General 3 CNF Boolean Formula Encod-
ing) For all general 3CNF Boolean formulae ¢, an ordered

sequence s = (s, 1, - - ., s;) of elements of {X, —x, O, Ot, Of,
1,14, 1f,T,F,c} is a general encoding of ¢ iff for all
0<m<m:

— Forall 0<k< 3, either

— the kth literal of the riuth clause of ¢ is FALSE, and

®  Sc(m)+kv € {Xv _‘X}7 and
e for all 1 < i<y-— lasc(ﬁl)Jrkari S {07 1}7 and
®  Se(m)+hv+(v—1) € {0f7 1f7 F}a or

— the kth literal of the sith clause of ¢ is TRUE, and

o Sc(n”1>+kv c {X, _\X}, and
e forall 1 <i<v— 1,541+ € {0,1}, and
®  Se(m)+hv+(v—1) € {Otv 1t7T}a or

— the kth literal of the rith clause of ¢ is over some
variable x;, and

. X if the literal is x;
S (1 , — . . .
e(ri)+ky =X if the literal is —x;, and

e forall 1 <i<v,Sc4i)+kv4i 15 the ith bit of j, and

= Sc(m)+3v = C.

The tile system Spg will operate at temperature 2, and
will use a fairly straightforward strength function ggg over
the set of binding domains Xps = {null,t,bt, bbt, ft, fft,
fbt,bft, T,F,@, @*,0,1,0t,1¢, Of, 1f, x, ~x, x*, x>, ¢, #,
OF, 1F, #f, #¢,: 2,00 1, 2:,3:, 0% 1% 2% 1:1,1:
1%,2:1,2:1%,3:1,2: 2,2:2%,3:2,2:12,2: 12%,3: 12, **,
*|}. For the most part, grs will match two identical
binding domains to 1, and two different binding domains to
0, with a few special wildcard binding domains that will
map to 1 even with some unmatching domains. In other
words, all attachments are either strength 0 or 1, and:

Intuitively, grs is such that:

null does not attach to anything,

every binding domain attaches to itself,

# attaches to 0,1,x, —x, 1f, 1t,0f,0t, T,F.*, and @,
::attachesto 0:,1:,2:,1:1,2:1,2:2,and2: 12, and 2:12,

Formally, grs: Zrs X Lrs — {0, 1} such that:

For all 0 € Xps, grs(null, ) = grs(o, null) = 0,

For all 0 € s \ {null}, grs(o,0) =1,

For all o € {0,1,x,—x, 1f, 1, 0f Ot, T.F, @* }, grs(#,0) = grs(a, #) = 1,
For all

gef{0:1:,2:,1:1,2:1,2:2,2:12},gps5(::,0) = grs(o,::) =1,

#f attaches to Of, 1f, and F,
#t attaches to Ot, 1t, and T,
O# attaches to 0, Of, and Ot,
1# attaches to 1, 1f, and 1t,
@ attaches to @ and *,

and no other pairs of binding domains attach.

For all o € {Of, 1f,F}, grs(#f, 0) = grs(o, #f) = 1,
For all ¢ € {Ot, 1t, T}, grs(#t, 6) = grs(a, #t) = 1,
For all o € {0, 0f,0t}, grs(0#, 0) = grs(o,0#) = 1,
For all ¢ € {1,1f, 11}, grs(1#, 0) = gps(a, 1#) = 1,
For all ¢ € {@,*}, grs(@*, 0) = grs(0, @%) =1,

and for all other pairs ,6" € Xrs, grs(0,0’) = grs(a’,6) = 0.
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3.2 Clause examination (region II)

In this section, I define the tile system Sgyas, which will
become the part of Sgg that will operate in region II, as
denoted in Fig. 1. Since Sgg will operate on the first clause
to fill in regions II through VI, and then recurse on the
remaining simplified formula in region VII, for each clause
there is a distinct copy of each region. Formally, for the
mith clause, Region II is part of a row, between positions
(—c(m), c(m)) and (—(c(m) + 3v — 1), c(m)).

The goal of Sgxay is to examine the first (eastmost)
clause in the formula for the number of unassigned lit-
erals. Figure 2 shows the 37 tiles of Tgysy that perform
this examination. The binding domains on these tiles
have some meaning. For example, the binding domain
21 means that out of the first two literals in a clause
(indicated by the 2 before the :), only the 1st (indicated
by the 1 after the :) is unassigned; the other literal must
be FALSE, for reasons described below. I define the
function p that maps clauses of general 3CNF Boolean
formulae to binding domains. Let ¢ be a clause of a
general 3CNF Boolean formula. Then, if ¢ contains the
literal TRUE, then p(c) =T; otherwise, the value of
p(c) is defined by Fig. 3.

Sexam will attach tiles just to the north of an encoding of
clause ¢ and will propagate that encoding one row north
and make the west binding domain of the westmost tile be
the value of p(c). The clause examination lemma formally
describes what Sgxap does. Figure 4 shows an example
execution of Sgyap on the clause (—x; V x1 V xp). Note that
for this ¢, p(c) = 2:12, so the westmost tile’s west binding
domain is 2:12.

Lemma 1 (Clause Examination Lemma) For every
clause ¢ of a general 3CNF Boolean formula, for all
o, p € Z, let some seed S be such that bdy (S(a, f+ 1)) =
** and the sequence s = (50,51, - .,53y,C) = (bdn(S(ot —
1,5)),bdn(S(x—2,p)),...,bdy(S(e — 3v,)),c) is a
general Boolean encoding of ¢ and S(z—1,f+1)=
Sla—=2,4+1)=---=8(a—3v, 4+ 1) = empry. Let
Trxay be the set of tiles described in Fig. 2. Then
Sexam = (Texam, grs,2) produces F on S such that:

1 X X X
wwﬂﬁﬁww ; 20 IC i g i
X 1 X X
--x. 1 1 1
N 1o ol Ofn NN SRS NN AN REH BN B IS
== ik R B '\>N1'\>R§#F\SR§ F\SRS ok
#

Fig. 2 The 37 tiles of Texam
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¢’s literals p(c) ac(c)
first second third

FALSE FALSE FALSE 3: {F}

FALSE FALSE unassigned | 3:1 {bbt}

FALSE unassigned FALSE 3:2 {bt}

FALSE unassigned | unassigned | 3:12 | {bt, bft}
unassigned FALSE FALSE 2: {t}
unassigned FALSE unassigned | 2:1 {t, fbt}
unassigned | unassigned FALSE 2:2 {t, ft}
unassigned | unassigned | unassigned | 2:12 | {t, ft, fft}

Fig. 3 For every clause ¢ of a general 3CNF Boolean formula,
p(c) =T and ac(c) ={@} if ¢ contains the literal TRUE, and
otherwise, the values of p(c) and ac(c) are defined by this table.
Sections 3.2 and 3.3 explain the meaning of the function p(c) and
ac(c), respectively

~ forall 0 <i<3v,bdy(F(e-1-i, B+ 1)) =

@ if3j<isuchthats;c{O0t,1t,T}
0 ifAj<isuchthats;e {0t 1t,T}ands; €{0,0f 1f}
1 if Fj<isuchthats; € {Ot,11, T} and s;=1

X* if 3 j<isuchthats;€{O0t,1t,T}ands; =X

—X* if A j<isuchthats; € {Ot,1t, T} and s; = —X, and

— bdw(F(a—3v, B + 1)) = p(c).

Proof (Lemma 1) I will examine the operation of Sgxapy
on the first, then second, and finally third clause of c.

1. Tinitially examine the first literal whose description is in
columns o—1 through o—v. Examine the tile that
attaches in position (x—1, f+ 1). Because
bdw (S(a, B+ 1)) = **, that tile must have the east
binding domain **. There are 2 such tiles. Note that (1)
the north binding domains of these tiles are exactly the
south binding domains with a * appended at the end, so
the lemma holds for position (x—1, f + 1), and (2) the
west binding domain of both these tiles is 0:. (The
binding domains that contain a number (v), followed by
:, and then followed by a list of numbers (W) can be
interpreted to mean that of the first v literals in this
clause, the ones in W are unassigned. For example, O:
can be interpreted as the trivially true statement “of the
first O variables, none are unassigned,” and 2:12 can be
interpreted as “of the first 2 variables, both the first and
the second are unassigned.”)
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Let i = 1. Because bdy(S(oe — 1 — i, ) € {0,1}, one
of the tiles with the east binding domain O: and the south
binding domains O or 1 can attach there. Note that because
the north binding domains are the same as the south
binding domain on all these tiles, the lemma holds for
position (o—1—i, f + 1). Further note that since the west
binding domain of these tiles is O; the same argument
holds for i=2,3,..., as long as bdy(S(o—1—1i,
B)) € {0,1}. By the conditions on the lemma, if the first
literal is unassigned, the argument holds throughi = v—1.
Otherwise, the argument holds through i = v—2.

If the first literal is TRUE, then bdy(S(o— v, f))
€ {T,0t, 1t}. Then the pink tile with the east binding
domain : : must attach in position (x—v, § 4+ 1). That tile’s
north binding domain is @, so the lemma holds for
position (o¢—v, f# + 1). Further, since the west binding
domain of that tile is T, the other pink tile (the one with east
and west binding domains T) will attach in positions (¢—
v—1, f + 1) through (2—3v,  + 1). Those tiles have the
north binding domain @, so the lemma holds in all
positions if the first literal is TRUE.

If the first literal is FALSE, then bdy(S(o—v,f))
€ {F,0f, 1f}. Then the tile with the #f south binding
domain must attach in position («—v, f§ + 1). That tile’s
north binding domain is O, so the lemma holds for position
(a—v, f + 1). Note that this tile’s west binding domain is
0:*.

Thus far, [ have shown that the lemma holds in all cases up
to position (x—v, § + 1).

Next, I examine the second literal whose description is
in columns o«—v—1 through o—2v. There are two
possible cases:

(a) If the first literal is FALSE, then the west binding
domain of the tile that attached in position (—v,
B + 1) is 0:*. Therefore one of the two tiles with
that binding domain on their east sides and either the
X or =X on their south sides must attach in position
(a—v—1, f + 1). Note that (1) the north binding
domains of these tiles are exactly the south binding
domains with a * appended at the end, so the lemma
holds for position (z—v—1, f 4+ 1), and (2) the
west binding domain of both these tiles is 1:. Let
i = 1.Because bdy(S(x —v — 1 —1i,f)) € {0,1},
one of the tiles with the east binding domain 1: and

@ Springer
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Fig. 4 An example execution of Sgxay. The seed (a) encodes the clause (—x; V x; V xg) and tiles from Tpxay, attach to examine the clause and
find three unassigned literals (b)

the south binding domains O or 1 can attach there.
Note that because the north binding domains are the
same as the south binding domain on all these tiles,
the lemma holds for position (z—v—1—i, f + 1).
Further note that since the west binding domain of
these tiles is 1:, the same argument holds for i =
2,3,..., as long as bdy(S(a—v—1—14ipf)) €
{0,1}. By the conditions on the lemma, if the
second literal is unassigned, the argument holds
through i = v—1. Otherwise, the argument holds
through i = v—2.

If the second literal is TRUE, then bdy(S(x —
2v, B)) € {T,0t,1t}. Then the pink tile with the
east binding domain : : must attach in position (o—
2v, B + 1). That tile’s north binding domain is @,
so the lemma holds for position (¢—2v, f§ + 1).
Further, since the west binding domain of that tile is
T, the other pink tile (the one with east and west
binding domains T) will attach in positions (¢—2v—
1,  + 1) through («—3v, f + 1). Those tiles have
the north binding domain @, so the lemma holds in
all positions if the second literal is TRUE.

If the second literal is FALSE, then bdy(S(o —
2v, B)) € {F, Of, 1f}. Then the tile with the #f south
binding domain must attach in position (x—2v,
p + 1). That tile’s binding domain is O, so the
lemma holds for position (2—2v, § + 1). Note that
this tile’s west binding domain is 1:*.

(b) If the first literal is unassigned, an argument
holds that is very similar to the argument (2a).
The only thing that has to change are some
binding domains: Instead of O:* substitute O:,
instead of 1:substitute 11, and instead of 1:*
substitute 1:1*.

O

Thus far, I have shown that the lemma holds in all cases

up to position (a—2v, f + 1).

3.

Finally, I examine the third literal whose description is
in columns o—2v—1 through o—3v. There are four
possible cases:

(a) If the first and second literals are FALSE, then the
west binding domain of the tile that attached in
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position (x—2v, B + 1) is 1:*. Therefore one of
the two tiles with that binding domain on their
east sides and either the X or —X on their south
sides must attach in position (z—2v—1,  + 1).
Note that (1) the north binding domains of these
tiles are exactly the south binding domains with a
* appended at the end, so the lemma holds for
position (a¢—2v—1, f + 1), and (2) the west
binding domain of both these tiles is 2:.

Let i = 1. Because bdy(S(a —2v—1—1i,f)) €
{0,1}, one of the tiles with the east binding
domain 2: and the south binding domains O or 1
can attach there. Note that because the north
binding domains are the same as the south
binding domain on all these tiles, the lemma
holds for position («—2v—1—i,  + 1). Further
note that since the west binding domain of these
tiles is 2; the same argument holds for i=
2,3,..., as long as bdy(S(a—2v—1—14,f)) €
{0,1}. By the conditions on the lemma, if the
third literal is unassigned, the argument holds
through i = v—1 and the west binding domain of
the tile in position (x—3v, f + 1) is 2: so the
lemma holds. Otherwise, the argument holds
through i = v—2.

If the third literal is TRUE, then bdy(S(o—
3v,p)) € {T,0t, 1t}. Then the pink tile with the
east binding domain :: must attach in position
(—3v, § + 1). That tile’s binding domain is @
and west binding domain is T, so the lemma holds.
If the third literal is FALSE, then bdy(S(x —
3v,p)) € {F,0f, 1f}. Then the tile with the #f
south binding domain must attach in position (x—
3v, f + 1). That tile’s binding domain is O and
west binding domain is 3; so the lemma holds.

(b) If the first literal is unassigned, but the second is
FALSE, an argument holds that is very similar to
the argument (1). The only thing that has to
change are some binding domains: Instead of 1:*
substitute 1: 1%, instead of 2: substitute 2: 1, and
instead of 3: substitute 3: 1.

(c) 1If the first literal is FALSE, but the second is
unassigned, the substitutions are as follows:
Instead of 1:* substitute 1; instead of 2: substitute
2:2, and instead of 3: substitute 32.

(d) Finally, if both of the first two literals are
unassigned, the substitutions are as follows:
Instead of 1:* substitute 11, instead of 2:
substitute 2:12, and instead of 3:substitute 3:12.

3.3 Assignment selection (region III)

In this section, I define the tile system Sggzgcr, which will
become the part of Sgg that will operate in region III, as
denoted in Fig. 1. Formally, for the rith clause, Region III
is the position (—(c(m) 4 3v), c(m)).

The goal of Sggrecr is to nondeterministically select an
assignment over the variables of the eastmost clause just as
the 0* (1.8393") algorithm would, or, if there does not exist
an assignment that can satisfy that clause, to halt the
assembly. Thus, if Sgyay finds that the clause has three
unassigned literals, Sggpcr will pick either (1) the first lit-
eral to be true, or (2) the first literal to be false and the second
to be true, or (3) the first two literals to be false and the third
to be true. Alternatively, if Sgxas finds that the clause has its
first literal already assigned and the other two unassigned,
Sserecr will pick to ignore the first literal and either (1) the
second literal to be true, or (2) the second literal to be false
and the third to be true. The clause assignment defines the set
of possible assignments for a clause c.

Definition 3 (Clause Assignment) For every clause ¢ of a
general 3CNF Boolean formula, a clause assignment ac(c)
is a proper subset of {t bt,ft bbt bft fbt, fft@ F}, as
defined by Fig. 3.

Figure 5 shows the 13 tiles of Tsgy pcr that perform the
assignment selection. Sggrpcr will attach a tile just to the
west of the westmost tile attached by Sgyay and nonde-
terministically select one of the possible assignments in
ac(c) as that tile’s north binding domain. The assignment
selection lemma formally describes what Sggrpcr does.
Figure 6 shows an example execution of Sgg gcr on a seed
that encodes that the clause in question has three unas-
signed literals. In this execution, Sggzecr chooses to assign
the first literal to be FALSE, the second to be TRUE, and
makes no assignment for the third literal at this time.

Lemma 2 (Literal Selection Lemma) For every clause ¢
of a general 3CNF Boolean formula, for all o, € Z, let
some seed S be such that bdy(S(ex—1,5)) =c¢ and

bdy(S(x, f + 1)) = p(o).

Let Tspr pcr be the set of tiles described in Fig. 5 and let
Sserecr = (Tserecr, 8rs, 2)- Then,

— if ¢ contains the TRUE literal, Ssg;gcr produces F on S
such that bdw(F(o—1,4+1)) =@ and bdy(F
(x—1,p+1)) = @,

— if all three of the literals in ¢ are FALSE, then Ssgiecr
produces F on S such that F = S (that is, no tiles attach
to S), and

b bb U fbl b bft, i fft @
[
3030 50 36 30 90 8- 50 50 9030 5 £
c c c Lo

Fig. 5 The 13 tiles of Tsgrecr
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(a)

Fig. 6 An example execution of Sgg rcr. The seed (a) encodes the
fact that a clause contains three unassigned literals and a tile from
Tserecr attaches to nondeterministically select the first literal to be
FALSE and the second to be TRUE

— otherwise, there exists j such that Sggipcr nondetermi-
nistically produces Fi,...,F; on S such that for all
0<i<j,bdw(Fi(a —1,+1)) = @ and bdy(Fi(oe —
1,4 1)) € ac(c), and for each a € ac(c), there exists
some 0 < i <j such that bdp(F(a—1, f + 1)) = a.

Proof (Lemma 2) This lemma follows from direct anal-
ysis of the tiles in Tszy gcr- Since region III consists of only
a single position, examining the south and east binding
domains of each tile reveals that every tile has the south
binding domain ¢ and

— if bdw(S(x, f+ 1)) =T (which is only the case if ¢
contains the TRUE literal), the tile that attaches in
position (x—1, f + 1) has the north and west binding
domain @,

— if bdw(S(a, B+ 1)) = 3:(which is only the case if all
three of ¢’s literals are FALSE), no tile in Tsgzgcr can
attach in in position (x—1, f + 1), and

— for all other possible c, there exist exactly as many tiles
in Tsgreer With p(c) as their east binding domains as
there are elements of ac(c), and for each element of
ac(c), exactly one such tile has that element as its north
binding domain, and the west binding domains of all
these tiles are @.

O

Fig. 8 An example execution

encodes the clause .

of SROTATE The seed (a)

(—x2 V x1 V xp) and tiles from ‘
Trorate attach to rotate that ‘*
encoding (b)

3.4 Clause rotation (region IV)

In this section, I define the tile system Sgoza7e, Which will
become the part of Sgg that will operate in region IV, as
denoted in Fig. 1. Formally, for the rmith clause, Region IV
is right triangle with the right-angle corner on its southwest
and the base in positions (—c(m),c(m)+ 1) through
(—(c(m) +3v—1),c(m) + 1).

The goal of Sgpra7E is to rotate a horizontally positioned
clause encoding to be vertically positioned. This rotation
later allows Sgyyppry to simplify the formula. Sgopare will
present the clause encoded in the north binding domains of
part of its seed as the west binding domains of the com-
pleted right triangle. Figure 7 shows the 21 tiles of Trora7e
that perform the rotation. The clause rotation lemma for-
mally describes what Sgorare does. Figure 8 shows an
example execution of Sgprare that rotates the clause
(_\XQ vV X1 \Y xo).

Lemma 3 (Clause Rotation Lemma) Let Trorarre be the
set of tiles described in Fig. 7 and let Sgorate =
(TroTATE, 8FS,2). Then for all a,f € Z, for all 6 > 1, for
every seed S such that:

— forall 0<i<d — 1,bdw(S(a—i,f+1+1i)) =%,

— for all 0<i<d,bdy(S(x—1—1i,p)) € {0,1,x*,
—x*, @}, and

— for all other positions p in the square defined by the
corners (o, p) and (a—90, f + 9), S(p) = empty,

ety Aty Rty A et Ry R

Tood Tl T Bed T Ul T Lod ! *!
[ BNt e B N ¥ X5 5
el Tood Eed Eed B i 14 ) \_0_1

(TTTTTTTT

*

L

]

(a)
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Srorare produces F on S such that:

- if @ € {bdy(S(ax—1,p)),bdy(S(oc—2,p)),...,bdy
(S(oe =0, B))} then for all 0<i<d,bdw(F(e— 0,5+
1+i) =@, and

- if @& {bdy(S(a—1,p)),bdy(S(c —2,0)),...,bdy
(S(oc — 0, p))} then for all 0 < i <9,

bdw(F(a— 90,8+ 141)) =

x if bdy(S(e—1—1i,f)
=X if bdy(S(e— 1 —1i, )
0 if bdy(S(z—1—1i,p)
L if bdy(S(e— 1 — i, )

)
) = —x
)=0
)= 1.

Proof (Lemma 3) First, note that Tro747£ contains exactly
one tile for every pair of possible east-south binding domain
pairs that can occur as north and west binding domains of
the seed, and of the tiles of Tgroraze. Thus, the triangle
formed by the seed will be filled in with tiles.

If there exists some 0 < i < 6 such that bdy(S(o — 1 —
i,f)) = @, then the orange tile with @ south and north
binding domains will attach in column a—1—1, as well as all
columns to the west of that one, until column o—¢. Therefore
the west binding domains of column ¢—d will be @.

Otherwise, I separate the green tiles of Troza7r (Ones
without @ binding domains) into two sets of tiles: Ty of
tiles with the east * binding domain, and Trgsr of tiles with
other east binding domains. Because no tiles in Tgrorare
have * west binding domains, it is clear that the tiles of T
can only attach in positions (a—i, f + i), forall 0 < i <
(because the seed has * west binding domains in positions
directly to the east of those). Note that for all tiles in ¢ € Ty
have the property

x  if bds(t) = x*
) =x if bds(t) = -x*
baw(t) =00 if bdg(s) = 0
I if bdg(r) = 1

O

Now, notice that for each tile t € Trgst, bdy(t) = bds(t)
and bdy(t) = bdg(t). Therefore, for all 0 < i < 9, the value
of bdy(S(a—1—i, p + i)) will be transferred northward by
tiles from Tggs7, until position (a—1—i, f + i + 1), where
a tile from T will transfer that value to its west binding
domain, erasing the *, and then tiles from Tggey will
transfer that value until position (x—d, f + i + 1).

men %
® i+ @ ® ® @ ®

3.5 Assignment preparation (region V)

In this section, I define the tile system Spgrgp, Which will
become the part of Sgg that will operate in region V, as
denoted in Fig. 1. Formally, for the sith clause, Region V is
part of a column between positions (—(c(7) + 3v), c(i) +
1) and (—(c(m) + 3v), c(m) + 3v).

The goal of Spggp is to turn the assignment selected by
Sserecr into up to three literals that evaluate to TRUE. In
other words, to apply the assignment to the clause. This
application of the assignment is the final preparation before
Ssimpripy can simplify the formula. Spggp will present the
up to three literals as the west binding domains of the
column in which it operates. Figure 9 shows the 36 tiles of
Tprep that perform the rotation. The assignment prepara-
tion lemma formally describes what Spgrgp does. Figure 10
shows an example execution of Spgrpp that prepares the
clause (—x; V x1 V xg) by using the decision that the first,
from the right, literal (xy) will be FALSE, the second literal
(xy) will be TRUE, and no assignment will be made for the
third literal (—x;), at this time.

Lemma 4 (Assignment Preparation Lemma) Let Tprgp
be the set of tiles described in Fig. 9 and let
Serep = (Terer, 8Fs,2). Then for all o, € Z, for every
clause ¢ of a general 3CNF Boolean formula, for every
a € ac(c), let s = (s, S1,...,53v—1,C) be the encoding of
¢, and let the seed S be such that:

- bdy(S(a—1, B)) = a,

Jor all 0<i<3v,bdy(S(«

- bdy(S(a—1, p)) = a,

- for all 0<i<3v,bdw(S(a, f+1+1)) =
@ ifa=@
0 ifs; €{0,0f 1f}
s; otherwise,

— and for all other positions p from (a—1, f + 1)

through (a—1, B + 3v), S(p) = empty.

Then Sprep produces F on S such that,

l. if a= @, then for all 0<i<3v,bdy(F(a— 1,5+
1+1i)) =@, and

2. if a¢{@,F}, for all 0<i<3v bdyF(a—1,
B+ 1+ i) = z;, where z; is such that

S0  if the Istcharacter of aist
(@) zo =< —so If the Istcharacter of aisf
@  if the 1st character of aisb, and

ok ko o o o o s o o i R 0 R < R i R B

I_@J Lo Ly I_J tj tj I—tJ |_ﬁJ LfbtJ LﬁtJ LbftJ tﬂj ibtj thJ LbbtJ ?_TJ (IQD_CJ L#tJ
I_C_| l_ 7 rﬂx—| mem mm mm e |—t—| rbt—| |—ft—| mie m mem i molm I_F_| r@—|

© 3

® ® ®
I_CJ I_1J I__,XJ Lo el I_tJ |_t4 I_ﬂJ I_fbtJ I_ﬁtJ Fr) I_ftJ I_btJ o Bpod I_FJ I_#J ©

Fig. 9 The 36 tiles of Tprep
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Fig. 10 An example execution of Spgrgp. The seed (a) encodes the
clause (—xp V x; V x9) and the decision that the first, from the right,
literal (xo) will be FALSE, the second literal (x;) will be TRUE, and
no assignment will be made for the third literal (—xy), at this time.
Tiles from Tprep attach to make the appropriate assignment (b)

(b)

(©)

(d)

(e)

foralll <i<v,z;=s;, and

Sy+1  If the 2nd character of aist
) sy if the 2nd character of ais f
o= @  if the2nd character of ais

b or a has one character, and
forallv+1<i<2v,z; =
{ @ if a has one or two characters
s;  otherwise, and

Soye1  if ahasa3rd character
2y = (which must be't)
@ otherwise, and

() forall2v+1<i<3v,zi=

if a has one or two characters
otherwise.

@
Si

Proof (Lemma 4) The lemma has two cases, which I will
prove separately.

If a = @, then bdy(S(x— 1,)) = @ and the orange
tile with south and north binding domains @ will
attach in positions (¢ — 1,8+ 1),(a — 1,5+ 2),...,
(¢ — 1,4+ 1+3v), and therefore the west binding
domains of tiles in F in all those positions will be @.
The second case contains six subcases, which I will
prove sequentially, with each subcase depending on
the previous one.

1.

(a)

The only south binding domain of the tiles in
Tprep that has t as its first character is t. There are
two tiles in Tpgep that have that binding domain
on their south sides and either X or —X east
binding domains. For all such tiles ¢, bdy(f) =
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(d)

(d

bdg(t), so  bdwy(F(o—1, f + 1)) = bdy(S(, f
+ 1)) = so. Note that the north binding domain
of these tiles is *.

The only south binding domains of the tiles in
Tprep that have f as their first characters are
ft,fbt, and fft. There are six tiles in Tprpp that
have those binding domains on their south sides
and either X or —X east binding domains. For all
such tiles ¢, bdw(t) = —bdg(z), so bdw(F(x — 1,
p+1)) =-bdw(S(a,f + 1)) = —sp. Note that
the north binding domain of these tiles are the
same as their south binding domains, but with the
first character dropped.

The only south binding domains of the tiles in
Tprep that have b as their first characters are
bt, bbt, and bft. There are six tiles in Tpggp that
have those binding domains on their south sides
and either X or —X east binding domains. For all
such tiles 7,bdy(t) = @, so bdwy(F(a— 1,5+
1)) = @. Note that the north binding domain of
these tiles are the same as their south binding
domains, but with the first character dropped.
Thus, the possible values of bdy(F(o—1, § + 1))
are *, t, ft, and bt. All tiles in ¢ € Tpggp that have
one of those binding domains on their south sides
and either O or 1 east binding domains have
bdy(t) = bdg(t) and bdy(t) = bd(t). So for all
1 <i<v, bdy(F(a—1, p + 1+ i) = bdu(S(a,
p+1+4+10)=s.

The first character of bdp(F(a—1, ff + v)) is
either * or the second character of a. If it is *, the
only tiles with * south binding domains and X or
—X east binding domains have @ west and north
binding domains, so bdy (F(a— 1,4+ 14 v)) =
bdy(F(oo.— 1,4+ 14v)) = @. Otherwise, if
bdn(F(o—1, B + v)) is the second character of

a, by the same argument as in (2a),
bdy(Flo— 1,5+ 14+v)) =

syr1  if the 2nd character of a is t
=sy4q if the 2nd character of a is f

@ if the 2nd character of a is b, and
bdy(F(a — 1, +1+v)) =

t if the 2nd character of a is f or b.
If bdy(F(a—1,f+1+v))=@, by the
argument in (1), all north and west binding
domains of tiles that attach above (a—1,
p+ 1+ v) will be @. Otherwise, by argument
(2), for all v+ 1 <i<2v, bdy(F(a—1, f +
1 4+ 0) = bdy(S(o, f+ 1+ 1) = s;.

{ * if the 2nd character of a is t
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(e) The first character of bdy(F(a—1, 4+ 2v)) is
either * or the third character of a. If it is *, the
only tiles with * south binding domains and X or
—X east binding domains have @ west and north
binding domains, so bdw (F(x— 1,5+ 1+ 2v))
=bdy(F(a— 1,4+ 14 2v)) = @. Otherwise, if
bdn(F(o—1, f§ 4 2v)) is the third character of a
(which can only be t), by the same argument as
in (2a), bdy(F(a—1, f + 1 4+ 2v)) = s,,1, and
bdy(Flo— 1, +1+2v)) =%

) If bdy(F(x— 1,6+ 1+2v)) = @, by the argu-
ment in (1), all north and west binding domains of
tiles that attach above (az—1, f + 1 + 2v) will be
@. Otherwise, by argument (2), for all
v+ 1<i<3v, Dbdy(Fla—1,+1+410)=
bdw(S(o, B+ 1 4+ i) = s;.

3.6 Formula simplification (region VI)

In this section, I define the tile system Sgsp 7y, Which will
become the part of Sgg that will operate in region VI, as
denoted in Fig. 1. Formally, for the mith clause, Region VI
is the rectangle defined by the corner positions (—c(rm +
1),c(m) + 1) and (—(c(m) — 1), c(m) + 3v).

The goal of Sgpprpy is to simplify the formula by
replacing instances of the up to three literals prepared by
Sprep with TRUE and negations of those literals with
FALSE. Sgiypiry Will present an encoding of the simplified
formula as the north binding domains of the rectangle in
which it operates. Figure 11 shows the 63 tiles of Tspriry
that perform the simplification. The formula simplification
lemma formally describes what Sgpyprry does. Figure 12
shows an example execution of Sgyprry that simplifies the
formula (—x3 V —xp V xp) A (x3 Vx2 V —ixq) by using the
assignment xo = FALSE and x; = TRUE.

Lemma$5 (Formula Simplification Lemma) Let Tsiypriry
be the set of tiles described in Fig. 11 and let

SSIMPLIFY = <TSIMPLIFYagFSy 2> Then for all o, ﬁ S Z, for
every literal ¢, for every general 3CNF Boolean formula ¢,
for every encoding s = (s¢, s1,...,5;) of ¢, let the seed S
be such that:

— forall 0 <i <z, bdy(S(x—1—1i, )) = s;, and
— if ¢ € {TRUE, FALSE},

- bdw(S(o,f+1)) = @, and
— for all 1<j<v,bdw(S(o,f+1+j)) €{0,1,@},
or

— if £ ¢ {TRUE, FALSE},

— by (S(a, B+ 1)) =
X if Lisidentically avariable
=X if Listhe

negation of avariable, and.
— for all 1 <j<v, bduy(S(e,, B+ 1 + j)) is the jth
bit of ¢’s variable’s index.

Then Ssppriry produces F on S such that, if ¢’ is
identical to ¢ except that wherever ¢ appears in ¢, it is
replaced with TRUE in ¢, and wherever —/ appears in ¢, it
is replaced with FALSE in ¢/, (if ¢ € {TRUE, FALSE} then
¢’ = ¢), then there exists an encoding s = (s, s}, ...,s.)
of ¢ such that for all 0 <i <z bdy(F(a—1—
i, ﬁ + V) = S/i~

I now define two equality operators over binding
domains: ~ and =.

Definition 4 Two binding domains are =& if they are
identical after removing the characters t and f from them.
For example, 0 ~ Ot ~ Of & 1f.

Definition 5 Two binding domains are = if they are
identical, or if they are both € {Of, 1f, F} or if they are both
€ {0t, 1t, T}. For example, 1 = 1,0f = F, but Of £ 0.

Proof (Lemma 5) Sgppriry Will operate within the z x v
rectangle defined by S. That rectangle can be broken up
into v x v squares. A set of three horizontally-adjacent
v x v squares make up the representation of a clause of ¢.

U N o e s O o o I o et o N o R o5 @ o R i R s R L
T T Tyl T T Tt Tt Tl T BT ?__‘F DS L LT S LT
I e O e o o O = R i R e fFT sen L
T BT Ty Lo Tond Tl Tl Il 0 Bl T Y9 B S T F LT L F
g et N s N s o N o I 5 i s A Y kR R s i it M et
T T TT LT Tond Tt T Thll T Tl Tld Yol Yl T, T L 1,0
rﬂxtj r1f—‘ ’——‘ ’—O—‘ _"—OT _’._X_‘ E XT ,—x—l '_1_E ,—0—| ,—c—| ,—F—‘ ,—F—‘ T@T ,—T—‘

LT T \_0_1 Tod Tl Tl LA MF I_OJ I_J L#p L#fJ \_#J \_#tJ

Fig. 11 The 63 tiles of Ts;priry
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Fig. 12 An example execution
of SSIMPLIFY~ The seed (a)
encodes the formula

(—|X3 V —x; V X()) AN

(%3 Vxp V1) and an
assignment of xo = FALSE and
x; = TRUE. Tiles from
TSIMPLIFY attach to make the
appropriate assignments and
simplify the formula (b)
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These 3v x v rectangles are separated by 1 x v rectangles
(the columns with the ¢ north binding domains). The tiles
of Tsnpriry have the following special property: for each
tile t € Tsipriry, bdw(t) = bdg(t). Therefore, as tiles
attach to fill the z x v rectangle, for each row f + j, the
east and west binding domains of all the tiles in that row
will &~ bdw(S(a, f + j)). As I will show later, for each
v X v square, the binding domains directly to the east of
that square will be identical to those west binding domains
of the seed. This allows me to argue that as long as the
entire z x v rectangle is filled with tiles, each v x v square
can attach tiles independently of what happens in other
v x v squares. Therefore, to prove the lemma, it is suffi-
cient to demonstrate the following fact for a single v x v
square: Without loss of generality, let the square in
question be the eastmost square, defined by corner posi-
tions (x—1, f+ 1) and (a—v, [f +v). Let ¢ be the
literal encoded by (bdy(S(x—1,0)),bdn(S(a—2,p)),
L bdy(S(a— v, B))).

1. If ¢ € {TRUE, FALSE}, then

@ Springer

(b)

— for all 0<j<v, bdyFlo—1—j, p + v)) =
bdn(S(o—1—j, B)).

2. 1If ¢ ¢ {TRUE, FALSE}, then

— if £ = ¢ (respectively, £ = '), then (bdy(F (o —
Lp+v)),bdy(F(o—2,+V)),..., bdy(F(a—
v, f+v))) encodes TRUE (respectively, FALSE),
and

- if ¢ {¢, =0}, for all 0 <j<v, bdy(F(a—1—
Js B+ V) = bdn(S(a—1—j, ).

O

I now prove the above statement.

1. Suppose ¢ € {TRUE,FALSE}. In Tsuypriry, €very tile

with an east binding domain @ has the west binding
domain @, and its north binding domain = its south
binding domain. For every north binding domain of the
seed and the tiles in Ts;yspr 75y, there is exactly one tile
with that south binding domain and @ east binding
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domain. Therefore, these tiles will attach to the west of
position (o, § + 1), all the way to (e—v, f + 1), and
the north binding domains of that row will be = to the
north binding domains of the seed row below it.
Because ¢ € {TRUE,FALSE}, for all 1<j<v,bdy
(S(o, f+14)) € {0,1, @}. If that binding domain
is @, the same argument as above holds. Otherwise,
the green tiles with O and 1 east and west binding
domains and the same properties as the above-
mentioned @ tiles will attach to the west, propagating
the seed’s binding domains one row up at a time.
Therefore, for all 0 < j < v, bdp(F(a—1—j, f + v)) =
bdn(S(o—1—], B)).
2. Suppose ¢ ¢ {TRUE,FALSE}.

— Suppose also ¢ ¢ {TRUE,FALSE}. In position
(a—1, p + 1), both the east and south binding
domains contain X (because the west and north
binding domains of the appropriate seed tiles
contain X). Therefore, one of the bright yellow
tiles will attach there. If the binding domains match
identically, that binding domain is replicated on the
north side of the tile, with an extra t tag. Otherwise,
the binding domains are negations of each other,
and the south binding domain in replicated on the
north side of the tile, with an extra f tag. The light
yellow tiles are the only ones with t and f tags on
their south binding domains and east binding
domains € {0,1}, so one of them must attach
above the bright yellow tile. Note that these tiles
move the t and f tag to their west binding domain.
To the west of that tile, in position (0—
2, B + 2), if the corresponding row’s west binding
domain = the corresponding column’s north
binding domain, then a bright yellow tile attaches
and carries the t and f tag to the north. Otherwise, a
light yellow tile attaches and removes all such tags.
The result is that for all 1 <j < v, as long as the
first j bits of £ are equal to the first j bits of ¢, the t
and f tags are propagated northward and westward.
Otherwise, these tags are removed. The rest of the
square is filled with green tiles with no labels.
Thus, if ¢=/¢ then the tile in position (x—
v, f + v) will have a north binding domain with
the t tag, if £ = —¢ then the tile in position (x—
v, f + v) will have a north binding domain with
the f tag, and ¢ and ¢’ are over different variables,
the tile in position (¢—v, § 4+ v) will have a north
binding domain with no tags. No other tiles with
exposed north and west binding domains can have
any tags. Therefore, if £ = ¢, the north binding
domains of the tiles in row f§ + v replace ¢ with
TRUE, if £ = =, the north binding domains of the

tiles in row f + v replace ¢ with FALSE, and
otherwise / is left unchanged. (Note that in the dth
column, the west side’s t and f tags can only occur
in the (d + 1)st column, and since the (v + 1)st
row does not get filled, there are now tags in the
west binding domains of the westmost tiles of each
row of the v x v square, confirming the earlier
claim that for each v x v square, the binding
domains directly to the east of that square will be
identical to those west binding domains of the
seed.)

— Suppose ¢ € {TRUE, FALSE}. The fact that ¢' €
{TRUE,FALSE} does not impact the east v—1
columns of the assembly because the encoding of
TRUE and FALSE literals is only evident in the last
element of the sequence being =T and =F,
respectively. Thus the exact same process will take
place in the east v—1 columns as described above;
however, that process is almost irrelevant (other
than the fact that those columns get filled with
tiles) because what happens in column (x—v)
“overrides” the actions of the columns to the east.
If ¢ =TRUE (respectively, FALSE), then
bdn(S(oe —v,f)) =T (respectively, F). Then the
pink tiles with north binding domains T (respec-
tively, F) will attach in positions (a—v, f + 1)
through (a—v, f + v), ensuring that bdy(F(o —
v,f+v)) =T (respectively, F), thus preserving
the value of /.

O
3.7 Solving 3-SAT

Thus far, I have described five tile systems: Sgxapu,
Sserecr, Srorate; Sprep, and Sgypriry that I intend to use
to solve 3-SAT. These systems will operate in regions II,
I, IV, V, and VI in Fig. 1, respectively. The tile system
Srs combines these five systems to select a truth assign-
ment for the first (eastmost) clause of a Boolean formula ¢,
simplify the rest of ¢ based on that assignment, and recurse
(in region VII) on the simplified ¢ with one fewer clause.
Sks will nondeterministically create only O*(1.8393")
distinct assemblies to decide whether ¢ is satisfiable. Note
that there are 147 distinct tiles that Sgg uses (the distinct
tiles described so far and summarized in Fig. 15), and that
each nondeterministic assembly assembles in time linear in
the size of the input.

I will use the 8 tiles in I'gg, shown in Fig. 13, to encode
the input ¢. Informally, I will encode the formula’s literals
in row 0, such that the literals of each clause are together
and place the special clause tile to the west of each clause. I
will place the tiles with ** and * west binding domains on
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OO0
Fig. 13 The 8 tiles of I'rs used to encode inputs to Sgg

a diagonal to the north and west of the ¢, and I will place
the tile with | west binding domain as the northmost and
westmost tile in the diagonal. I define the seed more for-
mally in the proof of Theorem 1. Figure 14 shows the seed
Srse that encodes the 3-variable 3-clause Boolean formula
(_'X3 V —xp \/XQ) A (X3 Vx V _\Xl) N ("Xz V x1 \/XQ).

Figure 15 shows the 147 tiles of T that solve 3-SAT.
Note that Trs = Texam U Tserecr U Trorate U Tprep U
Tsmpriry- Figure 16 shows a sample execution of Sgg on
the seed from Fig. 14. This execution assigns xo = FALSE
and x; = TRUE in the first recursive step of the algorithm
and then assigns x, = FALSE and x3 = TRUE in the sec-
ond step. In the third step, the algorithm finds that the third
clause is already satisfied. Because this particular execution
selected an assignment that satisfied the entire formula, the
black ¢ tile is attached in the northwest corner.

The ¢~ tile can only attach if the set of nondeterministic
decisions made by the execution of Sgg results in a satis-
fying assignment. It is possible for the set of decisions to
result in a case in which one or more clauses cannot be
satisfied, halting the assembly and preventing the 1 tile
from attaching. Figure 17 shows an example execution that
fails to attach the » tile. In this execution, the decision
made on the eastmost clause (xo = x; = x, = FALSE)
prevents the westmost clause (x; V x; V xo) from being
satisfied, which prevents the & tile from attaching.

Theorem 1 Let Trs = Tpxapr YU Tserecr U Trorate U
Trrep U Tsppriry (the set of tiles described in Fig. 15).
Then Sgs = (Trs, grs,2) nondeterministically decides 3-
SAT with the black v tile from Tprep as the identifier tile.

Proof (Theorem 1) Let I'rg be the set of tiles in Fig. 13.
Let the seed Srg be as follows:

— For all 0<m<m,Sps(—(c(m) —1),c(m)) = Yyens
where Y4y is the tile in I'ps with the west binding
domain **.

— Forall0<m<m, for all 0 < i< 3v—1, Sps(—c(m) —
(i—1),c(m)+ (i+1)) =y, where yy is the tile in
I'gs with the west binding domain x,

—  Ses(—(c(m) —2),¢(m)) =y, where y| is the tile in I'ps
with the west binding domain |.

— For all 0<m<m, for all 0§l€<3, Srs(—c(m) —
IEv,O) = v_, where if the kth literal in the sith clause
is identically some variable, then 7y_ is the tile in I'pg
with the north binding domain X and if the kth literal in
the rith clause is the negation of some variable, then y_,
is the tile in I'pg with the north binding domain —x.
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— For all for all 0§1€<3, for all
1§i<v,Sps(—c(ﬁ1)—l€v—i,0) =7,, where if w is

0<m<m,

such that the kth literal in the 7ith clause is either X,, Oor
—X,,, then z is the ith bit of w (z = bij mod 2) and y, is
the tile in ['pg with the north binding domain z.

— Forall 0 <m<m,Sps(—c(im) — 3v,0) = y,, where y..is
the tile in I'gg with the north binding domain c.

— And for all other positions (v, w), Srs(v, w) = empty.

Observe  that the sequence  (bdy(S(—1,0)),
bdy(S(—2,0)),...,bdy(S(—(c(m) — 1),0))) is a general
Boolean formula encoding of ¢. Let ¢ = (¢, V €2 V £3) be
the first (eastmost) clause of ¢. Observe that
bdw(S(0,1)) = **. Therefore, by the clause examination
lemma (Lemma 1), the tiles from Tgy4y Wwill attach to
produce p(c) as the west binding domain of the tile in
position (—3v, 1), and precisely the north binding domains
of tiles in positions (—1, 1) through (—3v, 1) that are the
preconditions of the clause rotation lemma (Lemma 1). By
the literal selection lemma (Lemma 2), either

1. ¢, =4, =¥03 =FALSE and no tiles will attach in
position (—3v—1, 1), and therefore in no other position
west and north of (=3v—1, 1), or

2. atile from Tsg;pcr Will attach in position (—3v—1, 1)
to nondeterministically produce, for each a € ac(c), a
configuration with a as the north binding domain and
@ as the west binding domain of the tile in that
position.

If a tile does attach in position (—3v—1, 1), the orange
and pink tiles from T;ppry With east and west binding
domains @ will attach to the west of position (—3v—
1, 1), all the way to position (—(c(m)—1), 1). Note that for
each such tile ¢, bdn(t) = bd(t), so they will propagate the
encoding of the rest of ¢ from row 0 up to row 1.

By the clause rotation lemma (Lemma 3), tiles from
Trorare Will attach in the right triangle above positions
(—1, 2) through (—3v, 2) to produce an encoding of c¢ in the
west binding domains of the tiles in positions (—3v, 2)
through (—3v, 3v + 1).

4y if the 1st character of a is t
Let ¢{ = ¢ —¢; if the 1st character of a is f
null if the 1st character of a is b.

Let ¢ and ¢; be defined similarly, based on ¢, and ¢3 and
the 2nd and 3rd characters of a, respectively (where if a
does not have a second or third character, that character can
be assumed to be b). By the assignment preparation lemma
(Lemma 5), the tiles of Tpggp Will attach such that the west
binding domains of the tiles in positions (—3v—1, 2)
through (—3v—1, v + 1) encode /|, the west binding
domains of the tiles in positions (—3v—1, v + 2) through
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(—3v—1, 2v + 1) encode ¢, and the west binding domains
of the tiles in positions (—3v—1, 2v + 2) through (—3v—1,
3v + 1) encode ¢4, (where null is encoded by @ followed
by a series of elements of @,0,1).

Let y be identical to ¢ except without the first (east-
most) clause. By the formula simplification lemma
(Lemma 5) tiles from Tgpyprzry will attach in the rectangle
defined by the corner positions (—3v—2, 2) and (—(c(m)—

t

1), v+ 1). The sequence of north binding domains of
the tiles attached in positions (—3v—2, v 4+ 1) through
(—(c(m)—1), v + 1) will encode /', where V' is identical
to 1, except every instance of ¢ is replaced with TRUE
and every instance of —¢] is replaced with FALSE. By a
second application of the formula simplification lemma
(Lemma 5), tiles from Tgppppy Will attach in the rectangle
defined by the corner positions (—3v—2, v 4 2) and

CTTTTTTTTT
Fig. 14 An example seed used by Sgs wuses the tiles
/\(X3 Vxy V _\)C]) A (_‘XZ V Xy \/)C())

TTTTTTTT]

from T'pg to

TTTTTTTT

encode the

Boolean formula (—x3 V —x; V xp)
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Fig. 15 The 147 tiles of Trg

(—(c(m)—1), 2v 4+ 1). The sequence of north binding
domains of the tiles attached in positions (—3v—2, 2v + 1)
through (—(c(m)—1), 2v + 1) will encode "/, where V'’ is
identical to i/, except every instance of ¢, is replaced with
TRUE and every instance of —¢, is replaced with FALSE.
By a third application of the formula simplification lemma
(Lemma 5), tiles from Ty prry Will attach in the rectangle
defined by the corner positions (—3v—2, 2v + 2) and
(=(c(m)—1), 3v + 1). The sequence of north binding
domains of the tiles attached in positions (—3v—2, 3v + 1)
through (—(c(m)—1), 3v + 1) will encode "', where Y/ is
identical to Y/, except every instance of ¢} is replaced with
TRUE and every instance of —¢} is replaced with FALSE.
Observe that the sequence of north binding domains of
tiles in positions (—3v—2, 3v 4 1) through (—(c(m)—1),
3v + 1) encodes Y, a Boolean formula with one fewer
clause than ¢ and every instance of the literals over the
variables selected by the assignment a over the first clause
replaced with TRUE and FALSE as appropriate. Further,
notice that the seed tiles with *** and | west binding
domains are located in the same positions with respect to
this new formula as they were with respect to the original ¢
in row 0. Thus the algorithm can recurse on y'”, by
selecting an assignment over the unassigned literals of the
new eastmost clause, and applying that assignment to the
formula. This process continues until either (1) all literals
in some clause /i are FALSE and no tile can attach to the
north and west of position (—(c(ii) + 3v), c(m1)), as per the
literal selection lemma (Lemma 2), or (2), the last (west-
most) clause of ¢ selects a successful assignment, in which
case, by the the assignment preparation lemma (Lemma 4),
the north finding domain of the tile in position
(—=(c(m) —1),c(m) — 1) € {@,*}. Note that the black 1~
tile can only attach in position (—(c(m)—1), c(m)) (because
it has a | east binding domain, and that domain only occurs

@ Springer

as the west binding domain of the seed tile in position
(—(c(m)—2), c(m))). In case (1) above, since no tile can
attach in position (—(c(m)—1), c(m)), the v tile can never
attach. In case (2) above, the ¥ tile does attach in position
(—(c(m)—1), c(m)). Therefore, F will contain the ¢ tile iff
the assignment selected by this particular set of nondeter-
ministic decisions satisfies ¢. Because whenever Sgg
makes such a nondeterministic decision, it explores all
possible assignments that satisfy a given clause, it nonde-
terministically explores all assignments that might satisfy
¢. Therefore, Sgg nondeterministically decides 3-SAT with
the ¢+~ tile as the identifier tile.

O

Theorem 2 For all n € N, for all Boolean formula ¢ on
n distinct variables, Sgs can nondeterministically form only
0*(1.8393") distinct assemblies.

Proof (Theorem 2) The tiles of Sggrgcr are the only ones
that attach nondeterministically. For each clause, Ssgrecr
creates at most three distinct nondeterministic assemblies,
each encoding a Boolean formula with one fewer clause and
each of one, two, and three fewer variables, respectively.
Thus, if the number of distinct nondeterministic assemblies
created by Sgg on an n-variable m-clause Boolean formula is
denoted T(n, m), then T(n, m) = T(n—1, m—1) + T(n—2,
m—1) + T(n—3, m—1), and T(3, 1) = 3, T(2, 1) = 2, and
T(1, 1) = 1. By Woeginger (2003), the solution to this
recurrence is O* (1.8393").

O

4 Contributions

I have defined Sgg, a tile system that solves 3-SAT by non-
deterministically creating O*(1.8393") assemblies in
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Fig. 16 An example execution of Spg on the seed from Fig. 14. assignment satisfies (—x3 V=2 Vxo) A (03 Vg Vo—xg) A

In this execution, tiles from Tgg attach to first assign xo =
FALSE, x, = TRUE, x, = FALSE, and x; = TRUE. Because this

parallel, for an n-variable Boolean formula. Each assembly
assembles in time linear in the input size, explores some truth
assignment, and attaches a special 1~ tile iff that assignment
satisfies the formula. Sgg uses 147 = ©(1) distinct tile types.

Srs helps bridge the gap between theoretical explora-
tions of self-assembly, which require large tilesets to

(=x2 V x1 V xp), the black ¢~ tile attaches in the northwest corner

implement complex algorithms, and experimental endeav-
ors, which have been able to combine no more than 20
distinct tiles in a single experiment. Further, Sgg improves
the efficiency of existing tile-inspired distributed software
systems used to leverage large public untrusted networks to
solve NP-complete problems.
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Fig. 17 An example execution of Sgs on the Boolean formula
(k2 Vx1 Vxg) A(xs Vaa V) A (—x2 VX Vxg). This  execution
chooses to assign FALSE to xy, x;, and x, after examining the
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