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Abstract
As for nonlinear time series prediction, many different kinds of varying-coefficient models
have been proposed and analysised in recent years. A kind of varying functional-coefficient
autoregressive model, called the deep belief network-based state-dependent autoregressive
(DBN-AR) model is considered in this paper. The stability conditions and existing condi-
tions of limit cycle of the DBN-AR model are also studied. An especial designed parameter
estimation method is used to identify the DBN-AR model. The DBN-AR model is used to
predict the famous Canadian lynx data and Henon chaotic series, the prediction capability
of the DBN-AR model is compared with other prediction models, the experimental results
show that the DBN-AR model obtains better prediction accuracy.

Keywords Deep belief network · Stability analysis · Nonlinear time series ·
Varying-coefficient

1 Introduction

The parameters of varying-coefficient (or functional-coefficient) models may vary with the
value of some variables, and a flexible structure is given to model nonlinear time series [1–3].
Up to date, this kind of model has been studied in many literatures, and many applications
have been achieved by researchers. For example, a varying coefficient partially functional
linear regression (VCPFLM) model was proposed by Peng et al. [4], and the problem of this
functional parameter estimation in a VCPFLM is also be studied. Kim et al. [5] proposed a
nonparametric bivariate varying coefficient generalized linearmodel to predict time series.Vu
et al. [6] proposed an autoregressive based time varying (ARTV) mode to predict electricity
demand in a short-term period. Cai et al. [7] applied the local linear regression technique for
estimation of functional-coefficient regression models for time series data. A linear varying
coefficient spatial autoregressive (AR) model is proposed in Ref. [8], and a real data is used

B Wenquan Xu
zyheijunma@163.com

1 School of Electronic Engineering and Intelligent Manufacturing, Anqing Normal University,
Anqing 246001, Anhui, China

2 School of Teacher Education, Anqing Normal University, Anqing 246001, Anhui, China

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11063-024-11543-x&domain=pdf


   65 Page 2 of 20 W. Xu, H. Hu

to illustrate the feasible of the proposed methodology. In Ref. [9], a functional coefficient
autoregressive model (FCAR) fit via spline-backfitted local linear (SBLL) smoothing is
proposed to predict time series. In Ref. [10], Bussas et al. proposed a varying-coefficient
model that the coefficicents changed smoothly in space and time. Tan et al. [11] developed
an eigenvector spatial filtering based spatially vary coefficient (ESF-SVC) model to identify
ground PM2.5 concentration.Many practical applications have been obtained by the varying-
coefficient models, however, some researchers still believe that this research is just at the
beginning [12].

The above mentioned varying-functional model can be traced back to state-dependent
model proposed by Priestley[13], and given as follows.

y(t) = ρ(T(t − 1)) +
k∑

i=1

θi (T(t − 1))y(t − i) +
λ∑

j=1

γ j (T(t − 1))ε(t − j) + ε(t) (1)

where {y(t), t = 1, 2, · · · , N } denote the given time series, N represents the length
of the time series. k and λ represent positive integers, respectively. T(t − 1) =
(y(t − 1), y(t − 2), · · · y(t − k), ε(t − 1), ε(t − 2), · · · , ε(t − λ))T represents “the state
vector”, ε(t) is a random variable. ρ(•), {θi (•)} and

{
γ j (•)

}
are structure with measur-

able functions form. Many familiar time series models are state-dependent model (1), just a
few examples are given as follows.

Tong [14] proposed a threshold autoregressive (TAR)model, and used to predict nonlinear
time series. The TAR model can be considered as a structure of state-dependent model (1),
the model is given as follows.

y(t) =
k∑

i=1

(
φi
1y(t − 1) + φi

2y(t − 2) + · · · + φi
p y(t − p) + εi (t)

)
if y(t − d) ∈ �i (2)

where {�i } form a partition of the real line.
The following random coefficient regression model is considered by Granger [15].

y(t) = β(t)TK(t) + χ(t) (3)

where {χ(t)} is a sequece of random variable with E(χ(t)) = 0 and Var(χ(t)) = δ2. If
K(t) = (y(t − 1), · · · , y(t − p))T, then model (3) is called the random coefficient autore-
gressive model.

The coefficients of the aboved model are constant, however, if a set of neural networks are
used to approximate the coefficients of the state-dependent model, then the coefficients of
the obtained model are variable. Therefore, if a set of deep belief networks (DBNs) are used
to approximate the functional coefficients of the state-dependent autoregressive (SD-AR)
model. The derived model, call the DBN network-based autoregressive (DBN-AR) model
[16], takes the form
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y(t) = ψ0(�(t − 1)) +
p∑

i=1

ψi (�(t − 1))y(t − i) + ε(t)
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0 = p

h(0)
j (t) = �(t − 1) = (y(t − 1), y(t − 2), · · · , y(t − p))T

(4)

where p represents the input order of DBN-AR model, ϒ( j)
r represents the total number of

layers in the j - th DBN module. w(� j )

n( j)
� j

, j
denotes the weight matrix between layer � j and

layer � j − 1 in the j - th DBN module, Q( j)
� j

represents the number of nodes on layer � j

in the j - th DBN module,h(� j)
j (t) represents the output value of � j - th hidden layer in the

j - th DBNmodule,

(
b(

� j)
1, j , b(

� j )
2, j , · · · , b(

� j)

Q( j)
� j

, j

)
represents the bias of � j - th hidden layer in

the j - th DBN module, ψ j (�(t − 1)) are the state-dependent functional coefficients which
are all composed of DBN networks, and also represents the output of the j - th DBNmodule,
i.e. the j - th state-dependent coefficient of the DBN-ARmodel (4). The DBN-ARmodel (4)
deals with the nonlinear process by decomposing the state space into a large number of small
segments, and regards the nonlinear process in each segment as "local linearization". The
functional coefficient ψ j (�(t − 1)) in DBN-AR model (4) are constantly changing due to
different input signals. The DBN-AR model gives the flexibility in characterizing complex
dynamics with the DBN because of it contains the DBN as a component. Xu et al. [17]
extended the DBN-ARmodel to the case where there are several exogenous variables (DBN-
ARXmodel) to the system. Compared with other time-varying linear models, the parameters
of the DBN-AR(X) model are estimated off-line.

In this paper, some probalistic properties, the identification method and application of the
DBN-AR model are studied. Stability conditions and existing conditions of limit cycle of
the DBN-ARmodel are studied in Sect. 2. The estimation method for the varying-coefficient
DBN-AR model is given in Sect. 3. To compare the prediction capabilities of the DBN-AR
model with some other time series prediction models, the DBN-AR model is applied to the
famous Canadian lynx and the Henon chaotic series prediction in Sect. 4, the prediction
results of the DBN-AR model is better than other models. Section 5 offers a conclusion.
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2 Stability Analysis and Limit Cycle of the DBN-ARModel

The stability conditions and existing conditions of limit cycle of the DBN-AR model is
discussed in this section. As for a given nonlinear time seriesmodel, we usually first described
the time series as a vector-valued Markov chain. Then, we deduce the stability of the model
by proving whether the corresponding Markov chain is ergodic. Then, a Markov Chain in
the p-dimensional Euclidean is established for the DBN-AR model (4). Define.

�(t − 1) = (y(t − 1), y(t − 2), · · · , y(t − p))T, ε(t) = (ε(t), 0, · · · , 0)T.
Set α(�(t − 1)) = (ψ0(�(t − 1)), 0, · · · , 0)T

�(�(t − 1)) =

⎛

⎜⎜⎜⎜⎜⎜⎝

ψ1(�(t − 1)) ψ1(�(t − 1)) · · · ψp−1(�(t − 1)) ψp(�(t − 1))
1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎞

⎟⎟⎟⎟⎟⎟⎠

Then, the DBN-AR model (4) can be rewritten as follows

Y(t) = β(�(t − 1)) + �(�(t − 1))Y(t − 1) + ε(t) (5)

For convenience of explanation, the DBN-AR model (4) is represented in a more general
nonlinear autoregressive (AR) model.

y(t) = ν(y(t − 1), y(t − 2), · · · , y(t − p)) + ε(t) (6)

As for y = (y(t − 1), y(t − 2), · · · , y(t − p))T, set ‖y‖ =√
y2(t − 1) + y2(t − 2) + · · · + y2(t − p).

Lemma 2.1 [18]. ν(•) in model (6) is supposed as a measurable function and bounded
over bounded sets, and Eε(t) = 0. If the following condition is satisfied, the model (6) is
geometrically ergodic.

lim‖y‖→∞

∣∣ν(�(t − 1)) − βT�(t − 1)
∣∣

‖y‖ = 0 (7)

where β = (
β1, β2, · · · , βp

)T satisfies the following given condition

z p − β1z
p−1 − · · · − βp �= 0 for all |z| ≥ 1 (8)

Lemma 2.2 [19]. Assume that ν(•) in model (6) is bounded over bounded sets, and ε(t) is
positive density everywhere. Then {�(t − 1)} satisfying (6) is aperiodic.

Lemma 2.3 [20]. {�(t − 1)} is considered as a μ-irreducible Markov Chain on a normed
topological space. Pr(�(t − 1), •) represent the transition probability, and if Pr(�(t − 1), •)

is strongly continuous, then a sufficient condition for the ergodicity of geometric equations
is given [1], the existence of a compact set k and a constant 0 < λ < 1 are also given.

E(‖�(t)‖|�(t − 1) = y) <

{ ∞, y ∈ K
λ‖y‖, y /∈ K

(9)

Lemma2.4 [21] . {�(t − 1)} is considered as an aperiodicMarkov chain. The original series
{�(t − 1)} is geometric ergodic, and a fixed positive integer h is existed. Then the geometric
ergodicity of the original sequence {�(t − 1)} can be deduced from the geometric ergodicity
of the subsequence {�h(t − 1)}.
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According to Lemmas 2.1–2.4, the following theorems can be obtained.

Theorem 2.1. Assume that the density function of ε(t) in the DBN-AR model (4) is positive
everywhere on the real line �. If all roots of the characteristic function defined as follows.

z p − ω1z
p−1 − · · · ωp−1z − ωp = 0 (10)

If all roots of Eq. (10) are inside the unit circle, then the DBN-AR process in model (4) is
geometrically ergodic.

Proof Set β = (
ω1, ω2, · · · , ωp

)T, then.

lim‖y‖→∞
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∣∣∣∣ψ0(�(t − 1)) +
p∑
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ψi (�(t − 1))y(t − i) − βT�(t − 1)
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Then, we have

lim‖y‖→∞

∣∣ν(�(t − 1)) − βT�(t − 1)
∣∣

‖y‖ = 0 (11)

Therefore, according to Lemma 2.1, the DBN-AR model is geometric ergodic.

Theorem2.2. Suppose that the value of ε(t) in theDBN-ARmodel (4) is positive everywhere
on the real line �. If all the roots of the following characteristic function are inside the unit
circle, then the DBN-AR process in (4) is geometrically ergodic.

z p − κ1z
p−1 − · · · − κp = 0 (12)

Proof As for model (5), according to Lemma (2.2), {�(t)} is a μ− irreducible and aperiodic
Markov chain. Let.

A =

⎛

⎜⎜⎜⎜⎜⎜⎝

κ1 κ2 · · · κp−1 κp

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎞

⎟⎟⎟⎟⎟⎟⎠

and Ip represents the identity matrix of order p. And then, the eigenpolynomial of matrix A
is described as follows.

|zI − A| = z p − κ1z
p−1 − · · · − κp (13)
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Therefore, all the roots of the characteristic function (12) are eigenvalues of matrixA. Let
zmax represent the maximum eigenvalue of A.

E(‖Y(t + h)‖|Y(t) = �(t − 1))

= E

⎛

⎝

∥∥∥∥∥∥

h−1∏

i=0

�(Y(t + h))Y(t) +
h∑

i=1

⎡

⎣
h−1∏

j=i

�(Y(t + i))

⎤

⎦β(Y(t + i − 1)) +
h∑

i=1

⎡

⎣
h−1∏

j=i

�(Y(t + i))

⎤

⎦ε(t + i)

∥∥∥∥∥∥
|Y(t) = �(t − 1)

⎞

⎠
(14)

As for any given vector τ = (
τ1, τ2, · · · , τp

)T, then, we have

‖�(�(t − 1))τ‖ ≤ ‖A|τ|‖ (15)

where |τ| = (|τ1|, |τ2|, · · · ,
∣∣τp
∣∣)T.

we can obtain the following equation when repeate apply Eq. (15) to Eq. (13, 14).

E(‖Y(t + h)‖|Y(t) = �(t − 1)) ≤
∥∥∥Ah |�(t − 1)|

∥∥∥+ E

∥∥∥∥∥∥

h∑

i=1

Ah−i |β(Y(t + i − 1))|
∥∥∥∥∥∥
Y(t)

=‖�(t − 1)‖ + E

∥∥∥∥∥∥

h∑

i=1

Ah−i |ε(t + i)|
∥∥∥∥∥∥

≤
∥∥∥Ah

∥∥∥‖�(t − 1)‖ + E

∥∥∥∥∥∥

h∑

i=1

Ah−i |β(Y(t + i − 1))|
∥∥∥∥∥∥
Y(t)

=‖�(t − 1)‖ + E

∥∥∥∥∥∥

h∑

i=1

Ah−i |ε(t + i)|
∥∥∥∥∥∥

≤ δ‖�(t − 1)‖ + E

∥∥∥∥∥∥

h∑

i=1

Ah−i |β(Y(t + i − 1))|
∥∥∥∥∥∥
Y(t)

=‖�(t − 1)‖ + E

∥∥∥∥∥∥

h∑

i=1

Ah−i |ε(t + i)|
∥∥∥∥∥∥

(16)

where 0 < δ < 1 is a positive constant.
According to the definition ofDBN-ARmodel (4) and suppose themodeling error ofDBN-

AR model is bounded. We find a sufficiently large C > 0 such that when ‖�(t − 1)‖ > C.

δ‖�(t − 1)‖ + E

∥∥∥∥∥

h∑

i=1

Ah−i |β(Y(t + i − 1))||Y(t) = �(t − 1)

∥∥∥∥∥

+E

∥∥∥∥∥

h∑

i=1

Ah−i |ε(t + i)|
∥∥∥∥∥ < ρ‖�(t − 1)‖ (17)

where ρ ∈ (δ, 1). Therefore, the compact set K = {�(t − 1) : ‖�(t − 1)‖ ≤ M} satisfies
that when �(t − 1) /∈ K,E(‖y(t + h)‖|y(t) = �(t − 1) < ρ‖�(t − 1)‖). According to
Lemma 2.3 and 2.4, {y(t)} is geometric ergodic.

3 Identification of the DBN-ARModel

In order to identify the parameters of DBN-AR model, the indentification process can be
divided into the pre-training learning and the local weight adjustment. Before the pre-training
learning stage, the input order ofDBN-ARmodel is select by theAkaike InformationCriterion
(AIC). The value of AIC can be calculated by Eq. (18):

AIC = N logϑ2
e + 2(� + 1),N >> p (18)

where ϑe represents the value of modeling residual, p represents the input order of the DBN-
AR model, � represents the total number of the parameters to be estimated in the DBN-AR
model, and N represents the length of given time series data.
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At first, the original data series are normalized to [0,1]. In the pre-training learning
stage of the DBN-AR model, the target values of functional coefficients ψ j (�(t − 1)),
( j = 0, 1, · · · , p) are calculated by a pseudo inverse matrix, and the reference values{
ψ0, ψ1, · · · , ψp

}
for the each DBN module are obtained at sample instant, and the cal-

culate equation is given as follows.

y(p + i) = Ep+i−1ψp+i−1, i ∈ {1, 2, · · · , N − p} (19)

where
{
Ep+i−1 = (1, y(p + i − 1), y(p + i − 2), · · · , y(i))

ψp+i−1=
(
ψ0(�(p + i − 1)), ψ1(�(p + i − 1)), ψ2(�(p + i − 1)), · · · , ψp(�(p + i − 1))

)T

ψp+i−1 represents the reference outputs of the DBNmodule at time p+ i−1, and Ep+i−1

denotes the correlation coefficients in the DBN-ARmodel at time p+ i−1. The target values
of the each DBN module can be calculated by the following equation

ψp+i−1 = E+
p+i−1y(p + i) (20)

where, E+
p+i−1 represents the pseudo inverse matrix of Ep+i−1. Then unsupervised pre-

training proposed by Hinton [22] is used to train each DBN module. The prediction values
of DBN-AR model in pre-training stage are obtained, and given as follows.

ŷ(t) = ψ̂0(�(t − 1)) +
p∑

i=1

ψ̂i (�(t − 1))y(t − i), t = p + 1, p + 2, · · · , N (21)

where ŷ(t) represents the prediction values of the DBN-AR model, and ψ̂ j (�(t − 1)) ( j =
0, 1, · · · , p) are the output values of the DBN modules after pre-training of the DBNs. The
obtained values of ψ̂ j (�(t − 1)) ( j = 0, 1, · · · , p) are varies with the input signal�(t − 1)
obviously, because DBN-AR model is a variable functional-coefficient model.

After the DBN-AR model (4) is pre-trained, the modeling error in the pre-training stage
is obtained, and given as follows.

ξ(t) = y(t) − ŷ(t), t = p + 1, p + 2, · · · , N (22)

Then, ξ(t) is used to fine tune the parameters of DBN-AR model (4) by the espe-
cially designed BP algorithm that is given in Appendix A until the mean square deviation

1
N−p

N∑
t=p+1

ξ2(t) reaches minimum [16]. In the fine-tuning stage, the objective function is

given as follows

H(t) = 1

2
ξ2(t) = 1

2

(
y(t) − ŷ(t)

)2

= 1

2

(
y(t) − ψ̂0(�(t − 1)) −

p∑

i=1

ψ̂i (�(t − 1))y(t − i)

)2

, t = p + 1, p + 2, · · · , N

(23)

where y(t) represent the actual output ofDBN-ARmodel (4), and ŷ(t) represent the predicted
output of DBN-AR model (4).

As for all of the training data sets, the parameters of DBN-AR model (4) are fine tuned
by Eq. (A.20) (see Appendix A), and then the final obtained updated model parameters are
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used to recaculate the output of the DBN-AR model, the final predicted value is calculated
by the following equation.

ỹ(t) = ψ̃0(�(t − 1)) +
p∑

i=1

ψ̃i (�(t − 1))y(t − i) (24)

If the value of mean square error, MSE = 1
N−p

N∑
t=p+1

(y(t) − ỹ(t))2 is small enough or

smaller than a given value, the parameter’s fine-tuning process is stop, otherwise, Eq. (A.
20) is continued to fine tune the parameters of DBN-AR model. Finally, the final prediction
value of the output of DBN-AR model ỹ(t) is obtained after denormalized the obtained data
series.

4 Case Study

4.1 Canadian Lynx

The data of Canadian lynx is a famous data that have attracted a lot of attention of many
researchers. The data of lynx contains the number of lynx trapped per year in the Mackenzie
River District of North–West Canada from 1821 to 1934[1]. The data of lynx are plotted in
Fig. 1.

To compare the prediction performance of different models or methods in the other liter-
atures, the first 100 data points are used to estimate the parameters of DBN-AR model, and
remaining 14 data points are used to test the prediction performance of DBN-ARmodel. The
same as other literatures, the logarithms (to the base 10) of the data of lynx are also used in
this paper. The identification procedure is described in Sect. 3 to optimize the parameters of
DBN-AR model. Take the same input order as the other reference, the input order is choosen
as 2, that is p = 2. The structure parameters of each DBN module in model (4) is given in
Table 1. In the pre-training stage, the number of iteration in the training of DBN module 1,
DBN module 2 and DBN module 3 are 5600, 1100 and 50,000, respectively. The number of
iteration in the fine tuning stage is choosen as 50. The following DBN-AR model is used to

Fig. 1 The data of Canadian lynx
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Table 1 Structure parameters of
each DBN module in model (25) j Parameters of the j-th DBN module

0 N (0)
r = 3; Q(0)

0 = 2; Q(0)
1 = 25; Q(0)

2 = 55;Q(0)
3 = 1

1 N (1)
r = 2; Q(1)

0 = 2; Q(1)
1 = 55;Q(1)

2 = 1

2 N (2)
r = 3; Q(2)

0 = 2; Q(2)
1 = 25; Q(2)

2 = 55;Q(2)
3 = 1

predict the one-step-ahead prediction output of this lynx data series.
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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, j
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w
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, w

(� j)
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, · · · , w
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,Q( j)
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)
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0 = 2

h(0)
j (t) = �(t − 1) = (y(t − 1), y(t − 2))T

(25)

After the DBN-AR model is fine tuned, the target values and predicted values of the each
DBN module for the testing data are given in Fig. 2, it can be seen from Fig. 2 that the
predicted values can well fit the given target values after the DBN-AR model is fine tuned
by the optimization method.

Table 2 gives the mean square error (MSE) values of the DBN-AR model and some other
prediction models for the testing data series. It can be seen from Table 2 that the DBN-
AR model obtains smaller prediction error compared with other models. Figure 3 shows
comparison results of the ideal output and predicted value of the DBN-AR model for the
testing data. It also can be seen from the Fig. 3 that the DBN-AR model obtains good
prediction accuracy for the testing data in this paper.

Figure 4 gives the poles of the DBN-AR model changing with the input signal �(t − 1).
The different color in Fig. 4 represents the different pole. It can be seen from Fig. 4 that the
dynamics of the nonlinear system vary obviously with the input signal �(t − 1). It also can
be seen from Fig. 4 that the DBN-AR model is stable, because all the characteristic roots are
inside the unit circle. The result of experiment is consistent with the theory which described
in Sect. 3.

Table 3 gives the one-step ahead absolute prediction errors of the last 12 data points
from different varying coefficient models. From Table 3, we can see that the DBN-ARmodel
obtains smaller AAPE than TARmodel and RBF-ARmodel, and the DBN-ARmodel obtains
very similar AAPE with that of the FAR model. Figure 4 gives the poles of the DBN-AR
model varying with the variation of the input signal �(t − 1). The different color in Fig. 4
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Fig. 2 Comparison of target values and forecast values of the each DBN module for the testing data

Table 2 Comparison results
among different prediction
models for the testing data

Model MSE

Zhang[23] ANN 0.0205

Zhang[23] ARIMA–ANN 0.0172

Kajtani et al.[24] FFNN 0.0130

Aladag et al. [25] SARIMA–ERNN 0.009

RBF-AR[1] RBF-AR 0.0073

This paper DBN-AR 0.0061

Fig. 3 Comparison results of ideal
output and DBN-AR model for
the testing data
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Fig. 4 Model’s poles changing with the input signal

Table 3 The average absolute prediction error of different functional-coefficient models for the Canadian lynx
data

Year Vaule DBN-AR model RBF-AR(2,1,2) model
[1]

FAR model
[7]

TAR(2) model[7]

1923 3.054 0.156 0.201 0.157 0.187

1924 3.386 0.032 0.017 0.012 0.035

1925 3.553 0.010 0.017 0.021 0.014

1926 3.468 0.035 0.023 0.008 0.022

1927 3.187 0.020 0.118 0.085 0.059

1928 2.723 0.170 0.043 0.055 0.075

1929 2.686 0.072 0.174 0.135 0.273

1930 2.821 0.071 0.025 0.016 0.026

1931 3.000 0.065 0.040 0.017 0.030

1932 3.201 0.030 0.020 0.007 0.060

1933 3.424 0.043 0.056 0.089 0.076

1934 3.531 0.028 0.060 0.053 0.072

AAPE 0.0608 0.066 0.055 0.073

denotes the different pole. It can be seen from Fig. 4 that the DBN-AR model’s dynamic
behavior varies with the input signal �(t − 1) obviously.

4.2 Henon Chaotic Series Prediction

In this section, the DBN-AR model is used to predict the Henon chaotic system with one
delay and two sensitive parameters generated by the following equation. Many researchers
have analyzed this data series, and achieved a certain prediction accuracy [26–30].

yp(t + 1) = −P • y2p(t) + Q • yp(t − 1) + 1 (26)
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Table 4 Structure parameters of
each DBN module in model (25) j Parameters of the j-th DBN module

0 N (0)
r = 3; Q(0)

0 = 2; Q(0)
1 = 9; Q(0)

2 = 25;Q(0)
3 = 1

1 N (1)
r = 2; Q(1)

0 = 2; Q(1)
1 = 9; Q(1)

2 = 15;Q(1)
3 = 1

2 N (2)
r = 3; Q(2)

0 = 2; Q(2)
1 = 25; Q(2)

2 = 55;Q(2)
3 = 1

where, P = 1.4 and Q = 0.3, produces a chaotic attractor. The initial states
[
yp(1), yp(0)

] =
[0.4, 0.4] generate 2000 patterns, and the first 1000 patterns are used as the training data sets,
the remaining 1000 patterns are used as the testing data sets.

For fair comparison, the same as other references [26–30], the order of input is choosen as
2. The parameters of each DBN module in model (4) is given in Table 4. In the pre-training
stage, the number of iteration in the training of first DBN module and second DBN module
are 5000, and the number of iteration of the third DBN module is 10,500. The number of
iteration in the fine tuning stage is choosen as 130,000. Then the obtained DBN-AR model
is used to predict the one-step-ahead prediction output of this chaotic series. Figure 5 gives
the phase plot of the ideal and DBN-AR predicted results for the test patterns.

Fig. 5 Results of the phase plot
for the chaotic system (red) and
DBN-AR model (black)
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Fig. 6 Poles changing of DBN-AR model; different colour denotes different pole
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Table 5 Performance of DBN-AR
model and other prediction
models for chaotic sequence
prediction

Algorithm Training RMSE Testing RMSE

RFNN[28] 0.463 0.191

WRFNN[29] 0.469 0.188

TRFN-S[27] 0.028 0.027

RSEFNN-LF[30] 0.032 0.023

IRSFNN(TSK)[31] 0.017 0.015

IRSFNN(Ful)[31] 0.016 0.014

IOA-RRBFNN[26] 0.0041 0.0083

DBN-AR 0.0039 0.0040

Figure 6 represents the moving tracks of the poles that change with the input variable in
the DBN-ARmodel, which are the poles of the local linear model derived from the estimated
DBN-AR model. It can be seen from Fig. 6 that the system’s dynamic behavior varies with
the input signal obviously. That is, the nonlinear characteristics of the Henon chaotic system
are relatively strong.

Table 5 shows the training and testing RMSEs of the DBN-ARmodel. It can be seen from
Table 5 that the DBN-AR model achieves greater learning performance. For a meaningful
comparison, the compared models include a recurrent FNN, a wavelet recurrent FNN, a
TSK-TRFN, a recurrent self-evolving FNNwith local feedback and an interactively recurrent
self-evolving fuzzy neural network (IRSFNN), and so on. Table 5 shows that the DBN-AR
model obtains the best performance.

5 Conclusion

The DBN-AR model belongs to a class of varying coefficient models. The model combines
the advantage of the state-dependent AR model in the description of nonlinear dynamics and
the merit of the DBN in function approximation. The stability conditions are discussed in
this paper. The optimization method is proposed to estimate the parameters of the DBN-AR
model. The prediction performance of DBN-AR model was compared with other models by
applying the model to the famous Canadian lynx data and Henon chaotic series. The result
of the experimental shows that the DBN-AR modeling approach exhibits better results than
other time series datas.
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Appendix A. Fine Tuning Procedure of DBN-ARModel [16]

The following Equation is used as the objective function in the fine-tuning stage according
to formula (23).

H(t) = 1

2
ξ2(t) = 1

2

(
y(t) − ŷ(t)

)2

= 1

2

(
y(t) − ψ̂0(�(t − 1)) −

p∑

i=1

ψ̂i (�(t − 1))y(t − i)

)2

, t = p + 1, p + 2, · · · , N

(A.1)

where y(t) and ŷ(t) represent the real output and prediction output of DBN-AR model,
respectively.

All the parameters of DBN-AR model are fine tuned by the especially designed gradient
descent method. As for the neuron in the N ( j)

r -th layer, the parameters are updated by the
gradient, and calculated by Eq. (24), the calculated process is given as follows.
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(A.2)

where

a(t − j) = y(t − j), j = 1, 2, · · · , p; a(t) = 1

c(t − j) = −ξ(t)a(t − j), j = 0, 1, 2, · · · , p
and ϕ′(u) denote the derivative of ϕ(u) with respect to u. Let
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(
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1, j (t) = ϕ′
(
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c(t − j) (A.3)
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Eq. (A. 3) denote the local gradient with respect to neuron of the last layer in the j - th
DBN module. Hence, Eq. (A.2) can be rewritten, and expressed as follows
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Similarly, Eq. (A. 5) can be obtained by the same method
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As for neuronn( j)

ϒ
( j)
r −1

∈
{
1, 2, · · · , Q( j)

ϒ
( j)
r −1

}
, the gradient for parameter in the (ϒ( j)

r −1)-

th layer is update by the following Eq. (A. 6).
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then Eq. (A.6) is rewritten as follows
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According to the same theory, the following equation can be calculated
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For neuron n( j)
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∈
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1, 2, · · · , Q( j)
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}
, the gradient for parameter in the (N ( j)

r −2)-th

layer is updated by the following Eq. (A. 10).
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then Eq. (A. 10) can be rewriten as follows
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According to the same theory, Eq. (A. 13) can be obtained as follows.
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Hence, the above discussed derivation process is used to calculate the local gradient of
each neuron of layer � j in the j - th DBN module, and the following equation is used to
calculate derivation.
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then, the Eq. (A.15) and Eq. (A.16) are used to update the gradients to the connection
weight and bias used for parameters.
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(A.3-A.5), (A.7-A.9) and (A.11-A.16) are used to calculate all the gradients, then the
following Eq. (A.17) and Eq. (A.18) are used to update the parameters.
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where L ∈
{
1, 2, · · · , ϒ
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}
and η > 0 are the value of pre-determined learning

rate, and Eq. (A.19) is used to update the parameters
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where, the initial value of w
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can be obtained in the pre-training stage

of the DBN-AR model. In order to avoid the parameter oscillation in the fine-tuning process
and slow down the convergence rate, the momentum term is used to add in Eq. (21) as the
final parameters updating rule.
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where k denotes the number of parameters updating iteration, α ∈ [0, 1) denotes the pre-
determined momentum factor.
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