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An inertial forward-backward-forward primal-dual splitting
algorithm for solving monotone inclusion problems
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Abstract. We introduce and investigate the convergence properties of an inertial forward-
backward-forward splitting algorithm for approaching the set of zeros of the sum of a
maximally monotone operator and a single-valued monotone and Lipschitzian operator.
By making use of the product space approach, we expand it to the solving of inclusion
problems involving mixtures of linearly composed and parallel-sum type monotone oper-
ators. We obtain in this way an inertial forward-backward-forward primal-dual splitting
algorithm having as main characteristic the fact that in the iterative scheme all operators
are accessed separately either via forward or via backward evaluations. We present also
the variational case when one is interested in the solving of a primal-dual pair of convex
optimization problems with intricate objective functions.
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1 Introduction and preliminaries

Due to its wide applicability in different branches of the applied mathematics, especially
in connection with real-life problems, the problem of solving inclusion problems involving
mixtures of monotone operators in Hilbert spaces continues to attract the interest of many
researchers (see [0,[10]10,12H14,[17,18,29]).

In this paper we will focus on the class of so-called inertial proximal methods, the
origins of which go back to [I,3]. The idea behind the iterative scheme relies on the use
of an implicit discretization of a differential system of second-order in time and it was
employed for the first time in the context of finding the zeros of a maximally monotone
operator in [3]. One of the main features of the inertial proximal algorithm is that the
next iterate is defined by making use of the last two iterates. It also turns out that
the method is a generalization of the classical proximal-point one (see [25]). Since its
introduction, one can notice an increasing interest in the class of inertial type algorithms,
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see [1LBLBLI521H23]. Especially noticeable is that these ideas where also used in the
context of determining the zeros of the sum of a maximally monotone operator and a
(single-valued) cocoercive operator, giving rise to the so-called inertial forward-backward
algorithm [23]. This is an extension of the classical forward-backward algorithm (see [6,17])
and assumes the evaluation of the set-valued operator via its resolvent, called backward
step, while the single-valued operator is evaluated via a forward step.

The first major aim of this manuscript to introduce and investigate an inertial forward-
backward-forward splitting algorithm for finding the zeros of the sum of a maximally
monotone operator and a monotone and Lipschitzian operator. The proposed scheme
represents an extension of Tseng’s forward-backward-forward-type algorithm, (see [6l14.27]
28]), however, for the study of its convergence properties we will use some generalizations
of the Fejér monotonicity techniques provided in [3]. An essential argument in the favor
of forward-backward-forward splitting algorithms is given by the fact that they can be
used when solving a larger class of monotone inclusion problems, since it is known that
there exist monotone and Lipschitzian operators which are not cocoercive, in which case
the forward-backward algorithms cannot be applied (see [10,[14L[I8]). This is for instance
the case when considering primal-dual splitting methods, as one can notice by consulting
[10,14118].

Primal-dual splitting algorithms are modern techniques designed to solve inclusion
problems where some complex structures of monotone operators are involved, such as
mixtures of linearly composed and parallel-sum type monotone operators. The key fea-
ture of these algorithms is that they are fully decomposable, in the sense that each of the
operators are evaluated in the algorithm separately, either via forward or via backward
steps. It is also noticeable that the primal-dual algorithms solve concomitantly a (pri-
mal) monotone inclusion problem and its dual monotone inclusion problem in the sense
of Attouch-Théra [5]. We invite the reader to consult [T0HI4][16,18,19,29] for further
considerations concerning this class of algorithms. The second major aim of this paper
will be to formulate an inertial primal-dual splitting algorithm relying on the inertial
forward-backward-forward one.

The structure of the paper is the following. The remainder of this section is dedi-
cated to some elements of the theory of maximal monotone operators and to the recall of
some convergence results. In the next section we formulate the inertial forward-backward-
forward splitting algorithm for finding the zeros of the sum of a maximally monotone
operator and a monotone and Lipschitzian operator and investigate its convergence. In
Section B we use the product space approach in order to obtain the inertial primal-dual
splitting algorithm designed for solving monotone inclusion problems involving mixtures
of linearly composed and parallel-sum type monotone operators. Finally, we show how
the proposed iterative schemes can be used in order to solve primal-dual pairs of convex
optimization problems.

For the notions and results presented as follows we refer the reader to [6H8,20L26]30].
Let N ={0,1,2,...} be the set of nonnegative integers. Let H be a real Hilbert space with
inner product (-,-) and associated norm ||-|| = /(:,). The symbols — and — denote weak
and strong convergence, respectively. When G is another Hilbert space and K : H — G
a linear continuous operator, then the norm of K is defined as || K| = sup{||Kz| : = €
H,|z|]| < 1}, while K* : G — H, defined by (K*y,x) = (y, Kz) for all (z,y) € H x G,
denotes the adjoint operator of K.

For an arbitrary set-valued operator A : H = H we denote by Gr A = {(z,u) € HxH :



u € Ax} its graph, by dom A = {x € H : Az # (0} its domain, by ran A = Uzep Az its
range and by A~! : H = H its inverse operator, defined by (u,z) € Gr A~! if and only
if (r,u) € GrA. We use also the notation zer A = {x € H : 0 € Ax} for the set of
zeros of A. We say that A is monotone if (x —y,u —v) > 0 for all (z,u),(y,v) € GrA. A
monotone operator A is said to be mazimally monotone, if there exists no proper monotone
extension of the graph of A on H x H. The resolvent of A, J4 : H = H, is defined by
Ja = (Idy +A)~Y, where Idy : H — H,Idy(z) =  for all x € H, is the identity operator
on H. Moreover, if A is maximally monotone, then J4 : H — H is single-valued and
maximally monotone (see [0, Proposition 23.7 and Corollary 23.10]). For an arbitrary
v > 0 we have (see [6, Proposition 23.2])

p € Jyaz if and only if (p,y '(z —p)) € Gr A
and (see [6, Proposition 23.18])
Jya + WJA/71A71 o ,7—1 Idy = Idy . (1)

Further, let us mention some classes of operators that are used in the paper. We
say that A is demiregular at x € dom A if, for every sequence (z,,u,)neny € Gr A and
every u € Az such that x, — z and u, — u, we have z, — x. We refer the reader
to [4, Proposition 2.4] and [14, Lemma 2.4] for conditions ensuring this property. The
operator A is said to be uniformly monotone at x € dom A if there exists an increasing
function ¢4 : [0, +00) — [0, +00] that vanishes only at 0, and (z —y,u—v) > ¢4 (|| — y||)
for every u € Az and (y,v) € Gr A. If this inequality holds for all (z,u), (y,v) € Gr A, we
say that A is uniformly monotone. If A is uniformly monotone at x € dom A, then it is
demiregular at x.

Prominent representatives of the class of uniformly monotone operators are the strongly
monotone operators. Let v > 0 be arbitrary. We say that A is v-strongly monotone, if
(x —y,u—v) > 5|z —yl|? for all (z,u),(y,v) € Gr A. Further, a single-valued operator
A H — H is said to be y-cocoercive if (x — y, Ax — Ay) > ~||Ax — Ay||? for all (z,y) €
H x H. Moreover, A is y-Lipschitzian if |Az — Ay|| < v||lxz — y|| for all (z,y) € H x H.
A single-valued linear operator A : ‘H — H is said to be skew, if (x, Az) = 0 for all
x € H. Finally, the parallel sum of two operators A, B : H = H is defined by AODB : H =
H,AO0B = (A~' + B~1)~L

We close this section by presenting three convergence results which will be crucial for
the proof of the main results in the next section.

Lemma 1 (see [IH3]) Let (on)nen, (0n)nen and (an)nen be sequences in [0,400) such
that ©ny1 < on + an(On — ©n_1) + 0y for alln > 1, Y7 0n < +00 and there exists a
real number o with 0 < o, < o < 1 for all n € N. Then the following hold:

(1) 2onz1lon — pn-1]4 < +oo, where [t]; = max{t,0};

*

(1) there exists ©* € [0,+00) such that lim,_ 1 @n = ¢*.
An easy consequence of Lemma [l is the following result.

Lemma 2 Let (¢n)neN, (0n)neN, (n)nen and (Bn)nen be sequences in [0,+00) such that
Ont1 < =Bn + on + an(n — @n_1) + 0 foralln > 1, 3" 6 < +00 and there exists a
real number o with 0 < a,, < a < 1 for alln € N. Then the following hold:



(i) Enzl[spn — ¢n—1]4+ < +00, where [t]; = max{t,0};
(ii) there exists p* € [0,+00) such that lim, 4o @n = ©*;
(i) 3, ey Bn < +00.

Finally, we recall a well known result on weak convergence in Hilbert spaces.

Lemma 3 (Opial) Let C be a nonempty set of H and (x,)nen be a sequence in H such
that the following two conditions hold:

(a) for every x € C, limy,_,4 0 ||xn — x| exists;
(b) every sequential weak cluster point of (xy)neN is in C;

Then (xn)nen converges weakly to a point in C.

2 An inertial forward-backward-forward splitting algorithm

This section is dedicated to the formulation of an inertial forward-backward-forward split-
ting algorithm which approaches the set of zeros of the sum of two maximally monotone
operators, one of them being single-valued and Lipschitzian, and to the investigation of
its convergence properties.

Theorem 4 Let A : H = H be a mazimally monotone operator and B : H — H a
monotone and [3-Lipschitzian operator for some B > 0. Suppose that zer(A + B) # () and
consider the following iterative scheme:

Pn = J)\ A[xn - )\ann + aq n(xn - xn—l)]
VYn >1 " '
( "= ) { Tptl = Pn + An(BJEn - Bpn) + a2,n($n - $n—1)7

where xg and x1 are arbitrarily chosen in H. Consider A,o > 0 and oy, > 0 such that

1203 + 9(a1 + az) +40 <1 and A < \, <

1 \/1 — 1202 — 9(o + ag) — 4o -

— >
B\ 1202 + 8(aq + ) + 4o + 2 "=

and for i = 1,2 the nondecreasing sequences (i n)n>1 with a;1 =0 and 0 < oy, < «; for
alln > 1. Then there exists T € zer(A + B) such that the following statements are true:

(Cl) ZnGN ”xn-i-l - xnuz < +o0 and ZnZl ”xn _pn”2 < 4o00;
(b) x, =T and p, =T as n — +00;
(c) Suppose that one of the following conditions is satisfied:

(i) A+ B is demireqular at T;

(ii) A or B is uniformly monotone at T.

Then x, — T and p, — T as n — 4o0.



Proof. Let z be a fixed element in zer(A + B), that is —Bz € Az, and n > 1. From the
definition of the resolvent we deduce

1 Q
—(xp — pn) — Bxp + Zin
An

N (T — Tp—1) € App.

Further, taking into account the relation between p,, and x,1 in the algorithm, we obtain

1
n

3 (X — Tp—1) € App. (3)

The monotonicity of A delivers the inequality

1 o1y + Q2
OS _(xn_xn-i—l)_Bpn+u(xn_xn—l)+327pn_z ’
An An
hence
1 a1+ o
OS—<l‘n—l‘n+1,pn—2>+<BZ—Bpn,pn—Z>+M<l‘n—xn_1,pn—z>. (4)

An An

Since B is monotone, we have (Bz — Bpy,, p, — z) < 0. Moreover,
(T = Tna1,Pn — 2) = (T — Tna1,Pn — Tna1) + (T — Tpy1, Tyl — 2) =

lon —2actl  IPn = Tacrl? llzn = pal | Jow— 2P o = 2ol Joaes — ]2
2 2 2 2 2 2 '

In a similar way we obtain

<xn — Tn—-1,Pn — Z> - <xn —Tn—-1,Tn — Z> + <xn — Tn—1,Pn — xn> -

|20 = @n-al® | llzn — 2| _ -1 — 2|° i P — zn-1” _ 20 — @n|? _ [z — pal?
2 2 2 2 2 2 )
Further we have, by using that B is -Lipschitzian,

| Zna1 _pn||2 < 2>‘352H$n - an2 + 2a%,n”$n - $n—1H2

and
1Pn — Zn—1l? < 2[|zn — pall® + 2] — 201

The above estimates together with ([{]) imply

1 a1+ Q2 1 a1 n + Q2
0§<——+"4L——ﬁ>Wm—ﬂp———W%H—ﬂp——JL——ﬁWm4—ﬂP+

2\, 2\, 2\, 2\,
1 Qg+ aop Qg+ oy 2
A 2 _ ) ) _ 2 2 —
< W W 2 lon = pall™+
2
as a1y, + Qg 2
) + ’ ) xT — T ,

from which we further obtain, after multiplying with 2\,

[2nt1 — 2]* = (14 onn + azp) lzn — 2[1° + (a1 + azn) |#n—1 — 2)* <
—(1- a1y — 02y — 2>\%52)||33n - an2 + Z(Q%ﬂl +ai, + O‘2,n)H$n - xn—1||2- (5)



By using the bounds given for the sequences (Ap)n>1, (@1,5)n>1 and (a25,)n>1 One can
easily show by taking into account (2) that

2X2B2 < 1—a1—as<1—ayy, —azy,

thus
1-— QA1 n — Q2p — 2)\%52 > 0.

Taking into account that

lTna1 — xn||2 = ||pn — Tn + A (Bzy, — Bpy) + O‘2,n(33n - xn—l)Hz
< 2(1+ )‘nﬁ)2Hxn - an2 + 2a%,onn - l’n—lea

we obtain from ([

[Znt1 — 2II” = (L4 o1 + ag)|on — 2[1° + (010 + aop) [#n—1 — 2] <
1-— Qlp — 02 n — 2)\%52

ST enet — @l o+l = (6)
n

where ) 5
a3, (1 — a1 — agyn — 2X26%)

(1+ )2

(a) For the proof of this statement we are going to use some techniques from [3]. We
define the sequences ¢, := ||z, — z|? for all n € N and p, := ¢, — (o + a2pn)Pn—1+
Yoll#n — xp_1||* for all n > 1. Using the monotonicity of (c;n)n>1, i = 1,2, and the fact
that ¢, > 0 for all n € N we get

> 0.

Tn ‘= 2(&%771 + A1.n + 042,n) +

Hnt+1 — fn <
Pn+1 — (1 + al,n + 042,n)90n + (al,n + a2,n)90n—l + ’Yn-i—l”xn—i-l - xn”2 - 7n|’xn - xn—luza

which gives by (@)

1-— Q1n — 02 n — 2)\2,82
nt1 — pn < — < 2?1 n )\HB)Z T — Y1 ) 01—zl Y > 1. (7)
n
We claim that \2 g2
1= ain—aop—2
Hyn T W2in n — Ypa1 >0 Vn > 1. (8)

2(1+ A 3)2
Indeed, this follows by taking into account that for all n > 1

alp + oy + 2()\n/8)2 + 2(1 + Anﬁ)2(7n+1 + U) <
a1+ a + 20 B)2 + 2(1 + MB)% (303 + 2(a1 + ) + o) <
a1+ az +2(Auf)? +4(1 + (Auf)?) (33 + 2(a1 + az) +0) < 1.

In the above estimates we used the upper bounds for (o )n>1, % = 1,2, that
Ynt1 < 2(a3 + a1 +az) + a3 ¥n €N

and the assumptions in (2)).



We obtain from (7)) and (&) that
fnt1 = fin < =0 || Tpy1 — xn”2 Vn > 1. (9)

The sequence (jt,)n>1 is nonincreasing and the bounds for (a; ,)n>1, ¢ = 1,2, deliver

— (a1 + )pn—1 < ¢n — (a1 + 2)pn—1 < pin < 1 ¥n > 1. (10)
We obtain
n—1
on < (a1 +02)"po + 1 (1 + 0a2)" < (a1 + )"0 + *11—042 vn > 1,

k=0

where we notice that pu; = ¢1 > 0 (due to the relation oy = ag; = 0). Combining (@)
and (I0) we get for all n > 1

)n+1 M1

n
—apl? < — < < —_
UZ [@r1 = 2kll” < 1 = pngr < 1+ (a1 + 2)@n < (a1 +2)" o + -y —ay’

k=1

which shows that >, [|Znt1 — 2p]]* < +00.
Combining this relation with (B and Lemma [2 it yields

Z (1 —n — Qo — 2)\iﬁ2) |Zn — pull? < +o0.
n>1

Moreover, from () we have 1 —ay, —ag, —2A2 3% > 20(14 A\B)? for all n > 1 and obtain,
consequently, >° o |2, — pal|? < +oo.

(b) We are going to use Lemma[3l We proved above that for an arbitrary z € zer(A+ B)
the inequality (B]) is true. By part (a) and Lemma [2] it follows that lim, o ||zn — 2||
exists. On the other hand, let = be a sequential weak cluster point of (x,,)nen, that is, it
has a subsequence (zy, )ren fulfilling z,, — x as k — +o0. Since z, —p, — 0 as n — 400,
we get p,, — z as k — +o00. Since A+ B is maximally monotone (see [6, Corollary 20.25
and Corollary 24.4]), its graph is sequentially closed in the weak-strong topology of H x H
(see [6, Proposition 20.33(ii)]). As (A)n>1 and (an)n>1, ¢ = 1,2, are bounded, we derive
from (3) and part (a) that 0 € (A+ B)x, hence = € zer(A+ B). By Lemma [3] there exists
T € zer(A+ B) such that x,, = T as n — +o00. In view of (a) we have p,, = T as n — +00.

(c) Since (ii) implies that A 4+ B is uniformly monotone at Z, hence demiregular at
T, it is sufficient to prove the statement under condition (i). Since p, — T and ﬁ(mn -

Tpt1) + %ﬂa“(:ﬂn — Tp—1) — 0 as n — +00, the result follows easily from (3) and the
definition of demiregular operators. |

Remark 5 Let us mention that the conclusion of the theorem holds also in case one
assumes that the sequence (aq, + agp)p>1 is nondecreasing. Moreover, the condition
a1 = azq = 0 was imposed in order to ensure p; > 0, which is needed in the proof. An
alternative is to require that x¢ = w1, in which case the assumption a1 = as1 = 0 is not
anymore necessary.



Remark 6 Assuming that as = 0, which enforces ay, = 0 for all n > 1, the conclu-
sions of Theorem [ remains valid if one takes as upper bound for (A,),>1 the expression

%w / %. This is due to the fact in this situation one can use in its proof the improved

inequalities [|znt1 — pull® < AZB% |2 — pull? and [lzns1 — @nl* < (1 + XaB)?||2n — pall?
for all n > 1. On the other hand, let us also notice that the algorithmic scheme ob-
tained in this way and its convergence properties can be seen as generalizations of the
corresponding statements given for the error-free case of the classical forward-backward-
forward algorithm proposed by Tseng in [28] (see also [I4, Theorem 2.5]). Indeed, if we
further set oy = 0, having as consequence that oy, = 0 for all n > 1, we obtain nothing
else than the iterative scheme from [I4,28]. Notice that for ¢ € (0,1/(8+1)), one can chose

A:=c¢and o := %ﬂ;) In this case the sequence (A\y,)n>1 must fulfill the inequalities
e< A\, < %, / %;42_‘{ = % for all n > 1, which is exactly the situation considered in [14].

Remark 7 In case Bx = 0 for all x € H the proposed iterative scheme becomes
Tp4+1 = J)\nA[wn + al,n(xn - wn—l)] + a2,n(wn - wn—l) Vn > 17

and is to the best of our knowledge new and can be regarded as an extension of the clas-
sical proximal-point algorithm (see [25]) in the context of solving the monotone inclusion
problem 0 € Az. If, additionally, .y = 0, which enforces as already noticed as, = 0 for
all n > 1, we get the algorithm

Tn+1 = JAnA[$n + al,n(xn - xn—l)]a

the convergence of which has been investigated in [3].

3 Solving monotone inclusion problems involving mixtures
of linearly composed and parallel-sum type operators

In this section we employ the inertial forward-backward-forward splitting algorithm pro-
posed above to the concomitantly solving of a primal monotone inclusion problem involving
mixtures of linearly composed and parallel-sum type operators and its Attouch-Théra-type
dual problem. We consider the following setting.

Problem 8 Let H be a real Hilbert space, z € H, A : H = H a maximally monotone
operator and C' : H — H a monotone and p-Lipschitzian operator for u > 0. Let m be a
strictly positive integer and, for any i € {1,...,m}, let G; be a real Hilbert space, r; € G;,
let B; : G; = G; be a maximally monotone operator, let D; : G; = G; be monotone such
that D, !is y;-Lipschitzian for v; > 0 and let L; : H — G; be a nonzero linear continuous
operator. The problem is to solve the primal inclusion

find T € H such that z € AT + Z L ((B;OD;)(Liz — ;) + Cx, (11)
i=1

together with the dual inclusion

z—Y Lt € Az + Cx

v; € (BZ\:‘DZ)(LZ:E — ri), 1=1,....,m.
(12)

find 77 € Gy,..., Uy, € Gy, such that dx € H : {



We say that (Z,01,...,U;m) € HX G1 X ... X G, is a primal-dual solution to Problem [§]
if

m
2= LiD; € AT+ CT and T; € (BOD;)(LiT —14), i = 1,...,m. (13)

i=1
If T € H is a solution to (1), then there exists (T1,...,TUp,) € G1 X ... X Gy, such that
(ZT,V1,...,Tp,) is a primal-dual solution to Problem [§ and, if (v1,...,7,,) € G1 X ... X G, is &
solution to (I2]), then there exists T € H such that (Z,71,...,T,,) is a primal-dual solution
to Problem B Moreover, if (T,T1,...,Uy) € HX G1 X ... X Gy, is a primal-dual solution to
Problem 8 then 7 is a solution to (III) and (71,...,Um) € G1 X ... X Gy, is a solution to (I2)).

Problem 8 covers a large class of monotone inclusion problems and we refer the reader
to consult [I8] for several interesting particular instances of it. The main result of this
section follows.

Theorem 9 In Problem [d suppose that

z € ran (A + iL;‘((B,DDi)(Li c—1y)) + C> . (14)

i=1

Chose xg,z1 € H and v;0,v;1 € G;, i = 1,...,m, and set

Pin = J)\nA[xn - )\n(an + ZZZI L:'Ui,n - Z) + al,n(xn - xn—l)]
D2in = J)\nB;l [Uz‘,n + )\n(szn - Di_lvi,n - Ti) + al,n(vi,n - Ui,n—l)]a
1=1,...m
(Yn >1) Vint1 = MLi(P1n — ) + M(D; i — D Mpoin) + D2in
+a2,n(?)i,n — Ui,n—1)7i =1,...m
Tntl1 = )\n Z:il L;k ('Ui,n - p2,i,n) + )\n(cxn - Cpl,n) + Pin
+a2,n(xn - xn—l)-

Consider \,o > 0 and ay,as > 0 such that

1

1—1202 -9 _4
120‘%+9(a1+a2)+40< 1land A<\, < _\/ ) (a1 + ag) o

2 nz
1205 + 8(aq —l—Oég) + 40+ 2

g

where

B =max{p, v, ....;Vm} +

and for i = 1,2 the nondecreasing sequences (@ pn)n>1 with a; 1 =0 and 0 < oy, < «; for
alln > 1. Then the following statements are true:

(a) 3 ey 1Tns1 — znl? < +o0, > 1T —pinl? < +o0 and, fori=1,..,m,
D onen Win+1 = vigll* < 400 and 3,51 [[vin — p2inl* < +o0;

(b) There exists (T,01,...,0m) € HX G1 X ... X Gy a primal-dual solution to Problem [§
such that the following hold:



(i) n, =T, p1pn =T and, fori=1,...m, v;p, = 7; and p;, — V; as n — +00;
(i1) If A+ C is uniformly monotone at T, then x, =T and p1, — T as n — +00.

(i) IfBZ-_l—I—DZ-_1 is uniformly monotone at v; for somei € {1,...,m}, then v;,, — U;
and p2;n — U; as n — +oo.

Proof. We will apply Theorem @ in an appropriate product space and will make use to
this end of a construction similar to the one considered in [I8]. We endow the product
space I = Hx G1 X ... X G, with the inner product and the associated norm defined for
all (z,v1,...,vm), (Y, w1, ..., wpy,) € K as

m

<(.Z', Ul7 crey Um)? (y7 ’LUl, ceey wm)>7€ - <.Z', y>7‘l + Z<Ui7 w'l>gz
i=1
and
m
(@, 01, - vm)llie = o | 12013, + > vl
i=1
respectively.

We introduce the operators M : I = IC,
M (2,01, ...;um) = (=2 + Az) x (11 + By 01) X oo X (1 + By o)
and Q: K — I,
Q(z,v1, ..., Up) = (Cm + Z Livy,—Lix + Dl_lvl, ey —Limx + D;LIfum>
i=1

and show that Theorem [4] can be applied for the operators M and @ in the product space
IC. Let us start by noticing that

(@) < zer(M + Q) # 0
and

(x,v1, ..., U) € zer(M + Q) & (x,v1, ...,V ) is a primal-dual solution of Problem [8
(15)
Further, since A and B;, ¢ = 1, ...,m are maximally monotone, M is maximally monotone,
too (see [0, Props. 20.22, 20.23]). On the other hand, @ is a monotone and [-Lipschitzian
(see, for instance, the proof of [I8, Theorem 3.1]).
For every (z,v1,...,vp,) € IC and every A > 0 we have (see [0, Proposition 23.16])

I (2,01, 0o, U) = (Jaa(x 4+ Az2), J)\B;1(v1 —AT1), sy I\t (U, — Arm))-
Set

Ly = (‘Tn7vl7n7 ...,’Umm) Vn € N and p, = (pl,n:pll,na '-'7p2,m,n) vn > 1.

In the light of the above considerations it follows that the iterative scheme in the
statement of Theorem [ can be equivalently written as

vn > 1 { Pn = J)\nM[mn - )\nQazn + al,n(mn - wn—l)]
- Tptl = Py + An(an - Qpn) + a2,n(mn - mn—l)a

10



which is nothing else than the algorithm stated in Theorem [l formulated for the operators
M and Q.

(a) Is a direct consequence of Theorem [a).

(b)(i) Is a direct consequence of Theorem [d(b) and (IH).

(b)(ii) Let n > 1 be fixed. From the definition of the resolvent we get

a1n

m
Tn _pl,n) - an - ZL:Ui,n +z+ \
n

i=1

1
)\_( (xn - xn—l) € Apl,n-

The update rule for x,, yields

1 n % (%)

_(pl,n - xn—i—l) + an + Z Lz (Ui,n - p2,i,n) + —m(xn - xn—l) = Cpl,n:
An — An

hence,
1 Ui a1 n, +a
* 17 27

—(Tn = Tnt1) = O Lipain+ 2+ ——"(xp — Tn_1) € (A+ C)p1p.
An prt An

Further, since z — > ", Li7; € (A+ C)T and A + C is uniformly monotone at T, there
exists an increasing function ¢4 ¢ : [0, +00) — [0, +o0] that vanishes only at 0, such that

_ 1 = . a1 + Qo SN
<p1,n -, )\_(xn — Tp+1) — ZLiPZi,n +z —1—%(:&1 —Tn-1) —| 2 — Z Liv;
i=1 n i=1

> oac(llprn — ),

1 LN
)\—<p1,n —T,Tp — Tpy1) + <p1,n -7z, E L (v; — p2,i,n)>
n i=1

a1 pn + aog

+ N,

(Prn =T, 20 — 2n1) > Pacllprn — Z|)- (16)

In a similar way, for ¢ = 1, ..., m, the definition of ps;,, yields

1 _ o1 _
— (Vi — p2in) + Lity — D7 M0 — 7+ (Vi — Vin-1) € B} 'p2in
An An
and from
1 _ 9 _
)\_(p2,i,n — Vipt1) + Lip1n — Lizn + D v + )\’n (Vin — Vin-1) = D; 'pain
n n
we further obtain
1 Qa1p + a2y -1 1
— (Vi = Vipt1) + Lip1p — 1i + ————(Vin — Vin—1) € (B, + D; " )p2,in-

An An

Moreover, since L;T—1; € (Bi—1 —|—DZ._1)@-, the monotonicity of Bi—1 +Di_1,z' =1,...,m,
yields the inequality
< 1 a1n + Ao n

— (Vi — Vipg1) + Lipip — 1 + 3
n

3 (Vi — Vin—1) — (LiT — i), p2,im — @> >0,
n

11



hence

m
+F— Z<U2n — Vin—1,P2,in — U;) > 0. (17)
i=1

Summing up the inequalities (I6) and (I7)) we obtain for all n > 1

1 . a1.g + Qo .
/\_<p1,n — T, Tp — xn+1> + %(pl,n — T, Tp — xn—l>
n n
1 & gt gy _
+—Y Win = Vint1,P2im — Vi) + ———"Y (Vin — Vin—1,P2in — Vi) (18)
A A
" =1 n i=1

> oac(llprn — 7).

It then follows from (a), (b)(i) and the boundedness of the sequences (¢ 5, )n>1, % = 1,2
and (A\p)p>1 that limy, 1o ¢4,c(||lp1,n —||) = 0, thus p1, — T as n — +oo. From (a) we
get that x, — T as n — +oc.

(b)(iii) In this case one can show that instead of (I8]) one has for all n > 1

1 _ a1+ 09 _
—p1n — T, Ty — Tpp1) + —— D1y — Ty Ty — Tpp—1)
An An
1 & a1n+a Uk
_ 1, 2, _
bW D (Vjn = Vi1 D2gn — Tj) + — D Win = Vin-1,P25m = T;) (19)
j=1 =L
> ¢p-1 p-1(l[p2in —Til])-

where ¢p-1 -1 1 [0,+00) — [0,400] is an increasing function that vanishes only at 0.
The same arguments as in (b)(ii) provide the desired conclusion. [

Remark 10 The case oy = o = 0, which enforces oy, = g, = 0 for all n > 1, shows
that error-free case of the forward-backward-forward algorithm considered in [I8, Theorem
3.1] is a particular case of the iterative scheme introduced in Theorem @ We refer to
Remark [0 for a discussion on how to choose the parameters A and ¢ in order to get
exactly the bounds from [18, Theorem 3.1].

4 Convex optimization problems

The aim of this section is to show how the inertial forward-backward-forward primal-dual
algorithm can be implemented when solving a primal-dual pair of convex optimization
problems.

For a function f : H — R, where R := RU{#00} is the extended real line, we denote by
dom f ={x € H: f(x) < o0} its effective domain and say that f is proper if dom f # ()
and f(x) # —oo for all x € H. We denote by I'(H) the family of proper, convex and lower
semi-continuous extended real-valued functions defined on H. Let f* : H — R, f*(u) =
sup,cy{(u, x) — f(z)} for all u € H, be the conjugate function of f. The subdifferential of
fatz e H, with f(z) € R, is the set Of (x) :={veH: f(y) > f(z)+ (v,y —z) Yy € H}.

12



We take by convention df(z) := 0, if f(z) € {£oo}. Notice that if f € I'(H), then
Of is a maximally monotone operator (see [24]) and it holds (9f)~! = df*. For two
proper functions f, g : H — R, we consider their infimal convolution, which is the function
fOg : H — R, defined by (fOg)(x) = infyen{f(y) + gz — y)}, for all x € H.

Let S C H be a nonempty set. The indicator function of S, g : H — R, is the function
which takes the value 0 on S and 400 otherwise. The subdifferential of the indicator
function is the normal cone of S, that is Ng(x) = {u € H : (u,y —x) < 0 Vy € S}, if
z € S and Ng(x) =0 for z ¢ S.

When f € T'(H) and v > 0, for every z € H we denote by prox.;(x) the prozimal
point of parameter v of f at x, which is the unique optimal solution of the optimization
problem

int {0+ 5l —alP}. (20)

Notice that J,5y = (Idy +70 L= prox,s, thus prox,; : H — H is a single-valued
operator fulfilling the extended Moreau’s decomposition formula

PrOX.  +7Y PIOX(q /) f* o*y‘l Idy =1dy . (21)

Let us also recall that a proper function f : H — R is said to be uniformly convez, if there
exists an increasing function ¢ : [0,+00) — [0,+00] which vanishes only at 0 and such
that f(tx + (1 —t)y) +t(1 —t)o(||lz —yl|) < tf(x) + (1 —t)f(y) for all z,y € dom f and
€ (0,1). In case this inequality holds for ¢ = (5/2)(-)?, where 8 > 0, then f is said to
be B-strongly convex. Let us mention that this property implies S-strong monotonicity of
Of (see [0, Example 22.3]) (more general, if f is uniformly convex, then Jf is uniformly

monotone, see [6, Example 22.3]).
Finally, we notice that for f = dg, where S C H is a nonempty convex and closed set,

it holds

Jons = JIng = Jass = (Idy +Ng) ™! = proxs, = Ps, (22)

where Pg : H — C denotes the projection operator on S (see [6, Example 23.3 and Example
23.4]).

We investigate the applicability of the algorithm introduced in Section [3in the context
of the solving of the following primal-dual pair of convex optimization problems.

Problem 11 Let H be a real Hilbert space, z € H, f € I'(H) and h : H — R a convex
and differentiable function with a p-Lipschitzian gradient for ;o > 0. Let m be a strictly
positive integer and for any i € {1,...,m} let G; be a real Hilbert space, ; € G;, g;,1; € T'(G;)
such that [; is v, 1—strongly convex for v; > 0 and L; : H — G, a nonzero linear continuous
operator. Consider the convex optimization problem

inf {f(w) + 3 (@O0 (L = 72) + h(2) — {x, z>} (23)

1=1

and its Fenchel-type dual problem

sup {_(f*Dh*) <Z—ZL;’<’U@'> Z (97 (vi) + 1 (v;) + <vi,ri>)}. (24)

v;€G;,1=1,.., i=1

13



Considering the maximal monotone operators
A=090f,C=Vh,B; =0g; and D; = 0l;, i = 1,...,m,

according to [6l Proposition 17.10, Theorem 18.15], DZ-_1 = VI is a monotone and v;-
Lipschitzian operator for ¢ = 1,...,m. The monotone inclusion problem (II]) reads

find T € H such that z € 9f(T) + Z L} ((0¢;00L)(LiT — 1)) + Vh(T), (25)
i=1

while the dual inclusion problem (I2]) reads
z =Y. L7t € 0f(x) + Vh(z)
v; € (0g;00L)(Lix — 1r5), i = 1,...,m.

(26)
If (Z,T1,..,Um) € HX G1 X ... X G, is a primal-dual solution to (25)-(26]), namely,

find 71 € G1,..., U € Gy, such that 3z € H : {

z =Y Liv; € 0f(T) + VA(T) and T; € (9g;00L) (L — 13), i =1,..,m,  (27)
=1

then T is an optimal solution of the problem (23)), (71,...,7,,) is an optimal solution of
[24)) and the optimal objective values of the two problems coincide. Notice that (27]) is
nothing else than the system of optimality conditions for the primal-dual pair of convex
optimization problems (23])-(24]).

In case a regularity condition is fulfilled, the optimality conditions (27]) are also neces-
sary. More precisely, if the primal problem (23]) has an optimal solution Z and a suitable
regularity condition is fulfilled, then there exists (vy,...,7,,) an optimal solution to (24))
such that (Z,7y,...,Ty,) satisfies the optimality conditions (27]).

For the readers convenience, we discuss some regularity conditions which are suitable
in this context. One of the weakest qualification conditions of interiority-type reads (see,
for instance, [I8, Proposition 4.3, Remark 4.4])

(r1yeeey ™) € sqri (ﬁ(domgi +doml;) — {(L1z,...; Lypyx) : x € domf}) . (28)
i=1

Here, for H a real Hilbert space and S C H a convex set, we denote by
sqri S = {z € § : Ux>oA(S — z) is a closed linear subspace of H}

its strong quasi-relative interior. Notice that we always have int S C sqriS (in general
this inclusion may be strict). If #H is finite-dimensional, then sqriS coincides with ri.S,
the relative interior of S, which is the interior of S with respect to its affine hull. The
condition (28)) is fulfilled, if: (i) for all i = 1,...,m, dom g; = G; or domh; = G;, or (ii) H
and G; are finite-dimensional spaces and there exists x € ridom f such that L,z —r; €
ridom g; + ridom;, i = 1,...,m (see [I8] Proposition 4.3]). For other regularity conditions
we refer the reader to consult [6HIL30].
The following statement is a particular instance of Theorem [0l
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Theorem 12 Suppose that the primal optimization problem [23) has an optimal solution
and the regularity condition 28) is fulfilled. Chose xo,x1 € H and vip,vi1 € G;, 1 =
1,...,m, and set

( Pin = prOX)\nf[xn - )\n(vf(xn) + Z?ll L:Ui,n - Z) + al,n(xn - xn—l)]
P2in = Proxy, g [Vin + An(Lin — VI (Vin) = 73) + a1, (Vi — Vin-1)];
1=1,...m
(Vn >1) Vins1 = ALi(Pin — 2n) + A(VI(vin) — VI (D2,in)) + P2,in
—i—ag,n(vi,n — Ui,n—1)7i =1,..m
Tn4+1 = )\n Z:il L: ('Ui,n - p2,i,n) + )\n(Vh($n) - Vh(pl,n)) + Pin
\ +a2,n(xn - xn—l)'

Consider \,o > 0 and aq > 0,a9 > 0 such that

1 [1—12a2 —9(a1 + ag) — 4o
1202 +9 40 <1 and A<\, < = 2 v
as +9(ar + ag) + 4o ana A < Ap < B\/12a§+8(a1—|—0z2)—|—40—|—2

where

B =max{p, v, ..., Vm} +

and for i = 1,2 the nondecreasing sequences (i pn)n>1 with a; 1 =0 and 0 < oy, < ; for
alln > 1. Then the following statements are true:

(a) 3 pen 1Tt — zn|? < 400, Yot 1 —pinl? < +o0 and, fori=1,..,m,
ZnEN ||Ui,n+1 - Ui,nHZ < 400 and anl Hvi,n - p2,i,nH2 < +00;

(b) There exists (T,V1,...,Um) € HX G1 X ... X Gy, satisfying the optimality conditions
7)), hence T is an optimal solution of the problem 23)), (1,...,Ty,) is an optimal
solution of ([24)) and the optimal objective values of the two problems coincide, such
that the following hold:

(i) T, =T, p1pn =T and, fori=1,...m, vip —T; and pa;, — U; as n — +00;
(i1) If f + h is uniformly convex, then x, — T and p1, — T as n — +00;

(1it) If gF + I is uniformly convex for some i € {1,..,m}, then v;,, — T; and
P2in — Ui as n — +00.

Remark 13 Suppose that the primal optimization problem (23]) is feasible, which means
that its optimal objective value is not identical +o00. The existence of optimal solutions
of (23] is guaranteed if for instance, f + h + (-, —z) is coercive (that is lim ;|0 (f +h +
(-,—2))(x) = 400) and for all i = 1.,,,.,m, g; is bounded from below. Indeed, under these
circumstances, the objective function of (23] is coercive (one can use [6, Corollary 11.16
and Proposition 12.14] to show that g;(l; is bounded from below and ¢;0Jl; € T'(G;) for
i =1,...,m) and the statement follows via [6l Corollary 11.15]. On the other hand, when
f + h is strongly convex, then the objective function of [23)) is strongly convex, too, thus
([23) has a unique optimal solution (see [6, Corollary 11.16]).
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Remark 14 Let us mention that for ¢ € {1,...,m} the function g + [} is uniformly
convex, if g + [7 is d;-strongly convex for 9; > 0. This is the case, for example, when
gF (or [¥) is d;-strongly convex or when g is ay-strongly convex and [} is f;-strongly
convex, where «;, 3; > 0 are such that o; + 5; > §;. Let us also notice that, according
to [6l Theorem 18.15], gF is a4-strongly convex if and only if g; is Fréchet-differentiable
and Vyg; is a; L_Lipschitzian.
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