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Abstract

We introduce a notion of variable quasi-Bregman monotone sequence which unifies the notion
of variable metric quasi-Fejér monotone sequences and that of Bregman monotone sequences.
The results are applied to analyze the asymptotic behavior of proximal iterations based on vari-
able Bregman distance and of algorithms for solving convex feasibility problems in reflexive real
Banach spaces.
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1 Introduction

The concept of Fejér monotonicity and its variants plays an important role in the convergence anal-
ysis of many fixed point and optimization algorithms in Hilbert spaces [[1, 5,7, 8] 11} [17]. A recent
development in this area is the extension of the notion of (quasi)-Fejér sequence to the case when
the underlying metric is allowed to vary over the iterations [9]. Since Fejér monotonicity is of limited
use outside of Hilbert spaces, the notion of Bregman monotonicity was introduced in [4] to provide
a unifying framework for the convergence analysis of various algorithms for solving nonlinear prob-
lems. The main objective of the present paper is to unify the work of [9] on variable metric Fejér
sequences and that of [4] on Bregman monotone sequences by introducing the notion of a variable
quasi-Bregman monotone sequence and by investigating its asymptotic properties. We apply these
results to a variable Bregman proximal point algorithm and to convex feasibility problems in Banach
spaces. Our paper revolves around the following definitions.

Definition 1.1 [3]/4] Let X be a reflexive real Banach space, let X* be the topological dual space of
X, let (-, -) be the duality pairing between X and X*, let f: X — ]—o00, +0o0] be a lower semicontinu-
ous convex function that is Gateaux differentiable on int domf # @, let f*: X* — |—o00,4+00] : z* —
sup,ex((x,2*) — f(x)) be conjugate of f, and let

Af : X = 2%z {a* e X" | (VyeX)(y—z,a")+ f(z) < f()}, (1.1)
be Moreau subdifferential of f. The Bregman distance associated with f is
D)X x X = [0, 4]
x) — —(z—y,V , if y € intdomf; (1.2)
(x,y)H{f( )= fly) =@ -y, Vf(y), ify f

+00, otherwise.

In addition, f is a Legendre function if it is essentially smooth in the sense that df is both locally
bounded and single-valued on its domain, and essentially strictly convex in the sense that 9f* is
locally bounded on its domain and f is strictly convex on every convex subset of domdf. Let
p: X — |—00,+0o0] be a lower semicontinuous convex function which is bounded from below and
dom ¢ Nint domf # @. The D/-proximal operator of ¢ is

prox£ : intdomf — dom ¢ N int domf
y — argmin o(z) + D7 (z,y). (1.3)
TEX
Let C be a closed convex subset of X’ such that C Nintdomf # @. The Bregman projector onto C'

induced by f is

PL: intdomf — C Nint domf

y > argmin Df(x, Y), (1.4)
zeC
and the D/-distance to C is the function
DL x - 0,400
C [ ] (1.5)

y — inf DY (C,y).



The paper is organized as follows. In Section [2] we introduce the notion of a variable quasi-
Bregman monotone sequence and investigate its asymptotic properties. Basic results on D/-proximal
operators are reviewed in Section [3l Applications to a variable Bregman proximal point algorithm
and to the convex feasibility problem are considered in Section [4l.

Notation and background. The norm of a Banach space is denoted by || - ||. The symbols —
and — represent respectively weak and strong convergence. The set of weak sequential clus-
ter points of a sequence (z,),cn is denoted by 20(z,)nen. Let M: X — 2%. The domain of
M is domM = {z € X | Mz # @}, the range of M is ranM = {ye X | (Jz € X) y € Mz},
the graph of M is graM = {(z,y) € X x X { y € Mz}, and the set of fixed points of M is
Fix M = {z € X | 2 € Mz}. A function f: X — ]—o0,+00] is coercive if limjy_ o0 f(2) = +00.
Denote by I'y(X) the class of all lower semicontinuous convex functions f: X — |—o0, +o0] such
that dom f = { € X | f(z) < +oo} # @. Let f € I'g(X). The set of global minimizers of a function
f is denoted by Argmin f. In addition, if f is Gateaux differentiable on int domf # & then

f: X — ]—o00, +00]

= f(x), ifx € intdomf; (1.6)
x
+o00, otherwise.

Finally, ¢} (N) is the set of all summable sequences in [0, +oc|.

2 Variable Bregman monotonicity

Definition 2.1 Let & be a reflexive real Banach space and let f € I'y(X) be Gateaux differentiable
on intdomf # &. Then

F(f) = {g € To(X) | g is Gateaux differentiable on dom g = int dom}. 2.1)
Moreover, if g; and g2 are in F(f), then

91792 < (Yozedomf)(Vy€intdomf) D% (z,y) > D%(x,y). (2.2)
For every a € [0, +o0], set

Palf)={9€T(f) | 9= af}. (2.3)

Remark 2.2 In Definition [2.1] suppose that X is a Hilbert space and let « € ]|0,+oc[. Then the
following hold:
(i) Suppose that f is Fréchet differentiable on X. Then || - ||?/2 € P,(f) if and only if V£ is

a~!-Lipschitz continuous.

(i) Let 8(X) be the space of self-adjoint bounded linear operators from X to X'. The Loewner
partial ordering on §(X) is defined by

(VUl S S(X))(VUQ S S(X)) Uy = Us = (V.%' < X) <.%',U1.%'> > <1‘,U21‘>. (24)



Set Po(X) = {U€8(X) | Uz ald}. Let U € 8§(X) and V € 8(X) be such that V 3= aU.
Suppose that f: . — (z,Ux)/2 and g:  — (z,Vx)/2. Then g € P,(f).

Proof. First, since f is Fréchet differentiable, 0f = V f [5, Proposition 17.26] and hence, by [5]
Corollary 16.241, (Vf)~t = (0f)~! = df*. Now, we have
I-117/2 € Pa(f) & (Vo € X)(Vy € X) |l —y|[*/2 > aD! (z,y)
& (Vo e X)(Vy e X) |z —yl?/(20) = f(z) = f(y) — (z — 4,V (y)
& (Yo € X)(Vy € X) f(z) < f(y) + (& =y, V(W) +llz = y[*/(2a). (2.5)

The assertion therefore follows by invoking [5, Theorem 18.15].

We observe that f and g are Gateaux differentiable on X with Vf = U and Vg = V.
Consequently,
(Vo e X)(Vy € X) DI(x,y) = (x,Vx)/2 = (y,Vy)/2 — (z —y, Vy)
=(x—y, Ve —Vy)/2
> a{x —y, Uz —Uy)/2
= an(:U, Y). (2.6)

a

Example 2.3 Let X’ be a reflexive real Banach space, let f € I'o(X') be Gateaux differentiable on
intdomf # &, let a € [0, +o0[, and let g € T'y(X') be Gateaux differentiable on dom g = int domf.
Suppose that and g — af is convex (which means that g is more convex than «f in the terminology
of J. J. Moreau [14]). Then g € P, (f).

Proof. We first note that dom h = intdomf. Since f and g are Gateaux differentiable on int dom f
by [15, Proposition 3.3], h = g — af is likewise. Furthermore,

(Vz € dom f)(Vy € intdomf) D9(x,y) — oD’ (x,y) = D"(z,y) > 0. 2.7)

The following definition brings together the notions of Bregman monotone sequences [4] and of
variable metric Fejér monotone sequences [9].

Definition 2.4 Let X’ be a reflexive real Banach space, let f € I'y(X) be Gateaux differentiable on
intdomf # @, let (fn)nen be in F(f), let (z,)neny € (intdomf)N, and let C C X be such that
CNdom f # @. Then (x,)nen is:

(i) quasi-Bregman monotone with respect to C' relative to (f,,)nen if

(3(Mn)nen € €L (N)) (Vo € C Ndom f)(I(en)nen € €1 (N))(Vn € N)
DI+t (2, 241) < (1 + 02) DI (2, 20) + 25 (2.8)



(ii) stationarily quasi-Bregman monotone with respect to C relative to (f,)nen if

(F(en)nen € 4 (N))(3(n)nen € €4 (N)) (Vo € C Ndom f)(Vn € N)
DIt (2,2 41) < (14 00) D7 (2, 2) + 0. (2.9)

Remark 2.5

(i) In Definition [2.4] suppose that (Vn € N) f,, = f and n,, = &, = 0. Then we recover the notion
of a Bregman monotone sequence defined in [4].

(i) In Definition 2.4} suppose that X is a Hilbert space, that f = || - |?/2, and that (Vn € N)
fn:x — (z,U,x)/2, where (U, )nen are operators in P, (X) for some « € [0,4o00[. Then we
recover [9, Definition 2.1] with ¢ = | - |2/2.

Here are some basic properties of quasi-Bregman monotone sequences.

Proposition 2.6 Let X’ be a reflexive real Banach space, let f € T'y(X') be Gateaux differentiable on
intdomf # @, let a € )0, +-00], let (f,)nen be in Po(f), let (x,)nen € (int domf)N, let C C X be such
that C Nnintdomf # @, and let x € C' Nintdomf. Suppose that (x,)nen is quasi-Bregman monotone
with respect to C relative to (f,,)nen. Then the following hold:

@ (D' (z,2,))nen converges.

(ii) Suppose that DY (z,-) is coercive. Then (x,)nen is bounded.

Proof. Let us set (Vn € N) &, = D/(x,z,,). Since (z,,)ney is quasi-Bregman monotone with
respect to C relative to (fy,)nen, there exist (n,)nen € €2 (N) and (g,)nen € ¢4 (N) such that

(Vn eN) &np1 < (14 n0)én + en. (2.10)

It therefore follows from [16, Lemma 2.2.2] that (&,),cn converges, i.e., (D" (x, x,))nen converges.
Since (fy)nen is in P, (f), we deduce that

(vneN) Df(z,z,) < o 'D/(z,z,). (2.11)

Therefore, since [@)] implies that (D7 (z, z,,))ney is bounded, (D (z,,))nen is bounded. In turn,
since D/ (z,-) is coercive, (2, )nen is bounded. [0

The following result concerns the weak convergence of quasi-Bregman monotone sequences.

Proposition 2.7 Let X be a reflexive real Banach space, let f € T'y(X') be Gateaux differentiable on
intdomf # @, let (z,)nen € (intdomf)N, let C C X be such that C Nintdomf # @, let (9, )nen €
(1 (N), let o € ]0, +00], and let (fn)nen in Po(f) be such that (Vn € N) (14n,) fr %= fnt1. Suppose that



(zn)nen is quasi-Bregman monotone with respect to C relative to (f)nen, that there exists g € F(f)
such that for every n € N, g = f,, and, for every x1 € X and every x5 € X,

T € Qn(xn)neN N C
XTo € QU(xn)neN nc = X1 = Z9. (2.12)

((x1 — 22, Vfu(2n))), o converges

Moreover, suppose that (Yx € int domf) D7 (x,-) is coercive. Then (z,,)nen converges weakly to a point
in C Nintdomf if and only if W(x,, )neny C C Nintdomf.

Proof. Necessity is clear. To show sufficiency, suppose that every weak sequential cluster point
of (xn)nen is in C' Nintdomf and let 27 and x5 be two such points. First, it follows from Proposi-

tion [2.6(7)] that

(DM (21,20)),,cy and  (D'"(z,2)), . are convergent. (2.13)
Next, let us define the following functions

¢: [0,1] = R: t — (21 — 22, Vg(wg + t(x1 — x2)) — Vg(x2)), (2.14)
and

(Vn€N) ¢n: [0,1] = R: t = (z1 — 32, V fr(z2 + t(z1 — 22)) — V fn(22)). (2.15)
Then

/O ' S(0)dt = g(z1) — g(xs) and (vn e N) /0 a0t = fal) — fua). 2.16)

For every n € N, since (1 + ) fn %= fnt1, for every ¢ € ]0,1]), we have

Pni1(t) = (w1 — 22,V fry1 (w2 + t(x1 — 22)) = V fry1(22))
=t Yzo +t(z1 — 22) — 22, V frp1(z2 + t(z1 — 22)) — V fry1(z2))
=t (DI (2 + t(21 — 22), 22) + DI (29, 20 + t(z) — 22)))
< (1+ nn)fl (Df" (:cz +t(xy — xg),xg) + DT (xg,acg +t(xy — acg)))
= (1 +n)t" Nao + t(x1 — 22) — 22, Vin(22 + t(z1 — 22)) — V fu(22))
= (1+nn){21 — 22,V fulw2 + t(z1 — 22)) = Vful(z2))
= (1 4+ nn)on(t). (2.17)

Consequently,
(Vn e N)(Vt €]0,1]) 0< dpt1(t) < (1 4+ nmn)Pn(t). (2.18)

It is clear that (2.18) is valid for ¢ = 0 since in this case, all terms are equal to 0. In turn, we deduce
from [[16, Lemma 2.2.2] that

(¢n)nen converges pointwise. (2.19)



On the other hand, for every n € N, since g = f,,, the same argument as above shows that
(Vt € [0,1]) 0< ¢n(t) < B(1). (2.20)
By invoking (2.19), (2.20), and Lebesgue’s dominated convergence theorem, we obtain that

1
< / bn (t)dt) converges, (2.21)
0

neN

which implies that
(fn(331) - fn(a:Q)) converges. (2.22)
neN
We also observe that
(Vn € N) DI~ (x1,xn) — Df"(xg,xn) = fo(z1) — fu(z2) — (21 — 22, V firr (1)), (2.23)
and hence, it follows from (2.13) and (2.22) that

((x1 =22,V ful(2n))), e CONVerges. (2.24)

In turn, (2.12) forces x; = z5. Since Proposition [2.6](iD)] asserts that (x,, ),y is bounded and since X
is reflexive, we conclude that z,, — z; € C Nintdomj.

Example 2.8 Let X’ be a reflexive real Banach space, let f € I'o(X') be Gateaux differentiable on
intdomf # @, let (fu)nen be in F(f), let (z,)nen € (intdomf)N, and let C C X. Suppose that
C Ndom f is a singleton. Then (2.12)) is satisfied.

Proof. Since (x,)nen € (int domf)N, W(x,)neny C dom f, and therefore, W(x,),en N C is at most a
singleton. [1

Example 2.9 Let X be a reflexive real Banach space, let f € T'o(X) be Gateaux differentiable on
intdomf # @, let (z,,)nen € (int domf)N, let C C int domf, and set (Vn € N) f,, = f. Suppose that
[ lint domy 18 strictly convex and that V f is weakly sequentially continuous. Then (2.12) is satisfied.

Proof. Suppose that z1 € 2(x,,),enNC and zo € W(zy,)nenNC are such that ((z1 — x2, V f(Tn) )Jnen
converges and 1 # xo. Take strictly increasing sequences (ky),en and (l,)nen in N such that
xp, — x and z;, — z5. Since V f is weakly sequentially continuous, by taking the limit in (2.12)
along subsequences (x, Jnen and (x;, Jnen, We get

<1‘1 — I, Vf(.%'l) - Vf($2)> =0 (2.25)
Since f|inedomy is strictly convex, V f is strictly monotone [19, Theorem 2.4.4(ii)], i.e.,
<1‘1 — X9, Vf(.%'l) — Vf($2)> > O, (2.26)

and we reach a contradiction. U



Example 2.10 Let X be a real Hilbert space, let f = ||-||?/2, let C C X, let (x,,),en be a sequence in
X, let a € ]0,+00], let U and (Uy, )nen be self-adjoint linear operators from X in A" such that U,, — U
pointwise, and set (Vn € N) f,, = (-,U,-)/2. Suppose that {-,U-) > a|| - ||*. Then (2.12) is satisfied.

Proof. It is easy to see that, for every n € N, f, is Gateaux differentiable on X with Vf, = U,.
Suppose that 1 € W (xy,)ney N C and zy € W(zy)nen N C are such that ((z1 — x2, V fr(Tn))nen
converges. Take strictly increasing sequences (ky)nen and (I,)nen in N such that z, — z; and
x;, — w2. We have

(21 — 29,V fio, (20,)) = (21 — w9, Up, ) = (Up a1 — Up g, g, ) — (Uy — Uz, ), (2.27)
and

(z1 — w9,V fy, (21,)) = (21 — @, Uppy, ) = (Usy — Uy, a1, ) — (Uzy — Uzg,32),  (2.28)
and hence, 0 = (Uzy — Uz, 21 — x2) > al|z1 — 22|?, and therefore, 21 = z,. [

The following condition will be used subsequently (see [4, Examples 4.10, 5.11, and 5.13] for
special cases).

Condition 2.11 [4, Condition 4.4] Let X be a reflexive real Banach space and let f € I'y(X) be
Gateaux differentiable on intdomf # @. For every bounded sequences (x,)nen and (yn)nen in
int domf,

Df(xn,yn) -0 = z,—yn—0. (2.29)

We now present a characterization of the strong convergence of stationarily quasi-Bregman
monotone sequences.

Proposition 2.12 Let X" be a reflexive real Banach space, let f € I'g(X) be a Legendre function, let
a €0, 400, let (fn)nen be in Po(f), let (v,)nen € (int domf)N, and let C be a closed convex subset
of X such that C Nintdomf # @. Suppose that (z,,)nen is stationarily quasi Bregman monotone with
respect to C relative to (f,)nen, that f satisfies Condition 211} and that (Vz € intdomf) D/ (x,-) is
coercive. In addition, suppose that there exists (3 € |0, +oc] such that (Vn € N) Bf = fn. Then (,)nen
converges strongly to a point in C' N dom f if and only if lim Dé(mn) =0.

Proof. To show the necessity, suppose that x,, — T € C'"dom f and take z € CNnintdomf. Since
Proposition 2.6(1)] states that (D' (x, 2,,))nen is bounded and since

(vneN) Df(z,z,) < D™ (z,x,), (2.30)
we deduce that (D/(x, z,,))nen is bounded. However, by [3, Lemma 7.3 (vii)],

(Vn e N) DI (Vf(zn),Vf(2)) = D! (z,2,). (2.31)



Therefore (Df"(Vf(2,), Vf(2)))nen is bounded. In turn, since D/ (-, Vf(x)) is coercive [3]
Lemma 7.3(v)], we get (V f(zy,))nen is bounded and hence (z — z,,, V f(z,)) — 0. Since

(Vn € N) Dl (x,) = inf DY(C,z,)

< inf D/(C' ndom f, z,,)

< DY (7, xp)

- f(f) - f(xn) - <f — Tn, Vf(l'n)>, (2-32)
we obtain

Since f is lower semicontinuous,

f(@) < lim f(2,) < Tim f(2y). (2.34)
Altogether, (2.33) and (2.34) yield
lim D/, (z,) — 0. (2.35)

We now show the sufficiency. First, since f is Legendre and C N intdomf # &, yields
P.:intdomf — C Nint dom . (2.36)
Next, we set

vn e N) o, = Dl(z, d ¢,= inf D™z, ). 2.37
(VneN) o &(zn) and ¢ xEClr?domf (x, ) ( )

Then lim ¢, = 0. For every n € N, since Bf %= fn = af, we obtain

(Ve € Cndom f) 0<aDf(x,x,) < D"(z,2,) < BD! (x,z,). (2.38)
In the above inequalities, after taking the infimum over z € C' N dom f, we get

(VneN) 0<ao, <G < Bon (2.39)
and therefore,

0 < alim g, < lim ¢, < Blim g, = 0. (2.40)

On the other hand, since (x,),cn is stationarily quasi Bregman monotone with respect to C relative
t0 (fn)nen, there exist (7, )nen € €4 (N) and (e, )nen € 1 (N) such that

(Vz € Cndom f)(Yn € N) D1 (z,2,41) < (14 1,) D7 (2, 2,) + ep. (2.41)
Taking the infimum in (2.41) over C' N dom f yields

(Vn eN) Gt < (14 0,)Cn + n. (2.42)



It therefore follows from [16, Lemma 2.2.2] that ((,),en converges, and thus, we deduce from
(2.40) that ¢,, — 0. Appealing to (2.39), we get 0, — 0, i.e.,

D’ (Péxn,xn) — 0. (2.43)

Now let x € C Nintdomyf. Then x € Fix Pg [4, Proposition 3.22(ii) (b)] and it follows from Propo-
sition 2.6@)] that (D' (z,z,,))nen is bounded, and hence, (D/ (x,2,,))nen is likewise. In turn, since
[4], Proposition 3.3(i) and Theorem 3.34] yield

(VneN) DY (z, Plz,) < Df (2, 2,), (2.44)
we deduce that (D/f(z, Péxn))neN is bounded, and hence, since D/(z, -) is coercive, we obtain that

(Pémn)neN e (int domf)" is bounded. (2.45)
Therefore, since f satisfies Condition 2,11} it follows from (2.43) that

Péacn —x, — 0. (2.46)

Since (2.36) entails that

(YneN) Plz, e Cnintdomf = Fix P}, (2.47)
we obtain
(Vn €N) 0<do(rn) = inf |l — ] < [P, — 2. (2.48)
S

Altogether, and (2.48) imply that
do(zn) — 0. (2.49)

Set 7 = [[,en(1 + 7). Then 7 < +o0 [12, Theorem 3.7.3]. By invoking (2.47) and [4, Proposi-
tion 3.3(i) and Theorem 3.34], we get

(Vn e N)(¥m € N) DI (Play, Plamin) < DY (Plan, Tomin)

a~ 1 Dfmin (Péxn, xm+n)

n+m—1
ot (Df" (Péxn,wn) + Z €k>

k=n

<rat (ﬁDf (Péxn, xn) + Z 6k>

k>n

=7ra ! (ﬁgn + Z 5k> . (2.50)

k>n

<
<

/N

After taking the limit as n — 400 and m — +o0 in (2.5Q), we obtain

D (PLayin, PLay) — 0, (2.51)

10



and thus yield
Playin — Pla, — 0. (2.52)
However,
(vn e N)(Ym € N)  ||Zmin—2n| < [ Zmin—Phtminl|+ | Phatmin — Plan ||+ || Phan — .. (2.53)
After taking the limit as n — +oo and m — +oo in then using and (2.52), we get
|Zntm — znl = 0. (2.54)

Thus, (z,)nen is a Cauchy sequence in X, and hence, there exists T € X such that x,, — =. By (2.49)
and the continuity of d¢ [5, Example 1.47], we obtain d(Z) = 0 and, since C' is closed, 7 € C.
Because (x,)nen is in int dom f, we conclude that 7 € dom f.

Remark 2.13 In Proposition 2.12] suppose that X is a Hilbert space, that f = || - ||2/2, and that
(Vn eN) fn: z— (x,U,x)/2, where (U, ),cn are operators in P, (X) such that sup, oy ||Un| < +o0.
Then we recover [9, Theorem 3.4] with ¢ = | - |?/2.

3 Bregman distance-based proximity operators
Many algorithms in optimization in a real Hilbert space H are based on Moreau’s proximity operator
[13] of a function ¢ € T'x(H)

prox,: H — H: x +— argmin (o + || - —z|*/2). (3.1)

Because the quadratic term in (3.1)) is difficult to manipulate in Banach spaces since its gradient is
nonlinear, alternative notions based on Bregman distances have been used (see [4] and the refer-
ences therein). This leads to the notion of D7-proximal operators. In this section, we investigate
some their basic properties.

Lemma 3.1 [4] Section 3] Let X be a reflexive real Banach space, let ¢ € I'g(X) be bounded from
below, and let f € T'y(X) be a Legendre function such that dom ¢ Nintdomf # &. Then the following
hold:

(D) prox£ is single-valued on its domain.
(ii) ran prox{fJ C dom proxé = intdomj.
(i) prox/ = (Vf+dp) ' o V.
(iv) Fixprox/ = Argmin N int domf.
(v) Let x € Argmin ¢ Nint domf, let y € intdomf, and let v = proxéy. Then

DY (z,v) + D' (v,y) < D' (x,y). (3.2)

11



The following result in an extension of [5, Proposition 23.30].

Proposition 3.2 Let m be a strictly positive integer, let (X;)1<i<m be reflexive real Banach spaces, and
let X be the vector product space le./'\,’i equipped with the norm = = (x;)1<i<m > /Dieq l|2il|%
For every i € {1,...,m}, let ¢; € T'o(&X;) be bounded from below and let f; € T'y(X;) be a Legendre
function such that dom ¢; Nintdomf; # @. Set f: X — |—o0,+0o0] : & — >, fi(x;) and p: X —
| =00, +00] : @ = Y " wi(x;). Then

(3.3)

1<is<m”

(Vw € Xintdom fi> prox/z = (prox/: z;)
i=1

Proof. First, we observe that X'* is the vector product space X:;Xi* equipped with the norm
¥ = () 1<icm — V/ 2iey ||z} Since, for every i € {1,...,m}, ¢; is bounded from below, so is .
Next, we derive from the definition of f that dom f = ledom fi and that

Of : & = 2% (zi)1<icm — _le(?fi(:ci). (3.4)
Thus, 0f is single-valued on

domdf = Z)E domdf; = i)gint domjf; = int (i%dom fi> = intdomj. (3.5)
Likewise, since

£ 20 5 oo, bod] : (e hciem = S (), (3.6

we deduce that 0f* is single-valued on domdf* = intdomf*. Consequently, [3, Theorems 5.4
and 5.6] assert that f is a Legendre function. In addition,

domp Nintdomf = < X dom <pi> N ( X int dornfi) = X (domg; Nintdomf;) # @.  (3.7)
i=1 i=1 i=1
Now Lemma [3.T] asserts that prox£ : intdomf — dom ¢ Nint domj. For the remainder of the proof,

let x € intdomf, set p = proxéx, and set ¢ = (proxﬁixi)lgigm. Since Lemma [3.1[(ii])| yields V f(x) —
Vf(p) € 9p(p), we deduce from (L) that

(Vz €domey) (z—p,Vf(z)—V[(p) +elp) <ez). (3.8)
Setting z = ¢ in yields

(g =p.Vf(x) = VIp)) +elp) < plq). (3.9)
For everyi € {1,...,m}, set ¢; = proxg;iixi. The same characterization as in yields

(Vi e {1,...,m})(Vz; e domy;) (2 — qi, VS i(zi) = VIi(q)) + vi(@:) < wi(z). (3.10)
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By summing these inequalities over i € {1,...,m}, we obtain

(Vz €domey) (z—q, Vf(z)—V[(g)+ela) <e(2) (3.11)
Upon setting z = p in (3.11), we get

(p—a,Vf(x) = V@) +ela) <o) (3.12)
Adding and vields

(p—a.Vfp)—Vig) <0 (3.13)

Suppose that p # ¢. Since f is essentially strictly convex, f is strictly convex on every convex subset
of domdf. In particular, since intdomf C domdf, flincdoms is strictly convex. Hence, by [19,
Theorem 2.4.4(ii)], V f is strictly monotone, i.e.,

(p—q,Vf(p) = Vi) >0, (3.14)
and we reach a contradiction. Consequently, p = ¢ which proves the claim. 0

Let us note that, even in Euclidean spaces, it may be easier to evaluate proxé than Moreau’s usual
proximity operator prox,,, which is based on f = || - |2 /2. We provide illustrations of such instances
in the standard Euclidean space R™.

Example 3.3 Let v € ]0,+o0[, let ¢ € I'o(R) be such that dom¢ N ]0,+oo[ # &, and let ¥ be
Boltzmann-Shannon entropy, i.e.,

§Ing—¢, if £€]0,+o0[;
P:E— <0, if £€=0; (3.15)
~+o00, otherwise.

Set ¢: (&)icicm — Yoimy ¢(&) and f: (&) 1<i<cm — Doieq 9(&). Note that f is a Legendre function
[2, Theorem 5.12 and Example 6.5] and hence, Lemma[3.T] asserts that dom prox% =10, +oo[™. Let

(&)1<i<cm €10, +00[™, set () 1<i<m = prox,f;@(&)lgigm, let W be the Lambert function [10], i.e., the
inverse of ¢ — &e® on [0, +oo[, and let i € {1,...,m}. Then »; can be computed as follows.

(i) Let w € R and suppose that

Iné —wg, if £€]0,+o0[;
p: &= <0, if £=0; (3.16)
00, otherwise.

Then 7; = §§°J—1)/(7+1).

(ii) Let p € [1,+oo] and suppose that either ¢ = | - |P/p or

¢§H{8m,ﬁﬁem+wh

. 3.17)
+o00, otherwise.
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p—1
) , if p el +oo[;

W (y(p — )P
n; =

v(p—1) (3.18)
Sie 7, if p=1.
(iii) Let p € [1,+oco[ and suppose that
dﬂ@ﬁ{§Wn if € €0, +oof; (3.19)
400,  otherwise.
Then
Wy +1)g7" w1
.= i : 3.20
! < Y(p+1) (3.20)
(iv) Let p € |0, 1] and suppose that
. {—sp/p, if € € [0, +oof; G321)
00, otherwise.
Then
p—1 Til
(1 —p)

Example 3.4 Let ¢ € I'y(R) be such that dom ¢ N ]0, 1] # @ and let ¥ be Fermi-Dirac entropy, i.e.,

fng—(1-&)n(l-¢), if £€]0,1[;
9:€E—1<0 if £€{0,1}; (3.23)
+00, otherwise.
Set v: (&)i<icm — Doy ¢(&) and f: (&) i<i<m — >oieq 9(&). Note that f is a Legendre function
[2, Theorem 5.12 and Example 6.5] and hence, Lemma [3.1] asserts that dom proxé =10,1[™. Let

(&)1<i<m €10, 1[™, set (n;)1<i<m = prOXé(gi)lgigm, and leti € {1,...,m}. Then n; can be computed
as follows.

(i) Let w € R and suppose that

Ing —wg, if £€]0,+oof;
¢: € <0, if £€=0; (3.24)
+o00, otherwise.

Then 7; = ¥ (2 — 2&) (=& + 4/ 4& — 3€2).
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(ii) Suppose that
(1=¢m@A-¢§+¢ if §e]—oo,1[;
p: & 41 if €=1; (3.25)
+o00, otherwise.

Then ;= 1/2 + &1 /2 — /&2 /4 + & /2 - 3/4.
Example 3.5 Let ¢ € T'y(R) be such that dom ¢ N ]0, + 00| # @ and let ¥ be Burg entropy, i.e.,
it {—mg, if £ €0, +00l;

3.26
+o00,  otherwise. ( )

Set v: (&)i<icm — Doy ¢(&) and f: (&) i<i<m — >oieq 9(&). Note that f is a Legendre function
[2, Theorem 5.12 and Example 6.5] and hence, Lemma [3.1] asserts that dom prox{fJ = 10, +oo[™.

Let (&)1<i<m € |0, +00[™, set (n;)1<i<cm = prOXé(éZ')lgigm, and let ; € {1,...,m}. Then n; can be
computed as follows.

(i) Let vy €]0,4o00[ and suppose that ¢ = ). Then n; = (1 + 7)¢&;.

(ii) Let (vy,«a) € [0, +oo[2, let w € R, and suppose that

—~1 -1 if .
¢3§'_>{ YngtwE+ag Tl if €0, +ool; (3.27)
~+o00, otherwise.
Then n; = (2 + 2w&) (v + D& + /(v + 1)2E + 4a&i(1 + w§;)).
(iii) Let (7, ) € [0, +oo[% let p € [1, +o0], and suppose that
—~1 P if .
¢:£H{ ngtagh if € €0, +ool; (3.28)
+00, otherwise.
Then 7; is the strictly positive solution of pa&nP + p = (y + 1)&;.
(iv) Let o € [0, +o0], let p € [1, +o00], and suppose that
P if 0 ;
b s {a§ R (3.29)
400, otherwise.
Then 5, is the strictly positive solution of pnP*! — &nP = apé;.
Example 3.6 Let f: (&)i<i<m — »roq (&), where ¢ is Hellinger-like function, i.e.,
—J/1-¢, if ~1,1];
19:{!—){ & 1 gel=L1; (3.30)
~+o00, otherwise,

let v € 0,400, and let ¢ = f. Note that f is a Legendre function [2, Theorem 5.12 and Exam-
ple 6.5] and hence, Lemma [3.T] asserts that dom prox,f;p =]-1,1[". Let (&)1<i<m € ]—1,1[" and set

(mi)1<i<m = Proxf,,(&)1<i<m- Then (Vi€ {1,...,m}) n; = &/\/(’Y +1)2+ (v + 27 + 2)€7.
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4 Applications

4.1 Variable Bregman proximal point algorithm

The convex minimization problem, i.e., the problem of minimizing a convex function, can be solved
by proximal point algorithm (see [5, [9] for Hilbertian setting and [4] for Banach space setting). In
this section, we develop a proximal point algorithm which employs different Bregman distances at
each iteration. This provides a unified framework for existing proximal point algorithms.

Theorem 4.1 Let X be a reflexive real Banach space, let ¢ € I'g(X), let f € T'o(X) be a Legendre
function such that Argmin ¢ N int domf # @, let (n,)nen € €4 (N), let a € )0, +oc[, and let ( f,)nen be
Legendre functions in P, (f) such that

(VTL € N) (1 + nn)fn = fn+1- (41)
Let ¢y € int domf, let (v, )nen € ]0, —|—c>o[N be such that v = inf,en 7y, > 0, and iterate
(VneN) x4 = proxf;z@:cn. 4.2)

Then the following hold:

(1) (2n)nen is stationarily Bregman monotone with respect to Argmin ¢ relative to (fy,)nen:-
(i) (zp)nen is a minimizing sequence of .
(iii) Suppose that, for every x € int domf, Df(x,-) is coercive, and that one of the following holds:

(a) Argmin p Ndom f is a singleton.
(b) Either Argmin ¢ C int domjf or dom f* is open and V f* is weakly sequentially continuous,

there exists g € F(f) such that, for every n € N, g = f,, and, for every 1 € X and every
To € X,

T1 € §zI](xn)neN
x9 € W(Tp)neN = I =T 4.3)
((z1 — 2, an(:cn)>)n€N converges

Then there exists T € Argmin ¢ such that x, — T.

(iv) Suppose that that f satisfies Condition 211l and that (Vx € intdomf) D/ (x,-) is coercive. Fur-
thermore, assume that lim D/ () = 0 and that there exists § € |0, 4+oc[ such that (Vn € N)

Argmin ¢
Bf = fn. Then there exists T € Argmin ¢ such that x,, — 7.

Proof. First, for every n € N, since @ # Argminy N intdomf C dom¢ Nintdomf = domy N
int dom f,,, Lemma [3.1] asserts that

prox& ot Nt domf, — dom d¢ N int domf, 4.4)
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is well-defined and single-valued. Note that zy € int domf. Suppose that z,, € int domf for some
n € N. Then z,, € intdomf,, and hence, we deduce from (4.4) that x,,; € domdp Nintdomf, C
int domf. By reasoning by induction, we conclude that

(Zn)nen € (int dornf)N is well-defined. 4.5)

[(D] We first derive from (4.2) and Lemma 3.7[(ii1)] that
(Vn €N)  Vin(zn) = Via(Tni1) € 1n0p(Tni1). (4.6)
Next, by invoking (I.I) and (4.6), we get
(Vz € dompndom f)(Vn € N) 7,z — zpi1, Vn(zn) — Vin(@ni1)) + 0(2n11) < (). (4.7)

It therefore follows from [3| Proposition 2.3(ii)] that

(Vz € dom ¢ Ndom f)(Vn € N) ’y;l(Df" (2, Zns1) + DI (241, 2,) — DI (z,2n))
+ o(Tnt1) < @(z), (4.8)

and, in particular,

(Vz € Argminp Ndom f)(Vn € N) D' (z,2,41) < D™ (z,2,) — D" (2py1, 20). 4.9)
Since yields

(Vz € Argmin p Ndom f)(Vn € N)  D/v1(z, 2,11) < (1 +n,) D" (@, 20 11), (4.10)
it follows from that

(Va € Argmin p Ndom f)(Vn € N)  D/m+1(z, 2,.1) < (1 +n,) D" (2, z,)

— (L4 ) DI (241, 20). (411)

In particular,

(Vz € Argmin p Ndom f)(Vn € N) DI+ (z, 2,,1) < (14 np) D" (2, z,,). (4.12)

This shows that (x,),cn is stationarily Bregman monotone with respect to Argmin ¢ relative to

(f n)neN-
Let z € Argmin p N int domf. It follows from [(i)] and Proposition [2.6(1)] that

(Df” (m, xn))neN converges (4.13)
and, since (4.11) yields
(V¥n € N) D/n (Tn+1,20) < (1+ Un)Df" (Tnt1,Tn)
<

(14 n,) DI (2, 2,) — DI+ (2, 2041, (4.14)
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we deduce that
DI (241, 2,) = 0. (4.15)

On the other hand, since (f,)nen is in P, (f), we obtain

(vneN) aD/(zpi1,20) < D (201, 2,). (4.16)
Altogether, (4.15) and yield
Df(ﬂjn+1, Zn) — 0. 4.17)

We also deduce from (4.8) that

(VTL S N) QO(xn—I—l) < ’Y;l (Dfn (.%'n, xn-i-l) + Df" (xn+17 xn)) + “P(xn-i-l) < (,O(.%'n) (4.18)

This shows that (¢(z,))nen is decreasing, and hence, since it is bounded from below by inf p(X), it
converges. We now derive from (4.8) and (4.10) that

1 1
(Vn € N) —< DIt (g, w2y 1) + DI (g1, 2n) — DI (x,xn)> + o(Tn41)
Y\1+mm
< = [ =D (@, 2011) + DI (a1, 30) = DF(2,20) | + pleatn)
T\ 1+ M ’ ’ ’
< (). (4.19)
Hence, by using (4.13) and (4.15) after letting n — +oc in (4.19), we get
inf (&) < limp(x,) < p(z) = inf p(X). (4.20)

In turn, ¢(x,) — inf p(X), i.e., (z,)nen is therefore a minimizing sequence of .

We show actually that 23(x,,),eny C Argminp. To this end, suppose that = € (z,,)nen,
i.e., xy, — . Since ¢ is lower semicontinuous and convex, it is weakly lower semicontinuous [19}
Theorem 2.2.1], and hence,

inf p(&X) < p(z) < limp(zy,) = inf p(X). (4.21)
In turn, ¢(x) = inf p(X), i.e., x € Argmin .

(i) (a)t Since X is reflexive, we derive from [(i)] and Proposition 2.6(iD)] that 2(z;,)nen # @. Let
us fix T € W(xy,)nen. Since (4.5) yields W (xy, )neny C Argmin e Ndom f, we get W (xy, )neny = {T}.
In turn, z,, — =.

[(iii) (b)k We shall show that 2J(x,,)nen C int domf. To this end, let T € 2 (x )nen, i€., T, — 7.
If Argminy C intdomf then T € Argminy C intdomf. Now suppose that dom f* is open and
V f* is weakly sequentially continuous. Let z € Argmin¢ N intdomf. Then Vf(z) € intdomf*
[38, Theorem 5.9] and it follows from [3, Lemma 7.3(v)] that Df*(-,Vf(:c)) is coercive. Since
(D (x, 21, ))nen is bounded and since [3, Lemma 7.3(vii)] asserts that

(vneN) DI (Vf(xp,), Vf(z)) =D (z,z,), (4.22)
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we deduce that (V f(z,))nen is bounded. Take ¥ € X* and a strictly increasing sequence (p,, )neN
in N such that V f(z,, ) — Z*. Since [3, Lemma 7.3(ii)] states that D" (-, V f(z)) is a proper lower
semicontinuous convex function, we derive from (4.22) that

DI (@, Vf(x)) < lm D' (Vf(xy,, ), V(2)) < lim DY (2,2, < +oc, (4.23)

which shows that 7* € dom f* = intdomf* and thus, by [3, Theorem 5.10], there exists T; €
int domf such that z* = V f(7;). Since V f* is weakly sequentially continuous, we get

Tz, =V (Vf(xy,) — V@) =1 (4.24)
In turn, ¥ = 7; € intdomf. Finally, the claim follows from Proposition 2.7

Since ¢ € T'y(&X), Argmin ¢ is convex and closed, and the assertion therefore follows from
Proposition 2.12] [

Remark 4.2 In Theorem[4.1] suppose that (Vn € N) f,, = f, v, = 7, and 7, = 0. Then reduces
to the Bregman proximal iterations [4]

(VneN) x4 = prox/ (4.25)

YL

4.2 An application to the convex feasibility problem

In this section, we apply the asymptotic analysis of variable Bregman monotone sequences to study
the convex feasibility problem, i.e., the generic problem of finding a point in the intersection of a
family of closed convex sets. We first recall the following results.

Lemma 4.3 [4, Definition 3.1 and Proposition 3.3] Let X be a reflexive real Banach space, let [ €
I'o(X) be Gateaux differentiable on int domf # &, set

(V(z,y) € (intdomf)?) H'(z,y)={z€ X | (2 =y, V(x) - Vf(y)) <0}
={zeXx|D/(zy)+ D/ (y,2) <D/ (2,2)} (4.26)

and

B(f) = {T: X — 2% |ranT C dom T = int dom f

and (¥(z,y) € graT) FixT ¢ HY (x,y)}. (4.27)

Let T € B(f) be such that FixT # @. Suppose that f|intdoms is strictly convex. Then the following
hold:

(i) FixT is convex.

(ii) (Vz € FixT)(V(y,v) € graT) Df(x,v) + D' (v,y) < D¥(z,y).
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The class of operators %8 includes types of fundamental operators in Bregman optimization (see
[4] for more discussions). We illustrate our result in Section[2]through an application to the problem
of finding a common point of a family of closed convex subsets with nonempty intersection.

Theorem 4.4 Let X be a reflexive real Banach space, let I be a totally ordered at most countable index
set, let (C;);er be a family of closed convex subsets of X' such that C' = (,c; C; # @, let f € I'g(X)
be Gdteaux differentiable on int domf # @, let (n,)nen € €1 (N), let o € |0, +oo[, and let (fy)nen be
Legendre functions in P, (f) such that

(Yn € N) (1 +n0)fn = foy1- (4.28)
Leti: N — I be such that

(Vj € I)(AM; € N\{0})(Vn € N) j e {i(n),...,i(n+M; —1)}. (4.29)
For every i € I, let (T; 5, )nen be a sequence of operators such that

(YvneN) T, €B(f.), C;NFixT;,#, and C;CFixT,,. (4.30)
Let xo € intdomf and iterate

(VneN) x4 € Ti(n),nTn- (4.31)

Suppose that f satisfies Condition 2. 11]and that (Vx € intdomf) D/ (x,-) is coercive. Then there exists
T € C such that the following hold:

(i) Suppose that there exists g € F(f) that, for every n € N, g = f,, and, for every 1 € X and every
X9 € X,

HATES QU(:Un)nEN nc
T2 € QU(:Un)nEN nc = I = T2, (4.32)

((z1 — 2, an(mn)>)neN converges

and that, for every strictly increasing sequence (l,)nen in N, every x € X, and every j € I,

r, — X

n

€T,
Yin J’l"xlno = 1€0; (4.33)
Y, — T, —

(Vn €N) j = (i)
In addition, assume that 20(z,,)nen C intdomf. Then x,, — T.

(ii) Suppose that f is Legendre, that h_mDé(:cn) = 0, and that there exists § € |0, +oo]| such that
(Vn € N) Bf = fn. Then z, — .
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Proof. For every n € N and every i € I, we observe thatranT; ,, C dom7;, = intdomf, = intdomf.
Hence, it follows from (4.30) and (4.31) that (z,,),cn is @ well-define sequence in int dom f. We now
derive from (4.26), (4.30), and (4.37) that

(Vz € Cndom f)(Vn € N) DI (x,2,11) + D" (211, 2,) < D™ (2, 2,,). (4.34)
Since yields
(Vz € Cndom f)(Vn e N) DI+ (2, 2p41) < (14 02) DI (2, 241, (4.35)
we deduce that
(Vz € Cndom f)(Vn € N) DI+ (z,2,,1) < (149,) DI (2, 20) — (1 +1,) DI (@051, 2,). (4.36)
In particular,
(Vz € Cndom f)(Vn e N) D1 (2, 2,41) < (14 n,) DI (2, 2,), (4.37)

which shows that (x,,),en is stationarily Bregman monotone with respect to C relative to ( f,,)nen- In
addition, we derive from (4.30) that (Vi € {1,...,m}) C;Nintdomf # @. Hence, CNintdomf # &.

[(DF In view of Proposition it suffices to show that 20(z,,),eny € C'Nintdomf. To this end, let
T € W(n)nen, let (k,)nen be a strictly increasing sequence in N such that 2, — 7, let j € I, and
let z € C Nintdomf. By (4.29), there exists a strictly increasing sequence (l,,),¢n in N such that

knglngkn+Mj_1<kn+1<ln+la

(4.38)
j = l(ln)

(Vn € N) {

Since D/ (x, -) is coercive, it follows from Proposition[2.6that (z,, )e is bounded and (D77 (2,11, %) )nen
converges. In turn, since yields

(Vn € N) D/n (Tn+1,20) < (1+ Un)Dfn (Tnt1,Tn)

< (14 n,) DI (2, 2p) — DI+t (2, 2ps1), (4.39)
we deduce that
DI~ (Tpt1,2n) — 0. (4.40)
However, since
(Vn e N) aD! (zpi1,20) < DM (2p41, x), (4.41)
it follows from (4.40) that
DY (2py1, ) = 0 (4.42)

and hence, since f satisfies Condition 2. 1T}

Tpt1 — Ty — 0. (4.43)
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Altogether, (4.38) and (4.43) imply that

Ko+ M —2
e, =il <X Mower —wal S QG -1),  max e -zl 20, (4449
m=kn
and therefore
x;,, — X. (4.45)

Now let (Vn € N) y;, € T}, x1,. We deduce from (4.38) and (4.43) that
yi,, — x1, — 0. (4.46)

By invoking successively (4.33), (4.45), and (4.4€), we get T € C}, and hence, T € C. Consequently,
W(zp)neny € C Nintdomf.

Since C is closed, the assertion follows from Proposition [Z.12] [

Remark 4.5

(i) In Theorem &4} suppose that (vVn € N) f,, = f and 5, = 0. Then we recover the framework of
[4, Section 4.2].

(ii) In Theorem 4.4} suppose that X is a Hilbert space, that f = | - ||?/2, and that (vn € N)
fn: x— (x,Uyx)/2, where (U, )nen are operators in P, (X') such that sup,,cy [|Uy || < +00 and
(Vn € N) (1 4+ n,)Uy, = Un+1. Then we recover the version of [9, Theorem 5.1(i) and (iii)]
without errors and (Vn € N) A\, = 1.

Our last result concerns a periodic projection method that uses different Bregman distances at
each iteration.

Corollary 4.6 Let X be a reflexive real Banach space, let m be a strictly positive integer; let (C;)1<i<m
be a family of closed convex subsets of X such that C = (", C; # @, let f € T'o(X) be Gateaux
differentiable on int dom f such that C Nintdomf # &, let (n,)nen € ¢ (N), let a € ]0, +oo[, and let
(fn)nen be Legendre functions in P, (f) such that

(Vn € N) (1 4+n0)fn = froy1- (4.47)

Let xo € intdomf and iterate

(Vn €N) zp4q = Plr s (4.48)

€T
Cl+rem(n,m)

where rem(-, m) is the remainder of the division by m. Suppose that f satisfies Condition[2.11]and that
(Vx € intdomf) D/ (z,") is coercive. Then there exists T € C such that the following hold:
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(i) Suppose that there exists g € F(f) such that, for every n € N, g = f,, and, for every x1 € X and
every xo € X,

xr1 € Qﬂ(l’n)neN nc
X9 € Qﬂ(xn)neN nc = X1 = T9. (4.49)

(@1 — a2, an(:cn)>)n€N converges
In addition, suppose that 20(x,,)nen C intdomf. Then x,, — T.

(ii) Suppose that f is Legendre, that li_mDé(xn) = 0, and that there exists € |0, +oo] such that
(Vn € N) Bf 3= fn. Then z,, — T.

Proof. First, we see that the function i: N — {1,...,m}: n — 1+ rem(n, m) satisfies (4.29), where
(Vj e {1,...,m}) M; = m. Now set

(Vie{l,....m})(Yn€N) Ty, =Pl (4.50)
Then, by [4, Theorem 3.34], for every n € N and every i € {1,...,m}, we have
Tin € B(f,) and C;Ndom fNFixT;, =C;Nintdomf D C Nintdomf # &. (4.51)

In addition, it follows from [4, Lemma 3.2] that

(Vn e N)(Vi € {1,...,m}) C;ndom f = C;Nintdomf = C; Nintdomf, = FixT},. (4.52)

Therefore, (4.48) is a particular case of (4.31). We shall actually apply Proposition [4.4] with the
family (Cz N dom f)lgigm.

[k Let us fix j € {1,...,m} and suppose that

x, = x, Tj,x, —x,—0, and (VneN) j=i(,). (4.53)

Then C; > Pglj"mln =Tj,,7, — =, and hence, x € C; since C; is weakly closed [18, Corollary 4.5].

Moreover, since (2, )nen is in int domf, € dom f and hence x € C;Nndom f. This shows that (4.33)
is satisfied. Consequently, the assertion follows from Proposition [4.4](i)]

We have

(Vn € N) inf  Df(z,2,) < inf  Df(x,x,) = DL(x,), (4.54)
zeCndom f zeCndom f

and hence, lim D = 0. The claim therefore follows from Proposition [4.4](ii)] [

cridom f (%)
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