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JACOBI METHOD FOR SYMMETRIC 4 x4 MATRICES CONVERGES FOR
EVERY CYCLIC PIVOT STRATEGY

ERNA BEGOVIC KOVAC AND VJERAN HARI

ABSTRACT. The paper studies the global convergence of the Jacobi method for symmetric ma-
trices of size 4. We prove global convergence for all 720 cyclic pivot strategies. Precisely, we show
that inequality S(A**3) < 4S(AM), t > 1, holds with the constant v < 1 that depends neither
on the matrix A nor on the pivot strategy. Here A" stands for the matrix obtained from A after
t full cycles of the Jacobi method and S(A) is the off-diagonal norm of A. We show why three
consecutive cycles have to be considered. The result has a direct application on the J-Jacobi
method.

1. INTRODUCTION

This paper considers the global convergence of the Jacobi method and is a continuation of
the work from [2] [7]. It answers the question whether all cyclic Jacobi methods are convergent,
at least for the case n = 4. Furthermore, the result implies that any cyclic J-Jacobi method
(see [15, [9]) for solving the generalized eigenvalue problem Ax = AJz is globally convergent for
n = 4. The global convergence of the cyclic Jacobi methods for symmetric matrices has been
considered in [4] 5 10, 3], 14} 11] and lately in [T 2 [6 [7]. These latest results have sufficiently
enlarged the class of “convergent” strategies to make the general proof in the case n = 4 possible.

Our results have a direct application on the corresponding block Jacobi methods with 2 x 2
blocks. In that case pivot submatrices are 4 x 4 matrices. In order to have a convergent block
method we need a convergent core algorithm. Common approach in each block step of the block
Jacobi method is to use the spectral decomposition of the pivot submatrix. This paper shows
that, in the case of the blocks of size 2, one can use the Jacobi algorithm with an arbitrary cyclic
pivot strategy as the core algorithm. This choice of the core algorithm is natural because of the
quadratic convergence and high relative accuracy of the Jacobi algorithm. In addition, it ensures
the global convergence of the block Jacobi method (see [7], Theroem 2.10(ii)).

The eigenvalue problems for symmetric and J-symmetric matrices of size 4 can be solved
directly, by forming the quartic characteristic polynomial and using Cardano’s rootfinding for-
mulas. However, efficiency and stability of such approach can be questioned, since there are fast
and stable algorithms based on Jacobi and J-Jacobi methods. Especially in the context of block
Jacobi methods with 2 x 2 blocks when the pivot submatrices are of size 4 and most of the time
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they are nearly diagonal. On such matrices Jacobi methods are very efficient (just few sweeps
are needed) and highly accurate [12].
Jacobi method for symmetric matrices is an iterative process of the form

AWD = REAWRy, k>0,  A®=4=A4T (1.1)

where Ry, = R(i(k),j(k),dr), k > 0, are plane rotations. Here R(p,q, ), p < g, stands for the
rotation in the (p,q) plane, whose (p, ¢)-element is equal to —sint. The goal of the k-th step
is to reduce the off-diagonal norm of the current matrix A®). The off-diagonal norm, or shortly
off-norm, of a symmetric n x n matrix X = (z,,) is defined by

5() = 21X — ding(X) | -

where || X || denotes the Frobenius norm of X. The rotation angle ¢y is defined by

(k)
2ai» e
tan(2¢k) = 7(16) J (k)’ _Z

v
§¢k§ Zy k‘ZOa
Qi — Gy

and this choice results in the annihilation of the pivot element al(-;?) of A®_ Throughout this
paper it is presumed that the Jacobi method is defined by the rotation angles from the interval
[—%> %] The pair (4,7), i < j, depending on k, is called pivot pair. Hence i = i(k), j = j(k), and
letters ¢ and j will be reserved for pivot indices. A method is said to be globally convergent if,
for any initial A, the sequence of matrices (A, k > 0) generated by the iterative process (ILI)
converges to some diagonal matrix.

The diagonal elements of the iteration A(*) generated by the Jacobi method always con-
verge [I1]. Hence, a method is globally convergent if and only if the sequence of the off-norms
(S(A®) k> 0) converges to zero for any initial A. This sequence is nonincreasing because

52(A(k+1)) _ Sz(A(k)) _ (al(;?))2’ k> 0.
Therefore, it is sufficient to find a subsequence of (S(A®)),k > 0) that converges to zero. In
particular, it is sufficient to prove that
S(AINY <3 G(AN)  t>p N = "("2;1)"
holds for every cyclic strategy and every initial A, with 7,9 € N and the constant v < 1,
that depends neither on A nor on the pivot strategy. In the case n = 4, we shall prove that
relation (L2) holds with 7 =3, to = 1 and vy = 1 — 1075.

For a symmetric 4 x 4 matrix there are altogether 720 cyclic pivot strategies. The convergence
properties of the Jacobi method greatly vary for different pivot strategies [2]. Say, for some parallel
strategies from Section 3.3 and some initial symmetric matrices, the quotient S(AN))/S(A) can
be arbitrary close to 1 [2, Proposition 5.2], and in the second cycle that quotient can be as small
as 10726 [2 Example 5.1]. Hence, for convergence considerations one has to take into account
more than one cycle.

The paper is divided into 5 sections. In Section 2l we present a brief theory of pivot strategies
and pivot orderings. The main result of the paper is formulated in Theorem [Bl In Section [l
different classes of cyclic pivot strategies are analyzed. Specifically, the generalized serial pivot
strategies from [T}, [7] are studied in Subsections B.I] and B:2] and the parallel strategies from [I} 2]

(1.2)



JACOBI METHOD FOR SYMMETRIC 4 x 4 MATRICES 3

in Subsection 3.3l In Section Ml the proof of the main theorem is presented. Finally, in Section
we show how the new results can be applied to the J-Jacobi method.
Most of the results presented here are a part of the unpublished thesis [IJ.

2. CYCLIC PIVOT STRATEGIES AND PIVOT ORDERINGS

In the k-th step of the Jacobi method, the pivot pair (i(k),j(k)) is selected and the pivot
element al(-;?) of A®) is annihilated. The rule for choosing the pivot pairs is called the pivot

strategy. Pivot strategy can be identified with a function I : Ny — P,,, where Ny = {0,1,2,3,...},
P, = {(rs) ! 1 <r < s <n}, and n is the size of the matrix. If there is T € N such that

I(k+T)=1I(k), k>0, then I is periodic with period T. In addition, if T'= N = % and
{I(k) | 0 < k < T — 1} = Py, the pivot strategy is cyclic. The pivot pair I(k) will be briefly
denoted by (i,7) when k is implied.

Let O(Pn) denote the set of all orderings of P,,. For a given pivot strategy I, the corresponding

pivot ordering O; € O(P,,) is defined as
Or =1(0),1(1),...,I(N —1). (2.1)

It corresponds to one cycle or sweep of the method. On the other hand, for a given ordering
O = (i0,Jo), (41,71)s - - - (in—1,Jn—1) from O(Pn), the corresponding pivot strategy I is defined
by

I@(k) = (ir(k)7jr(k))a 0< T(k) <N — 1, k= T(k‘)(mod N), k> 0.

Hence, O, = O and we can use the terms “ordering” and “pivot ordering” as synonyms.

We say that the ordering © € O (P,,) and the pivot strategy o are convergent if relation (L.2I)
holds for Ip.

An admissible transposition on © € (P,,) is a transposition of two adjacent terms (i, j,),
(tr415dr+1) = (ips1,Jrg1)s (irygr), 0 < 7 < N — 1, provided that {i,,j,} and {i,41,Jr+1} are
disjoint. We say that such pairs (i,,j,) and (i,41, jr+1) commute.

Two orderings O, € O(P,,) are:

(i) equivalent (we write O ~ (') if one can be obtained from the other using a finite number
of admissible transpositions.
(ii) shift-equivalent (O X~ O") if O = [01,Os] and O’ = [0y, O], where [, | stands for the
concatenation. The number of pairs in the sequence O, is called the length of the shift.
(iii) weakly equivalent (O ~ O') if there are O; € O(P,,), 1 < i < r, such that in the sequence
0,04,...,0,,0" every two adjacent terms are equivalent or shift-equivalent.

It is easy to check that ~, ~ and ~ are equivalence relations on the set O(Pn) Two pivot
strategies I»n and Ip are equivalent (shift-equivalent, weakly equivalent) if the related pivot
orderings from relation (2] are equivalent (shift-equivalent, weakly equivalent).

We will need two more relations between pivot orderings. They have been introduced in [ [7].
These relations will be used to prove the global convergence of the Jacobi method under different
pivot orderings.

Definition 1. Let O € O(P,,), O = (i, jo), (i1,71), - - ., (in—1,in-1). Then
O = (in—1,4N-1),-- -, (i1,51), (G0, o) € O(Py)

is the reverse ordering to O. The pivot strategy 155 = Io«+ is reverse to Io.
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Definition 2. Let © € O(P,,), O = (io,jo), (i1,51),- .., (in—1,jn—1). Then O" € OP,) is
permutation equivalent to O if there is a permutation q of the set {1,2,...,n} such that

O’ = (min{q(io),q(jo)}, max{q(io),q(jo)}), . .-
- (min{a(in-1),q(jn-1)}, max{a(in-1),a(in-1)})-
We write O' = O(q) or O X O'. The general notation @ £ O will stand for permutation
equivalence between O’ and O with some permutation.
Let us now consider the case n = 4. We have

P, = {(17 2)7 (17 3)7 (17 4)7 (27 3)7 (27 4)7 (37 4)} and N =6.
Since the cardinality of the set Py is 6, there are 6! orderings of P,, and consequently 720 cyclic
pivot strategies. The ones of our special interest are those (cyclic) strategies that start with the
pivot element at position (1,2), i.e. for which 7(0) = (1,2). Set

Co =Co(Py) :={0 € OPy) | In(0) = (1,2)}.

There are 5! = 120 pivot orderings in Cy. The global convergence results for all strategies Ip,

O e O(P4), will follow from the results obtained for I», O € Cy.
The main result of the paper is given in the following theorem.

Theorem 3. Let A be a symmetric 4 x 4 matriz and let © € O(Py). Let Al be obtained from
A by applying t sweeps of the cyclic Jacobi method defined by the pivot strateqy Io. Then there
is a constant v, 0 < vy < 1, that depends neither on A nor on the pivot strategy, such that

S(AF3) < ~5(Althy > 1.
Proof. The proof uses results from Section [B] and is moved to Section Ml O

3. AUXILIARY RESULTS

Special classes of cyclic pivot strategies have been introduced and studied in [IL [7]. We briefly
recall notation and convergence results from [7]. The results refer to the Jacobi method for a
symmetric n x n matrix. Later on, we will consider the case n = 4.

3.1. Classes of pivot orderings C£4) and C§4). Let us recall definitions of the sets Cé") and

Cﬁn) from [7]. Let I1U1+22) denote the set of all permutations of the set {l1,1; +1,... ,lo}, 1 < la.
Then
{OG O ‘ 0= ) (773(1)73)7(7‘-3(2)73)7--'7(7rn(1)7n)7---7(77n(n_1)7”)7
wjerﬂ 7D 3 <j<n} (3.1)

is the set of column-wise orderings with permutations of O(Py,). The columns are taken from
left to right. Similarly,

C(n {OG O ‘ 0= n_17”)7(n_277n—2(n_1))7(n_27Tn—2(n))7-"7(1771(n))7
eI 1 <i<n— 2} (3.2)
is the set of row-wise orderings with permutations of O(Pn) Here, the rows are taken from

bottom to top.
The sets

CM={0ecO®,) |0 eccM}, &M ={0ecOP,) |0~ ccm},
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contain the ordermgs reverse to those from C EZ_ (") respectively. This means that in the

orderings from C, AQ) (Cy (")) the pairs are arranged column-by-column from right to left (row-by-
row from top to bottom), with permutations inside the columns (rows).

The union of all these sets is denoted by ng),

e — ¢y &, m ey,

sp

and is called the set of serial orderings with permutations of O(Pn)
The convergence result for the Jacobi method defined by the pivot strategies Ip, O € Cg‘,), is

given in Proposition @l This is a special case of [7, Corollary 3.3] for n = 4.

Proposition 4. Let A be a symmetric 4 X 4 matrixz and O € Cg‘,). Let A’ be obtained from A by
applying one sweep of the cyclic Jacobi method defined by the strategy Io. Then

27
SHA) < mS*(A), m= 3¢ (33)

Proof. Tt has been shown in [7, Corollary 3.3] that the relation (B8.3]) holds for a symmetric matrix
A of size n and O € ng) with the constant 7, satisfying

22_”(1 - 77n—1)
- 1_9l-n 1_ } 3.4
T’n max { ) 22_n + (n _ 2)77n_1 ( )

If n = 2, matrix A is diagonalized by only one step of the Jacobi method, which corresponds to
one cycle. Therefore, 7o = 0. Hence, from relation ([3.4]) we obtain

7 27} 27

n4:max{§,% :2—8

O
(n)

Thus, all orderings from Csp,’ are convergent. Let us see how the serial orderings with permu-
tations look like for the case n = 4.

The relations (8.1]) and (BZI) take the form
C(4 {O | 0= ) (773(1) 3)7(773(2)73)7(774(1)74)7(74(2)74)7(74(3)74)}7

with
- 1 2 - 1 2 3
=\ m) w2 ) T ) m@) mG) )
and
67(’4) = {O | 0= (374)7(277—2(3))7(277—2(4))7(177—1(2))7(177_1(3))7(177—1(4))}7
with

T_< 3 4 > T_( 2 3 4 >
2= TQ(?)) T2(4) ’ 1= 7'1(2) 7'1(3) T1(4) ’

respectively. For the classes of reverse orderings, from (B.I]) we obtain

<_(4) = {O ‘ O = ( ),4),( ( ) 4),(71'4(3),4),(71'3(1),3),(71'3(2),3),(1,2)},
&EW={olo=( n<2>>,<1 71(3)), (1L, (4)), (2,72(3)), (2.72(4)), (3,4)}.
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Let us list the orderings from Cy N Cg‘,). First we list those from Cy N C£4):

=(1,2),(1,3),(2,3),(1,4),(2,4),(3,4), 07 = (1,2),(2,3),(1,3),(1,4),(2,4), (3,4),
=(1,2),(1,3),(2,3),(1,4),(3,4),(2,4), Og = (1,2),(2,3),(1,3),(1,4),(3,4),(2,4),
=(1,2),(1,3),(2,3),(2,4),(1,4),(3,4), Oy = (1,2),(2,3),(1,3),(2,4), (1,4),(3,4),
=(1,2),(1,3),(2,3),(2,4),(3,4),(1,4),  O1w0 =(1,2),(2,3),(1,3),(2,4), (3,4), (1,4),
=(1,2),(1,3),(2,3),(3,4),(1,4),(2,4),  O11 =(1,2),(2,3),(1,3),(3,4),(1,4),(2,4),
=(1,2),(1,3),(2,3),(3,4),(2,4),(1,4), 012 =(1,2),(2,3),(1,3),(3,4),(2,4), (1,4)

The orderings that belong to Cy N <C_T ) are the following:

O13 = (17 2)7 (17 3)7 (174)7 (27 3)7 (274)7 (374)7 O15 = (17 2)7 (17 4)7 (17 3)7 (27 3)7 (27 4)7 (37 4)7
O14 = (17 2)7 (17 3)7 (174)7 (274)7 (27 3)7 (374)7 O16 = (17 2)7 (17 4)7 (17 3)7 (27 4)7 (27 3)7 (37 4)'

(4)

The intersection of the sets Cy and C,;~ is empty because the orderings from Cy start with pivot
2) and the orderings from C£4) start with (3,4). Also, CoN 8 = () because the orderings
.4 start with a pair from the 4th column.

pair (1

of

from

3.2. Generalized serial orderings and strategies. As has been proved in [7], the set of

convergent pivot orderings Cg?,) can be further generalized to the set Cgé) given by

CH={0cO@®,) | 0RO X0 o OXO RO, 0"ccl}. (3.5)
The elements of Cgé) are called generalized serial orderings. Proposition Bl below, which is a special
case of [7, Theorem 3.11], proves the global convergence of the cyclic Jacobi method defined by

orderings from ng). The constant 4 from relation (B.6)) is the same as 74 in relation (B3:3]).

Proposition 5. Let A be a symmetric 4 X 4 matriz and O € C( ) Suppose the chain connecting

O with 0" € Cgp in B38) contains d relations of shift-equivalence. Let Al e obtained from
A by applying d 4+ 1 sweeps of the cyclic Jacobi method defined by the strategy Ion. Then

S2(AlHy <, S2(A). (3.6)

Proof. The result follows from [7, Theorem 3.11] and Proposition @ In [7, Theorem 3.11] one
has to use the partition 7 = (1,1,1,1). Proposition @ is used only to calculate 7y. O

Let us first see how far the set Cg;) can be extended without using the permutation equivalence.
In the following relations, for the sake of compactness, we shall mark some orderings from O (Py)
by -. Moreover, the equivalence relation that transposes r-th and s-th pair in the ordering will

be denoted '~°, and the shift-equivalence with the shift of the length I, Sg). Finally, in this

subsection, the pairs in pivot orderings will be denoted without parenthesis, say (r,s) we will
denoted by rs. We do this for the conciseness and in order to fit two orderings into one line.

The orderings from Cy equivalent to some orderings from C( )y Cr &, are the following:

4

O17 = 12,13, 14,23, 34,24 °X* 0, O19 = 12,23,24,13,34,14 °<* 01,

4

O1s = 12,23,24,13,14,34 °X* O, Oao = 12, 14,24, 13,23,34 °<* O1.
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. . 4) . . )

The orderings linked to those from Cé,,’ with one shift-equivalence are as follows:
Oo1 = 12,13,14,34,23,24 % . ¢ ¢ Os6 = 12,24,14,34,13,23 L . ¢ &),
Ons = 12,13,14,34,24,23 °S) . ¢ ¢ Osr = 12,24,14,34,23,13 %) . ¢ £,
Oos = 12,13,34,23,24,14 2 . ¢ ¢ Oss = 12,24,34,14,13,23 % . ¢ &),
Ooq = 12,13,34,24,23,14 °2) . e ¢, Oso = 12,24,34,14,23,13 %) . ¢ &),
025 = 12,14,13,34,23,24 " . € ¢¥), Ou0 =12,34,14,24,13,23 "% . ¢ W),
Oos = 12,14,13,34,24,23 °S . ¢ ¢, Ou = 12,34,14,24,23,13°% . ¢ &)
Oor = 12,14,34,23,24,13 2 . ¢ ¢, Ous = 12,34,24,14,13,23 L) . ¢ &),
Oog = 12,14,34,24,23,13 2 . € ¢, Ous = 12,34,24,14,23,13 "% . ¢ &),
Ong = 12,34,23,24,13,14 % . € ¢, Oua = 12,13,24,23,34,14 " . ¢ &4,
Os0 = 12,34,23,24,14,13 "% . e ¢, Ous = 12,14,23,24,34,13 " . € &)
O3 =12,34,24,23,13,14 % . e ¢, Os5 = 12,14,24,23,34,13 "% . € @),
O3 =12,34,24,23,14,13 " . e ¢V, O4r =12,23,24,30,13,14 "0 . € &),
Os3 = 12,14,24,34,13,23 % . c &) Ous = 12,23,24,34,14,13 "0 . c & @)
Osa = 12,14,24,34,23,13 % . c &) Ouo = 12,24,23,34,13,14 "2 . ¢ &)
Os5 = 12,14,34,24,13,23 V) . c &) Oso = 12,24,23,34,14,13 "% . ¢ & 4.

Further on, we come to the orderings from Cy that are weakly equivalent to the ones from Cs,.
They are listed below:

Os1 = 12,34,13,23,14,24 '<* .°Y) 0, Oss = 12,24,34,23,14,13 <7 .°U . c &),
Os2 = 12,34,13,23,24,14 '~2 . °Y 05, Oso = 12,23,14,24,34,13 2<% .°0) . c & (),
Os3 = 12,34,23,13,14,24 '<2 .°Y 0, Ogo = 12,24,13,23,34,14 25 .°0) . c & (),
Osa = 12,34,23,13,24,14 '~> . °Y 0y, Op1 = 12,34,13,14,23,24 '~2 .°Y 03,
Oss = 12,13, 34,24, 14,23 °<° .°2) . ¢ ¢ Oz = 12,34,13,14,24,23 '<2 .°Y) 0,
Ose = 12,14,34,23,13,24 °<° .0 . c ¢V Oes = 12,34,14,13,23,24 '<* . °Y) 0y,
Os7 = 12,14,34,13,24,23 ‘<% . °0 . c &) Opa = 12,34,14,13,24,23 '<2 . °Y 044,
Using the relations ~, < and ~, we have enlarged the set of 16 orderings belonging to Cg‘,)
to the set of 64 orderings belonging to ng). To continue, we use the permutation equivalence

relation. We will only need four different permutations. The first one is

(123 4
“=\13 1 4 )

3
2
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Applying p; we obtain the following convergent orderings:

Oes = 12,13,14,24,34,23 % .°C) o Ors = 12,23,24,14,13,3¢ 1 . ° . c ¢,

Os = 12,13,24,14,34,23 % .°C 0, One = 12,24,14,13,34,23 % . %) . c ¢

Or = 12,13,24,34,14,23 % . °% 0, Orr = 12,24,14,23,34,13 % . 354 58 L c ¢
Ops = 12,13,24,34,23,14 % . 525 .50 o Ors = 12,24,23,14,34,13 % . ° . c ¢,

Oco = 12,24,13,14,34,23 % . 223 .°8) 0, Ong = 12,13,34,14,23,24 4 . °0 03,

Oro = 12,24,13,34,14,23 % . 223 °0) o Ogo = 12,13,34,14,24,23 4 .50 . c &)
Op1 = 12,24,13,34,23,14 0 . 233 .58 Q) o Os1 = 12,23,34,13,14,24 % . °0) . ¢ £, @)
Ors = 12,14,23,13,34,24 4 . 233 52 c @) Osz = 12,24,23,13,34,14 % . € &)

Oy = 12,14,34,13,23,24 0 .°Y . c ¢ Oss = 12,24,34,13,14,23 % .°C 0y,

Ora = 12,23,14,13,34,24 %4 . °2 . c o™ Oga = 12,24,34,13,23,14 % . °28 .50 0.

Next, we use the permutation

(123 4
2=\1324)
It leads to the following convergent orderings:
Ogs = 12,23,14,34,13,24 % . °° . *0) o, Ogo =12,14,13,23,34,24 % . € &V,
Ose = 12,23,14,34,24,13 %2 .°0 o, Og1 = 12,14,23,34,13,24 2 . 529 .58 05,
Ogr = 12,14,13,24,34,23 2 . °D . c @) Ogs = 12,14,23,34,24,13%2 .°% 0,
Ogs = 12,14,24,13,34,23 %2 . 324 50 L c o) Ogs = 12,23,34,13,24,34 %2 . 235 50 oo
Oso = 12,24,34,23,13,14 %2 . °Y . c ¢ Ogn = 12,23,34,24,13,14 2 .°Y 0,5
We shall also use the permutation equivalence L with
(123 4
B=\3 214 )
It yields the following convergent orderings:
Oos = 12,14,24,23,13,34 % . *2) 331 o, Or00 = 12,23,34,24,14,13 % .°2) . c §, @),
Oos = 12,13,34,23,14,24 % . ° . c ¢ Or01 = 12,24,14,13,23,34 %2 .°O) . c & (1),
Ogr = 12,23,24,14,34,13% . °C . ¢ &), O102 = 12,24,14,23,13,3¢ % .°C) 0y,
Ogs = 12,23,34,14,13,24 % . °20 %0 L c @), Or03 = 12,24,23,14,13,38 % . 33 °) 0.
Ogo = 12,23,34,14,24,13 % . °2 . c £, @),
. . . . 1 2 3 4
v % 4= . Y
Finally, for one pivot ordering we use the permutation q 13 4 2 We have

Oros = 12,24,23,13.14,34 % .5 324 c &),

There are 16 orderings left in CO\CS) that cannot be linked to any of the orderings from Cgé)

by using the equivalence relations ~, ~, ~ or 2. These are the parallel orderings.
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3.3. Parallel strategies. Behavior of the Jacobi method under parallel pivot strategies has
been studied in [2]. Parallel pivot strategies are interesting especially because, unlike the serial
ones, they can force the Jacobi method to be very fast or very slow within one cycle. As a
representative of parallel orderings for n = 4 we take the pivot ordering

Opar = (1,3),(2,4),(1,4),(2,3),(1,2),(3,4). (3.7)
Its “parallelism” manifests in the fact that pairs

{(1,3),(2,4)}, {(1,4),(2,3)} and {(1,2),(3,4)} (3.8)

commute. Therefore, the corresponding Jacobi transformations commute and can be computed
and applied independently. Instead of six sequential steps needed to complete one cycle, only
three parallel steps are used.

If O ~ Opar, it is easy to see that the only allowed transpositions are those of the pairs within
the curly braces from (B.8]). Thus, after each parallel step, the Jacobi method defined by such
Io generates the same matrix as the Jacobi method defined by Io_,,.

Another representative of parallel orderings is

(’)I'Jar =(1,4),(2,3),(1,3),(2,4),(1,2),(3,4). (3.9)
It is easily seen that Oéar is not weakly equivalent to Op,,. However, these two orderings are

permutation equivalent, in particular, we have
4
'

ok Opar, then O results from Op,, or (’)gar by applying an appropriate ~ and afterwards

=~ W

1 2
O;)ar = Opar(ppar)a Ppar = < 1 92

an appropriate ~ with shift of length 0, 2 or 4, or vice versa (first ~ then ~). The same is true
for O X O~ This follows from the fact that permutations are bijections and commuting pairs
are mapped into commuting pairs.

For the Jacobi method defined by ordering Opa, from @B.1) or Oy, from (@.3), Proposition
holds. Note that the condition a5 = 0 and az4 = 0 is not a restriction when we are considering
the global convergence. If that condition does not hold for the original matrix A it will hold at

the beginning of each cycle of the Jacobi method, starting with the second one.

Proposition 6. Let A be a symmetric 4 X 4 matriz such that ajo = 0, asq = 0, and let AP be
obtained by applying two sweeps of the Jacobi method under the strategy Io,,, (Io;m) to A. Then

S(AP) <48(4), Ah=1-10"". (3.10)
Estimate (3.I0) holds if Opar (Oy,) is replaced by any O such that O ~ Opar (O ~ O,,,,.).

Proof. The first assertion for Ip,,, is [2, Theorem 3.4]. The second one for O ~ Op,, follows
from the fact that the Jacobi methods defined by the strategies Io,,, and Ip ~ Ip,,. generate
the same matrix AP,

To prove the assertion for Ioy ., let P = [e1, €2, e4, €3], where [eq, e, e3,e4] = I. Let (A®) k>

0) and (A®), k > 0) be two sequences of matrices generated by the Jacobi method defined by the
strategies Io,,, and Ip -, respectively. From [2, Proposition 3.1] we have

AP = pTARIP > 0.
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Therefore, S(A0)) = S(Al)) and S(APR)) = S(A?), which proves the relation (BI0) for oy, -
The final assertion for O ~ O{Jar is obtained by the same argument as for O ~ Opq,, but I(%ar is
used instead of Ip,,,.

The following corollary uses the same 7).

Corollary 7. Let O,0',0" ¢ O(P4) be such that either @ < O ~ Opar or O ~ O N Opar-
Let A be a symmetric 4 x 4 matriz and let AY be obtained after applying t, t > 1, sweeps of the
Jacobi method under the strateqy Io to A. Then

S(AF) < Aps(Al)). (3.11)

Moreover, if t = 0, then the relation BII) holds if the length of the shift is not one or if
alg — az4 = 0.
The same assertion holds provided that Opq, is replaced by O,

Proof. First, consider the case O ~ Opar- The sequence of pivot pairs [0, O, O] contains the
sequence [Opar, Opar]. Since t > 1, Proposition [6] can be applied to Al and assertion (3I1)
follows.

If the length of shift is not one, then the sequence of the pairs (1, 2), (3,4) precedes the sequence
[Opar; Opar|. Elements at the positions (1,2) and (3,4) will both be zero prior to the application
of Proposition [l Thus, relation (3:I1]) holds for t = 0 as well. If the length of shift is one, only
the pair (3,4) will precede the sequence [Opar, Opar|. Therefore, in order to apply Proposition [6]
we should require a9 = 0.

O RO ~ Opar, the reasoning is the same, where the role of Op,y is now played by O'.
Sequence O’ can differ from Opy, in at most three transpositions of the pairs from (3.8)). Therefore,
if the length of the shift is one, one of the pairs (1,2), (3,4) will precede the sequence [Opar, Opar]
and we should require a19 = azq = 0.

fO~0"< Opar, the reasoning is similar, only the role of O is now played by O”. Since
O ~ 0" the sequence O can differ from O” in at most three transpositions of the pairs from (B.g)).
If the length of the shift is one, only one of the pairs (1,2),(3,4) will precede the sequence
[Opar; Opar] and we should require a1z = azq = 0.

The assertions which use Ogar are proved in the same way. Every appearance of O, is replaced
by O O

There are 16 orderings from Cy that can be fully parallelized. These orderings are exactly those
from CO\CS). Using the equivalence and shift-equivalence relations (i.e. the weak equivalence),
we can link the following eight orderings from Cy with Opq,:

2
O105 = (1,2), (3,4), (1,3), (2,4), (1,4), (2,3) 2 Opa,

s(1 5—
O106 = (1,2), (1,3), (2,4), (1,4), (2,3), (3,4) "V . °<°

Or07 = (1,2), (1,3), (2,4), (2,3), (1,4), (3,4) ¥ . 34 56

0108:(172)7(274)7(173)7(174)7(273)7(374) NN Opar,

O100 = (1,2),(2,4), (1,3), (2,3), (1,4), (3,4) ¥ . 12 . 351920
O110 = (1,2), (3,4), (1,3), (2,4), (2,3), (1,4) & . °<*

O111 = (1,2), (3,4), (2,4), (1,3), (1,4),(2,3) 2 . 'Z* Opa,

O112 = (1,2),(3,4),(2,4),(1,3),(2,3),(1,4) ~ - '~ - "~ Opar-
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/

In the same manner the other eight orderings from Cy can be linked with Op,,:

S,(\lj) . 5;6 o

par»

O113 = (17 2)7 (17 4)7 (27 3)7 (17 3)7 (274)7 (374)

O114 = (17 2)7 (17 4)7 (27 3)7 (27 4)7 (17 3)7 (374) NNNNN O;’)arv

Ons = (1,2), (2,3), (1,4), (1,3), (2,4), (3,4) *Y . 1X2 .52 o

par»

s(1) 1-2 3-4 5-6
LR

O116 = (1,2),(2,3), (1,4), (2,4), (1,3),(3,4) ~ - '~ Opar>
Onr = (1,2), (3,4), (1,4), (2,3), (1,3), (2,4) "% O,

Onis = (1,2), (3,4), (1,4), (2,3), (2,4), (1,3) 2 . °" 0.,

Or1o = (1,2), (3,4), (2,9), (1,4), (1,3),2,4) 2. '2* ).,

O120 = (1,2), (3,4), (2,3), (1,4), (2,4), (1,3) *2 . 1% . 34

This shows that all 120 orderings from Cy are convergent.

4. PROOF OF THEOREM [3]

To prove Theorem Bl we use the results from sections 2] and Bl We know that there are 720
cyclic orderings in OO (P4) and 120 of them are in Cy. Each ordering from @) (Py4) either belongs

to ngl) or is weakly equivalent to either Opqp or Oy,
Let A be an arbitrary symmetric 4 x 4 matrix. By Al we denote the matrix obtained from
A after t sweeps of the Jacobi method. Recall that v, =1 — 107 and ny = g—g. Set v4 = /N1 =

32

1 :

First we deal with the pivot orderings O;, 1 < ¢ < 120, from Cy that have been analyzed in
Section Bl For i € {1,...,16}, we have O; € Cg;) and Proposition [] implies

S(AMY < ~,S(A). (4.1)

For ¢ € {17,...,104}, we use Proposition Bl If i € {17,18,19,20,82,90}, then there are no shift-

equivalences linking O; to an ordering from Cgf,). Therefore, for the corresponding pivot strategies

relation (4.1]) holds. Otherwise, there is one shift-equivalence in the corresponding links and we
have

S(A) < 1uS(4). (12)

For i € {105,...,120}, the orderings O; are linked to the ordering Opq, from [B.7) or to Oy,

from ([B.9) with one shift-equivalence. For i € {105,110, 111,112} the length of the shift is two
and from Proposition [@] it follows

S(AB) < 445(A). (4.3)
For ¢ € {117,...,120} the length of the shift is also two and the relation(4.3]) follows from the

same proposition. If i € {106,...,109,113,...,116} the length of the shift is one, so we use
Corollary [7] to obtain

S(AMFSly < ~hsAlfly, ¢ > 1. (4.4)

Assume now that O € O(P4)\C0. Then O is shift-equivalent to some O; € Cy. If O is
shift-equivalent to O;, 1 < ¢ < 104, then O can be linked to some O” € Cs, with at most two
shift-equivalences. Hence, applying Proposition Bl we obtain

S(AP)) < 4,5(A).
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Finally, let O € O(P4)\CO be shift-equivalent to some O; € Cy, 105 < ¢ < 120. Then, one of
the two possibilities holds.

(i) O X O;, i€ {105,...,112}, and there is O’ € O(Py) such that
OR0O; %O ~ Opay.
By the transitivity property of ~ we have O ~ O’ ~ Opar-
(i) O X Oy, i€ {113,...,120}, and there is ©” € O(P,) such that
OR0O; RO ~ Oy, thuis ORX0O"~ O

par:*

In both cases we use Corollary [ to obtain relation ([4.4]).
Summing up, for n = 4 and for every cyclic Jacobi method it holds

S2ATE) < y52(Al), t>1, y=1-107°
For certain cyclic Jacobi methods better estimates hold. They are given by the relations (4.1

- @3).

Remark 8. The results of this paper can be generalized to the block methods where an nxn matriz
is partitioned in § X7 blocks. For all cyclic strategies apart from those that are weakly equivalent to
the parallel strategies from Subsection[3.3, one should only check that the assumptions from [7] are
met (see [7], Theorem 3.11). For the strategies weakly equivalent to the parallel ones, Proposition[6]
and Corollary [7 should be established for the block Jacobi method, with the constant 7, < 1,
following the ideas from [2].

5. AN APPLICATION TO J-JACOBI METHOD

The results obtained in this paper have applications to different Jacobi-type methods. Here,
we apply it to the J-Jacobi method from [I5] 9].

The J-Jacobi method is an iterative method for solving the generalized eigenvalue problem
Az = Nz, © # 0, where A is symmetric, J is diagonal matrix of signs, and the pair (A, J) is
definite. Its main application is as a part of the highly accurate composite algorithm for the
eigenvalue problem Hx = Az, ¢ # 0, with indefinite symmetric matrix H. Roughly speaking,
after decomposing H into LJL” by the Bunch-Parlett algorithm, the eigenvalue problem for H
is transformed into Az = AJxz, where A = LTL and J is the diagonal matrix of signs which
reveals the inertia of H (see [9] for the details). The J-Jacobi method, which has been proposed
by Veseli¢ [15], applies J-orthogonal transformation matrices to A in order to diagonalize it.
Once A is diagonalized by some J-orthogonal matrix F, that is FTAF = Ay, FTJF = J, the
eigenvalues (eigenvectors) of H are obtained as the diagonal elements of JA4 (the columns of

L~YJF Az/ 2). In practical computation, one-sided version of the J-Jacobi method is applied to L,
but here we consider the two-sided method since the global convergence of the one-sided method
reduces to the global convergence of the two-sided method.

Each iteration has the form

where A is symmetric positive definite. The transformation matrices are J-orthogonal, which
means that F; kT JF, = J, k> 0. In particular, each F}, is either a “trigonometric Jacobi rotation”
or a “hyperbolic Jacobi rotation” in which hyperbolic sine and cosine appear. The corresponding
step will be called trigonometric or hyperbolic.
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The J-Jacobi method is said to be globally convergent if, for any initial A, the sequence of
matrices (A(), k > 0) generated by the iterative process (5.1 converges to some diagonal matrix.
Again, it is sufficient to prove that S(A®*)) — 0 as k — oo. Then the diagonal elements will
converge (see the proof of [8, Theorem 3.7]). We note that the quadratic convergence for the
serial method has been proved in [3].

We are concerned with J-symmetric 4 x 4 matrices. Such matrices appear naturally as pivot
submatrices in the block J-Jacobi method with 2 x 2 blocks (or all column widths equal to 2).
Hence, we shall assume that J = diag(1,1,—1,—1). (The cases J = diag(l,—1,—1,—1) and
J = diag(1, 1,1, —1) require somewhat different approach.)

Corollary 9. Let A be a symmetric 4 x 4 matriz and J = diag(1,1,—1,—1). Then every cyclic
J-Jacobi method for the pair (A, J) is globally convergent.

Proof. Denote the pivot strategy by In. We distinguish two cases: (i) O is generalized serial and
(ii) O is weakly equivalent to Opar or Opayr.

For the case (i) the proof follows directly from [7, Theorem 5.4], by taking n = 4, v = 2 and
m = (1,1,1,1). Proposition [ (or [7, Theorem 3.11]) is used to ensure that every generalized
serial ordering is convergent.

For the case (i7) the proof is different. It uses two facts.

The first one is that the sequence [0, O] contains the sequence O which is equivalent to either
(1,2),(3,4),(1,3),(2,4),(1,4),(2,3) or (1,2),(3,4),(1,4), (2,3),(1,3),(2,4). We shall consider
the first case for O; the proof for the second case is quite similar.

The second fact reads: the “hyperbolic angle” 6 of the hyperbolic rotation Fj tends to 0 as
k increases [15, Lemma 2.2]. That result holds for general n and for any pivot strategy. This
implies that for every € > 0 there is kg € N such that, for k > kg, the moduli of all pivot elements
|a§?,3)j(k)| associated with hyperbolic steps and all | tanh 0| are smaller than £/2. Since the pivot

strategy I3 is parallel, we can write this condition in the form: for every e > 0 there is ro € N
such that, for every r > rq,

2

max{(agrw)) +( gjlr+2)) ’ (aﬁr+4))2+( ggr+4)) }< %, (5.2)
2

1max {tanh O6r+o1 + tanh? 66r+21+1} < % (5.3)

We shall prove that the relations (5.2)) and (5.3) imply lim, o, S(A®7)) = 0. Tt is enough to
prove that for every ¢,

0<e<0.1, (5.4)

there is 79 such that S(A®")) < ¢, for all r > rg.
Let us simplify the notation. For given r, r > 7y, denote

A(6r+2) _ (ars), A(6r+4) _ (a;s), A(6r+6) _ (a;{S), A(6r+8 ( ///)
ch; = cosh 06,4141, sh; = sinh 0g, 4141, thy = tanh O, 141, 1 <1< 4
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Then, we write

a/ll a’12 0 CL/14 i [ Ch1 0 Shl 0 17T ail 0 ais Qaiq 17T Ch1 0 Sh1 0 i
CL/12 a’22 CL/23 0 _ 0 Ch2 0 ShQ 0 22 A23 0A24 0 Ch2 0 ShQ
0 a’23 agg a§4 Sh1 0 Ch1 0 14 Q24 Q44 0 Sh1 0 Ch1 0 ’
L a'14 0 a§4 a214 ] L 0 Sh2 0 Ch2 1L a13 Q23 0 ass 1L 0 Sh2 0 Ch2 ]
[ af, afy aly 0 ] [ chs 0O 0 shy | [ayy ajy 0 ahy | [ chs 0 0 shs |
aly aby 0 af, _ 0 chy shy O aly ahy abhs 0 0 chy shy O
ajs 0 afs af, 0 shy chy O 0 aby ahy aby 0 shy chy O
| 0 ay a3y al | | shs 0 0 «chy | | a}y O a3 ajyy | [ shy O 0 chs |
It holds
/ /
a9 = shj cha ags + chy sho ayy4, a4 = shy shg ags + chj cha a4,
/ /
as, = chy shy agg + shy chay ayy, @93 = chy chg agg + shy shy ayy,
" / / " / /
ayy = shs chy ajy + shz shy asy, ays = chsshy ajy + shz chy asy,
" / / " / /
as, = shzshy ajy 4 chs chy asy, a9, = shschyajy + chszshy asy.

It is easy to to prove that

/I \2 /I \2
1 < (Chl Ch2 —|Sh1 Shg |)2 < M < (Chl Ch2 +|Sh1 Shg |)2,
ayy +ay;

a 2 + (d 2
w § (Chl ‘Shg ’ + Ch2 ‘ Sh1 ‘)2
aig + a3

Note that a?, + a3 = 0 would imply S(A6™4) = 0. Using the relations (5.3) and (5.4) we
obtain

o (I+]thythy|)?  (14¢%/4)?
(-1 —th) ~ (1 2/4p
(|th1|+|th2|)2 g2

(1 —th?)(1—th3) ~1-—¢e2/4

(chy chy +|shy shy |) < 1+ 1.0052¢%,

(chy |shy | + chy |shy )% = < 1.00251£%.

Hence,
a2, 4 ady < (ahy)? + (dhy)? < (14 1.0052e2) (a2, + a2s), (5.5)
(ah)? + (dby)? < 1.00251€2 (a2, + a33). (5.6)

Moreover, note that (a}5)? + (a%,)? = 0 would imply S(A®™+6)) = 0 and in the same way we
have

(a12)? + (a34)? < (a3)” + (agy)? < (14 1.00526%)((aa)? + (a34)?),
(af3)? + (a34)? < 1.00251¢? ((a12)” + (a34)?)-
We use the relations (5.2), (54) and (&.5) — (5.8]) to obtain

a%3 + a%4 < 0.5¢2,
aiy+ a3y < (ahy)” + (ahg)? < 0.5¢%,

(ah9)? + (ahy)? < 1.0025120.5¢% < 0.5013¢%,

(ay)? + (a%y)? < (14 1.005262)0.5013¢* < 0.50634<*,

(af3)? + (aby)? < 1.0025120.5013¢* < 0.5026¢°.
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Now, using (5.4)), we can find bounds for S(A6™+20) 1 <1 < 4,
S2(A6T+2)
§2(AGr+0)y =
S2(AGr+6)) —
§2(A6+8)y —

a3y +a3y) + (a2, + a33) < 0.5e% 4 0.5¢% = €2

aho)? + (aby)? + (ay)? + (ahs)? < 0.5013¢* + 0.5% < 0.52¢2,
afy)® + (ay)* + (af3)* + (a3,)* < 0.5114¢*

all)? + (a,)? < 0.5026¢°,

(ai
(
(
(

Since r > rq is arbitrary, the last set of relations implies that all .S (A(G’"O*zl)), [ > 0, are smaller
than €. Thus, all elements of the sequence S (A(2T’)), r > 19, except finitely many of them, are
within e-ball around 0, which proves the theorem.

Further more, the latest relations indicate the ultimate cubic convergence per cycle, irrespective
of the multiplicities of the eigenvalues. O

We end the paper by addressing less interesting cases which we depict as

1] 0 0 0]

. 0f-1 0 0
o o -7 o] 0o -1 o

o 0 | o] 0 o0 -1 |

O o ] (1 0 0 0 7
m of ;_]0 -1 0fo0
D o |77 10 0 -1 0
| o o o|0O ] [0 0 0f-1

We can first consider the process on [ ] It is a cyclic Jacobi method with perturbations

coming from the hyperbolic transformatlons. Using the theory from [7, Section 5] one can prove
that the off-norm of that 3 by 3 symmetric matric will tend to zero. Namely, when n = 3 every

pivot ordering belongs to the class Cg’,). The rest of the proof uses the fact that both, hyperbolic
angles and the corresponding pivot elements tend to zero.
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