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Abstract

The present paper deals with the estimate of the differences of certain positive linear operators
and their derivatives. Our approach involves operators defined on bounded intervals, as Bernstein
operators, Kantorovich operators, genuine Bernstein-Durrmeyer operators, Durrmeyer operators
with Jacobi weights. The estimates in quantitative form are given in terms of first modulus of
continuity. In order to analyze the theoretical results in the last section we consider some numerical
examples.
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1. Introduction

The de la Vallée Poussin operators of a 2m-periodic integrable function f are defined as
2n
1 ( )2 2n — u) du.

n! T x
L,(f;x) = —-—-—52 cos
i) = poinke [ g (
These operators are trigonometric analogues of the Bernstein operators. It is well-known that de
la Vallée-Poussin operator commutes with the derivative. Indeed, for f € C3_[—m, 7],

T— 2n
Lu(f;x) = %E;—L);Q% /7777:,: flx+1) (cos%) dt
and we get
2 T—z 2n T 2n
(Ln(fi2) = % E;?)!an {/_ ) f(x+1) (cos%) dt — f(m) (cos 5 x)

+f(=7) (cos — x)Z} =L (fs2).

Thus (L, f)*) = L,(f®), for f € C§ [~ 7. Certainly, this property is not available for the
Bernstein operators B,,. The polynomials (B, f)*) and B,,_1(f*)) have degree n— k and converge
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to f(®). This remark motivated us to estimate in terms of moduli of continuity the differences
(Lnf)® — L, (f%®)) for certain positive linear operators, as Bernstein, Kantorovich, genuine
Bernstein-Durrmeyer, Durrmeyer operators with Jacobi weights.

The study of differences of certain positive and linear operators has as starting point the
problem proposed by Lupasg [15], namely the question raised by him was to give an estimate for
B, 0B, — B,, o B, where B,, and B,, are Bernstein operators and Beta operators, respectively.
A solution for the problem proposed by Lupag was given for a more general case in [10]. Some
interesting results on this topic were established by Gonska et al. in [9] and |11]. New estimates
of the differences of certain operators are provided in a recent paper of Acu et al. [2]. These
estimates improve some results concerning the differences of the U# operators studied in |17, [1§].
Very recently, Aral et al. 3] obtained some quantitative results in terms of weighted modulus of
continuity for differences of certain positive linear operators defined on unbounded intervals. Also,
some estimates for the Chebyshev functional of these operators were provided.

Throught the paper | - || denotes the supremum norm and w(f,-) is the modulus of continuity
of the function f.

2. The Bernstein operators

Bernstein operators are one of the most important sequences of positive linear operators. These
operators were introduced by Bernstein [6] and were intensively studied. For f € C]0,1], the
Bernstein operators are defined by

) = ki_opn,k(x) r(%). ecou

where p,, k() = (Z) (1 —z)" % k=0,1,...,n

Theorem 2.1. For Bernstein operators the following property holds:

() _ (r) H =D " T - _
(B = Boey (£7) | < S0+ (£, 2) L FeCT0, P =01, m
Proof. The above differences can be written as

(Bn(f:2)") = B (f7)(2))
:n(n—1)...(n—r+1)§pn_ni($)A () an i f(r)<n—r)

:gpn_m@){n(n—1)...(n—r+1)Agf( ) 1 (n—r)}

-— n(n —1) n—r—l—l i i+ -
:an—rz )!|:_7"'7 7f:|_f()(
i=0

: )

i&
=3 b {""‘1 =t - 10 ()
@

(n (n—1) T(n—r—i— 1) ) FOE) + FD (&) — FO) (nl_r)}




7 1+
where — < §; < .

n n
We have,
Ogl_n(n—l)...(n—r—i-l)Sr(r—l) and ig i Sz—l—_r7 for 0<i<mn—r
n’ 2n n-_n—r n
Therefore,

g1 - e ()] = CG 20 1 (50, 2).

3. The Kantorovich operators

These operators are the integral modification of Bernstein operators and were introduced by
Kantorovich [13] as follows

k41

Ko(fi) = (n+1) ank / " ftydt, f € Lo, 1), 1)

+1

The Kantorovich operators are related to the Bernstein polynomials by:

Ko(f2) = [Bus1 (Fia)]', where F(a / £t

Theorem 3.1. The Kantorovich operators verify

H(an)“)—Kn,T(f(’“))’ _%Ilf”>ll+w<f<’“ T+1> fec0,1], r=0,1,...n

Proof. The r*" derivative of Kantorovich polynomials can be written as follows:

(Kn(f;2)") = (Bui1 Fa) " = an ri( {n+1)n(n—1)...(n_r+1m%p(n%l)}

= (m+1nn-1)...(n—r+1) i i+r+1
_an_m(x) g 1) (r+1)! n 1l B

= 3 i) R R R )

= L) P O g,

For the differences of Kantorovich operators we obtain

(Ka(f30) " = Kuer (£7()

_ anim(x)n(n - 12n +(;"L)T— r+1) FOE) - > (1= 7+ Dpnrilz) /Tfm FO ()t

|
5

R S
n—r+1

-
Il
=)



=3 poiw) D (2 D) an ()1 (i)
=0

— (n+1)
- — ) n(n — 1) e (n —Tr + 1) _ (’I‘) (’I‘) (’I‘)
D e T 1) 7906 + 16 - 1)
where ! §§i§i+r+1and : §771-§L.
1 n—+1 n—r—+1 n—r—+1

Let us remark that
nn—1)...(n—r+1) r(r+1)

(n+1)r ~2(n+1

| = Kor (7Y < _2 >)||fr>||+ QQ%).

0<1 -

Therefore,

In order to extend the above result we will define the operator

Qhr =" (5 (10 ey,

where f(=%) is an antiderivative of order k for the function f.

Theorem 3.2. For the operators QF the following property holds:

@)™ - @i, (1) < B0 (10,

T>, Fecro,1], r=0,1,...n

Proof. The above inequality follows from

(@D = Qs (5| =

nk(nn!— k)! (Bn(f("“)) (k7). (n— rzZ(i ;):” — k)! Bn_rf(r—k)) (k)’

nF(n —k)! n! iy

n! (n_ Z Prn—k— rzAkJrrf( k)( )

_(n—rzk(n—r—’f)! n—fr S et g0 ()

n—r)! (n—Fk— n—r

n—k—r k . .
n*(n—k)! (k+7r)! |1 i+k+r
S SP E S NS T IT,

(n—Fk—nr) pktr |n”"777  n

- [ e

n—k—r
( _'k)! r r
= - Pn—k—ri {(n_nkwf( )(&) - f( )(771')}|

)f(”(S) L FOE) — FO ()



3 (n—k)...(n—k—r—l—l)_l‘ |0 H,(f(r),ﬂ)
n" n
< @hAr=Dr e +w(f(”,w),
2n n
wherei§§i§2+ +T&Hd ’ Sﬁi§1+ . =
n n n—r n—-r

4. The Durrmeyer operators with Jacobi weights

The classical Durrmeyer operators are the integral modification of Bernstein operators so as
to approximate Lebesgue integrable functions defined on the interval [0, 1]. These operators were
introduced by Durrmeyer [8] and, independently, by Lupasg [14] and are defined as

n

1
k=0 S
Let w(®f)(z) = 2*(1 — z)?, a, 8 > —1 be a Jacobi weight function on the interval (0,1)

and ij(aﬂ) [0, 1] be the space of Lebesgue-measurable functions f on [0, 1] for which the weighted
L,-norm is finite. The Durrmeyer operators can be generalized as follows

1 1
MED =3 pus) oy [ o0 @),
C

k=0 n.k

1
where ¢\ = / PO P ()dt and f € L{*[0,1]. See [4] and [16].

0
The classical Durrmeyer operators M,, are obtained for a = 8 = 0.
In order to give the estimate for the difference of the Durrmeyer operators we need the following
result (see, e.g., |2]):

Lemma 4.1. Let F : C[0,1] = R be a positive linear functional with F(eg) = 1 and F(ey) = b.
Then, for each p € C?[0,1] there is & € [0,1] such that

¢"(£)
2 )

F(p) — ¢(b) = (F(e2) — e2(D))
where ep(x) =", r=0,1,....

Let ¢ € C?]0,1]. With fixed 0 <7 <mn and 0 < k <n — r, consider the functional
1
ACP(p) = (n+a+B+r+1) / Prtsatrkratr(t)p(t)dt

1
—(ntatB-r+1) / Prrtatsira®)e)dt = B (9) — 4P (p),

where

1
BEP(g) = (n+a+B+r+1) / Pt rasrtase (p(t)dt,
0

1
Or(z?[léﬁ)(@ =Mn+a+B-r+1) /0 Pr—rtatB8,k+a(t)p(t)dt.



Lemma 4.2. The functional Agla,’f) verifies

457 ()

| || //” 7’L—|—O[+ﬂ+3 + < ’I”(TL—T—FM‘}—O[D >
=1 s ot \Pmt2+a+p2—1

where w is the first order modulus of continuity.

Proof. By simple calculations, we get

o o E+a+r+1 o (k+a+r+1)(k+a+r+2)
Bl@s) -1, Bl@s) _ ,B( B) _ 7
ni (<) wk () = e T 2 (@) = et Ara)ntrratpes)
E+a+1 (k+a+1)(k+a+2)
C( a,pB) _ 1 C n@) — C(aﬁ) — .
ni (¢0) = (e) = n—r+a+p+2 (€2) (n—r+a+8+2)(n—r+a+p£+3)
Therefore,
k+a+r+1
AP — B@B) () _ (P < |B@P ()
| n,k ((P)l | n,k (90) n,k ((p)l — n,k (90) 7’L—|—T+Oz—|—ﬂ+2
k+a+1 k+a+r+1 k+a+1
C(Ofﬁ) . .
Gk (P e n—r+a+p+2 te ntrtat+8+2) P\n-rratrpgt2
<1”@,,|( (kta+tr+1)(B+1+n—k) (k+a+1)(B+1+n—r—k) )
— 2 2+a+B8+n+r)2(a+B8+n+r+3) 24+a+f+n—r2(a+pf+n—1r+3)
N < rln—7r+ 8 —a— 2k| >
w 3
¢(2+a+ﬁ+n+ﬂ@+a+ﬁ+n—ﬂ
<l||90”” n+a+p+3 oy rln—r+|8—al)
4 (n+a+p+3)2%—1r2 "n+2+a+p)2—1r2)"
O
Theorem 4.1. For Durrmeyer operators with Jacobi weights the following property holds:
Fn+a+B8+r+2)T(n—r+1) (M,(f"ﬁ)f)(r)— 1(1 f) T)
'n+a+B+2)T(n+1)
1 3 — —
< O o (0 'ﬁ 20") ).
4 (n+a+p+3)2%2-r m+24+a+p)2—r
where f € C"™2[0,1], r=1,...,n.
Proof. In [1], Abel et al. proved the following identity for the derivatives of Me? I
(M(O‘Vﬁ)f) (r) _ TI,(TL — 1) NN (n —r+ 1) M(a+T’B+T)f( ) (3)
n m+a+B+2)n+a+B+3)...(n+a+B+r+1) 7" ’

where () € LTJ(GM’BM) [0,1] and r < n.
By simple calculations it can be shown that

() Tn+a+B+2I(n+1)
M(Q’B) ; = n—r, / n a+rktatr(l (T)tdt-
( n (f’x)) Tnta+pB+r+)l(n—r+1) Zp a Prtptatriratr(t)f7(0)



We can write

'n+a+p+r+2)I'n—r+1)
Fn+a+pB+2)I'(n+1)

r)

(v (f:2)) "~ D) (10:2)

n—r 1
=(n+a+B+r+1) Z Dn—r k() /0 Prtpratrktarr() O (#)dt
k=0
> 1 1 .
- pnfr,k('r) / pnfnk(t)ta(l _ t) f r (t)dt
part I ek (Bt (1 = £)Bdt Jo

n—r 1
- Z Pn—rk(T) {(” +a+pf+r+1) / Potstatritate(t) 7 (t)dt
k=0 0

1 n—r
—(ntat+B—r+1) / Prrratpita(t)fT <t>dt} = pucri(@) AP (£,
k=0
Using Lemma 2] for f € C"2[0,1], the proof is completed. O

Theorem 4.2. Let f € C"*2[0,1], » = 0,1,...,n. The Durrmeyer operators with Jacobi weights
verify

(@) £\ _ ap@B) oy <T@t BT+ oy L
e 10 - 2o o) < LOEEELE Doy 2y e

r(n—r+[6—al) )
n+2+a+p)2-r2)"

n+a+p8+3
(n+a+p+3)2%—1r2

w [
" (f X

1£7]

r!

(r)
er f) > 0, using the relation (B]), we get

r (r)
(o0, (500, 7)) 50

It is well-known, see |20, p.7], that:

Proof. Since (

1 "\ p—
M(a,ﬁ) > — _ J r—k, .k
n e ) (n+a+6+2)TkZ_0<k>n(a+T) o

where 2! and 21, z € R are the rising and falling factorials respectively, given by a! = Hf;lo (x+v),
ol = Hi,;lo(x —v)forleN, 20 =20 =1.
i, WO Tt DT(n+a+5+2)
ol Tn—r+1D)I'(n+a+B+7+2)

Fn+1)I'(n+a+8+2)
mn—r+1)’'n+a+B+r+2)

£ (M ) >0, e,

LF.

(r)
| (M) <

Denote

' _|IT(n+a+B+r+2)L'(n—r+1) (@.6) (T)_ (@.B) [ ¢(r)
W’”’”‘H T et Frommrn  (r) = (s0)).



The differences of Durrmeyer operators with Jacobi weights can be written as

|2 1) = M2 (1)

Fn—r+ )T (n+a+B8+r+2)
< — 1| (pglesB) £y(r) o(+:
nn—1)...(n—r+1) ) "
<|\I- O+ 6(f5n,
B < (n+atpB+r+)nta+p+r)...(n+a+5+2) 17770+ 0 3m,m)
n—r+1 " n—r+1
<(1-(——— M +0(f; <(1- ——mMM— M+ 0(f;
< (1- () Jron+oinn < (1 L Y s+ oz
rr+a+B8+1) .
= — @7 r 9 . .
e O+ o)
Using Theorem [£.]] the proof is completed.
O
Corollary 4.1. For Durrmeyer operators the following property holds:
M) = My (F)|| < 242 — D2 n_rn-r) )
\ R (M) )| 31+ (10
where f € C"2[0,1], r=1,...,n.
Corollary 4.2. Let f € C"2(0,1], r =0,1,...,n. The Durrmeyer operators verify
+1) n+3 r(n—r)
M A - (fO) < TEED ey E3 ) (r) .
1Mo f) N < SO+ e+ (10, 2

5. The genuine Bernstein-Durrmeyer operators

The genuine Bernstein-Durrmeyer operators (see |7], |[12]) are defined as follows:

Uafi0)=(=a) f0+ " F0) + -0 X ([ 1Opa2saO) posta), - Fecio
k=1 \YO0

These operators are limits of the Bernstein-Durrmeyer operators with Jacobi weights (see [4],
), [16]), namely
Uf= lim MPy

a——1,——1

Theorem 5.1. For the genuine Bernstein-Durrmeyer operators the following property holds:

(n+r—1l(n—r) U = U,_ (f(”)H <

(r+2) T e+
T - 2]+ )

1
4 (n+1)2—r2

where f € C"2[0,1], r=1,...,n — 2.



Proof. First,

(n+r—1ln-—r) NG .\ (n+r—=Dln—r) nn-1)...(n—r+1)
o Unlfi) = Unes (f( )’x) T h—DW! (ntr—2)(ntr—3)...n

n—r 1
an—r,k(x) / pn+r—2,k+r—1(t)f(T) (t)dt_Un—r (f(T)v .’II)
k=0 0

1
0

(n+7=1) > pori(z) / Putr—2detr—1 (&) f O ()dt = puyr0(@) F7(0) = Prrin—r(2) f (1)
k=0
n—r—1

1
—(n—r—1) ; Pn—r,k(iv)/o Prr—2,6-1 (0 F ) (t)dt

1 1
= (n—i—?‘—l)pn_no(x) / pn+r—2,r—1(t)f(r)(t)dt +(n+r— 1)pn—7‘,n—7‘($) / pn+r—2,n—1(t)f(r)(t)dt
0 0

n—r—1
- pn—r,O(x)f(T) (0) - pn—r,n—r(x)f(T)(l) + (n +r— 1) Z pn—r,k
k=1

1
(CL‘) /O Prn4r—2k+r—1 (t)f(r) (f)dt

n—r—1

' )
1) ; ——n /0 Prra (D) O (B)dt

1
= prra@) [t 7= Dpnera a0 (100 = F00))

1
+pnr,nr(z)/0 (n +r— 1)pn+T*2,n*1(t) (f(r) (t) - f(T)(l)) dt

n—r—1

1

+ Z pnfr,k(x)/ [(n +r— 1)pn+r72,k+rfl(t) - (n -r—= 1)pn7r72,k71(t)] f(r) (t)dt'
k=1 0

It follows that

1 1
/ (n+7 = Dpatr201(t) (F78) = £7(0)) dt‘ﬁ/ (n+ 7 = Dpugrzra (OIS 1t
0 0
= || £V —

n+r’

1
/O (47 = Dpnsr—2na(®) (FO0) = 7O dt' S

Using Lemma [£.2] we get

1
/0 [(n+7 = Dpngr—zprr—1(t) — (0 — 1 = D)pa_r_o i1 (t)] fO(£)dt = Ap_s 1 (f)
< i||f(r+2)||n7+1 <f(r), M) ,

(n+1)2—r2+w n? — r?
n—r—1

Since Z Pr—r k() <1, Pp_r0(x) + Pn_rn—r(z) < 1, the proof is completed.
k=1

9



6. Numerical Results

In this section we will give some numerical examples in order to show the relevance of the
theoretical results.

1
Example 1. Let f(x) = — {4nx cos(2nx) — mcos(2nx) — 6sin(2nwx)}, r = 3 and B, - (f;2) =
32 '
T

’(Bn(f; I))(T) — Bn,r(f(r)(x))‘. In Figure[ are given the graphs of the functions f), B, _.(f)

and (B, f)) forn =50 and r = 3. Also, forn € {50,100,150} the absolute value of the differences
are illustrated in Figure[2

0.12 ;
/\\ i
\ I
0 ; ‘ ‘ !
j) ) ) 0.101 !
27 !
-0.11 !
0.08 i
-0.21
0.3
-0.41
-0.51
= G ® — = 8o(/0) — )] [ = Esos — — Ems Euso3]
Figure 1: Approximation process by Figure 2: Error Enr(f;z), for n €
Bn—r(f) and (B, f)(") {50, 100, 150}
1 . 32 1
Example 2. Let f(z) = —ﬁsm@mc) - sin(gme), ro= 2 and E,.(f;z) =
s T

’(Kn(f, I))(T) — Kn,r(f(r)(aj))‘. In Figure[3 are given the graphs of the functions f), K, _.(f())

and (K, )" forn = 50 andr = 2. Also, forn € {50,100, 150} the absolute value of the differences
are illustrated in Figure [§]
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/""\ I. 0.201 I
12 AN\ !
4 . I !
\\ I 1
. I -
| W ; 0.151 !
\' 1
. '\ .I
081 k ]
\ .
A k 1
061 K 1
I 1
041 \ /1
.’/ \ 4
021/ N\~
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
l_'_ (Ksof) 2) __KM(‘/'(Z)) ‘/'(2) [—'— Es0.2 — — Ei00,2 ElsoAzl
Figure 3: Approximation process by Figure 4: Error Enr(f;z), for n €
Kn—r(f1) and (Kyf)™ {50, 100, 150}
1 3 13 3
Example 3. Let f(z) = —a°% — —a* + —2®> — —2% r = 2 and E yx) =
P f( ) 20 39 192 12877 n,r(f7 )

’(Mn(f, a:))(r) — M, _(f")(x))|. In Figure[d are given the graphs of the functions f), M, _.(f))

and (M, f)") forn = 50 andr = 2. Also, forn € {50,100, 150} the absolute value of the differences
are illustrated in Figure[6l

!
0.051 !
0.201 /
.I'
0.04+ !
0.151 /
0.034
0.10
0.02
0.05
0014 \,
\\\.
0 == N,
- 702 0.4 X
v X 0 T -
L 0 02 0.4
l_'_ (Msof) 2) __Mm(f(z)) fml l—'— Es0,2 — — E100,2 Ezm,zl
Figure 5: Approximation process by Figure 6: Error En»(f;x), for n €
Mp—r(f) and (M, £)(7) {50, 100, 150}
1 17 7 1
Example 4. Let f(z) = —2° — —a* + —2® — —2%, r = 2 and E ;x) =
P f( ) 20 144 79 397 n,r(f7 )

’(Un(f; a:))(r) — Un,r(f(r)(x))}. In Figure[7 are given the graphs of the functions f), U, _.(f)
and (U, f)™) for n =50 and r = 2. Also, for n € {30,40,50} the absolute value of the differences

are dllustrated in Figure[8
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0.10

0.08

0.064

0.047

0.02

o

-0.02
-0.04 :
-0.061
l_'_ (Usof) ¥ — — wus(f¥)) —— 1) F=fn—— E4Z,z Fuz]
Figure T: Approximation process by

Up—r(F™) and (Uy f)() Figure 8: Error Ey (f;x), for n € {30, 40,50}
n—r n
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