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Abstract

In this article we establish exponential moment bounds, moment bounds in fractional
order smoothness spaces, a uniform Hélder continuity in time, and strong convergence rates
for a class of fully discrete exponential Euler-type numerical approximations of infinite di-
mensional stochastic convolution processes. The considered approximations involve specific
taming and truncation terms and are therefore well suited to be used in the context of SPDEs
with non-globally Lipschitz continuous nonlinearities.
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1 Introduction

Stochastic partial differential equations (SPDEs) of evolutionary type are important modeling
tools in economics and the natural sciences (see, e.g., Harms et al. [I2, Theorem 3.5], Filipovié¢ et
al. [10, Equation (1.2)], Blomker & Romito [3, Equation (1)], Hairer [11, Equation (3)], Mourrat
& Weber [21, Equation (1.1)], Birnir |3, Equation (7)], and Birnir [4, Equation (1.5)]). How-
ever, exact solutions to SPDEs are usually not known explicitly. Therefore, it has been and still
is a very active research area to develop and analyze numerical approximation methods which
approximate the exact solutions of SPDEs with a reasonable approximation accuracy in a rea-
sonable computational time. It is known that in order to approximate the exact solutions of
SPDEs appropriately, the numerical methods employed should enjoy similar statistical properties,
such as finite uniform moment bounds (see, e.g., Hutzenthaler & Jentzen [14] and the references
therein). Unfortunately, moments of the easily realizable Euler-Maruyama and exponential Euler
approximation methods are known to diverge for some stochastic differential equations (SDEs)
and SPDEs with superlinearly growing nonlinearties (see, e.g., Hutzenthaler et al. [I5] [17]). This
poses the challenge to develop new efficient approximation methods which preserve finite moments
(see, e.g., Hutzenthaler et al. [I6] Theorem 1.1 and Lemma 3.9], Gan & Wang [26, Theorem 3.2
and Lemma 3.4], Hutzenthaler & Jentzen [14, Corollary 2.21 and Theorem 3.15], Tretyakov &
Zhang [25, Theorem 2.1], Sabanis [22, Theorem 2.2, Corollary 2.3, and Lemmas 3.2, 3.3], and
Sabanis [23, Theorems 1-3, Lemmas 1,2 for finite dimensional stochastic evolution equations
and, e.g., [19, Proposition 7.3, Theorem 7.6], Becker & Jentzen [2, Corollaries 5.1, 6.15, and 6.17],
Becker & Jentzen [1, Lemma 5.4, Theorem 1.1] for infinite dimensional SPDEs). In this context, it
has been revealed recently in, e.g., Hutzenthaler & Jentzen [13] Theorem 1.3] (cf., e.g., Dorsek [9,
Proposition 3.1], Hutzenthaler et al. [18, Corollary 2.10], and [20, Corollary 3.4]) that finite ex-
ponential moments of numerical schemes are crucial for deriving strong convergence with rates in
the case of SDEs and SPDEs with non-globally Lipschitz continuous and non-globally monotone
nonlinearities.

In this article we derive finite uniform exponential moment bounds for a class of fully discrete
exponential Euler-type numerical approximations of infinite dimensional stochastic convolution
processes (see Corollary 34 in Section B below). The considered numerical approximations in-
volve specific taming and truncation terms and are therefore well suited to be applied in the
context of semi-linear SPDEs with non-globally Lipschitz continuous and non-globally monotone
nonlinearities. In addition to deriving exponential moment bounds we also establish finite uniform
moment bounds in fractional order smoothness spaces (see Corollary Bl in Section Bl below), a
uniform Hélder continuity in time (see Corollary in Section [3] below) as well as strong conver-
gences rates for the considered numerical approximations (see Corollary in Section [3 below).
The application of our results to semi-linear SPDEs such as stochastic Burgers equation will be
the subject of a future research article. In Theorem [L.T] below we illustrate the results established
in Corollary B3l and Corollary B.4l. The stochastic convolution process and its numerical approxi-
mations are denoted by O: [0,7] x Q — D((—A)?) and OM*": [0,T] x Q — Pyx(H), M,N € N,
respectively.

Theorem 1.1. Let (H,(-,)u, | lly) and (U, (-, )v,|ll;) be separable R-Hilbert spaces, let
(hn)nen € H be an orthonormal basis of H, let (9,,)nen C R satisfy sup,cn 0, <0, let A: D(A) C
H — H be the linear operator which satisfies D(A) = {v € H: 3% o, (h,,v)g[* < oo}
and Vv € D(A): Av = Y22 0, (hy, v)ghy, let p, T € (0,00), B € [0,00), v € [0,12 + 3),
ne [07 1/2 _'_6 - 7)7 pe [07 1/2 _'_6 - 7) A [07 1/2)7 B e HS<U7 D((_A)B))7 let (Qva ]Pv (Ft>t€[O7T]> be



a filtered probability space which fulfills the usual conditions, let (Wy)icpo,r) be an Idy-cylindrical
(F¢)tejo,1- Wiener process, let O: [O,T] X ) — D((—A)“f) be a stochastic process which satisfies
for every t € [0,T] that P(O, = [5e*=4BdW,) = 1, let (Py)nexn € L(H) satisfy for every
N € N, ¢ € H that Py(z) = SN (hp, 2)ghy, let WN 0,T] x Q — PN(H), N € N, be
stochastic processes which satisfy for every N € N, t € [0,T] that POW}N = [} PyBdW,) = 1
let XMV [0,T] x Q2 — [0, 1], M,N € N, be (IF;)ico,r-adapted stochastic processes which satisfy
SUP s ven SUPepo. ) (ElIx Y — 1maxip2H] ppmaxip 2}y < oo, and let OMN: [0,T] x Q — Py(H),
M,N € N, be stochastzc processes which satisfy for every M,N € N, m € {0,1,..., M — 1},
t € [mT/m, (m+1)T/M] that O™ =0 and

MN __ (t—mT/m)A M,N M,N wi WTJYYT/]V[
Ot = e OmT/]\,f _'_ XmT/]VI 1+||WN W'r]yYT/M”2 . (1)

Then
(i) it holds that inf ¢ (0 00) SUD oy Nen SUDse(0, 7] E{exp(sHOiw’NH%{)} < o0 and

(ii) there exists a real number C' € R such that for every M, N € N it holds that
Y . _ -
supico ) (E[l(=A) (0" = O)lI]) " < C((infueivsinsn.y loa)) "+ M77). (2)

Observe that item () in Theorem [[T] is a direct consequence of Corollary B4 (with H = H,
U= U, H = (hn>n€]N7 b=y, A= A, 5 = ﬁ, T = T, (Q,f, ]P) = (Q,f, P), (Ft)te[O,T] = (Ft)te[O,T}a
W) = Wiiepor, B = B, Ppy,.ohny = Pn, Py = Idy, xOT/MThhhnhU = \ MN,
OOT/M o Thihr AN EU — QMN e = ¢ for M, N € N, € € [0, V/(8[max{|| Bllus(w. 1} max{T,1})?) in the
notation of Corollary B.4]) and Holder’s inequality. Moreover, note that item () in Theorem [I.1]
follows from Corollary (with H = H, U =U, H= (hp)nen, 0 =0, A=A, B=05,T=T,
(Q F,P) = (Q,F,P), (Fe)cor) = Fo)ecior): We)ieor) = Wilieppr), B = B, Ppwy,.onny = Pns
Py = Tdy, y(OT/MooTh{bL v kU — \ MN - QUOT/M Th o hU — QMN ) — max{p, 1}, C = C,
vy=v,n=mn,p=p, O=0 for M, N € N in the notation of Corollary B:S])

We would like to point out that the exponential moment bound in Corollary B.4 below (see also
item () above) is not a direct consequence of the one established in [20]. The difference between the
numerical method in [20} (1) in Section 1] and () above lies, roughly speaking, in the less restrictive
choice for the truncation functions x*~: [0,T] x Q — [0,1], M, N € N, in () compared to [20,
(1) in Section 1]. This extended class of discrete approximations allows to truncate the numerical
method independently of the current value of the approximation process itself. The flexibility
in the choice of the truncation function is, in turn, important for applying Corollaries 3.1H3.4l
to establish strong convergence rates for fully discrete numerical approximations in the case of
SPDEs with non-globally Lipschitz continuous and non-globally monotone nonlinearities.

The remainder of this article is structured as follows. In Section 2 we analyze a temporally
semi-discrete version of our approximation scheme (see ({)) in Setting 21 below). In Subsection 2.1]
the considered numerical approximations are rewritten as Ito processes and finite moment bounds
in fractional order smoothness spaces are derived. The It representation enables us to establish
Holder regularity in time in Subsection Furthermore, under additional assumptions on the
truncation function we establish temporal strong convergence rates of the proposed numerical
methods in Subsection 2.3l In Subsection 2.4] we further improve our moment estimates from
Subsection 2] in order to derive finite exponential moment bounds in Lemma 2.8 The results



from Section [2] are combined in Section [ to establish uniform moment bounds in fractional
order smoothness spaces, a uniform Hoélder regularity in time, strong convergence rates, and
uniform exponential moment bounds for fully discrete tamed-truncated numerical approximations
in Corollaries 3.1H3.4], respectively.

1.1 General setting

Throughout this article the following setting is frequently used.

Setting 1.1. For every set X let P(X) be the power set of X, for every set X let Po(X) be the
set given by Po(X) = {0 € P(X): 0 has finitely many elements}, for every T € (0,00) let wr be
the set given by wr = {0 € Po([0,T]): {0, T} C 0}, for every T € (0,00) let || : wr — [0,T] be
the function which satisfies for every 6 € wr that

|9|T:max{x€ (0,00): (Ela,beez [x:b—a and 6N (a,b) :Q)D} € (0,77, (3)

for every 0 € (Upc(o,00)r) let L-0g: [0,00) — [0,00) be the function which satisfies for every t €
(0,00) that Lty = max([0,t)N0) and L019 = 0, for every measure space (2, F, u), every measurable
space (S,S), every set R, and every function f: Q — R let [f],s be the set given by [f],.s =
{g: Q—=S: (A€ F: [W(A) =0 and {w € Q: f(w) # gw)} C A]) and VA€ S: g *(A) € F)},
let (H,(-,-)u, ||l ) and (U, (-, )v,||-|;) be separable R-Hilbert spaces, let H C H be a non-empty
orthonormal basis of H, let v: H — R be a function which satisfies sup, ¢ v, < 0, let A: D(A) C
H — H be the linear operator which satisfies D(A) = {v € H: Spem|on{h,v)g|* < oo} and
Vo e D(A): Av = emonlh, v)uh, and let (H,, (-, ) u, ||z ), 7 € R, be a family of interpolation
spaces associated to —A (cf., e.g., [24), Section 3.7]).

2 Regularity properties of temporally semi-discrete tamed-
truncated approximations of stochastic convolutions

Setting 2.1. Assume Setting [I1, let § € [0,00), v € [0,Y2+ ), T € (0,00), 0 € wr, B €
HS(U, Hp), let B € L(H,U) be the bounded linear operator which satisfies for everyuw e U, h € H
that (Bu, h)g = (u,Bh)y, let (0, F,P, (F¢)icior) be a filtered probability space which fulfills the
usual conditions, let (Wy)iepo,r) be an Idy-cylindrical (Fy)iejo. - Wiener process, let x: [0,T] x Q —
0,1] be an (Fy)icjo,r-adapted stochastic process, and let O: [0,T]xQ — H, be a stochastic process
which satisfies for every t € [0,T] that Og = 0 and

oy X €A B A,
Lt || [, BdWil3

tap

[e(tfx_th)AO (4)

[Odp.8,) = o |PB(H,) T

2.1 Moment bounds for temporally semi-discrete approximations of
stochastic convolutions
In this subsection we provide in Lemma[2T]a representation of the approximation process O: [0, T']x

1 — H, from Setting 2Tl as a mild It6 process (cf. Da Prato et al. [7, Definition 1]). This enables
us to obtain certain moment bounds for O: [0,7] x Q@ — H., in Lemmas 2.2 and 23|



Lemma 2.1. Assume Setting[Z1 and for every s € [0,T] let X ()(-) = (X5t (W) tw)els,rixa: [5, T]x
Q — Hpg be an (Fy)ic[s,m-adapted stochastic process with continuous sample paths which satisfies
for every t € [s,T] that [X,4lp s, = Ji BdW,. Then it holds for every t € [0,T] that

t
— (t—LuJQ)A B _ 2XL1LJ9,u<XL1LJ9 u7B( )
[OuJe5011,) /0 Xiuop€ TH X cusgralls X B | AW

t 2
+ / o elt=w0) A (B gl Xon g 2Nyt VB Xongn ) g
o JLoue A+ X sy ullF)? I+ X usgullF)? P B(HV)’

Proof of Lemma 2. Throughout this proof let ¢: H — H be the function which satisfies for
every v € H that ¢(v) = W and let U C U be an orthonormal basis of U. Note that for every
H

u, v,z € H it holds that

()

/ _ u 2z(z,u)
V()W) = 3 — arRg e (6)
and
" _ 2ulzv) g tulzu) g+z{u,w) o] 8z(z,u) g (z,v)
V() v) = — IO A A (= 9 g (7)

Ito’s formula (see, e.g., Brzezniak et al. [6, Theorem 2.4] with H = U, E = H, F = H, [ =
([0, T) x H> (t,x) = Y(x) € H), ® = ([0,T] x Q> (t,w) — B € HS(U, H)) in the notation of
Brzezniak et al. [6, Theorem 2.4]) hence proves that for every s € [0,7T], t € [s,T] it holds that

t
2X 6 u(X
X — B _ S,U S, U7 dW
[’17[)( Sﬂf)]P,B(Hﬁ) i 1+||Xs,u||%_1 (1] X, u||2 )
t
4Xs u‘<Xs uyBu>H|2 2Bu<XS,’M7Bu>H+X577J«”Bu”§{ d
> > _ U
+ { / (ZuelU (A HXs,u )3 (T Xe,al%)? PB(H)
t
_ B _ 2Xs u(Xs 1L7B() dW
/8 (1+||Xs,u||§{ (X5, ull7)?
4 |:/t (4Xs,u||BXs,u”[2j o 2BBX, “+”B”HS(UH)XS7“) du:|
2 \3 2 .
s\ XT3 (X ul)? P B(H,)

Therefore, we obtain for every ¢t € [0, T] that

[Ot]]P’,B(HW) = [e(tiLtJe)A(O\_th + XLtJQ’l/}(X\_th,t))]P,B(H-Y)

t
_ 1 (t—Ltig)A t—Ltug)A B 2X tog,u{Xitag,uB())
o [6( ) OLtJ@]PvB(H“/) + \/Lth XLthe( 2 <1+||X 7 (1i||XLtJ09U||H)2 > dW (9)

LtJ@,u”H
t 2
+ X e(t_Lth)A 4XLtJ9,u||BXLtJ9,u”2U _ 2BBXLtJ97u+||B||HS(U7H)XLtJ9,u du
Lt T A+ X et ullF)? (I X et ullF)? PB(H,)
This completes the proof of Lemma 211 O

Lemma 2.2. Assume Setting[Z1], let p € [2,00), p € [8,Y24+ ), n € [, 1+ ), and for every s €
[0, T let X (y(-) = (Xs (W) gwrefsmyxa: [8, TIxQ — Hg be an (Fy)ieps r-adapted stochastic process
with continuous sample paths which satisfies for every t € [s, T] that [Xs t]]p Bty = [y BdW,,. Then
it holds for every s € [0,T], t € [s,T] that

t

(t—Lusg)A
B XLUJge 1+||XL7J,J9 u||2 dW

(t—s) /248>

< || Bllusw, i) (10)

Le(P;H,) ’ 2(1+26-2p)’



X t L’U/Je A QXLuJ@ U(XLU,JQ,U7B qu)H
Lup© A+ X Cusg.ullF)?

LP(P;Hp) (11)
- —28 (t—s)/24F

A/ 1428~ 2p| |T’

< 2\/§p3”BH%{S(U,H5)| SUDpecw On

and

(t—Luag)A 4||]BXUUQ,U||?]XUUQ7U _ 2BBXL“JG “+||B”HS(UH) Ludg,u du
A1 X g, u ) A+ Xewsg,ullF)?

£ (P;Hy) (12)
s 1+B n

<2fp||B||HS (U,H) | SUPher OR[~ 26(t1+5 - [1617)">.

Proof of Lemma[2.2. Note that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da
Prato & Zabczyk [8] shows for every s € [0,T1], t € [s,T] that

2

t

(thUJg)A B

e B AW
/SXLM T+ X Cuog %y v

2

Lp(P;Hp)

__B
T+ X s ulld

du
LrP(P;HS(U,H)p)) (13)
2
du
P (BHS(U,H,))

(=1
S Pp2

B

t
2 — —LUuU.
< %/S I(=A) =P o | e

t
2 —
< BIBlswan, | (= cun)® ¥ du

In addition, observe for every s € [0,T], t € s, T] that

5)1+28-2
/s (t = Lung)® % du < / w7 du < %—app (14)

Combining this and (I3]) establishes (I0). Furthermore, note that the Burkholder-Davis-Gundy
type inequality in Lemma 7.7 in Da Prato & Zabczyk [§] proves that for every s € [0,T], ¢ € [s,T]
it holds that

2

(t \_UJQ A 2XLU,J0 u<XL1LJ6 u7B() H
/ XLUJG (1+||XL7J,J9 u||2 ) dW

L(P;H,)

2
t LUJg A 2XL’MJ9 u(XLuJe,u,B(-»H

A Xusg,ullF)?
2

Ko ulXiwsgur BO) ) oS H,) T

<m/WH AP DAL 4 (= A X gl (X s BO)) sy

du
£P(PHS(U,H,)) (15)

2

Lr(P;R)

The Holder inequality, the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato
& Zabezyk [8], and the fact that || B||usw,m) < | suppes 92| || Bllusw,m,) therefore ensure that for



every s € [0,T], t € [s,T] it holds that

2

t
() XX B
/S X\_UJQe (1+||XL’ILJ9,U||%I)2 qu

Lr(P:H,)

< 2By [ =AY P 11Xl Ko

< 818 R [ W=7~ | 1B ]| f 1B R av| au 19
< 8p°| supj,ep Uh|_46||B||I6-IS(U,H@) /: ||(—A)p_ﬁe(t_Lu”)A||%(H)(u — Lug)? du

< 8p6| SUDp e Uh|_46||B||?{S(U,H5) /:(t — Lng)zﬂ—w du[|9|T]2.

Combining this and (I4) assures that (II) holds. In the next step we observe that for every
s €[0,T],t € [s,T] it holds that

t 2 2
_ 4BX u, X, 2BBX u.g,ut| Bl Xiusg,u
/ X\_UJee(t LUJG)A( Il u g,u”U Ulg,u 0 HS(U,H) 0 du
S

(1+||XL7J,J9,7J4||§_I)3 o (1+||XLuJ9,u||%{)2 Ep(]P;Hn)
t 2
< elt—rusp)A 4||BXLW07“”121X;“JM _ QBBXUUB’u+”B||HS([éH)XL“J0’“ du
= /s (1+||XLuJ9,u||H)3 (1+||XL7J,J9,714||H)2 £P(P;H,)
t
< —A n—pB (t—Luig)A 4||]BXLUJ9,U||?]XLUJ97U _ QB]BXL“JG’“+”B”%IS(U,H)XL’“0’1‘ d
< | lI(=A)""e e | =G et (X gl u
s Lulg, H LuJg, H EP(P,HB)
t 17
< ||(_A)n—ﬁe(t—wJe)AHL(H) ( )
S
AIBIZ 1.0 1 Xewsg ol 2UBBllnery )+ 1B s i X0l "
(X g a3 (X g ul%)? cwollHa | gy
t
< [y ety g
S
2 2
N B isiomy + 218l s Bl e, + 1B s )1 Xcwsoull s | 1 g gy B

This and the fact that ||B|| p(m,,0) < | supnen 04 ?||B||Lz,0) demonstrate that for every s € [0, T7,
t € [s,T] it holds that

t X e(t—LUJg)A 4||]BXLMJ9,U||%}XLHJ9,M _ ZB]BXL“JG’“+”B”%{S(U,H)XL’U9”‘ du
g (Ul A+ X sy ullF)? I+ X usgull)?

£ (P;H,y)
< 2/t ||(—A)7]_Be(t_LUJ0)A||L(H)

- (I1B[frs(w.m) + | suPress o~ | Bllus(w, ) Bl cason )1 X cug ull v @iy du
=2 /st 1B lss (o, | (= A)" =04 )

- (I Bllus.m) + [ suDpes 04l || Bllusw.ers) )1 X g ull ey .

(18)

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [8] and the
fact that ||B|lusw,m < |suppen on ™’ || Bllusw,m,) hence establish for every s € [0,7], t € [s,T]



that

t 2
/ XLuJee(thuJe)A (4||]BXL1LJ6,UII?]XLUJQ,U QBBXUUQ7“+|IB”H5(U’H)XL1U9,U) du
S

AH Xl A1 Xwsg,ullF)?

£P(P;Hy)

< 2| Bllusw.m (| Bllusw.m + | suppes o || Bllusw,n,))

. /: ||(_A)n—ﬁe(t—Lng)AHL(H) (@Luf: ||B||12{S(U7HB) ds) ” du (19)
< 2V2p|| Bl .11,)| S0P On] > /: I(=A)" e gy (u — Lug) V2 du
< 2v/2p|| B[, 1, suppe onl>[16]2]7 /:(t — Luag)’ " du.

Moreover, note that for every s € [0,77], t € [s,T] it holds that

' B ' B (t=s)1+8=
/s (t — cusg)? " du < / (t—u)’ " du < 2 (20)
Combining this and (I9)) establishes (I2]). The proof of Lemma 2.2 is thus completed. O

Lemma 2.3. Assume Setting[21], assume that 8 <=, and let p € [2,00), t € [0,T]. Then it holds
that
max{T, 3/2 —

10l er ;) < 3PHBHHS(U,HB)%(1 +4p°|| Bllfis )| suPnes 0n| ZB)- (21)
Proof of Lemma[Z:3. Throughout this proof for every s € [0, 7] let X, ()(-) = (Xsu(W)) @w)elsmx0:
[s,T] x Q — Hg be an (F,),e[s r-adapted stochastic process with continuous sample paths which
satisfies for every u € [s,T] that [X,.|psm,) = [i BdW,;. Lemma 2T (with X, = X, for
u € [s,T], s € [0,T] in the notation of Lemma [2.1]) implies that

t - A
(t—Luag)A B 2e(t—tuag) Xius u<XLuJ UB()>H
gy < ¢ - W EACES "
HOtHLP(]P’,H,Y) = H/O XLUJQ(l_’_IIXLuJG’u”%I (1+||XLuJ97u||%I)2 d u

LP(P§HW) (22)
t 2
4 / % e(thUJg)A 4||]BXLMJQ,U”2UXLUJ9,U o 2B]BX““67“+”B”HS(U,H)X““@’U d
g ‘U6 A+ X g ull)? A+ X g ullF)? LoPH)
Moreover, observe that the triangle inequality proves that
/tX ( e(t—tuig)Ap . 26(tLuJG)AXLuJ@,u(XLng,uyB('»H) dW
2 2
o WO\ I X g ully A+ X LusgullF)? N o)
t
t—Lug)A B
= H/ Xeawsg ™ e AW, (23)

t —LUuJ
+ Y 2e(t—Lu e)AXLUJG,U(XLUJ97U7B(.)>H dW
) Xewn X a2 u

Lr(B;H,)

Next note that Lemma 22 (with p=p, p =7, n =7, X5, = X, for 7 € [s,T], s € [0,T] in the
notation of Lemma [2.2)) shows that

Y2+B8—v
S ||B||HS(U7H5) 2t

t
(t—Luag)A B
Xowe B W s
H/O -uo I+ X usgullz u LP(P;H.) (1+28—27)

(24)



2000 AX g w (Xewsg i, BO) H dW.
XLUJQ 1+||XL7J,J0,'U'||%~I)2 “

LP(P;H—Y) (25)
t1/2+5fﬁ

< 2\/529 1Bl m1,)| SuPhes Uh\fw\/ﬁWTa

and

t
(t—Lug)A [ ABX usgullfy Xeusg,u 2BBX, ., “+”B”HS Wy Xiusgu J
XLUJQ u

(1+||XL1LJ6,UII%})3 o (1+||XLuJ9 1L||H)2 L:P(]P’;HA/) (26)
46—
<203 201 Bllis(on1,) | suPnes: onl 2 = (6]
Next we combine (23)—(25) to obtain that
(t Luig)AR 26(t_LuJ6)AXLuJ9,u <XLUJ9 u,B
H / Xy (H’”XL“Je ull% (A1 X g, ullF)? AW Lr(P;H.,) (27)
V24— _
< HBHHS(U,H/B)igt(Hw;V) (1 + 49%|| Bllfis (w11, | SuPhen Oa| 25“9‘T)-

This, 22), (26), the fact that /2 + % < 3, the fact that 14+ 28 — 2y < 2(1+ 8 —~), and the fact
that Vz € (0,1]: /& < 1/z demonstrate that
— max{T,1 3/2
Hot”t:P(P;Hw < 4\/§Z7HBH%S(U,HB)\ SUPy,c O 25%

max{T,1}]%/2 _
+ 25| Bllus(w, ) B (14 49| Blffis 0,1, | stpress o 77) (28)

max{7,1 3/2 —
< 3plIBllns(.a I (1 + 4p|| Bl g 0111, | SuPpess o8] ).

The proof of Lemma [2.3]is thus completed. O

2.2 Holder continuity of temporally semi-discrete approximations of
stochastic convolutions

In this subsection we combine Lemma 2.1l and Lemma to establish in Lemma 2.4 a temporal
regularity property for the approximation process O: [0,7] x  — H., from Setting 211

Lemma 2.4. Assume Setting [Z1], assume that < v, and let p € [2,00), p € [0,1/24+ f — 7).
Then it holds for every s € [0,T), t € [s,T] that

3p%|| Bllus (v, 5) [max{T,1}]* max{| supp, s 04| =%, 1} (148 B[ W, Hg))

— . <
10¢ = Osllereesir) < V26 0)

(t—s). (29

Proof of Lemma[24. Throughout this proof for every s € [0, T let X, () = (Xs¢(w))t,w)els,1]x0:
[s,T] x & — Hg be an (IFy);c[s,m-adapted stochastic process with continuous sample paths which
satisfies for every t € [s,T] that [X|p s, = [fBdW,. Lemma I (with X,; = X, for

€ [s,T], s € [0,T] in the notation of Lemma 2.1)) and the triangle inequality prove for every



€10,7], t € [s,T] that

10t — Oullcre:m,)

t t—Lug)A B 2X us ,’IL(XLUJ u,B(
<1/ X7 23 5 | A (/b N -3 } AW, Lo(BH,)
(thUJg)A 4||]BXL’ILJ0,7J,||?]XLU,J0,’U, _ 2BBXLHJ0 “+”B”HS(UH) LUJg,u:| du’
A+ X sy ul%)3 (X g ull)2 Co(EH) (30)
* H/ 8 i [e(t_Lw)A ‘G(S_LUM)A} e QXsziff;XLwﬁ’) }dW
Ludg,ull g Ludgull g LP(]P’;H»Y)
t LUJQ _ e(stUJg)A:| 4||]BXLUJ0,u”?]X;1u0,u _ QB]BXLUJ@ u+”BIIHS(UH) LuJQ,u:| du
A+ X usgullF)? (I X s ullF)? £P(PH.)

Furthermore, observe that the triangle inequality implies for every s € [0,T], t € [s,T] that

t
(t—Luag)A B 2XLuJ9 U<XLUJ0 u,B
e — AW,
/S KXo A 2 w70 o
(t—Luag)A B
€ T+ X s ullF dw, ) (31>
LP(P Hy)

t
(t—LUJ@)A QXLng u<XLUJ0 u,B H
/s X\_nge (1+||XL7J,J0 u”Q ) dW

Lr(B;H,)

Next note that Lemma 22 (with p=p, p =7, n =7, Xs: = X5 for t € [s,T], s € [0,T] in the
notation of Lemma [Z.2)) shows for every s € [0,T], t € [s,T] that

Pl Bllas(u, ) 1 _
< B t— J24+B—~ 92
LP(PiH,) 2(1+2672v)( *) ’ (32)

e(thUJg)A B . qu

THIX Cusg,ullzy

t
X e(thuJe)A 2XL7J,J9,7J,<XL’ILJ9,7J«7B qu)H
cue I+ X usg ullF)?

Lr(P;Hy) (33)
3 R||3 -2
2v/2p ||B||HS(U,H5)|SuphEH A |0| (t S>1/2+5*’Y
= 25 2y 4 ’
and
/t X e(t—LuJe)A 4||BXLMJ9,U||2UXLMJ9,U QBBXLuJQ’u+||B|I§IS(U,H)XLUJ9’u:| d
u 2 )3 - 2 )2

s e (1+||XL“J0’u”H) (1+||XU“0’“”H) LP(P;H) (34)

< 22| Bl sy | S0Dpes o8] 01] V2 ( — 5)1 0.

Moreover, observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato

10



& Zabcezyk [8] assures for every s € [0,T], t € [s,T] that

s 2
(t-cus)A _ g(s—rusp)A B 2XenpnXeusgn, B

X\_UJQ |:e — € 3 2 dW

H/O T+ Xeusyully Xy, ullFy ) Lr(P;H.,)
2
_ 2X w, L<qu uB(')>H
< p? ( (t—s)A __ IdH)[ B S ulg 0> ) : du
5 T+ Xeusgully (A1 X g ullgy) £7(P;HS(U,Hy))
S P2 H fy+p B (s— LUJQ)AH H P(e(t—S)A IdH)H
L(H) L(H)
2
_ 2XL7J,J9 u(XLU,JQ,U7B(')>H du
1+||Xw9 ull (X Cusg ullF)? .
L£r(P;HS(U,Hp)) (35)
A)rHep els— uue)AH —5)%

= L(H

||B||HS<U,H5) 20| X s XewsgusBO) i Insqu, ) || g

1+||XLU,J0 u”%{ (1+||XL“J6 u”%{)Q LP(P;R)

Ayrte=Bels= uue)AH (t —s)%
= L(H
2
20X g ull g 1X g ullm | Blusw, v
) 8 0> ,H)
. HHBHHS(U,HM + I+ X usg ull)? du.
vuag el £P(P;R)

Furthermore, note that the fact that v+ p — 8 € [0,1/2) and the Burkholder-Davis-Gundy type
inequality in Lemma 7.7 in Da Prato & Zabczyk [8] hence imply for every s € [0,T], t € [s,T]
that

s 2
(t—L’LLJQ)A _ (s—Luug)A B o 2XL’U4J9,7J,<XL7J,J9 w,B(+))
H / X [€ ¢ Huuxuw,uni, 1 Xewgu)E | W L)
- S—LuUJ 2 2
< _/ H ’Y+P 56( Q)AHL(H)(t — S)QP{HBHHs(U,H,g) + ||XLuJ9,u||Lp(]p;H5)||B||HS(U7H)} du
Y+p—p (s Lup) 2 _o\2p
<2 [*[-a D
u 1/2 2
- 36
- [HBHHSW,H/}) [ [ B, du| 1Bl du %)
LUg
<k ’Y+p B (s Luag)A 2 (t—S)zp
- L(H)
2
: [HBHHS(U,Hﬁ) + plI Bllusw.ars) | Bllus.mm (u — cusg) 2| du
2 2 S
< &t — )| Bllfisw.my (1 + pVTIBllusw.m)) /0 o du.
In addition, observe that for every s € [0,T], t € [s,T] it holds that
5 du s du _ glt2(B——p) T1+2(B—v—p)
/0 (s—Luag)2(v+p=5) < 0 (s—u)2(v+p=B) T 142(8—y—p) — 142(B—7—p)" (37)

Combining this and (36) demonstrates that for every s € [0,T], t € [s,T] it holds that

H /s e [e(tﬂ_uJe)A _ e(sf\_ng)A}
0

< B(t — 5)°|| Bllusw.y) (1 + pVT || Bllusw.) )

B _ 2XLuJ9,u<XLuJ9 uyB( dW
T+ X s ulld (11X CugullF)?

Lp(P;Hy) (38)

TY248-v-p
14+2(B—v—p)

11



In the next step we observe that for every s € [0,T1], t € [s,T] it holds that

2

/s {e(tﬂuJe)A B e(HuJG)A} 4||]BXLM9,U||§,X;M£,M B 2B]BXUU9,u+||B||HS(%H2)XLw9,u du
0 (X g ullF) (X g ullF) o (BHy)

S

— A\VHP—B p(s—Lusg)A AP (pt=9)A _
< [T aye ety (- ) 4~ 1)
2
4BX usgulpXusgu 2BBX wg,ut || Blls 17, pry Xeusg,u du
2)\3 22

U+ X Cusgull) (X cusg ullF) Hgllcr (PR)

S
< [yl A g 1= ) (39)

{ 4||BXL7J«J9,'M||%} 2”BB”L(H57H5)+||B”2HS(U,H)}||X || du

: 2 2 H

(X usg ullF)? (X CusgullFr)? St ey

S
S/o ||(—A)7+p_ﬁe(S_L“J9)A||L(H)(t—s)p

BT g I Xewsgullyy 2Bl g Blloiag, o)+ Bllisw, my IX, I du

. " _
A+ X g ull)? (1 X usgull)? St o e

This, the fact that ||B||L(H5,U) < |suppen Uh|_5||]B||L(H,U), and the fact that ||B|lusw,m <
| suppes 0] 7P| Bllus,m,) show for every s € (0,71, ¢ € [s,T] that

T | e i 7 | Y
S D (O i
NI + 2Bl 2 1Bl 2.0y + 1Bl s (0,m) 1Kol 1 1 g
< (=5 [ Ay el g (40)

- (IBIIZ .0 + 21 subness Oal ™l Bllsasw, ) 1Bl ooy + 1Bl oy )1 X sl n @) du
< A(t = )°|| Bllis (.1, suPhem on| ™

' /0 X gl o @i | (=AY P04 Ly du.

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [§] therefore
proves for every s € [0,T], t € [s,T] that

J
< 4(t— S>p”BHI2{S(U,H5)| SN
s u 1/2
R Bl ] AT i da
LUJg
< 2V2p(t — 3)p”BH%S(U,H5)‘ Suppep n| >’
. / (u B LuJe)l/z”<_A)'y+pfﬂe(sf\_u49)AHL(H) du
0
< 2V2pl101]) 4t = 5)71| sy | suprese ol [ i
Moreover, note that for every s € [0, 7] it holds that

s e s oy 1+8—y— 14+8—7—
| = cun) e du <[5 ) = S < T (12)

{e(tﬂ_zug)A . e(sf;_zug)A}

2
ABX usgullFXusgu 2BBX ug,utlIBlligg g, pry Xeusg u
A+ X Cusg ull)? A+ X usg ullF)?

du
£P(P;H,)

(41)

12



Estimate ([AI]) hence establishes for every s € [0,T], t € [s,T] that

r

_ 14+B8—y—
< 2V2p[|617])7(t — )7 | Blidswr s, | subness o1l 20 T2,

{e(tﬂ_zug)A . e(sf;_zug)A} du

£o(B:H,) (43)

2
ABX usgull X usgu 2BBX ug,utlIBllfg g, pry Xeusg u
A+ X Cusg ullF)? A+ X usg ullF)?

Combining (B0)-([B4), the fact that || Bllasw.m) < |suppem vl ~?||Bllusw,u,), BF), @3), the fact
that \/1+ 25 —2v < 1+ 8 — 7, the fact that \/1+2(6—7—,0) <14 —~ —p, and the fact

that % + 5 Bllnsw,my) +2\/§||B||%IS(U’HH) <2(1+ ||B||12{S(U’Hﬁ))p implies that for every s € [0, T,
t € [s,T] it holds that

_ P N\YYp p”B”HS(U,HB)max{|5uph€th|_2571}
(E[|O; — O[5, )" < e

(6= )V 1+ 4P| Bl 01 (t = )77+ 411 Bl ) [101] (8 = 5)4777)

_ 24—y~
+ &5t = 9| Bllusw.) (1 + oV suppes 03] | Bllsway)) s

9B T1+B—v—
+22p[[812] (¢ — )| Bllhsor 11| suPpess 0r| >0 TR

PlIBllusw,mg) max{| supy e 05| ~2%,1} max{T,1}

<
- V/2(1+28-27)

(1 +49° 1 Blifis(w.,) + 41 Bllzisw, )

_ _ 44
(t = )75 p(t = )7 Blusio,ary max { | suppess ol 2,1} (44
1 2 max{7,1 3/2+p
' (ﬁ + %HBHHS(M%) + 2\/§”BHHS(U,H5))%
p3||B||HS(U,H/3)max{\supheH on| 27,1} max{T,1} 2 1/2+B—
< N (1 + 8l B, )t = )
— max{7,1 3/2+5
+2p*(t — 5)°|| Bl us(v, 1,) max {| Suppeg 04|, 1}(1 + ||B||12{S(U,H5))%
39 1Bl v, 1) lmax (7,122 max{] supycsr on |22 T} (148 Blids 111, (t— s
— 3)”.
- \V/1+2(B——p)
The proof of Lemma [2.4] is thus completed. O

2.3 Error estimates for temporally semi-discrete approximations of
stochastic convolutions

In this subsection we combine Lemma [Z1] and Lemma above to establish in Lemma
below for every p € [2,00) an upper bound for the strong LP-distance between the approximation

process O: [0,7] x Q — H, from Setting 2Tl and a suitable stochastic convolution process related
to O0:[0,7] x Q — H,.

Lemma 2.5. Assume Setting[21, let C' € [1,00), B € HS(U, Hg), p € [2,00), n € [0, 2+ 5 —7),

p € 0,2+ 3—7)N[0,Y2), assume for every s € [0,T] that ||x.s,, — 1l ze@e:r) < C[|0|7]7, and let
O:[0,T] x Q — H, be a stochastic process which satisfies for every t € [0,T] that [Op s,y =

13



[tet=)ABdW,. Then

p[max{T71}]1/2+B _A min{0,y+n—
\/2(1—2 max{0,y+n—03}) ||( )

8p3Clmax{T,1}]*/2+5

\/1—2p—2 max{0,7—3}

(1 + | suppes o 2| Bl s,y ) [1617)°-

B}HL(H)HB — Bllusw,u,_,)

supieior) |0t — Otll e, <

| Bllas@, il (—A)™™ 07| 1 ) (45)

Proof of Lemma[Z3. Throughout this proof for every s € [0, T let X, ()(-) = (Xs¢(w))t,w)els,1]x0:
[s,T] x @ — Hg be an (IFy);c[s,m-adapted stochastic process with continuous sample paths which
satisfies for every ¢ € [s,T] that [X,psm, = [, BdW,. Observe that Lemma 2T (with
Xt = Xsp for t € [s,T], s € [0,T] in the notation of Lemma [2ZT]) and the triangle inequal-
ity prove for every ¢ € [0, T] that

t ~
00~ Olleren,y < | [ €4(B ~ Byaw,

Lo (P;H,)

t
(t—Lusp)A B 2X usgu(Xiusg,u,B()) 1 (t—u)A
e — —e B ) dW
+ H /0 (Xﬂue T Xl (CH X g 52 u

t
+ Yo, €104 4”]BX““<9’“”?JX;“J@’“  2BBXiusg,utlIBlg y, mry Xeusg du
-u-e A+ X usgullf)? (X CusgullF)?

46
Lr(P;Hy) ( )

£P(P;H,)

In the next step we note that the fact that n < /2 +  — ~ ensures that max{y+n — 3,0} < /2.
The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [§] hence
shows that for every ¢ € [0, 77 it holds that

1/2
| < V2 ( [ 14B = B) s, du)
Lo (i)
1) u /2
< VOB — Blusinar, ([ 1Ay P04 g du)

1/2
—1 ~ min — max — —U
< V1% ||B—B||Hs<U,HM>( /0 [(= Ay 3 g | (- AT elt=0A ) d“)

t ~
/ ct=A(B _ B)dW,
0

-1 ~ min — t —2max - e
< \/P(p )HB . BHHS(U,H/g,n) [(—A) {0,747 B}HL(H) (/0 (t — ) 2max{0,7y+n—p} du)

— \/p(P D) A)ymin{0.y+n—5} t!/2-max{0,y+n—p}

(47)
Furthermore, observe that the triangle inequality implies for every ¢t € [0, T] that
t
(t—Lusg)A B o 2XLUJ9,U<XLHJ@,uvB(')>H _(t—u)A
A il ) L
t
(t—Luag)A B _ (t—u)A
< H/ (X‘-UJee I+ X s ullF ¢ B) dWU Lr(P;Hy) <48)

X t LuJG A QXLuJ@ 1L<XLuJ0,1L7B qu)H
Lusp® (IHIX Cug ullF)?

Le(P;H,)

14



In addition, note that the triangle inequality assures for every ¢ € [0, 7] that

t
(t—LUJ@)A B (t_u)A
H \/0 <XLUJ06 1+||XL1LJ6,U||%I € B> dWU

Lr(P;Hy)
t
S H 0 Xvug X ug,ull3, L (P;H.,) (49)
+ H J, e (A (94 B g1,
0 0 LP(P;H.)

t
+ H / (Xewsy — 1e"WABaw,
0

Le(P;H,)

Moreover, observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato
& Zabcezyk [8] demonstrates that for every ¢ € [0, T] it holds that

t
H / X\_UJee(t_LUJe)A 1+||X B ”2 - B:| qu
0 Ludg,ull i LP(P,H—}/)
t 2 12
/) (tvsg) A | X sl B i)’
=T ¢ 1 X e asg a2 u
0 o“\VH || £p(P;HS(U,HS))

I X usgull3 B
1+ X s ull%

2 1
< \/p(p—1) ( ! ”<_A)'y*5€(tﬂlue)AH%(H) du) .
0 LpP(PHS(U,Hg))

( _1) ! - —LUuUJ 1/2
< \/IT( ; ||(—A)'Y Be(t Q)AH%(H)||XLuJ0,U/||Lé2p(]P);H)||B||12{S(U7H/B) du> .

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [8] and the
fact that ||Bllusw,my < |suppen 04| || Bllusw,u,) hence ensure that for every ¢ € [0, 7] it holds
that

t
t—Lu A
H/O N

N B (s it 2N
< pj’@ (/0 [(—A) Pelt Q)AH%(H)HBHI%IS(U,HB)<p(2p_1) [ ||B||12{S(U,H) d5> du>
LUg

B B} dW,

T+ X s ulld

LP(P;H,)

t 1/2
< ﬁpg‘ SUDpcH Uh|725”BH§{S(U,H5) </0 | (_A)%ﬁe(HuJe)A”%(H) (u — Lug)® du)

— min — 51
< V2| supess 012 B s gt (= A0 (51

t 1/2
([ Ayt eltaen A2 G ) du)
0

< V29| suppe a1 Blfis ) (=A™ 07y

t 1/2
.|9|T( [t = gy 2mextoa=2) du) .
0

Furthermore, observe that the fact that 1 — 2max{0,v — f} = max{1,1 — 2y + 28} > 0 ensures
that for every ¢ € [0, 7] it holds that

t —2max _ t —2max _ 1—2max{0,y—8}
/O(t_LuJe) 2max{0,y B}dug/o(t—u) 2max{0,7=F} g, — WM (52)

15



Combining this and (5I]) implies that for every ¢ € [0, 7] it holds that

t
(t*LUJQ)A # —
H/O XL'{LJGe 1+||XL’ILJ9,“||%I B:| qu LP(P7H’Y) (53)

— min — 1/2—max{0,y—5}
< V3 s 00| Bl (A0 gy S g

In the next step we note that the fact that 1 —2p —2max{0,y—} =1-2p+2min{0, -~} >0
and the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [§] show
that for every ¢ € [0, 7] it holds that

H /t Yo (e(t—LuJQ)A _ e(tfu)A)B dw,
0

Lr(P;Hy)

(71) t —LU. —Uu 1/2
< VD[ [Tt — ) Bl du)

t 1/2
S%(/O [(—A) 7P Pelt=A 7 (= A) P (e LUJG)A_IdH)H%(H)HB”%IS(U,Hﬁ)du)
1/2
< Vsl Bllusw.sm,) (/0 [(—A) PPl T (u — Lusg)™ du) (54)

< || Bllnsw, ) | (= A)™™ 7| )

t 1/2
([ N ayrma 0l 0A R L — ) du

IA

min{0,y—3} ! 6|7 2
51 Blscara | (A" g ([ gy du)

: _ 1/27 —max{0,y—8}
_A)mm{o,v 5}”L(H) \/2—2pp—2max{:),y—5}[| 7]

< 7 I1Bllasw,ms I (
Moreover, observe that the assumption that Vu € [0,T],0 € wr: [|X.u,, — 1 cr@er) < C[|8]7]” and

the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [8] establish
for every t € [0, 7] that

t
H / (Xews — D)4 B 4V,

52

Lr(B;H.)

1
Jelt=A du> &
£p(P;HS(U,Hs))

’ XLUJQ -
< B -1 2 A y=08 (t—u)A |2 B 2 d e
> 5 HXLuJe ”EP(]P’;IR)”< ) Ve HL(H)H ”HS(U,H,g) U
v2\ Jo
t 1/2
< ZBlusn[01e) ([ 1(=AY e ) du ) (55)

. t Y 1/2
| Blns(n 101 (— A0 g ap [ (=)0t 2 )

IN

. t 1/2
2 Bllusrar 1012171 (=A™ 07 [ (¢ = ) 2700777 d)

— pC Pl (_ A\min{0,y—38} £1/2—max{0,y—8}
= 2| Bllusw,u)[10]7)7|(—=A) |!L(H>\/1_2max{0ﬁ_ﬁ}.

IN

Combining this, ([#9), (&3), (54)), and Holder’s inequality demonstrates that for every t € [0, T] it
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holds that

t

[
Ludg,ull g

LP(P;H.)

_ min _ 1/2—max{0, —-B}
R

min — 1/2—p—max{0,y—B}
+ BBl || (= A)" 0Ty S (g

pC ol (_ A\min{0,y—8} +1/2—max{0,7— B}
+ 25 Bllnsw, ) [1017]°[|(—A) ||L(H)\/172max{07775}

< Tt A O | Bllsswssn (L + | w08 Bllisions)

mase {09, emrmin05-2)} [o,20g1 4 [[6]717 + [[6] )]

(56)

Clmax{T,1}1]Y/2+8 min{0,y—
= \/QISIEQP*;maE{O,’Yfﬁ})HBHHS(UvHﬂ)H(_A) 10y mHL(H)

(1 + | suppes o~ || Bllis () ) [ 207101 + 2[16]7)7]

3p°Clmax{T,1 3/2+p min{0,y—
- \/zi)l_gp—z{max}{]o,v—ﬁp”B”HS(U’H“”(_A) O e

(1 + | suppes o8 1B (o, ) 16]7)7-

Furthermore, note that the fact that v = max{3,~} + min{0, v — 5} and Lemma (with p = p,
p =max{f,7}, n = max{f, v}, Xs: = Xs; for t € [s,T], s € [0,T], h € (0,7] in the notation of
Lemma [2.2)) prove that for every ¢ € [0, 7] it holds that

t
X e(t_LUJG)A 2XLuJ9,u <XL7J,J9,’U47§ dWU>H
0 LU (1+||XL1LJ6,UI|H)2

Lp(P;H.y)
t
_ min{O,'ny} (t*LUJQ)A 2XLuJ97u<XLuJ9,u7Bqu>H
<l ””H)H/o Neuao® A0l | Lo e ) o7
_ - _ 1/2+6—max{8,7}
< V25 Bfis v | supness 0|~ (= A) Oy AL
and
t 2
(t*\_UJg)A 4”BXLuJ9,u”%1XLuJ6,u _ 2BBXL“‘J07u+||B||HS(U’H)XL’UzJ6,u
H/O X\—UJ9€ ( (1+||XL7J,J9,’IL||%I)3 (1+||XL7J,J9,“||§-I)2 du L‘,p(P,Hq)
< ||(_A)min{0ﬁ_ﬁ}”L(H) (58)
. H /tX e(tLM)A(4IIBXLuJe,uII%X5uJe,u _ QBBXL“JO’””B”QHSGJQ:H)XL“JH’“) du
0 LUp (1+||XL’U,J977J«||H)3 (1+||XLuJ9,u”H)2 LP(P§HmaX{B,'\/})
_ : _ 1+B8—max{8,v}
< 2\/§p”BH%{S(U,H5)|Supheth| 2B||(—A)mm{o’y B}HL(H)WHQMW-
Moreover, observe that
1 1 1
(59)

= < .
\/1+26—2max{6,fy} \/1—2max{0,’y—5} B \/1—2p—2max{0,’y—ﬁ}

Combining (€H), [@7), @), [{6), GT), ), the fact that \/1+25 — 2max{f,1} < 1+ 5 —
max{,7}, and the fact that % +2v/2 + 2v/2 < 8 hence ensures that for every ¢ € [0, 7] it holds
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that

- < ||B = _ A\min{0,y+n—5} plmax{T,1}]"/2+#
10: = Otlleveeirry < 1B = Blluscw s, | (~A) e 3 o e

3p3C[max{T,1}]*/2+8
V/2(1-2p—2 max{0,y—f})

(14 | supper 0nl 1B (w0,) ) [101)

3 3 —28||/_ A\min{0,y—B} [max{T,1}]"/2+5
+ 2v29° | Bl (0.1, | 5uPhess o1 7 | (— A) =L

+

1B lis (i) || (—A)™m 0= Ly

(60)
- min - max{T, 1+5
o+ 2V2l Bl | 5P Ol 1 (= )"0 | gy e 0]]
p[max{T,l}}lﬂJrB N min{0,v+n—8} >3
ST vy I(=A) Iz IB = Bllasw.m,_,)
8p3Clmax{T,1}]*/2+5 min{0,y—
e IBllns . (=AY 07
: (1 + | supyen UherB”%IS(U,Hﬁ))H‘g‘T]p-
The proof of Lemma is thus completed. O

2.4 Exponential moments of temporally semi-discrete approximations
of stochastic convolutions

In this subsection we first derive two auxiliary lemmas (see Lemma and Lemma 2.7 below)
which we then combine to establish in Lemma below appropriate exponential moment bounds
for the approximation process O: [0,7] x Q@ — H., from Setting 211

Lemma 2.6. Assume Setting 21, let p € [1,00), and for every s € [0,T] let X, y(-) =
(Xst(W))gwresmxa: [, T] x Q — Hg be an (Fy)iesm-adapted stochastic process with continu-
ous sample paths which satisfies for every t € [s,T] that [ X ]p s, = [fBdW,. Then it holds
for every t € [0,T] that

t 2
H [ ettt (4”“%9#!%%9@ 2BBXLwe’u+anHs<uﬂ>XL“’“) du

D A R P AL Cr(BH) (61)
2
< 2| Bllasw,m?-
Proof of Lemma[2.d. Note that for every ¢t € [0,7T] it holds that
t
H/ X e(tLUJG)A<4||BXLUJ97“||[2]XL“J@7“ _ QBBXUUH “+|IB”HS(UH) L’“O’“) du
u 2\3
0 LUg (1+||XL7J,J077J«||H) (1+||XL7J,J0 u”H) £r(P;H)
t
</ e(tLUJG)A(4||BXLM0,“||,2]X;M3M _ 2BBXuy, wHIBI s w.m uue,u) du
= (X Lusg,ullgy) A+ X Cusgull)? P (P;H)
t 2 2BBX, +|1BJI3
ABX sy ull2 Xwsy Lusg.u Xiusgu
S/ TR gl du (62)
Ludg,ullyg Luag,ull g EP(P,H)
< / ABIZ g oy 1 Xcwsgullly | QIBBl L, +IBllfig 1, i) 1Xcusg ull du
(1+||XL'U,J0 “”H) (1+||XL1LJ@ u”H) L:p(P,]R)
t B IBI1F
HS(U,H) HS(U,H)
< [ (S 1Bl 1Bl im0 + 50 ) du
is completes the proof of Lemma 2.6
Th pletes the proof of L O
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Lemma 2.7. Assume Setting[Z1 and for every s € [0,T] let X, ()(-) = (X5t (W) tw)els,rixa: [5, T]x
Q — Hpg be an (Fy)ic[s,m-adapted stochastic process with continuous sample paths which satisfies
for every t € [s,T] that [X,4lp s, = Ji BdW,. Then it holds for everyn € N, ¢ € [0,T] that

2n

t
H/ XLuJee(t—LuJe)A B _ 2XL’U,J9,7J,<XL’ILJ9 u,B( :|dW
0

I+ X ugullF, (X g ,ullF)?

L2n (P H) (63)
9" (2n)! "
< T | Bt

Proof of Lemma[27. Throughout this prooflet U C U be an orthonormal basis of U, let Z: [0, T x
Q) — H be an (IF;).cp0,m-adapted stochastic process which satisfies for every ¢ € [0, 7] that

B _ 2XL1LJ6,U,<XL1LJ6 u7B( ) :| qu’ (64)

(t Luag)A
A / Xeug€ TH X ag el T+ X ca g all %)

and let Z: [0,T] x Q2 — H be an (F;)cjo,r1-adapted stochastic process with left-continuous sample
paths and finite right limits which satisfies for every t € [0, 7] that

2XLtJ9,u<XLtJ0’“’B(-)>H:| dW,. (65)

t
_ B
[ZiJesn) = [Zesle.son + / by Nt [T gl (et a3
Note that It6’s formula proves for every p € [2,00), t € [0,T] that

W2zl sm) = (1200 550w

p— 2 _ 2XLtJ677J,<XLtJ07u7B(-)>H
+/ XeusoPll 2l < w TR T, I XogalZ)” )y AWe

t
l Z p—2 Bu _ 2XLtJ@,U<XLtJ6,u7Bu>H (66)
-+ lQ /LtJe lXLUJQ lgj {pH U”H 1+||XL,5J97U||§_I (1+||XLtJ9,u||%()2 H
2
p74 Bu 2XLtJ0,’U,<XLtJ6,'U47Bu>H
+p<p - 2)XLtJ9]]‘{Zu7£O} HZU”H < us 1+||XLtJ u||2 B (1+||XL75J u”2 )2 du '
o ullEy 6w H H P,B(R)

In addition, observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato
& Zabczyk [8] ensures for every p € [2,00), ¢ € [0,T] that

t
B 2XLtJ9,u<XLtJ9 1L7B( )
12elleresrry < N 2o llcoian + H / ., Xetoo [unm@,uuz e R
Ltug

Lr(P;H)
2 1/2
< |:ﬁ /\_t49 B - QXLuJe,u<XL1LJ6,U7B(.)>H du:| /
- 2 Lulg,u 2 Lulg,u 2)?
0 T+ X usg,ull?; (U X s ullfy) £P(P;HS(U,H))
t 2 1/2
2 2X ¢, u<XL a UB()>H
Y B _ tig, tig,u>
+ 2 / 1+||XLtJ u||2 (1+||XLtJ u||2 )2 du <67)
g 0-ully o-ull g £r(P;HS(U,H))

2
I Bllas v, &) + 20| X usg ull 3 I Bllus,m
1T+ X usg,ull% A+ X Cusg,ull?)? P (PHS(U,H))

IN
(V)

2 [ v
{7 /0 du}

p [ 2 6
<2[ [ alBlRsem du| < 2v2pma(T. 1} Bllusw.n)
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This implies for every p € [2,00), t € [0,T] that

r

2

du

[EAl B | 2XepaXigsBOM
X\_uJe u7 1+||XLtJ9,u||%( (1+||XLtJ9,’Ul||§_I)2

H |l £2(P;HS(U,H))

2
< p72 B o 2XLtJ0,1L<XLtJ6,u7B(')>H
/tJe 12,11 <Zu’ 1 Xetog ullyy (Xt l)? H |l £2(PHS(U,H)) .
2
2XL g ,U(XLtJ ,uyB()>H
: Voo — Etqicasae| .
= /tJe =4 1[I X g, ullFy (X ullz)? T, m) || 2 (p.r) du (68)
t 2 B 2
< p—l( I Blles(v, ) 2|| Xt ullgll ||HS(U,H))
- /th 12l T Xl T O Xtsgal)? L2(P;R) .
t
2
< 4Bliswm [, 12250 g du < oo.
Moreover, note that for every ¢ € [0, 7] it holds that
t
o (t*l_tJ )A B o 2X ¢, ,u(XLtJ uyB(
[Zlp sy = €1 [[Z@J@]p,g(m + / o Xt | TRyl (gt | Wa ) (69)

Combining this, (6], (68)), and Tonelli’s theorem establishes that for every p € [2,00), ¢t € [0, T]
it holds that

E[l| Zil[3] = Elle 12,5 < Ell2:)1%] = Ell Zee, |17]

2
—92 Bu 2X ¢, ,u(XLtJ ,uvBu>H
ZP — == ’
+1 /m lxm@ 2 {pll ™| =T X ulZ? | (70)
2
B Bu o 2XLtJ9,u<XLtJ9,u7Bu>H
+ (P — 2) Xt Lz, 20} || 2u ||H < W T X g ull % (I Xcesg,ullF)? H du.

The Cauchy-Schwarz inequality hence assures for every p € [2,00), t € [0, T] that
Ell Z:ls) < Elll 2:ll%] < Elll 20, 7]

2
p—2 ||Bu||H QIIXLtJ ,u”H”XLtJ ,u“H”Bu”H
+3 / [ {pHZuHH <1+||xm9,u||§, T T X B >
ucl
2
p—2 | Bu]] 2| Xitag ull | X tag,ulla || Bulla
+ 00 =2 Z2ulln <1+||thqu||§, T X )2 ) H du (71)
t 2
-2 2||XL 419 ”2
[ Z.0.0f3] + 20 = V) [§] 1 Bllisan |, E[uzur\% (o, + e selis) ] du

t
< Bl Z.o.o ) + 20 — 1) [3]IBllis 0. /t E[l| 2% du.
Ltg

This demonstrates that for every n € N, ¢ € [0, 7] it holds that
E[[|Z[I3) < Bl 23] < Ell|Zcw, 1371 + 20020 — D[$]I1B s, / B[ 232 du
Lllg
< ... <E[|Zol3] + 2n(2n — 1) [3] I Bllsw,m / E[|| 20372 du  (72)

= 2n(2n — 1)[ }HBHHS(UH)/ A 2}
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Therefore, we obtain that for every n € N, ¢, € [0, 7] it holds that
B[l Zi 3] < Elll 25 3] < 2n(2n — 1) [8] I Blliisw,m / 2.3 du

t1 tn—1 9" (2n)!
<2 Cl Y B [ [ [ e dradt = SE B (1)
The proof of Lemma [2.7] is thus completed. O

(73)

Lemma 2.8. Assume Setting (21 and let € € [0,/ 8max{||Bllusw.u), 112 max{T,1})?). Then it holds for
every t € [0,T] that

E[edlotll%] < 2 : (74)

— 1-e2[8||Bllus (v, m) max{||Bllus v, m),1} max{T,1}]*

Proof of Lemma[Z8. Throughout this proof for every s € [0, T let X, ()(-) = (Xs¢(w))(t,w)els,1]x0:
[s,T] x Q@ — Hg be an (F,),e[s r-adapted stochastic process with continuous sample paths which
satisfies for every u € [s,T] that [X . |psm, = [, BdW,. Lemma 2T (with X,, = X, for
t € [s,T7], s € [0,T] in the notation of Lemma 2.1)), Lemma 2.6 (with p = 2n, X,; = X, for
t € [s,T], s € [0,T], n € N in the notation of Lemma 2.6), Lemma 27 (with X, = X, for
t €[s,T], s €[0,T], n € N in the notation of Lemma [Z7]), and the triangle inequality ensure that
for every n € N, t € [0, 7] it holds that

t —
(t—Luag)A 26“ LuJQ)AXL a Xiug B
HOtHLQ” P H < Xiuog < o ot dW.
0

) 2
1+||XLuJ9,u||H (1+||XL7J,J9 u” ) LQ"(]P’,H)
t
/ N plt—tus)A 4||]BXLM97U||2UX;UJ397H 2BBX .y, u+||B||HS(U HQ)X wot |
u
+ Luag (X g al%) I Xousg,ullF) £27(P;H) (75)

n)! /2n
< 2\3/((2 )) 1B lsq,mt”* + 2| Bllfisw.mt
. @2n)1 /2n
< 41| Bllss, sy max{ | Bllsssco,my, 1y max{ T, 1} (222) 7"

This, the fact that for every x € [0, 00) it holds that e* < 2[>>°_, (2:;,] (see, e.g., Lemma 2.4 in

Hutzenthaler et al. [18]), the dominated convergence theorem, and the fact that Vm € N: (4m)! <
24m[(2m)!])? imply that for every ¢ € [0,T] it holds that

S o] s [5° g o |

<2 [Z [((247:3 "[4]| Bllusw, ) max{|| B||usw,m), 1} max{T, 1}* ]

n=0

E[esIOH] < 2F

S 2 [Z 24n82n[4”BHHs(U7H) maX{HB”Hs(UJ_[), 1} maX{T, 1}]4111
n=0
2
1-e2[8||Bllus (v, iy max{|| Bllus(u, )1} max{T,1}]*"

The proof of Lemma [2.§8] is thus completed. O

3 Regularity properties of tamed-truncated space-time ap-
proximations of stochastic convolutions

Setting 3.1. Assume Setting L1}, let § € [0,00), T' € (0,00), let (Q, F,P, (F¢)ico,17) be a filtered
probability space which fulfills the usual conditions, let (Wi)co.1) be an Idy-cylindrical (Fy)icpo,m-
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Wiener process, let B € HS(U, Hg), let U C U be an orthonormal basis of U, let Pr: H —
H, I € P(H), and PU - U, J e P(U), be the linear operators which satisfy for every
reH, yeU,IePH),Je P that Pr(z) = Sperh, @) gh and Pi(y) = Xoues(u,y)ou, let
X0, T xQ = [0,1], 0 € wr, I € Po(H), J € P(U), be (Fy)ieor)-adapted stochastic processes,
and let Q%L7: [0, T) x Q — Pr(H), 0 € wy, I € Po(H), J € P(U), be stochastic processes which
satisfy for every 0 € wr, I € Po(H), J € P(U), t € [0,T] that O =0 and

S, X it A p B By aw,
L+ | [, PrBP AW,

tag

[Of’I’J]P,B(PI(H)) = [e(HtJ")AOfif;J]P,B(PI(H)) +

(77)

3.1 Main results

Here we apply the results from Section [2] in order to obtain our main results concerning tamed-
truncated space-time approximations (see (7)) above) of stochastic convolutions. A uniform
boundedness of moments in fractional order smoothness spaces is presented in Corollary [B.], a uni-
form Holder continuity in time is shown in Corollary B2 strong convergence rates are established
in Corollary B3] and Corollary [3.4] concerns a uniform boundedness of exponential moments.

Corollary 3.1. Assume Setting[31 and let p € [1,00), v € [0,1/2+ 3). Then it holds that

01,7
SUDge ey SUP jep(U) SUP 1P, (1) SUPte(0,7) 107" | 2o (e, < 00 (78)

Proof of Corollary[31. Observe that Lemma (with 8 = B, v = max{v,p}, T =T, 0 =
97 (Qafap) = (Q,f,[[»), (Fu)ue[O,T] = (Fu>u6[0,T]7 (Wu)UE[O,T} = (Wu)ue[O,T}a B = (U > u =
P;BP;(u) € Hg), x = x*"7, 0 = ([0,T] x Q3 (t,w) = O/ (W) € Hpax(rpy), p = max{p,2}
for 0 € wy, I € Py(H), J € P(U) in the notation of Lemma 23]) and Holder’s inequality show
that (78) holds. The proof of Corollary Bl is thus completed. O

Corollary 3.2. Assume Setting[Z 1l and let p € [1,00), v € [0,Y24 ), p € [0,1/24+5—~)N|0, 1/2).
Then it holds for every s € [0,T), t € [s,T] that

0,1,J 0.1,J
SUPgc . SUP jep () SUP 1P, (H) |0y — Og ”EP(IP’;HV)
3max[{p,2}*|| Bllus(v, i 4) [max{T,1}]* max{| sup), ez nh\*2/371}(1+8||B||EIS(U,H/3))II(fA)“"“{O”*B}IIL(H) (79)

p
a V/1+2(5—max{7,5}~p) (t=9)"
Proof of Corollary[32. Note that Lemma 24 (with H = H, 5 = 3, v = max{v, 5}, T = T,6=90,
(Q,f, ]P)) = (Q,f, ]P)), (Ft)te[O,T} = (Ft)te[O,T}a (VVt)te[O,T} = (Wt)tE[O,T]a B = (U S Ut P[BPJ('LL) €
Hg), x = x*, 0 = ([0,T] x Q 2 (t,w) — 0" (w) e Honaxgy,8y), p = max{p,2}, p = p for
0 € wr, I € Po(H), J € P(U) in the notation of Lemma [2Z4]) establishes ({9). The proof of
Corollary is thus completed. O

Corollary 3.3. Assume Setting [31), let p,C € [1,00), v € [0,Y2+ ), n € [0, /2+ 3 —7),
p € 0,24+ 8 —~v)NI0,Y2), assume for every s € [0,T], 6 € wy, I € Py(H), J € P(U) that
XL = Ul pmexwr ey < C[107)7, and let O: [0,T] x Q@ — H, be a stochastic process which

satisfies for every t € [0,T) that [Oyp s,y = Jo €A B dW;. Then it holds for every I € Py(H),
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J € P(U), K € P(H), 0 € wr with I C K that

SUDye(0,7] 100" — PO oo,

max max{T,1}]/2+8 min B R

< \/2{522}Lax{gvfn /3})H( Aymint0tn=8Y ), o | B — PrBPy|lusw.n, )
4 8lmax{p 2}3Clmax{T'1}] 13/2+8

\/1 2p—2max{0,y—8}

(1 + [suppers 08l I Bllfis(oyy ) 6]7)"-

(80)

|1 Blus ) | (— A)™ 0775 Ly

Proof of Corollary[3.3. Note that Lemma ZI (with H = H, 3 =3, v=7~,T =T, (O F,P) =
(QF,P), (Ficior) = Fe)eetor);, Wiieor) = Wi, B = (U 3 w — PrBP;(u) € Hp),
X = X", 0=(0,T] x Q> (t,w) » Oy (w) € H,), C =C, B= (U3 uw PxB(u) € Hp),
p=max{p,2}, n=mn,p=p, O=([0,T] x Q> (t,w) — PxOi(w) € H,) for § € wr, I € Py(H),
J € P(U), K € P(H) with I C K in the notation of Lemma [2.3]) ensures that for every 6 € wr,
I e Py(H), JePU), K € P(H) with I C K it holds that

supyeo 11 |08 = POyl oo,

max{p,2}|max{T,1 1248 min _ ~
S \/2{11) 2}r[nax{gfy+}1]7 = ||( ) {0,747 B}HL(H)HPKB — PIBPJHHS(U,H/@_,?)

81)
[mas{p 2} *Clmax{T 11247 | 1 1 5y pymin{0.9-5) (
+ /1—20—2 max{0—5] |1PrBP;||lnsw.my [ (—A) ey

(14 | supper 0nl 1P BPs sy ) (1612
This completes the proof of Corollary 3.3l 0J
Corollary 3.4. Assume Setting [31 and let € € [0,1/(8[max{|| Bllusw.m,1}? max{T,1})?). Then

SUDge sy SUD jep () SUP repy (1) SWse o] Blexp(e]| OFT[|3)] < oo. (82)

Proof of Corollary[37). Note that Lemma 2§ (with H = H, 8 =, v =0,T =T, 6 = 6,
(Q,F,P) = (Q,FP), (Fi)icor) = (Fr)iepr, B = (U 3 2 — PIBPJ(x) € Hp), x = X"/,
O =([0,T]xQ> (t,w) — O (w) € H), e =¢ for I € Py(H), J € P(U), 6 € wy in the notation
of Lemma 2.§)) assures that (82) holds. The proof of Corollary B4l is thus completed. O
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