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Kernel-based interpolation at approximate Fekete points

Toni Karvonen - Simo Sarkka -
Ken’ichiro Tanaka

Abstract We construct approximate Fekete point sets for kernel-based inter-
polation by maximising the determinant of a kernel Gram matrix obtained
via truncation of an orthonormal expansion of the kernel. Uniform error esti-
mates are proved for kernel interpolants at the resulting points. If the kernel
is Gaussian we show that the approximate Fekete points in one dimension
are the solution to a convex optimisation problem and that the interpolants
converge with a super-exponential rate. Numerical examples are provided for
the Gaussian kernel.

Keywords reproducing kernel Hilbert spaces - Gaussian kernel - radial basis
functions

1 Introduction

Kernel-based methods are widely used in interpolation and approximation
of functions [38, 14, 13]. Let d € N and §2 C R? be a compact set with a
non-empty interior. Given evaluations of a function f: {2 — R at a scattered
set of distinct points X, = {z1,...,2,} C 2 and a continuous positive-definite
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kernel K: {2 x 2 — R, the kernel interpolant sy is

n
sp(@) = oK (z, ),
k=1

where the coefficients ¢ are uniquely determined by the interpolation conditions
sp(xg) = f(zy) for every k =1,...,n. The choice of the evaluation points X,
can have a significant effect on the accuracy of the approximation s;(z) ~ f(z)
at ¢ ¢ X,,. Popular methods for constructing “good” point sets include different
types of greedy algorithms [32, 11, 21, 40, 27| that construct the next point
Z,4+1 by maximising the power function. An alternative approach is to select n
points concurrently by maximising

det K, = det(K (z, $m))z,m:17

the determinant of the kernel Gram matrix, over all sets of n points A, C (2. The
resulting points are called Fekete points in an analogue to the classical Fekete
points that maximise the Vandermonde determinant [6, 8]. The asymptotic
distribution of these points for kernel-based interpolation in one dimension has
been studied by Bos and Maier [7] and Bos and De Marchi [5].

Because maximisation of det Ky, is typically intractable, in this article
we study approximate Fekete points that are obtained by maximising the
determinant of the kernel matrix of a truncated version of the kernel. Let
{pe}32, be an orthonormal basis of Hy (£2), the reproducing kernel Hilbert
space (RKHS) of K. Then the kernel can be written as

K(z,y) =Y po@)ee(y)-
=1

The approximate Fekete points X' are then defined as any set of n points that
maximise

n n
det K, = det (Zw(mk)w(mm)> . (1.1)
(=1 k,m=1

This and related constructions have been recently suggested by Tanaka [36]
and, in the context of numerical integration and sampling from determinantal
point processes, by Belhadji et al. [3] and Gautier et al. [16]. Our construction
differs slightly from the prior work in that we do not require the basis functions
{pe}32, to arise from Mercer’s theorem, which significantly simplifies analysis
and construction of the points, at least when the kernel is Gaussian. This
article contains two main theoretical contributions:

— Let f € Hg(£2). In Section 3 we use a bound on the Lebesgue constant for
interpolation using {¢¢}}_, to prove that

oo

1/2
s (&)~ 51 @)] < 2l 00 (1 mswn (3 @) 12

l=n+1

for kernel interpolation at any approximate Fekete points.
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— In Section 4 we show that for a certain simple orthonormal expansion [20]
of the univariate Gaussian kernel

K(z,y) = exp (= *(z — y)*)
with a scale parameter € > 0 the objective function (1.1) is convex and has
a unique maximiser. This is made possible by a convenient factorisation
of the determinant in (1.1) for this basis. We then specialise the uniform
error estimate (1.2) and some other results from Section 3 for the Gaussian
kernel.

Two numerical examples for the Gaussian kernel are given in Section 5. We
also discuss improved error estimates in subspaces of Hx (f2) and tensor prod-
uct extensions of the univariate approximate Fekete points for anisotropic
multivariate Gaussian kernels.

2 Background

This section reviews basic properties of kernel interpolants and defines the
approximate Fekete points studied in the remainder of the article.

2.1 Kernel-based interpolation

Every positive-definite kernel K: 2 x 2 — R on a general domain 2 C R¢
induces a unique reproducing kernel Hilbert space Hx (§2), which is a Hilbert
space consisting of real-valued functions defined on (2. The RKHS is char-
acterised by the properties that K(-,2) € Hg(£2) for every & € {2 and
([ K( %)y, 0 = f(@) for every f € Hy(f2) and & € 2, the latter of
which is known as the reproducing property.

Given a set of n distinct points, X,, = {z1,...,2,} C (2, the kernel inter-
polant s¢ is the minimum-norm interpolant to a function f: {2 — R at these
points:

sy = argmin{||g||HK(Q) D g € Hi(2) st g(xy) = f(zx) for every ay, € X, }.

(2.1)
This definition implies that HSf”HK(Q) < [[fll34x (0)- The main advantage in
working in an RKHS as opposed to some different function space is that the
minimum-norm interpolant has a simple algebraic form:

sf(x) = Z K (x,x) =c'ky, (2), (2.2)
k=1
where we denote ¢ = (c1,...,¢,) € R" and ky, () = (K(z,z))7_, € R”

The coefficients ¢ are
-1

C1 K(xy,z1) - K(x1,2,) f(z1)

| |K@mw) - K@mz)| | f@n)
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where Kx, = (K(Zk,Zm))} ,n=; 18 the positive-definite kernel Gram matrix.
From this it follows that s¢ is the unique interpolant to f at A}, in the span of
{K (G 2e) oy
The interpolant can be written as sy = >__, f(zx)us using the cardinal
functions uy, € span{K (-, zx)}}_, that satisfy ux(zm,) = Okm. From the repro-
ducing property and the Cauchy—Schwarz inequality it then follows that for
any f € Hx(£2) the interpolation error admits the bound
n
() = s5(x)] =‘<f, K(2) =) K(nxk)we(w)>
= Hi (2)

k=1

(2.3)

IN

111245 (2)

K(,{II) — ZK(-,xk)uk(m)
k=

1 Hi(2)

= F e ) P (2),

where the non-negative power function, Py, , can be alternatively expressed as

Py, (@) = \/K(@,2) — k2, @) Ki'kr, (@) = s |f(z) - s;().
13 e 2y <1
(2.4)
The latter form is the point-wise worst-case approximation error. The power
function can be also written in a determinantal form [e.g., 30, Lemma 3]

det ICXnU
Px,(x) = W/—y{m}’

which suggests, via (2.3), that points X, that maximise det Ky, ought to
provide small approximation error. Numerous explicit bounds on the error
f — sy in different norms and for different classes of kernels and functions within
and without the RKHS can be found in [38, Chapter 11] and [39, 22, 1, 24].

2.2 Approximate Fekete points

For the remainder of this article we assume that (2 is a compact subset of R?
with a non-empty interior and that the positive-definite kernel K: 2 x 2 - R
is continuous. These assumptions guarantee that the RKHS is separable [e.g.,
23, Proposition 11.7]. Let {¢¢}72, be any orthonormal basis of H g (£2). Then
the kernel can be written as

oo

K(zy) = ec@)puy) (2.5)

{=1

for all £,y € §2. Note that there is an infinite number of different orthonormal
bases of the RKHS and the expansion (2.5) is valid for each of them. For example,
an infinitude of bases can be generated by varying the domain and measure in
Mercer’s theorem (see Section 3.3), though we do not assume that the basis
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{pe}32, arises this way. It is easy to verify that K in (2.5) is the reproducing
ernel: An €k as the expansion | = _1{J, e ¢ SO that
k 1: Any Hi (£2) has th i ;il P03 ()P h

<f,K("x)>7-[K(Q) =
14

(0o, )2y () U PO 21 () PR ()
1

I
hgE: Nk

(f, W>HK(Q)W($)

&~

:m).

The Fekete points for interpolation with the kernel (2.5) are the points that
maximise the determinant

Il
~

K(zy,21) -+ K(z1,2,)
det Ky, = det : : (2.6)
K(znaxl) K(xnvmn)

of the kernel matrix. As exact computation of the Fekete points is typically
challenging, we fix an orthonormal basis {¢¢}72, of Hx(2), truncate the
expansion (2.5) after n terms and consider maximisation of the resulting
approximation of the objective function (2.6). Define the truncated kernel

Ry = e@euy) (2.7)
/=1

and its kernel matrix Ky, = (I/(\’(mk,xm))gm:l € R™*™. From (2.7) it is easy
to see that

P1(z1) -+ pn(z1)
Kx, =0x,0% , where &y, = L :

Sal(xn) ‘Pn(""n)

The approzimate Fekete points X = {x7,...,z}} C {2 are then any points
such that

Xr={z},....,z,} € argmax  detKy, = argmax  detPy, .
Xn={x1,.... 20 }CN2 Xp={z1,...,2, }CN2
(2.8)

Note that because {¢¢}}_, are linearly independent, there exists X, C 2
such that det@x, > 0. As (2 is compact and the continuity of K implies the
continuity of the basis functions, there exist points &, at which det @ attains
a maximal value.

Given a set X, of n previously selected points, the popular P-greedy
algorithm [11, 27] selects &,,41 such that

ZTp41 € argmax Py (z), (2.9)
Tzen
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which, using the block determinant identity and (2.4), can be written in the
equivalent form

= argmax det Ky, u(z)-

zEN X, (m)T K(IL:L‘) TEN

Kx, kx,(z) ]

ZTp41 € argmax det [k

That is, the P-greedy points can be interpreted as greedily computed Fekete
points. Because it is known [27] that the interpolation error of the P-greedy
algorithm decays fast (in some cases with an optimal rate), it is reasonable
to expect that these rates are inherited or surpassed by interpolation at the
Fekete points, and by extension perhaps by interpolation at the approximate
Fekete points. This is confirmed by numerical examples for the Gaussian kernel
in Section 5.

3 Error estimates

This section provides upper bounds on the error of approximating f € Hx (£2)
with the kernel interpolant sy when the interpolation points are the approximate
Fekete points from Section 2.2.

3.1 Interpolation with basis functions and Lebesgue constants

For any f: {2 — R and any points X,, = {z1,...,2,} C 2 such that the
matrix @y, = (pm(@x))} =y is invertible there exists a unique interpolant s%
such that

(i) s7(zx) = f(zx) for every k=1...,n;
(ii) s% € span{pe}y_;.

From these requirements it follows that

st = ZCM%’ (3.1)
k=1
where the coefficients are
1
a1 p1(x1) - pnlz1) f(z1)
Cn Wl(wn) co 4,07;(xn) f(xn)

Alternatively, the interpolant can be written in the Lagrange form
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where uj are the Lagrange basis functions solved from

p1(z1) - pr@n) | |uf (@) e1(z)
Do S : (3.3)
on(T1) -+ pn(Tn) uf(m) on(T)

for every x € §2. The Lebesgue constant is defined using the Lagrange function
as follows:

Ay (X,) = sup lug ()] . (3.4)
ze? I

A standard argument yields a conservative upper bound on the Lebesgue
constant at approximate Fekete points [6].

Proposition 3.1 If X¥ are any approzimate Fekete points (2.8), then the
Lebesgue constant (3.4) satisfies

A (X5) < n. (3.5)

Proof Cramer’s rule applied to (3.3) gives

k
up(z) = L20E) (3.6)
k det @Xn
where &%, (x) is obtained by replacing the kth row of the matrix @y, with the
row vector (¢1(z),...,pn(x)) € R™. Because any approximate Fekete points
maximise det @y, among all sets of n points within 2 and &% (z) = & x* , (2)
with X (2) = {21, .., Tp—1, %, Tht1,- -, Tn },

det P; > det Py:  (z) = det Ph. ().

From (3.6) we thus get

See [10] for bounds on the Lebesgue constant for kernel interpolation,
SUpPgco O rey [uk(z)], when the RKHS is a Sobolev space.
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3.2 Uniform error estimates

In this section we derive an estimate of the uniform interpolation error when
f is in the RKHS of K. Recall that since {¢¢}7°, is an orthonormal basis of
Hi(£2), any f € Hi(§2) can be written as

F=> feee (3.7)
=1

for a square-summable sequence of real coefficients f; = (f, @g)HK( o) The
RKHS norm of f in (3.7) is

1F ey = D 17 (3.8)
/=1

That is, Hx (2) consists of functions having the form (3.7) such that their
norm in (3.8) is finite. The following standard result on orthonormal expansions
will be useful. Its proof consists of a straightforward application of the Cauchy—
Schwarz inequality.

Lemma 3.2 If f =>",2, fopr € Hi(£2), then

0 1/2
< W s ( > W(-’L‘)Q)

{=n+1

‘f(m) — Y fepu(@)
=1

for every x € (2.

Theorem 3.3 Let X, = {z1,...,z,} C 2 be any points such that Py, is
invertible. Then for any f € Hi($2),

e’} 1/2
sup |£(2) — 55(@)] < 2 flpeccon <1+A¢<Xn>>sup( 3 w<x>2) L (39)
xe2 xze? fmnt1

Proof Let f =3",2, fepe € Hi(£2) and define g = >, fope. Then
|f(@) = sF (@) < |f(x) — g(@)| + g(x) — s (@)] + |57 () — s ()]

The first term on the right-hand side can be bounded with Lemma 3.2. The
second term vanishes because g € span{y,}}_, and sy being the unique
interpolant to g in span{y,}}_, imply that sy = g. Finally, the Lagrange
form (3.2) and Lemma 3.2 yield a bound on the third term:

|5¢(@) = 5 (@) =D _lg(@r) — fl@)luf (@)

n 00 1/2
< ||f||HK<Q>Z|uf<m>|( 3 w(wk)2>

k=1 l=n+1

oo 1/2
< g Ao () sup( 3 w(x)2> .

e f=n+1
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Therefore,
') 1/2
|f<z>—s,f<w>s||fHK<m<1+A¢<Xn>>sup( 3 w(w>2) (310)
s \ 27,

To obtain a bound on |f(z) — s¢(x)| observe that

[f (@) = sp(@)| < f(@) = s7(@)| + |57 (@) — s¢(2)],

where, because s%(xy) = sf(xy) = f(zg) for & = 1,...,n and
HSfHHK(Q) < || £l () Py the norm-minimality property (2.1), both terms on
the right-hand side obey the bound (3.10). The claim follows. O

Proposition 3.1 immediately yields an error estimate for any approximate
Fekete points.

Corollary 3.4 Suppose that f € Hx(£2) is interpolated at any approximate
Fekete points (2.8). Then

00 1/2
sup 1(2) — 55(@)| < 2/ gy ) 1+ 0) ( S w(x)2> RCRT)

e —

Due to the presence of a supremum on the right-hand side of (3.9) and (3.11)
it is difficult to make the bounds explicitly dependent on, for example, smooth-
ness of the kernel as is usual in the error analysis of radial basis function
interpolants [38, Chapter 11]. One would ideally select a basis {p,}2°; that
minimises the supremum in (3.11). This seems challenging, so in practice selec-
tion of the basis is dictated by convenience, that is, by one’s ability to derive
an explicit bound for the supremum and the ease of implementation of the
optimisation problem (2.8).

3.3 Improved error estimates in subspaces

It is known that the rate of convergence of kernel interpolation can be improved
if the function being interpolated lives in a subset of the RKHS. The existing
results in [28, 29, 31] and [38, Section 11.5] are particularly interesting when
the kernel is finitely smooth!. Roughly speaking, in this case a typical algebraic
rate of convergence is “doubled” for sufficiently smooth elements of the RKHS.
Specifically, let i be a Borel measure on 2 that assigns positive measure to every
open set and let {1¢}72, and (A¢)72, be the eigenfunctions and the positive
decreasing eigenvalues of the integral operator T'f(z) = [, K(z,y)f(y) du(y).
By Mercer’s theorem [e.g., 35],

> (f,0)3
Hic(2) = {f & 10 ¢ ISy = 3 L) oo}.
/=1

1 Wendland [38, p. 192] goes as far as describing these results “almost pointless” for kernels,
such as the Gaussian, that are associated with exponential rates of convergence.
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The standard improved error estimate states that for f € Hg (2) such that
f =Twv for some v € L?(u1) the bound (2.3) is improved to

1F(@) = @] < 0]l 2 P @) | P, | 2 - (3.12)

Because the range of T is

2 o 2 . 2 _ = <f’z/}e);(u)
T(LA () = F € L2() = [1f15, 0 ‘ZT<°° C Hi(Q),

{=1

the collection of functions for which (3.12) holds is a subset of the RKHS.
Theorem 3.5 below is significantly more flexible than this result and does not
require that the Mercer expansion be used.

Let (ag)72, be a positive, increasing, and divergent sequence and define the
subspace

Hi(£2) = {f => feer : ||f||3{%(9) =Y ajfl < 00} C Hr ().
=1

{=1

For simplicity we also assume that «; > 1, which can always be achieved using
a scaling that does not affect H% (£2) as a set. It is easy to verify that H$ (£2)
is an RKHS and that its reproducing kernel is
o= 1
K (z,y) = ) —5 ou(@)ee(y).
=1 ¢

Theorem 3.5 Suppose that f € HE(£2) is interpolated at any approximate
Fekete points (2.8). Then

00 1/2
su z)—s¢(z)] <2 o 1+n)a, b su < x2) )
sup [f(@) = sp(@)] < 2[[fll () ( ) +18up ez;lw( )

Proof When f € H$(£2), we replace the estimate of Lemma 3.2 with the
following estimate:

2

n 2 o0
f@)=> feoe@)| =| > aufray pu(x)
=1 l=n+1
(X ) X artee?)
{=n+1 l=n+1

2 —
< Hf”yg((n) O‘ni1 Z ().
l=n+1

The proof of Theorem 3.3 and the fact that [|f[[;, o) < ”f”w;(((z)v which

follows from our assumption ay > 1 for every ¢, then yield the claimed uniform
bound. O
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4 Gaussian kernel

The d-dimensional anisotropic Gaussian kernel

K(z,y) = exp (— iz:ef?(ﬂfi - yi)Q) (4.1)

with scale parameters ¢; > 0 has the orthonormal expansion

2lalga d
E < o % exp <— E 6?1‘%)
i=1

aeNd ’

el - 2 2
x (\/ Y eXp(—ZEiyi)
=1

.Y val@)ealy).

acNY

K(z,y)

where N is the collection of d-dimensional non-negative multi-indices a,
lo| = a1+ -+ ag, al = ai! x -+ x agl, and 2® = 27" x - x 25 for any
z € R%. This expansion can be verified via a straightforward calculation. The
RKHS of (4.1) is thus

|a| cx d
Hi(2) = {f(m) Z fa\/?zaexp <Z€fzf) : Z f3<oo}.
aeNy o i=1 aeNY

However, for the most of this section we set d = 1 and consider the one-
dimensional Gaussian kernel

K(z,y) = exp (= &(z —y)?) (4.2)

with a single scale parameter € > 0. The orthonormal expansion and the RKHS
are then?

o 20 20
KGea) =3 (| Fat o2 ) (2ot exnl-e?) )
=0 (4.3)

and

e 202¢ e
Hi($2) = {f(:v) =Y fi/ ——a'exp(—e%a?) : f2 < oo}. (4.4)
K Z /4 7 p(—¢ ; ¢

£=0

2 Observe that in this section we begin indexing of the expansion from zero to simplify
notation.
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The above results and other properties of the Gaussian kernel and its RKHS
are studied in more detail in [34, 20] and [9, Section 4]. In Section 4.1 we
show that, owing to the special structure of the above basis functions and the
resulting convenient factorisation of det @y, , the approximate Fekete points
for the one-dimensional Gaussian kernel are solved from a convex optimisation
problem. Note that most prior work, such as [36, 3], uses a well-known Mercer
expansion of the Gaussian kernel instead of (4.3). This expansion is

oo

K(z,y) = Y A7 (@) (y), (4.5)
£=0

where the eigenfunctions are orthonormal with respect to the Gaussian measure
with variance o2:

2

1
\/ﬁ /ng(:c)wg(x) exp (— 23;2> dz = oy

The eigenfunctions and values are [15]

B 5222 a2 c2 4
07(0) = 2 e i (VBaa) and 37 = ( ).

a? 402 +e2\a? +92 +¢2

where Hy is the ¢th probabilists’ Hermite polynomial and the constants are

1
V20’

o =

1
B=(1+8320)Y* and 6% =-—(8%-1).
402

The Mercer expansion (4.5) can be then verified by inserting
2

FrgEya wd 7= Vs

p:

into the Mehler formula

2.2(..2 2 2 0
PPy (2% +y?) — 2py°wy

_ - /1= 22:
eXp( 2(1 - p?) g

and multiplying both sides with

exp (— %(%2 + y2)> =exp (— 6*(2® +1%)).

The expansion (4.3) used in this article is evidently much simpler to work with.
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4.1 Approximate Fekete points via convex optimisation

Let

n—1
ol .20 9020
<\/ ° T exp( 62332))( ; Yy exp( 62y2)>

eo(x)pe(y)
0

:F
= O

o~
I

be the truncation of the Gaussian kernel (4.2) and Ky, = (K (zy, Tm))fm=1 €
R™ ™ the corresponding kernel matrix. Define the matrices

<,00(331) Qon—l(ml) 1z - I?_l
Px, = L and Vi, = |1 @ .. ,
©o(xn) - Pn_1(zn) 12y o 2!

the latter of which is the classical Vandermonde matrix. Since K x, =Px, @T
and the kth row of the matrix @y, is that of the matrix Vy multiplied by
(2F=12(k=1) /(] — 1)1)1/2 exp(— 621%) we have

(detﬁxn)l/Q =
n—1 QZEQZ 1/2 n
= ( H 7 ) exp (— g2 Zmi) |det Ve, |
=0 k=1
n—1 22822 1/2 n
- (H 7 ) exp (—eQin> H (x; —zj)|,
=0 ’ k=1 1<i<j<n

where the last equation uses the standard explicit expression for the Vander-
monde determinant. This expression verifies that Ky, and @y, are invertible
whenever the points are distinct. Define

W(xy,...,z,) =exp (— g2 Zxﬁ)
k=1

(4.6)

I @i-=).

1<i<j<n

The approximate Fekete points (2.8) for the Gaussian kernel are thus seen to
be

Xy ={a},...,x} € argmax  det Ky

X ={21,..., 20 }C 2 (4.7)

= arg max W(z1,...,zy,).
Xn:{llv---axn}cn
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Maximisation of W(z1,...,z,) is equivalent to minimisation of the energy
I(xy,...,2n) = —logW(xy,..., 2, —EQZﬂck—l— Z log 7x|
1<i<j<n
=ZQ5(xk)—|— Z N(z; — x;),
k=1 1<i<j<n

where Q. (x) = e?z and N(z) = 1/log|z|. To ensure that I is well-defined and
to eliminate non-uniqueness arising from ordering of the points, define the
simplex

Ry ={(x1,....,20) €2" 11 <2<+ < Tp_1 <Tp} CN"

and consider I as a function defined on R,,. Adaptation of the proof of The-
orem 3.3 of Tanaka and Sugihara [37] shows that the objective function I is
convex and that there exists a unique minimiser X* € R,,.

Proposition 4.1 If 2 C R is a closed interval, then the energy function
I: R" — R is convex and has a unique minimiser.

Proof The Hessian matrix V21 of I is

2 01 QY (@) + Xy N (i — ) (i =),
(V I) iJ (9&6 6$J - {—N”(wi _xl;;é (Z 75])

Because both

N(z) = log and  Q.(x) = &*x?

||
are strictly convex on R\ {0} and R, respectively, we have N > 0 and Q" > 0.
Therefore the diagonal elements of V2I are always positive. Moreover,

SN (@i —ap)| =Y N (i — ) < O N"(wi —ax) + QY (x),  (4.8)

k#i ki ki

which verifies that the Hessian is diagonally dominant and hence positive-
definite. That is, the energy function I is convex on R,,.

To verify that there is a unique minimiser in the non-closed set R, consider
the function J(X,,) = exp(—I(X,,)) which is continuous on the closure of R,, if
we set J(X,) = 0 for every X,, = {z1,...,2,} € 2" such that z; = x;41 for
some i. Being positive on R,,, any maximiser of J is in R,. As a maximiser
of J is a minimser of I and [ is convex it follows that I must have a unique
minimiser in R,,. O

Remark 4.2 If we set € = 0, the above optimisation problem becomes that of
finding the Fekete points for polynomial interpolation. However, in this case
the objective function I is no longer convex because Q”(x;) = 0 in (4.8). Our
optimisation problem can be thus viewed as a regularised version of the standard
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Fekete problem. Based on this and the well-known convergence® of kernel
interpolants to polynomial interpolants at the so-called flat limit [30, 19, 18] it
may be expected that X* converge to the polynomial Fekete points as ¢ — 0.
We do not attempt to prove this.

4.2 Error estimates
In this section we denote ¢ = sup,¢p, || < oo.

Lemma 4.3 Consider the basis functions (4.3) and assume that n > 22c%,.

Then
= 1/2 (V2ecn)"
2) AV
sup (Lerer) <

Proof By differentation it is easy to see that o, (x)? attains its maximal value
on R at g + (£/(2¢2))*/? and that ¢? is decreasing on [—(£/(2¢2))'/2,0] and
increasing on [0, (£/(22))'/2]. Tt follows that

25622
X exp(—2e2c2)

sup ¢¢(1)* = i(co)’ = 7
e !

for every £ > n if n > 2e%c%,. By Taylor’s theorem there is £ € [0,2e%c%] such
that

- 2 2 2\~ (267¢0)"
sup ngg(x) < exp(—2e-cy) Z —_—

zeQ = — 2!
= exp(—252c?2)ele(§) (2e2c%)"
< exp(~2:%ct) S2EZ) (g2 2 o
(2% .
n!
This proves the claim. a

Using the estimate of Lemma 4.3 in Corollary 3.4 yields an explicit error
estimate for interpolation with the Gaussian kernel.

Theorem 4.4 Consider the Gaussian kernel with the orthonormal expan-
sion (4.3) and suppose that 2 C R is a closed interval. If f € Hi(2) is

3 In one dimension the convergence occurs for any points and most commonly used infinitely
smooth radial kernels but in higher dimensions the Gaussian kernel is special in that it is
the only known kernel for which convergence to a polynomial interpolant, of minimal degree
in a certain sense, occurs for every point set.
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interpolated at the unique approzimate Fekete points X5 defined in (4.7) and
n > 2520?), then

1
8161}32 |f(@) = sp(@)] < Crllf ) n3/* exp <— n<210gn - 1og02>), (4.9)

where Cy = (128/m)1/* ~ 2.53 and Cy = V2eecq.

Proof The claim follows from Corollary 3.4, Lemma 4.3, and the lower bound
n! > /27xn"t1/2 e~ in Stirling’s approximation [26]:

\/§ n
sup |f(x) = 57(@)] < 2l (1 + ”)(m)

ﬁ co)'n
< AN gy 2

128\ '/* (V2ecq)" e"/2n
S 1 11344 (2)

nn/2+1/4

s\, V2eeco\"
=\ ) e ESYC R

1
= C1 || fllpgye 2y ** exp (— n<2 logn — log Cg)).

O

Also Theorem 3.5 can be specialised, and in some cases the kernel of the
subspace H% (§2) has an explicit form. For instance, set ap = V122, Then

e 0 20
K (a,y) = exp (= 2 +17) 3 o o ()’

p a? 1
=1

— o (= 2 4 4) 3z en)
=0 "

which can be written in terms of I, the modified Bessel function of the first
kind:
K®(z,y) = exp (— &2(a® + 4%)) [ (2\/7y).

Theorem 4.5 Consider the Gaussian kernel with the orthonormal expan-
sion (4.3) and suppose that £2 C R is a closed interval. If f € HE(02) is
interpolated at the unique approzimate Fekete points X;F defined in (4.7) and
n > 2626?2, then

_ 1
sug |f(z) —sfp(x)] < Ch ||f||7'l}’<(!2) n34at exp (— n<2 logn — 10g02>)7
TE

where Cy = (128/7)Y/* =~ 2.53 and Cy = 2 eccy.
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If 2 = [a,b] C R is a closed interval, the standard fill-distance based
bound [24, Theorem 6.1] for interpolation error is

sup [f(x) = s7(2)] < 2| fllag e ) P (Clog(hx, 0)/hx, ) (4.10)

whenever the fill-distance

hx, o =sup min |z — x|
e TR €EXp

is sufficiently small. The constant in (4.10) satisfies C' < § min{(b — a)/6,1}.*
For the equispaced points

b— b—
Xn{a,a+ a,...,b— a,b},
n n

which have the minimal fill-distance hy, o = (b — a)/n, the bound (4.10)
becomes

sup 11(0) = 550 = 2l 50 ( = 5 (1o~ 00— 0)) )

where C/(b—a) < ;5. Our bound (4.9) for points X}, being essentially of order
exp(f%n logn), is thus better when n is sufficiently large. However, a significant
advantage of bounds of the type (4.10) is that they apply to nested point sets
(i.e., X,y C Xyyq for every n > 1). It cannot be expected that the approximate
Fekete point sets are nested. Further error estimates for Chebyshev-type nodes
that cluster near the boundary are provided in [25].

Remark 4.6 It is easy to see that in the Gaussian case the Lagrange basis
functions in (3.3) can be expressed in terms of the classical polynomial Lagrange
functions:

uf (v) = exp(ex}) exp(—e*z?)ly (), (4.11)
where R
k() =] —.
ik Tk T e

Let Apoi1(X,) = supyeo > rey [lk(z)| be the Lebesgue constant for polynomial
interpolation. It follows easily from (4.11) and the boundedness of {2 that there
exist C'1, Cy > 0 such that

ClApol(Xn) S ALp(Xn) S CZApol(Xn)

for any &,, C 2. This implies that in Theorem 3.3 the coefficient 1+ A, (X,,)
can be replaced with 1 + CaAp61 (X)), which means that convergence results
are available if polynomial Lebesgue constants can be controlled (e.g., if X,
are the Chebyshev points).

4 This is the constant C' in Theorem 6.1 of Rieger and Zwicknagl [24]. To derive the
claimed bound, observe that this constant is given as C = eB/4 for B < min{(b—a)/6,1}
in their proof of Theorem 4.5. On p. 120 they show that e = 1/2 if the kernel is Gaussian.
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4.3 Tensor product algorithms

In this section we provide error estimates for interpolation with anisotropic
Gaussian kernels in higher dimensions when the evaluation points are con-
structed as tensor products of the approximate Fekete points (4.7). Besides [2]
there does not appear to be much work on error estimates for general anisotropic
kernels. Fasshauer et al. [12] and Sloan and Wozniakowski [33] analyse the L2-
error of general linear algorithms for functions in the RKHS of an anisotropic
Gaussian.
Let
Q=0 x--x0gCRY for 2;=la;b] #0 (4.12)

be a hyper-rectangle and consider the d-dimensional anisotropic Gaussian
kernel (4.1),

d d
K(z,y) = exp <— ZEE(% - yi)Q) = HKi(xhyi)a

on 2. Let ny,...,ng € N and denote N = n; X --- X ng. We take the point
set to be a tensor product of approximate Fekete point sets (4.7) for Gaussian
kernels K; on §2;:

XNy =&, X x A, C 12, (4.13)

where X7, - C 2; stands for the set of n; approximate Fekete points for kernel
K; on £2;. Due to the tensor product structure of the point set and the RKHS [4,
Section 4.6 in Chapter 1|, any function f € H g (£2) of the form

f@) = fi(w1) x -+ x fa(xq) for fir € Hi, (f1),..., fa € Hi,(£2q)

has the norm

132y = ”leHKl(_Ql) Koo X Hfd”’HKd(Qd)
and the kernel interpolant sy to any f € Hx(§2) can be written as

sp(®) = s1,p, (1) X -+ X 8a,5,(Ta),

where s; , is the kernel interpolant, based on K;, of f; € H, (£2;) at the points

*
1,M5 "

Theorem 4.7 Consider the multi-dimensional Gaussian kernel (4.1) and sup-
pose that 2 C R? is a hyper-rectangle of the form (4.12). If f € Hx (£2) is
interpolated at the tensor product points X3 defined in (4.13) and n; > 25?0%{
for everyi=1,...,d, then '

d
1
sup @) = 55(@)] < Ci 0 3 exo (= 5 Togms — ez ) ).
z€ i=1

(4.14)
where Cy = (128/7)"/* ~ 2.53 and Cj o = V2eeicq,.
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Proof Let g(x) = g1(x1) X -+ X gq(zq) for g; € Hg,(£2;) and denote g;.;(x) =
gi(z;) x -+ x gj(x;) for 1 < i< j <d. Then

g(x) - Sg<x) = gQ:d(x)gl (371) — Sg2.q ((L‘)Sgl (xl)
= 92~d($)[91($1) — 51,6, (21)] + [gz‘d(f'f‘) — Sg0.a (T)]81,4, (71)

E gz xz Sz,gl xz gz+1 d HSJ 95 xﬂ

where the notational convention gg11:4(2) = 1 is used. By the reproducing
property and the minimum-norm property (2.1),

|gi ()| = [{g, K; (-, x:))

for any i < d and x; € (2;. Because sy_,, = 0, the norm [|f[|3,, ) on the
right-hand side of the bound (4.9) can be replaced with [|f —s¢ll;;, () by
considering interpolation of the function f — s¢. From this and the above
estimates we get

d
lg(x) — s4(x Z ;) Si,gi(xi”HngHHKj(Q)

J#i
1
<C Zn exp ( (2 logn; — log Ci,2>>

X ”gl — Si,gi

‘||HKi(Q,i) and s g, (2;)] < ”giHHK%(Qi)

Hi; (12:) H ”gj”HKj(Qj) :
JFi

To obtain a bound that is valid for any function in H g (£2) we exploit (2.3).
For any z € 2 set g = K(-,z). Because ||K;(,@i)lly, (o, = 1 and, by the
power function characterisations (2.3) and (2.4) and the estimate (4.9),

Pu;, (z)* = g(x) — s4(2)

and
1
19 = sigillare (0 = Px; (z;) < C1n?/4 exp <— ng <2 log n; — log C¢,2>)7

we have

d 2
: 1
PXX] (x)2 < 012 E |‘nf/4 exp (— n; (2 logni — log Ci72))‘|
d 1 2
& g n?/4 exp (— n; (2 logn; — log Ci72)>

The claim now follows from (2.3). O
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In particular, if n; = --- = ng = n (so that N =n9) and all £2; and ¢; are
equal, the bound of Theorem 4.7 becomes

1
SUIf)Z |f(@) = sp@)] < Crllf 30 d N3/ exp (—Nl/d( logN—logCg)).
EAS]

2d
It would be straightforward to generalise Theorem 4.5 to the tensor product
setting.

5 Numerical examples

This section contains two numerical examples where maxima of power functions
as well as interpolation errors for specific RKHS functions are compared when
the interpolation points are either the approximate Fekete, P-greedy points, or
the Chebyshev points and the kernel is Gaussian.

5.1 Power function

Figure 1 displays the maxima of power functions of the univariate Gaussian
kernel (4.2) with e =1 and € = 2 on {2 = [—1, 1] for three different choices of
the interpolation points:

1. The approximate Fekete points whose construction is outlined in Section 4.1.

2. The P-greedy points, obtained via greedy maximisation of the power func-
tion as defined in (2.9).

3. The classical Chebyshev points

2k —1
xk:cos< 77) for k=1,...,n
2n

which do not depend on the choice of the kernel.

The point sets are depicted in Figure 2 for n = 40. The P-greedy points as well
as the power function maxima were computed by discretising the interval into
1,000 equispaced points. That is, the next P-greedy point was always solved
from

ZTn41 € argmax Py, (z), (5.1)

€Ny,

where 2, = {-1,—-1+h,---,1—h,1} and h = ﬁ, is a uniform discretisation
of [-1,1]. The results show that the approximate Fekete points outperform
the P-greedy points and the Chebyshev points. Given Remark 4.2 it is not
surprising that the approximate Fekete points are only marginally better than
the Fekete points when the relatively small value ¢ = 1 is used. We also see
that the approximate Fekete points are very close, but not identical, to the
Chebyshev points when € = 1 and that they cover the domain more uniformly
than the P-greedy points for the both values of € used.
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Power function maxima (¢ = 1) Power function maxima (e = 2)
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Fig. 1 Top: Power function maxima maxgec(—1,1) P, (*) approximated using a discretisation
of [—1,1] into 1,000 equispaced points for the approximate Fekete and P-greedy points of
the Gaussian kernel (4.2) with e =1 (left) and € = 2 (right). Also displayed are the (scaled)
theoretical rates from Theorem 4.4. Bottom: Ratios of power function maxima for (1) P-
greedy and approximate Fekete points and (2) Chebyshev and approximate Fekete points.
These panels demonstrate that the power function for the P-greedy points can attain a value
almost ten times that for the approximate Fekete points (n = 34 for e =1 and n = 38 for
€ = 2) and that the approximate Fekete points are typically only marginally better than the
Chebyshev points when € = 1 but can consistently outperform them when ¢ is increased.

As proved in Proposition 4.1, the approximate Fekete points are solved
from a convex optimisation problem. Computing the next P-greedy point
in (5.1) requires finding the maximum of Py, on the finite set 2, and Px,
can be updated to step n + 1 on (2, at a computational cost of O(n?[§2;]).
On the downside, it should be noted that the power function quickly becomes
numerically unstable due to severe ill-conditioning of the kernel matrix of the
Gaussian kernel. The superiority of the the approximate Fekete points from
computational perspective is demonstrated by our implementation which used
MATLAB’s native fmincon function to efficiently compute the approximate
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Approx. Fekete — Chebyshev — P-greedy (n=40;e=1)

#oooooooooooooooooooooooooooooooooo#
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Approx. Fekete — Chebyshev — P-greedy (n =40;¢=2)
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|

-1 -0.5 0 0.5

Fig. 2 Approximate Fekete points (top), Chebyshev points (middle), and P-greedy points
(bottom) on 2 = [—1, 1] for the Gaussian kernel (4.2) with e =1 and ¢ = 2.

Fekete points without domain discretisation but had to resort to costly arbitrary-
precision arithmetic (mpmath library [17] in Python) for numerically stable
computation of the P-greedy points (arbitrary-precision arithmetic was also
used to compute the power function maxima for all point sets). This makes a
straightforward comparison of computational complexities of the two methods
difficult.

5.2 Specific RKHS functions

We use the kernel interpolant (2.2) based on the Gaussian kernel (4.2) with
e € {1,2} to approximate the functions

fa,m(x) =" eXp(x - 62332) (52)

for m € {5,10,15} on §2 = [—1, 1]. Using (4.4) and the expansion

fem(z) =2™ Z %re exp(f€2x2)

=0
we compute that
) o0 /) R ()
1 femlos,e ) = ez T ) (2e%)~™ %(25 ) ez

which can be proved to converge by using, for example, the ratio test. This
verifies that fe ., € Hx(£2) for every m € N and ¢ > 0.
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Fig. 3 The ratios (5.3) of maximal errors in interpolating the function (5.2) using the kernel
interpolant (2.2) based on the Gaussian kernel (4.2) with € = 1 (left) and ¢ = 2 (right).
Ratios larger than one mean that the approximate Fekete points outperform the P-greedy
points or Chebyshev points in terms of the selected error criterion.

The results are displayed in Figure 3 in terms of the ratios of maximal
interpolation errors,

SUPgze[—1,1] | fem () — Sfe,m ()]
SUPge[—1,1] |f6,m(x) - S}s,m (:L‘)|’

(5.3)
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where the interpolant in the numerator uses either the P-greedy points or the
Chebyshev points and the interpolant in the denominator uses the approximate
Fekete points. As in Section 5.1, the suprema were approximated using the
1,000-point equispaced discretisation of the interval and arbitrary-precision
arithmetic. The results show that the approximate Fekete points fairly con-
sistently outperform the two alternatives, particularly when the number of
points and the scale parameter are large (n > 15 and € = 2). The results for
€ = 1 closely mirror those for the power function in Section 5.1 in that the
improvement over the Chebyshev points is only marginal.
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