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Abstract

Since sparse unmixing has emerged as a promising approach to hyperspectral unmixing,
some spatial-contextual information in the hyperspectral images has been exploited to im-
prove the performance of the unmixing recently. The total variation (TV) has been widely
used to promote the spatial homogeneity as well as the smoothness between adjacent pixels.
However, the computation task for hyperspectral sparse unmixing with a TV regularization
term is heavy. Besides, the convergence of the primal alternating direction method of multi-
pliers (ADMM) for the hyperspectral sparse unmixing with a TV regularization term has not
been explained in details. In this paper, we design an efficient and convergent dual symmetric
Gauss-Seidel ADMM (sGS-ADMM) for hyperspectral sparse unmixing with a TV regulariza-
tion term. We also present the global convergence and local linear convergence rate analysis
for this algorithm. As demonstrated in numerical experiments, our algorithm can obviously
improve the efficiency of the unmixing compared with the state-of-the-art algorithm. More
importantly, we can obtain images with higher quality.

Keywords: Hyperspectral imaging, Sparse unmixing, Total variation, Semi-proximal alter-
nating direction method of multipliers, Symmetric Gauss-Seidel

1 Introduction

In recent years, the hyperspectral remote sensing technology has been developed significantly.
However, the spatial resolution of hyperspectral images is low and the mixed pixels are widespread
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in the observed hyperspectral data. The reason lies in the complexity of the ground surface,
the limitation of the spectral acquisition approach as well as the restriction of the hyperspectral
imaging instruments. How to extract and separate the pure spectral signatures (endmembers)
from the mixed pixels and determine the corresponding proportions (abundances) becomes the
key issue for the hyperspectral images analysis and its quantification application.

Hyperspectral unmixing, which decomposes mixed pixels into endmembers and correspond-
ing abundances, has obtained much attention in recent decades. It has many practical ap-
plications in environmental monitoring, mine detection, agricultural industry, and so on. The
hyperspectral mixture models can be divided into the linear mixing model (LMM) and nonlinear
mixing models (NLMMs) [1]. In the LMM, we assume that the effects of the secondary reflec-
tion and multiple scattering have the least influence on the spectral signature. In the NLMMs,
we assume that the mixed spectral signature is synthesized by the endmembers according to
some nonlinear relationship. For the LMM, each pixel in a hyperspectral image can be linearly
decomposed into a number of endmembers weighted by their corresponding abundances. Since
the LMM exhibits some practical merits such as its flexibility in different applications and it is
also an acceptable approximation of the light scattering mechanisms in many real scenarios [1],
we will focus on the LMM which is also the mainstream of current research on hyperspectral
unmixing.

In the literature, the traditional unmixing based on the LMM includes the geometrical based
algorithms and the statistical based algorithms [1]. The geometrical based algorithms generally
require the assumption that all the reflection spectrum curves belong to the same geometrical
simplex set. The vertices of the simplex set represent the corresponding endmembers. So identi-
fying the endmembers is equivalent to searching for the vertices. The representative algorithms
of this class include the vertex component analysis (VCA) algorithm [2], the pixel purity index
(PPI) algorithm [3], the simplex growing algorithm (SGA) [4], the minimum volume enclosing
simplex (MVES) algorithm [5], the iterative constrained endmembers (ICE) algorithm [6] and
the minimum volume transform-nonnegative matrix factorization (MVC-NMF) algorithm [7].
The statistical algorithms, such as the Bayesian techniques, are based on the priori information
of the abundances of endmembers for the variability modeling in a natural framework [8].

With the explosive development of compressive sensing [9], the sparsity based approaches
have recently emerged as a promising alternative for hyperspectral unmixing. The sparsity based
approaches aim at finding the optimal subset of a (potentially very large) spectral library in a
semisupervised way. The optimal subset is also the best one that can simulate each pixel of a
given hyperspectral image. As shown in [10], the sparsity based approaches have attracted many
interests as they do not require the presence of pure pixels in a given scene and do not need
to estimate the number of endmembers in the data, which are two obstacles of the traditional
unmixing methods. In practice, the number of endmembers in the real scenarios is far less than
that in the spectral library. This means that the abundances corresponding to the spectral
library are sparse. As a result, the sparsity based approaches are related to the linear sparse
regression techniques.

Iordache et al. [12] first added the sparsity constraint to the hyperspectral unmixing model
and proposed a sparse unmixing by the variable splitting and augmented Lagrangian (SUnSAL)
algorithm. This opens a new gate so that the abundance estimation neither depends on the
purity of the spectra nor a good endmember extraction algorithm. Subsequently, Iordache et al.
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[16] proposed the sparse unmixing via the variable splitting augmented Lagrangian and total
variation (SUnSAL-TV) algorithm to deal with the hyperspectral unmixing model plus a total
variation (TV). The TV, which promotes the spatial homogeneity as well as the smoothness be-
tween adjacent pixels, has been widely used in image processing [13][14][15]. So the SUnSAL-TV
algorithm which exploits the spatial information in the hyperspectral images can significantly
improve the performance of unmixing. Meanwhile, as shown in [17] and [18], the unmixing per-
formance based on nonisotropic TV is better than that on isotropic TV. From the other point
of view, the collaborative sparse unmixing by the variable splitting and augmented Lagrangian
(CLSUnSAL) algorithm in [19] takes into account the entire abundances matrix globally. The
global row sparsity to all pixels in the hyperspectral images is considered as a constraint. The
collaborative SUnSAL-TV (CLSUnSAL-TV) algorithm [20] takes the combination of the spatial
correlation and the global row sparsity into consideration. Although the numerical experiments
show that the SUnSAL-TV algorithm and the CLSUnSAL-TV algorithm work well, the conver-
gences of the two algorithms have not been guaranteed in theory. Therefore we need to design
an efficient and convergent algorithm.

As we all know, all the algorithms we mentioned above are essentially special cases of the
alternating direction method of multipliers (ADMM) applied to the primal problem. So we may
call it primal ADMM. The classical ADMM was originally proposed by Glowinski and Gabay
in 1970s. One may see [21] and [22] for details. If the semi-proximal term of the semi-proximal
ADMM (SPADMM) [25] vanishes, then it is the classical ADMM. We refer the readers to [23]
and [24] for a better understanding of the historical development of the classic ADMM. We also
refer the readers to [25] and [26] for the global convergence and linear convergence rate of the
SPADMM for convex problems. The ADMM can solve a great deal of problems successfully.
However the convergence of the ADMM is only guaranteed for those problems with 2 blocks.
(Note that we regard those separable and independent variables as one block). As for the 3-block
(and beyond) problems, the extended version of the ADMM may not converge. One may see
a counter example in [27]. Recently in [28] and [29], a symmetric Gauss-Seidel (sGS) method
was designed for the multi-block convex problems with one nonsmooth block. This opened
a new avenue and brought a new insight for handling the problems with nonsmooth blocks.
Most recently, in [30] and [31], the inexact sGS based ADMM (sGS-ADMM) type methods were
proposed for solving a class of convex composite optimization problems with two nonsmooth
blocks.

The main contributions of this paper are as follows. Firstly, we design a dual sGS-ADMM
to solve the hyperspectral sparse unmixing with a TV regularization term. Secondly, we present
the global convergence and local linear convergence rate of the primal ADMM and the dual sGS-
ADMM. As shown in the numerical experiments, the dual sGS-ADMM can obviously improve
the efficiency of the unmixing compared with the primal ADMM.

The remaining parts of this paper are organized as follows. In the next section, we will
introduce some basic notations and definitions. In Section 3, we will describe the model of
hyperspectral unmixing. In Section 4, we will recall the primal ADMM and present the global
convergence and local linear convergence rate of the primal ADMM. In Section 5, we will propose
the dual sGS-ADMM. Then we also present the global convergence and local linear convergence
rate of the dual sGS-ADMM. Numerical experiments will demonstrate the efficiency of the
proposed algorithm in Section 6. The conclusion will be discussed in Section 7.
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2 Preliminaries

In this section, we introduce some basic notations and definitions in convex analysis. We refer
the reader to a bible book of convex analysis [34] for more in-depth contents.

Let X be a finite dimensional real Hilbert space. Let C be a subset of X . The indicator
function of C is defined by δC(x), i.e., δC(x) = 0 if x ∈ C and δC(x) = +∞ if x /∈ C. For
X ∈ Rm×n, the Frobenius norm of X is defined by ‖X‖F =

√
trace(XXT ). The l1,1 and l2,1

norms of X are defined by ‖X‖1,1 := ‖X‖1 =
∑n

j=1

∑m
i=1 |Xij | and ‖X||2,1 :=

∑m
k=1 ‖X

k||2,

respectively, where Xk is the k-th row of X. For any given self-adjoint positive semidefinite
linear operator M : X → X , distM(x,S) := infx′∈S‖x − x′‖M for all x ∈ X and S ∈ X , where
‖x‖M :=

√
〈x,Mx〉. The symbols I denotes the identity mapping.

Definition 1 [34, Section 12]: For any convex function p : Rn → R ∪ {+∞}, the conjugate
function of p is defined as

p∗(y) := sup
x
{yTx− p(x)}.

Definition 2 [36, Definition 2.2.1]: A set which can be expressed as the intersection of finitely
many closed half spaces of Rn is called a convex polyhedron. A polyhedral set is the union of
finitely many convex polyhedrals. A function is called piecewise quadratic (linear) if its domain
is a polyhedral set and it is quadratic (affine) on each of the convex polyhedral which constitutes
its domain.

Definition 3 [34, Section 31]: For a given closed proper convex function p : χ→ (−∞,+∞],
the proximal mapping Proxp(·) associated with p is defined by

Proxp(x) := argmin
u

{
p(u) +

1

2
‖u− x‖22

}
,∀x ∈ X .

Definition 4 [34, Section 24]: Let H be a real Hilbert space with an inner product 〈·, ·〉. A
multifunction F : H ⇒ H is said to be a monotone operator if

〈z− z′,w −w′〉 ≥ 0, ∀w ∈ F (z),w′ ∈ F (z′).

It is said to be maximal monotone if, in addition, the graph

gph(F ) := {(z,w) ∈ H×H |w ∈ F (z)}

is not properly contained in the graph of any other monotone operator F ′ : H ⇒ H.
Definition 5 [38, Section 3.8]: Let (x0,y0) ∈ gph(F ). The multi-valued mapping F : X ⇒ Y

is said to be calm at x0 for y0 with modulus κ0 ≥ 0 if there exist a neighborhood V of x0 and
a neighborhood W of y0 such that

F (x) ∩W ⊆ F (x0) + κ0‖x− x0‖By, ∀ x ∈ V,

where By is the unit ball in Y.
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3 The system model

For the LMM, we assume that the spectrum of each mixed pixels can be represented as a linear
combination of each endmember spectrum in any given spectral band (see [1]). That is, for each
mixed pixels, the linear model can be written as

y = Ms+ n,

where y := [y1,y2, ...,yL]
T denotes the measured spectra of the mixed pixels and L denotes

the number of bands, M := [m1,m2, ...,mq] denotes the endmembers matrix, q denotes the
number of endmembers and each mj := [m1j ,m2j , ...,mLj ]

T denotes the spectra signature of
the j-th endmembers, s := [s1, s2, ...,sq]

T denotes the abundances of the endmembers and n :=
[n1,n2, ...,nL]

T denotes the error vector. According to the physical meaning of the real scene,
the abundances need to satisfy the so called abundance nonnegativity constraint (ANC) and the
abundance sum constraint (ASC) [1]. That is,

si ≥ 0, ∀ i = 1, 2, ..., q,
q∑

i=1

si = 1.

As mentioned previously, the sparsity based approaches proposed by Iordache et al. [1]
replace the endmembers matrix M by a known spectral library A ∈ RL×m [12]. Unmixing then
amounts to finding the optimal subset of signatures in A. Specially, we have

y = Ax+ n,

where x ∈ Rm×1 denotes the abundances corresponding to the library A.
As shown in [40], the conventional hyperspectral sparse unmixing can be uniformly expressed

as the following model:

min
X

1

2
‖AX−Y‖2F + λ‖X‖ρ,1 + λTV TV (X)

s.t. X ≥ 0,
(1)

where
TV (X) :=

∑

{i,j}∈ε
‖xi − xj‖1

is a vector extension of the nonisotropic TV , ε denotes the set of horizontal and vertical neighbors
of X, λ, λTV ≥ 0 are given parameters, ρ = 1 or 2, Y = [y1,y2, ...,yn] ∈ RL×n denotes the
observed data, X = [x1,x2, ...,xn] ∈ Rm×n denotes the abundances matrix and n denotes the
number of the pixels. When ρ = 1, λTV = 0, (1) is reduced to the sparse unmixing (SUn)
model. When ρ = 2, λTV = 0, (1) is actually the collaborative sparse unmixing (CLSUn) model.
Similarly, we refer to (1) with ρ = 1 as the sparse unmixing with TV (SUnTV) model and ρ = 2
as the collaborative sparse unmixing with TV (CLSUnTV) model.

For the design of the algorithm, we need to give a more detailed characterization of the TV
norm.
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Suppose n = nr × nc, where nr and nc denote the dimensions of the rows and columns of
the pixels, respectively. Let

X := [x1,x2, · · · ,xnr ,xnr+1,xnr+2, · · · ,x2nr , · · · , xn−nr+1,xn−nr+2, · · · ,xn] ,

X′ :=




x1 xnr+1 · · · xn−nr+1

x2 xnr+2 · · · xn−nr+2
...

...
. . .

...
xnr x2nr · · · xn


 ∈ R(m×nr)×nc ,

X′′ :=




x1 x2 · · · xnr
xnr+1 xnr+2 · · · x2nr

...
...

. . .
...

xn−nr+1 xn−nr+2 · · · xn


 ∈ R(m×nc)×nr ,

Define two linear operators B : R(m×nr)×nc → R(m×nr)×(nc−1) and C : R(m×nc)×nr →
R(m×nc)×(nr−1) to compute the horizontal differences between the neighboring pixels of X′ and
X′′.

BX′ :=




c1 cnr+1 · · · cn−2nr+1

c2 cnr+2 · · · cn−2nr+2
...

...
. . .

...
cnr c2nr · · · cn−nr


 ,

CX′′ :=




e1 e2 · · · enr−1

enr+1 enr+2 · · · e2nr−1
...

...
. . .

...
en−nr+1 en−nr+2 · · · en−1


 ,

where ci = xi+nr −xi (i = 1, · · · , n−nr) and ei = xi+1−xi (i = 1, · · · , nr−1, nr+1, · · · , 2nr−
1, · · · , n − nr + 1, · · · , n − 1). Define two linear operators Ĥv : Rm×n → Rm×(n−nr) and Ĥh :
Rm×n → Rm×(n−nc):

ĤvX = [c1, c2, . . . , cn−nr ],

ĤhX = [e1, . . . , enr−1, enr+1, · · · , e2nr−1, · · · , en−nr+1, · · · , en−1].

Then the problem (1) can be reformulated to

min
X

1

2
‖AX−Y‖2F + λ‖X‖ρ,1 + λTV ‖ĤvX‖1 + λTV ‖ĤhX‖1 + δRm×n

+

(X) . (2)

We should mention that there is a slight difference between the way we handle the TV norm
with that in [16]. In our framework, we assume the (standard) reflexive boundary condition
holds, which means that the rightmost (lowest) boundaries have no right (lower) neighboring
pixels. Note that the reflexive boundary condition for the hyperspectral images in this paper is
an extension of the reflexive boundary condition for the 2- dimensional images. One may see [32]
and [33] for the reflexive boundary condition of the 2-dimensional images. Actually it is more
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reasonable since it is what happens in the real scenarios. Instead, in [16], they assume periodic
boundaries, i.e. the neighboring pixels of the rightmost (lowest) boundaries are the leftmost
(highest) boundaries pixels only for the convenience of adopting the fast Fourier transform. In
order to be consistent, we keep the way in [16] when using the primal ADMM. In [16], they define
two linear operators Hh : Rm×n → Rm×n and Hv : Rm×n → Rm×n to compute the horizontal
and vertical differences between the neighboring pixels of X as follows

HhX = [d1,d2, . . . ,dn] , HvX = [b1,b2, . . . ,bn] ,

where di = xi−xih and bi = xi−xiv (i = 1, · · · , n), with i denoting an index of a pixel, ih and
iv denoting the indices of the corresponding horizontal and vertical neighbors. Let

HX =

[
HhX

HvX

]
.

An equivalent form of the problem (1) is

min
X

1

2
‖AX−Y‖2F + λ‖X‖ρ,1 + λTV ‖HX‖1

s.t. X ≥ 0.
(3)

4 The primal ADMM

In this section we first recall the SUnSAL-TV algorithm and the CLSUnSAL-TV algorithm,
both of which are essentially the primal ADMM. Then we present the global convergence and
local linear convergence rate of the primal ADMM.

4.1 The primal ADMM

We can reformulate (3) equivalently by introducing some slack variables

min
D̃,D1,D2,D3,D4,D5

1

2
‖D1 −Y‖2F + λ‖D2‖ρ,1 + λTV ‖D4‖1 + δRm×n

+
(D5)

s.t. D1 = AD̃, D2 = D̃, D3 = D̃, D4 = HD3, D5 = D̃,

(4)

where D̃ ∈ Rm×n, D1 ∈ RL×n, D2 ∈ Rm×n, D3 ∈ Rm×n, D4 ∈ R2m×n, D5 ∈ Rm×n.
The above problem can also be written in the following form

min
M,N

f(M) + g(N)

s.t. FM+GN = 0,
(5)

where

M =
(
DT

1 ,D
T
2 ,D

T
3 ,D

T
5

)T
∈ R(3m+L)×n, N =

(
D̃T ,DT

4

)T
∈ R3m×n,

f(M) =
1

2
‖D1 −Y‖2F + λ‖D2‖ρ,1 + δRm×n

+
(D5), g(N) = λTV ‖D4‖1,
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F =




−IL×L 0L×m 0L×m 0L×m
0m×L −Im×m 0m×m 0m×m
0m×L 0m×m −Im×m 0m×m
02m×L 02m×m −H 02m×m
0m×L 0m×m 0m×m −Im×m



, G =




AL×m 0L×2m

Im×m 0m×2m

Im×m 0m×2m

02m×m I2m×2m

Im×m 0m×2m



.

Let σ > 0 be a given positive number. Λ :=
(
ΛT

1 ,Λ
T
2 ,Λ

T
3 ,Λ

T
4 ,Λ

T
5

)T
∈ R(5m+L)×n denotes the

Lagrange multipliers of the constraints. The augmented Lagrangian function for the problem
(5) is

Lσ(M,N;Λ) = f(M) + g(N) +
σ

2
‖FM+GN− σ−1Λ‖2F −

1

2σ
‖Λ‖2F . (6)

The primal ADMM can be presented in Algorithm 1.

Algorithm 1 The primal ADMM

Require: Select an initial point (M0,N0;Λ0). Set k = 0, choose σ > 0 and τ ∈
(
0, 1+

√
5

2

)
.

Iterate the following steps until the stopping criterion is satisfied:
Step 1. Compute:

Mk+1 = argmin
M

{Lσ(M,Nk;Λk)},

Nk+1 = argmin
N

{Lσ(M
k+1,N;Λk)}.

Step 2. Update:

Λk+1 = Λk − τσ(FMk+1 +GNk+1).

The reader may refer to [16] for a better understanding of the details of Algorithm 1. 1

4.2 Convergence analysis

In this subsection, we discuss the global convergence and the local linear convergence rate of the
primal ADMM.

Suppose that (M,N) ∈ R(3m+L)×n × R3m×n is an optimal solution to the problem (5). If
there exists Λ ∈ R(5m+L)×n such that (M,N,Λ) satisfies the following KKT system





0 ∈ ∂f(M)− FTΛ,
0 ∈ ∂g(N) −GTΛ,
FM+GN = 0,

(7)

then (M,N,Λ) is a KKT point for the problem (5), where ∂f and ∂g are the subdifferential
mappings of f and g. Let Ω be the solution set of the KKT system (7). Let B : R(5m+L)×n →

1We have to emphasize that in [16] the authors deal with the problem (1) in three blocks instead of two
blocks when they applied the primal ADMM. In fact, the problem can be regarded as two blocks. So Algorithm
1 in this paper is a little different with Algorithm 1 in [16]. It not only is faster but also has mathematically
guaranteed convergence theory. Actually the code for the algorithm in [16] is in accordance with our two-block
primal ADMM.
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R(3m+L)×n ×R3m×n be a linear operator such that its adjoint B∗(M,N) = FM+GN. For any
u := (M,N,Λ), the KKT mapping is defined by

Q(u) :=




M− Proxf (M+ FTΛ)
N− Proxg(N+GTΛ)

FM+GN


 .

Since the subdifferential mappings of the proper closed convex function f and g are maxi-
mally monotone [39, Theorem 12.17], there exist two self-adjoint and positive semidefinite linear
operators Σf and Σg such that for all s, s′ ∈ dom(f), ς ∈ ∂f(s) and ς ′ ∈ ∂f(s′)

f(s) ≥ f(s′) + 〈ς ′, s− s′〉+
1

2
‖s− s′‖2Σf , 〈ς − ς ′, s− s′〉 ≥ ‖s− s′‖2Σf ,

and for all t, t′ ∈ dom(g), υ ∈ ∂g(t) and υ′ ∈ ∂g(t′)

g(t) ≥ g(t′) + 〈υ′, t− t′〉+
1

2
‖t− t′‖2Σg , 〈υ − υ′, t− t′〉 ≥ ‖t− t′‖2Σg .

For the convergence of the primal ADMM, we need the following assumption.
Assumption 1 : The KKT system (7) has a non-empty solution set.
Now we present the following global convergence and linear convergence rate of the primal

ADMM. It is a special case of the result derived by the combination of [25, Theorem B.1] and
[26, Theorem 2].

Theorem 4.1. Suppose that Assumption 1 holds. Let τ ∈ (0, 1+
√
5

2 ), then there exists a KKT

point ū := (M,N,Λ) ∈ Ω such that the sequence {(Mk,Nk,Λk)} generated by Algorithm 1

converges to ū. Assume that Q−1 is calm at the origin for ū with modulus η > 0, i.e., there
exists r > 0 such that

dist(u,Ω) ≤ η‖Q(u)‖, ∀u ∈ {u : ‖u− ū‖ ≤ r}.

Then there exists an integer k̄ ≥ 1 such that for all k ≥ k̄,

dist2M(uk+1,Ω) ≤ µdist2M(uk,Ω),

where µ ∈ (0, 1) and

M := Diag
(
Σf ,Σg + σI, (τσ)−1I

)
+
σ

4
BB∗,

Moreover, there exists a positive number ς ∈ [µ, 1) such that for all k ≥ 1

dist2M(uk+1,Ω) ≤ ςdist2M(uk,Ω).

Proof : We note that Algorithm 1 is actually the SPADMM. According to [25, Theorem B.1],
we only need to prove the following two conditions hold.

Σf + σFTF ≻ 0, (8)

Σg + σGTG ≻ 0. (9)
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Since F and G are full column rank, we know that FTF and GTG are positive definite. In
addition, Σf and Σg are positive semidefinite, so we can obtain that (8) and (9) hold directly.

Remark 1 : Theorem 1 just gives a general result on the linear rate of convergence for
Algorithm 1. It is obvious that the core assumption of Theorem 1 is the calmness condition,
which is often too strict. For the case of ρ = 1 in the problem (1), f and g are piecewise linear-
quadratic functions. From [36, Proposition 2.24], we know that Q−1 is piecewise polyhedral,
and furthermore the calmness condition holds automatically by [37].

5 A dual sGS-ADMM

In this section, we first propose an sGS-ADMM for the problem (2), then we present the global
convergence and local linear convergence rate of the algorithm.

5.1 A dual sGS-ADMM

Now we introduce a more efficient dual sGS-ADMM to solve the problem (2).
Let

p(X) = λ‖X‖ρ,1 + λTV ‖ĤvX‖1 + δRm×n
+

(X), q(X) = λTV ‖ĤhX‖1.

Then the problem (2) can be written in a simple form as below

min
X

1

2
‖AX−Y‖2F + p(X) + q(X). (10)

By introducing three slack variables U1, U2 and U3, (10) can be written as

min
X,U1,U2,U3

1

2
‖U3‖

2
F + p(U1) + q(U2)

s.t. X−U1 = 0, X−U2 = 0, AX−Y −U3 = 0,

(11)

where U1 ∈ Rm×n, U2 ∈ Rm×n, U3 ∈ RL×n.
The dual of the problem (11) is

min
V1,V2,V3

p∗(−V1) + q∗(−V2) +
1

2
‖V3‖

2
F − 〈V3,Y〉

s.t. −V1 −V2 −ATV3 = 0,

(12)

where V1 ∈ Rm×n, V2 ∈ Rm×n, V3 ∈ RL×n.
Let σ > 0, the augmented Lagrangian function for the problem (12) is

Lσ(V1,V2,V3;X) = p∗(−V1) + q∗(−V2) +
1

2
‖V3‖

2
F − 〈V3,Y〉+

σ

2
‖−V1 −V2 −ATV3 − σ−1X‖2F −

1

2σ
‖X‖2F .

10



Algorithm 2 A dual sGS-ADMM

Require: Select an initial point
(
V0

1,V
0
2,V

0
3;X

0
)
. Set k = 0, choose σ > 0, τ ∈

(
0, 1+

√
5

2

)
and

{ǫ̃k}k≥0 be a summable sequence of nonnegative numbers. Iterate the following steps until
the stopping criterion is satisfied:

Step 1. Compute:

V̂k
3 = argmin

V3

{Lσ(V
k
1 ,V

k
2 ,V3;X

k)− 〈δ̂kV3
,V3〉},

Vk+1
1 = argmin

V1

{Lσ(V1,V
k
2 , V̂

k
3 ;X

k)},

Vk+1
3 = argmin

V3

{Lσ(V
k+1
1 ,Vk

2 ,V3;X
k)− 〈δkV3

,V3〉},

Vk+1
2 = argmin

V2

{Lσ(V
k+1
1 ,V2,V

k+1
3 ;Xk)},

where

δ̂kV3
= ∇V3

Lσ(V
k
1 ,V

k
2 , V̂

k
3 ;X

k) with ‖δ̂kV3
‖F ≤ ǫ̃k,

δkV3
= ∇V3

Lσ(V
k+1
1 ,Vk

2 ,V
k+1
3 ;Xk) with ‖δkV3

‖F ≤ ǫ̃k.

Step 2. Update:

Xk+1 = Xk − τσ(−Vk+1
1 −Vk+1

2 −ATVk+1
3 ).

Suppose that δ̂V3
and δV3

are given tolerance vectors. The dual sGS-ADMM which is a
direct application of the sGS-ADMM in [28] or [29] can be presented in Algorithm 2.2

Now we provide the details of Step 1 in Algorithm 2. Finding the minimum of Lσ(V1,V2,V3;X)
with respect to V3 is equivalent to solving the following problem.

∇V3
Lσ(V1,V2,V3;X) = V3 −Y + σA(V1 +V2 +ATV3 + σ−1X) = 0.

That is, we compute V3 by solving the following linear system of equations

(I+ σAAT )V3 = Y − σAV1 − σAV2 −AX.

Making use of the Moreau identity Proxσp(x) + σ Proxp∗/σ(x/σ) = x, we can get V1,V2 in
closed forms as below

V1 =
1

σ
Proxσp(σC1)−C1, V2 =

1

σ
Proxσq(σC2)−C2,

where
C1 = V2 +ATV3 + σ−1X, C2 = V1 +ATV3 + σ−1X.

2In Algorithm 2, V3 is updated twice because we use the sGS decomposition to solve the subproblem. For
more details, one may refer to [29].
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We discuss different cases for different p and q.
(i) When p(·) = λ‖ · ‖1 + δRm×n

+
(·) + λTV ‖Ĥv(·)‖1. The following proposition states that

the proximal mapping of σp can be decomposed into the composition of the three proximal
mappings.

Proposition 1 : For any σ > 0, it holds that

Proxσp = Proxσλ‖·‖1 ◦ ProxδRm×n
+

◦ProxσλTV ‖Ĥv(·)‖1 .

Proof : Let r(·) = σλ‖ · ‖1 + δRm×n
+

(·). From the equivalence of (iii) and (iv) in [44, Theorem 4],

we can obtain
Proxr = Proxσλ‖·‖1 ◦ ProxδRm×n

+

.

Since r is permutation invariant, that is, r1(Q·) = r1(·) for all permutation Q, then by [44,
Corollary 4], we can obtain

Proxσp = Proxr ◦ProxσλTV ‖Ĥv(·)‖1 (13)

holds directly.
We define p1(·) = δRm×n

+
(·) + λTV ‖Ĥv(·)‖1 for convenience. From Proposition 1, we can

obtain
Proxσp(σC1) = Proxσλ‖·‖1(Proxσp1(σC1))

= sign(Proxσp1(σC1)) ◦max(|Proxσp1(σC1)| − σλ, 0).

Note that the proximal mapping of σp1 is

Proxσp1(σC1) = argmin
Z

{
δRm×n

+
(Z) + σλTV ‖ĤvZ‖1 +

1

2
‖Z− σC1‖

2
F

}
.

Let
Z = [z1, z2, · · · , znr , znr+1, znr+2, · · · , z2nr , · · · , zn−nr+1, zn−nr+2, · · · , zn] ,

K = [k1,k2, · · · ,knr ,knr+1,knr+2, · · · ,k2nr , · · · , kn−nr+1,kn−nr+2, · · · ,kn] ,

ZσλTV (σC1) := argmin
Z

{
σλTV ‖ĤvZ‖1 +

1

2
‖Z− σC1‖

2
F

}
, (14)

where K = σC1 and zi,ki (i = 1, 2, · · · , n) denote the ith columns of Z,K. In order to compute
ZσλTV (σC1), we first denote

Z′∗ := argmin
Z′

{
σλTV

nc−1∑

k=1

‖Z′(:, k + 1) − Z′(:, k)‖1 +
1

2
‖Z′ −K′‖2F

}
,

where

Z′ :=




z1 znr+1 · · · zn−nr+1

z2 znr+2 · · · zn−nr+2
...

...
. . .

...
znr z2nr · · · zn


 , K′ :=




k1 knr+1 · · · kn−nr+1

k2 knr+2 · · · kn−nr+2
...

...
. . .

...
knr k2nr · · · kn


 ,
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Z′∗ :=




z∗1 z∗nr+1 · · · z∗n−nr+1

z∗2 z∗nr+2 · · · z∗n−nr+2
...

...
. . .

...
z∗nr z∗2nr · · · z∗n


 .

Since Z′∗ is separable, we can find Z′∗ row by row. That is,

Z′∗(i, :) = argmin
Z′(i,:)

{
σλTV

nc−1∑

k=1

|Z′(i, k + 1)− Z′(i, k)| +
1

2
‖Z′(i, :) −K′(i, :)‖22

}
,

i = 1, 2, · · · ,m× nr.

In our numerical experiments, we use the 1D TV Denoising Algorithm [41] to compute Z′∗.
Then we can obtain ZσλTV (σC1) from Z′∗ easily as below

ZσλTV (σC1) =[z∗1, z
∗
2, · · · , z

∗
nr , z

∗
nr+1, z

∗
nr+2, · · · , z

∗
2nr , · · · , z

∗
n−nr+1, z

∗
n−nr+2,

· · · , z∗n].

By Proposition 1, we can compute the proximal mapping of σp1 by composing the proximal
mapping of δRm×n

+
(·) with the proximal mapping of σλTV ‖Ĥv(·)‖1 as below

Proxσp1(σC1) = ΠRm×n
+

(ZσλTV (σC1)).

(ii) When p(·) = λ‖ · ‖2,1 + δRm×n
+

(·)+λTV ‖Ĥv(·)‖1. Similar to Proposition 1, for any σ > 0,

it also holds that

Proxσp = Proxσλ‖·‖2,1 ◦ ProxδRm×n
+

◦ProxσλTV ‖Ĥv(·)‖1 .

As its proof is nearly the same as that of Proposition 1, we omit it.
Let p2(·) = δRm×n

+

(·) + λTV ‖Ĥv(·)‖1. The proximal mapping of σp takes the following form

Proxσp(σC1) = diag(α1, α2, . . . , αm)Proxσp2(σC1),

where

αi =

(
max

{
‖Proxσp2(σC1)(i, :)‖2 − σλ, 0

}

max
{
‖Proxσp2(σC1)(i, :)‖2 − σλ, 0

}
+ σλ

)

and
Proxσp2(σC1) = ΠRm×n

+
(ZσλTV (σC1)).

(iii) Note q(·) = λTV ‖Ĥh(·)‖1, let

Z′′∗ := argmin
Z′′

{
σλTV

nr−1∑

k=1

‖Z′′(:, k + 1)− Z′′(:, k)‖1 +
1

2
‖Z′′ −K′′‖2F

}
,
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where

Z′′ :=




z1 z2 · · · znr
znr+1 znr+2 · · · z2nr

...
...

. . .
...

zn−nr+1 zn−nr+2 · · · zn


 , K′′ :=




k1 k2 · · · knr
knr+1 knr+2 · · · k2nr

...
...

. . .
...

kn−nr+1 kn−nr+2 · · · kn


 ,

Z′′∗ :=




z∗1 z∗2 · · · z∗nr
z∗nr+1 z∗nr+2 · · · z∗2nr

...
...

. . .
...

z∗n−nr+1 z∗n−nr+2 · · · z∗n


 .

Then we can compute Z′′∗ similarly to that of Z′∗, that is,

Z′′∗(i, :) = argmin
Z′′(i,:)

{
σλTV

nr−1∑

k=1

|Z′′(i, k + 1)− Z′′(i, k)| +
1

2
‖Z′′(i, :) −K′′(i, :)‖22

}
,

i = 1, 2, · · · ,m× nc.

We can obtain the proximal mapping of σq from Z′′∗ as below

Proxσq(σC2) =[z∗1, z
∗
2, · · · , z

∗
nr , z

∗
nr+1, z

∗
nr+2, · · · , z

∗
2nr , · · · , z

∗
n−nr+1, z

∗
n−nr+2,

· · · , z∗n].

As for the computational complexity of Algorithm 2, the most expensive step of Algorithm
2 is to compute V3 whose computational complexity is O(nL ·max{m,L}). Thus, the compu-
tational complexity of Algorithm 2 in each iteration is O(nL ·max{m,L}).

5.2 Convergence analysis

In this subsection, we analyze the global convergence and the local linear convergence rate of
the dual sGS-ADMM. Note that the problem (12) can also be written in the following form

min
W,V2

ψ(W) + ϕ(V2)

s.t. −AW−V2 = 0,
(15)

where W =
(
VT

1 ,V
T
3

)T
∈ R(m+L)×n, A =

[
Im×m,AT

]
and

ψ(W) = p∗(−V1) +
1

2
‖V3‖

2
F − 〈V3,Y〉 , ϕ(V2) = q∗(−V2).

Suppose that (W,V2) ∈ R
(m+L)×n ×Rm×n is an optimal solution to the problem (15). If there

exists X ∈ Rm×n such that (W,V2,X) satisfies the following KKT system





0 ∈ ∂ψ(W) +A∗X,
0 ∈ ∂ϕ(V2) +X,
−AW−V2 = 0,

(16)
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then (W,V2,X) is a KKT point for the problem (15). Let Ω be the solution set of the KKT
system (16) for convenience. Let E : Rm×n → R(m+L)×n ×Rm×n be a linear operator such that
its adjoint E∗(W,V2) = −AW−V2. For v := (W,V2,X), the KKT mapping is defined by

R(v) :=




W − Proxψ(W −A∗X)
V2 − Proxϕ(X−V2)

−AW−V2


 .

Since the subdifferential mappings of the closed proper convex functions p∗ and q∗ are maxi-
mally monotone [39, Theorem 12.17], there exist two self-adjoint and positive semidefinite linear
operators Σψ and Σϕ such that for all y,y′ ∈ dom(ψ), ξ ∈ ∂ψ(y) and ξ′ ∈ ∂ψ(y′)

ψ(y) ≥ ψ(y′) + 〈ξ′,y − y′〉+
1

2
‖y − y′‖2Σψ , 〈ξ − ξ′,y − y′〉 ≥ ‖y − y′‖2Σψ ,

and for all z, z′ ∈ dom(ϕ), ζ ∈ ∂ϕ(z) and ζ ′ ∈ ∂ϕ(z′)

ϕ(z) ≥ ϕ(z′) + 〈ζ ′, z− z′〉+
1

2
‖z− z′‖2Σϕ , 〈ζ − ζ ′, z− z′〉 ≥ ‖z− z′‖2Σϕ .

For the convergence of the dual sGS-ADMM, we need the following assumption.
Assumption 2 : The KKT system (16) has a non-empty solution set.
We can also obtain the global convergence and linear convergence rate of the sGS-ADMM

based on [25, Theorem B.1] and [26, Theorem 2].

Theorem 5.1. Suppose that Assumption 2 holds and S := (σ−1I+AAT )−A[I+AT (σ−1I +

AAT )−1A]−1AT is positive definite. Let τ ∈ (0, 1+
√
5

2 ), then there exists a KKT point v̄ :=
(W,V2,X) ∈ Ω such that the sequence {(Vk

1 ,V
k
2 ,V

k
3 ,X

k)} generated by Algorithm 2 converges

to v̄. Assume that R−1 is calm at the origin for v̄ with modulus η′ > 0, i.e., there exists r′ > 0
such that

dist(u,Ω) ≤ η′‖R(u)‖, ∀u ∈ {u : ‖u− ū‖ ≤ r′}.

Then there exists an integer k̄ ≥ 1 such that for all k ≥ k̄,

dist2P (u
k+1,Ω) ≤ µ′dist2P(u

k,Ω),

where µ′ ∈ (0, 1),
P := Diag(T +Σψ,Σϕ + σI, (τσ)−1I) + sτσEE

∗,

and

sτ :=
5− τ − 3min{τ, τ−1}

4
.

Moreover, there exists a positive number ς ′ ∈ [µ′, 1) such that for all k ≥ 1

dist2P(u
k+1,Ω) ≤ ς ′dist2P(u

k,Ω).

Proof : As pointed out in [29], implementing one cycle of the sGS method is equivalent
to solve the associated convex quadratic programming problem plus an extra semiproximal
term 1

2‖W −Wk‖2T , where T is a symmetric positive semidefinite operator related to the sGS
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decomposition and Wk is the previous iterate. This indicates that the dual sGS-ADMM is
essentially a special case of the SPADMM. According to [25, Theorem B.1], in order to prove
the convergence, we only need to prove that the following two conditions hold.

Σϕ + σIm×m ≻ 0, (17)

Σψ + σA∗A+ T ≻ 0, (18)

where

Σψ :=

(
0m×m 0m×L
0L×m IL×L

)
,

T : =

(
0m×m σAT

0L×m 0L×L

)(
σ−1Im×m 0m×L
0L×m (IL×L + σAAT )−1

)(
0m×m 0m×L
σA 0L×L

)

=

(
σAT (σ−1IL×L +AAT )−1A 0m×L

0L×m 0L×L

)
.

It is obvious that (17) holds automatically. By simple calculations, we know that (18) is equiv-
alent to that (

I+AT (σ−1IL×L +AAT )−1A AT

A σ−1IL×L +AAT

)

is positive definite. From the Schur complement condition [35], we only need to require that
S = (σ−1I+AAT )−A[I+AT (σ−1I+AAT )−1A]−1AT is positive definite.

Remark 2 : For the case of ρ = 1 in the problem (2), p and q are piecewise linear-quadratic
functions. We also know that the calmness condition holds automatically by [36, Proposition
2.24] and [37, Corollary].

6 Numerical experiments

In this section, we implement some numerical experiments to demonstrate the efficiency of our
algorithm. All the experiments were conducted on a PC with Inter (R) Core (TM) i5-4210M
CPU @2.60GHz 2.59GHz of 8G memory running 64bit Windows operation system. The Monte
Carlo simulations were used ten times in all our experiments. All the codes were written in
Matlab 2017b with some subroutines in C. For convenience, we use SUnTV-sGSADMM and
CLSUnTV-sGSADMM to denote the dual sGS-ADMM applied to the SUnTV and CLSUnTV,
respectively. The Matlab codes of SUnSAL-TV and CLSUnSAL-TV are based on [16].3

We use the signal reconstruction error (SRE) measured in decibel (dB) to measure the
performances of different algorithms, which is defined as follows [12]:

SRE(dB) = 10log10
E[‖x‖22]

E[‖x− x̂‖22]
,

where x and x̂ denote the true abundances and the estimated abundances, respectively and E[·]
represents the statistical expectation. In general, a larger SRE indicates a better unmixing

3downloaded from http://www.lx.it.pt/∼bioucas/publications.html.
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performance. In addition, the probability of success (ps) is also employed to estimate the
probability that the relative error power is less than a certain threshold value [12]:

ps = P (||x̂− x||2/||x||2 ≤ threshold).

The unmixing algorithm can be regarded as being successful when ||x̂−x||2/||x||2 ≤ 0.316(5 dB)
in all our experiments.

We measure the accuracy of the solutions by the following relative KKT residual and Error:

RP1
= (‖D1 −AD̃‖F + ‖D2 − D̃‖F + ‖D3 − D̃‖F + ‖D4 −HD3‖F +

‖D5 − D̃‖F )/(1 + ‖A‖F ),

RD1
= (‖ATΛ1 +Λ2 +Λ3 +Λ5‖F + ‖Λ3 −HTΛ4‖F )/(1 + ‖A‖F ),

Error1 = ‖D̃k+1 − D̃k‖F /‖D̃
k+1‖F ,

RP2
= ‖AX−Y −U3‖F /(1 + ‖Y‖F ),

RD2
= ‖V1 +V2 +ATV3‖F /(1 + ‖A‖F ),

Error2 = ‖Xk+1 −Xk‖F /‖X
k+1‖F .

The stopping criterion for Algorithm 1 is RP1
< tol1 and RD1

< tol1 or Error1 < tol2, and the
stopping criterion for Algorithm 2 is RP2

< tol1 and RD2
< tol1 or Error2 < tol2, where tol1

and tol2 are predefined error tolerances. In our implementation, we empirically set tol1 = 10−3

and tol2 = 10−4. The maximum number of iterations of the SUnSAL-TV and CLSUnSAL-
TV are capped by 200, and the maximum number of iterations of the SUnTV-sGSADMM and
CLSUnTV-sGSADMM are capped by 50.4 The optimal regularization parameters λ and λTV
in all compared algorithms were selected from all possible combinations of the following finite
set {0.5, 0.1, 0.05, 0.01, 0.005,
0.001, 0.0005, 0.0001, 0.00005, 0.00001} in order to produce the highest SRE.

6.1 Numerical results for the simulated data

For the simulated data experiments, the spectral library A ∈ R224×240 is randomly picked out
from the United States Geological Survey (USGS) digital spectral library splib06.5 These spectra
have 224 bands and are uniformly distributed between 0.4-2.5 um. The mutual coherence of
A is very close to 1. By using this spectral library, we generated the following three simulated
hyperspectral data cubes.

(1) Simulated Data Cube 1 (DC1): the size of the DC1 is 75 × 75, and each pixel contains
224 bands. We randomly chose five endmembers from A and generated the abundances of
endmembers following the methodology of [12]. Then the white noise and the correlated noise
(resulting from low-pass filtering i.i.d. Gaussian noise, using a normalized cutoff frequency of
5π/L) with signal-to-noise ratio (SNR = E[‖Ax‖22]/E[‖n‖22]) of 20 dB, 30 dB and 40 dB were
added to the DC1, respectively.

4Since the SRE value will get worse after the KKT residual is smaller than some value, and Algorithm 2 is
obviously faster than Algorithm 1 according to the experiments behind, the settings of the maximal iterations are
not the same.

5Available online: http://speclab.cr.usgs.gov/spectral.lib06.
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Table 1: The numerical experiments on the simulated data

White noise
Data cubeSNR(dB)Parameters SUnSAL-TV SUnTV-sGSADMM CLSUnSAL-TV CLSUnTV-sGSADMM

DC1

20

SRE(dB) 7.1449 (0.0216) 12.2804 (0.2820) 6.9773 (0.0384) 11.3766 (0.2387)
ps 0.9561 (0.0046) 0.9789 (0.0037) 0.9505 (0.0015) 0.9796 (0.0027)

time(s) 134.8394 (2.1428) 15.1354 (0.2630) 138.4100 (1.7137) 15.4247 (0.1992)
λ 0.05 0.005 0.5 0.5

λTV 0.05 0.1 0.05 0.1

30

SRE(dB) 15.0541 (0.1364) 17.5032 (0.2956) 14.1178 (0.1306) 16.4817 (0.1534)
ps 0.9956 (0) 0.9956 (0) 0.9959 (0.0009) 0.9996 (0.0013)

time(s) 132.7691 (1.0134) 15.6431 (0.2305) 136.9076 (1.1648) 15.6762 (0.1578)
λ 0.005 0.001 0.5 0.1

λTV 0.01 0.01 0.01 0.01

40

SRE(dB) 22.4525 (0.1267) 23.2758 (0.0850) 22.7363 (0.0993) 23.0622 (0.0606)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 132.1023 (0.7609) 15.3504 (0.1765) 136.3907 (0.5466) 15.8081 (0.2889)
λ 0.001 0.001 0.1 0.1

λTV 0.005 0.005 0.005 0.005

DC2

20

SRE(dB) 8.7308 (0.0700) 8.8712 (0.1462) 6.9100 (0.0700) 7.1687 (0.0666)
ps 0.8573 (0.0118) 0.8861 (0.0166) 0.7661 (0.0155) 0.7789 (0.0082)

time(s) 196.5701 (4.8571) 27.6584 (0.2723) 197.3205 (1.3822) 27.4746 (0.1534)
λ 0.01 0.01 0.005 0.001

λTV 0.01 0.01 0.05 0.05

30

SRE(dB) 15.9441 (0.0544) 16.2301 (0.0401) 14.3376 (0.0560) 14.3426 (0.0861)
ps 0.9967 (0.0003) 0.9945 (0.0006) 0.9953 (0.0007) 0.9918 (0.0014)

time(s) 195.4667 (1.2963) 27.2704 (0.1196) 197.3390 (0.6061) 28.0106 (0.0646)
λ 0.005 0.005 0.005 0.0001

λTV 0.005 0.005 0.005 0.005

40

SRE(dB) 21.0885 (0.0471) 21.6292 (0.0722) 19.7971 (0.0458) 19.7908 (0.0677)
ps 1.0000 (0) 0.9997 (0.0001) 1.0000 (0) 0.9997 (0.0001)

time(s) 195.4878 (0.8895) 27.5456 (0.0784) 197.4681 (0.2657) 28.2979 (0.1381)
λ 0.001 0.0005 0.01 0.005

λTV 0.001 0.001 0.001 0.001

DC3

20

SRE(dB) 5.7547 (0.0390) 6.1169 (0.0357) 5.1223 (0.0304) 5.1282 (0.0455)
ps 0.6235 (0.0101) 0.6575 (0.0080) 0.5947 (0.0023) 0.5839 (0.0055)

time(s) 194.7100 (3.0791) 27.5685 (0.0489) 196.6756 (2.1201) 28.5397 (1.7651)
λ 0.01 0.01 0.001 0.001

λTV 0.01 0.01 0.05 0.05

30

SRE(dB) 11.5701 (0.0540) 11.6032 (0.0338) 9.6904 (0.0426) 9.6343 (0.0556)
ps 0.9517 (0.0013) 0.9444 (0.0020) 0.9025 (0.0023) 0.8872 (0.0036)

time(s) 193.4672 (0.4695) 27.5775 (0.0398) 196.5886 (1.5875) 28.0825 (0.1090)
λ 0.01 0.005 0.05 0.0001

λTV 0.005 0.005 0.005 0.005

40

SRE(dB) 18.0549 (0.0288) 17.9194 (0.0531) 15.9123 (0.0381) 15.9489 (0.0526)
ps 1.0000 (0) 0.9997 (0.0001) 0.9983 (0.0003) 0.9957 (0.0006)

time(s) 194.3947 (0.7461) 27.8315 (0.0969) 196.9297 (0.9201) 28.3006 (0.1138)
λ 0.005 0.001 0.005 0.0001

λTV 0.0005 0.0005 0.001 0.001
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Table 2: The numerical experiments on the simulated data

Correlated noise
Data cubeSNR(dB)Parameters SUnSAL-TV SUnTV-sGSADMM CLSUnSAL-TV CLSUnTV-sGSADMM

DC1

20

SRE(dB) 12.1682 (0.0783) 18.1366 (0.1336) 12.1838 (0.0655) 18.0484 (0.1029)
ps 0.9961 (0.0012) 0.9993 (0.0006) 0.9990 (0.0004) 1.0000 (0)

time(s) 133.0032 (1.1713) 14.4636 (0.2023) 136.3015 (0.2182) 14.7316 (0.2039)
λ 0.005 0.001 0.1 0.1

λTV 0.0001 0.01 0.0001 0.01

30

SRE(dB) 20.9386 (0.1049) 23.6159 (0.1003) 20.8904 (0.0936) 22.6764 (0.0920)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 131.8280 (0.4336) 15.1003 (0.2726) 136.3561 (0.1915) 16.0053 (0.1282)
λ 0.001 0.0005 0.1 0.05

λTV 0.0001 0.001 0.0001 0.0001

40

SRE(dB) 30.6734 (0.0652) 33.7144 (0.1447) 30.5253 (0.1075) 31.7891 (0.0572)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 131.9362 (0.4130) 14.9363 (0.1920) 136.6289 (0.8981) 15.3723 (0.2121)
λ 0.0005 0.0001 0.01 0.01

λTV 0.0001 0.0005 0.0001 0.0005

DC2

20

SRE(dB) 17.7750 (0.0822) 18.3910 (0.0443) 17.9272 (0.0792) 18.3065 (0.0573)
ps 0.9995 (0.0002) 0.9999 (0.0001) 1.0000 (0) 1.0000 (0)

time(s) 195.8421 (1.0192) 27.6035 (0.0601) 197.4170 (0.6048) 28.2088 (0.0974)
λ 0.0005 0.0005 0.01 0.0005

λTV 0.0001 0.0001 0.0001 0.0001

30

SRE(dB) 24.7523 (0.0260) 25.2095 (0.0273) 25.3758 (0.0250) 25.7898 (0.0419)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 194.9738 (0.7467) 27.6767 (0.1028) 197.7280 (0.9522) 27.5906 (0.0906)
λ 0.0005 0.0005 0.01 0.005

λTV 0.0001 0.0001 0.0001 0.0005

40

SRE(dB) 27.0058 (0.0081) 27.2726 (0.0091) 27.9773 (0.0249) 28.3003 (0.0189)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 195.4797 (1.0635) 27.4218 (0.0814) 197.6918 (0.3900) 27.3723 (0.3065)
λ 0.0005 0.0005 0.01 0.005

λTV 0.0001 0.0001 0.0005 0.0005

DC3

20

SRE(dB) 16.1060 (0.1039) 17.3572 (0.0635) 16.0405 (0.0862) 16.7953 (0.0507)
ps 0.9938 (0.0010) 0.9982 (0.0004) 0.9962 (0.0007) 0.9983 (0.0004)

time(s) 193.5519 (0.7429) 27.6214 (0.0663) 196.1045 (0.9418) 28.2954 (0.0854)
λ 0.001 0.001 0.01 0.0005

λTV 0.0001 0.0001 0.0001 0.0001

30

SRE(dB) 24.9063 (0.0700) 26.6341 (0.0331) 24.2799 (0.0487) 23.6197 (0.0420)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 193.9397 (0.4759) 27.8804 (0.2705) 196.7967 (0.7968) 28.3764 (0.0515)
λ 0.0005 0.0005 0.01 0.0005

λTV 0.0001 0.0001 0.0001 0.0001

40

SRE(dB) 32.1884 (0.0375) 33.1761 (0.0307) 29.9157 (0.0239) 29.7300 (0.0202)
ps 1.0000 (0) 1.0000 (0) 1.0000 (0) 1.0000 (0)

time(s) 194.3170 (0.5253) 27.7275 (0.0925) 197.2733 (1.1988) 28.3184 (0.0790)
λ 0.0005 0.0005 0.01 0.0005

λTV 0.0001 0.0001 0.0001 0.0001
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Figure 1: The reference abundances and the estimated abundances obtained by the different unmixing algorithms for
endmember 2, endmember 4, endmember 5 in the DC1 with SNR=20 dB (correlated noise). From top to bottom: (a)
Reference abundances; (b) SUnSAL-TV (λ = 0.005, λTV = 0.0001); (c) SUnTV-sGSADMM (λ = 0.001, λTV = 0.01); (d)
CLSUnSAL-TV (λ = 0.1, λTV = 0.0001); (e) CLSUnTV-sGSADMM (λ = 0.1, λTV = 0.01).

(2) Simulated Data Cube 2 (DC2): the size of the DC2 is 100× 100, and each pixel contains
224 bands. 9 endmembers were randomly chosen from A. The abundances of the DC2 satisfy
the ANC and the ASC, and it was generated based on the Gaussian fields method whose type
is Mattern [43]. Similar to the DC1, the white noise and the correlated noise were added to the
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Figure 2: (a) (b): Variations of the SRE (dB) values with respect to the time for different algorithms when dealing
with the DC1 with white noise (SNR=20 dB) and the DC2 with correlated noise (SNR=20 dB); (c) (d): Variations of
the ‖Xk −X‖F /‖X‖F with respect to the iterations for different algorithms when dealing with the DC1 with white noise
(SNR=20 dB) and the DC2 with correlated noise (SNR=20 dB); (e) (f): Variations of min(RP ,RD) with respect to the
iterations for different algorithms when dealing with the DC1 with white noise (SNR=20 dB) and the DC2 with correlated
noise (SNR=20 dB).

DC2 with different SNR.
(3) Simulated Data Cube 3 (DC3): the way we generated the DC3 is like the way of generating

the DC2 in [16]. Similarly, 9 endmembers were randomly chosen from A, and the abundances of
each endmembers satisfy the ANC and the ASC. Similar to the DC1 and DC2, the white noise
and the correlated noise were added to the DC3.

In Table 1 and Table 2, we report the mean and standard deviations (in brackets) of SRE
values, ps values, computing times of the different unmixing algorithms on the simulated data
and the optimal regularization parameters. As can be seen in Table 1 and Table 2, with regard
to the DC1, the unmixing based on the dual sGS-ADMM is 8 to 9 times faster than that based
on the primal ADMM in the white noise case; while the unmixing based on the dual sGS-ADMM
is 9 to 10 times faster than that based on the primal ADMM in the correlated noise case. For
the DC2 and the DC3, both the SUnTV-sGSADMM and the CLSUnTV-sGSADMM are about
7 to 8 times faster than the SUnSAL-TV and the CLSUnSAL-TV for both the white noise and
the correlated noise under different SNR levels.

Furthermore, we can see that almost all the SRE values and the ps values based on the dual
sGS-ADMM are relatively higher than those based on the primal ADMM. Especially for the
DC1, the SRE value by the SUnTV-sGSADMM increases by more than 5 dB compared with
that by the SUnSAL-TV in the Gaussian noise case with SNR=20 dB. And in the correlated
noise case with SNR=20 dB, the computing time of the CLSUnTV-sGSADMM is only one ninth
of the CLSUnSAL-TV, meanwhile its SRE value has increased by nearly 6 dB.

For visual comparison, Fig. 1 shows the reference abundances and the estimated abundances
obtained by the different unmixing algorithms for endmember 2, endmember 4, and endmember

21



-2
0.01

0

0.008

2

0.01

S
R

E

4

0.006 0.008

SNR=20dB

6

0.006

TV

0.004

8

0.004
0.002 0.002

0 0

-1

0

1

2

3

4

5

6

(a)

-2
0.05

0

0.04 0.05

2

S
R

E

0.03 0.04

SNR=20dB

4

0.03

TV

0.02

6

0.02
0.01 0.01

0 0

-1

0

1

2

3

4

5

(b)

10
0.01

12

0.008 0.01

14

S
R

E

0.006 0.008

SNR=20dB

16

0.006

TV

0.004

18

0.004
0.002 0.002

0 0

11

12

13

14

15

16

17

(c)

10
0.01

11

12

0.008

13

0.01

14

S
R

E

0.006 0.008

15

SNR=20dB

16

0.006

TV

0.004

17

0.004
0.002 0.002

0 0

11

12

13

14

15

16

(d)

2
0.01

4

0.008

6

0.01

S
R

E

8

0.006 0.008

SNR=30dB

10

0.006

TV

0.004

12

0.004
0.002 0.002

0 0

4

5

6

7

8

9

10

11

(e)

3
0.01

4

5

0.008

6

0.01

7

S
R

E

0.006 0.008

8

SNR=30dB

9

0.006

TV

0.004

10

0.004
0.002 0.002

0 0

4

5

6

7

8

9

(f)

10
0.01

15

0.008 0.01

20

S
R

E

0.006 0.008

SNR=30dB

25

0.006

TV

0.004

30

0.004
0.002 0.002

0 0

12

14

16

18

20

22

24

26

(g)

10
0.01

12

14

0.008

16

0.01

18

S
R

E

0.006 0.008

20

SNR=30dB

22

0.006

TV

0.004

24

0.004
0.002 0.002

0 0

12

14

16

18

20

22

(h)

8
0.01

10

0.008

12

0.01

S
R

E

14

0.006 0.008

SNR=40dB

16

0.006

TV

0.004

18

0.004
0.002 0.002

0 0

9

10

11

12

13

14

15

16

17

(i)

8
0.01

10

0.008 0.01

12

S
R

E

0.006 0.008

SNR=40dB

14

0.006

TV

0.004

16

0.004
0.002 0.002

0 0

9

10

11

12

13

14

15

(j)

10
0.01

15

0.008

20

0.01
S

R
E

25

0.006 0.008

SNR=40dB

30

0.006

TV

0.004

35

0.004
0.002 0.002

0 0

15

20

25

30

(k)

10
0.01

15

0.008 0.01

20

S
R

E

0.006 0.008

SNR=40dB

25

0.006

TV

0.004

30

0.004
0.002 0.002

0 0

12

14

16

18

20

22

24

26

28

(l)

Figure 3: The SREs (dB) obtained by the SUnTV-sGSADMM and CLSUnTV-sGSADMM with respect to the parameters
λ and λTV for the DC3 with different SNR levels. (a) SUnTV-sGSADMM (white noise, SNR=20 dB); (b) CLSUnTV-
sGSADMM (white noise, SNR=20 dB); (c) SUnTV-sGSADMM (correlated noise, SNR=20 dB); (d) CLSUnTV-sGSADMM
(correlated noise, SNR=20 dB); (e) SUnTV-sGSADMM for (white noise, SNR=30 dB); (f) CLSUnTV-sGSADMM (white
noise, SNR=30 dB); (g) SUnTV-sGSADMM (correlated noise, SNR=30 dB); (h) CLSUnTV-sGSADMM (correlated noise,
SNR=30 dB); (i) SUnTV-sGSADMM (white noise, SNR=40 dB); (j) CLSUnTV-sGSADMM for (white noise, SNR=40
dB); (k) SUnTV-sGSADMM (correlated noise, SNR=40 dB); (l) CLSUnTV-sGSADMM (correlated noise, SNR=40 dB).

5 in the DC1 with SNR = 20 dB (correlated noise). We can see from Fig. 1 that the esti-
mated abundances obtained by the primal ADMM seem to be noisy. In contrast, the estimated
abundances obtained by the sGS-ADMM are more accurate and have a better visual effect.

For the primal ADMM, it introduces several variables. Once a slack variable is introduced,
one more equality constraint is added. Then an extra penalty term is added in the augmented
Lagrangian function, which nearly halves the step length of the corresponding variable. And
the small step length may lead to the fact that we can not obtain an ideal SRE value even
if the number of the iterations achieves the maximum. We also provide Fig. 2 to illustrate
our claim. In Fig. 2, (a) and (b) show the variations of the SRE (dB) values with respect to
the time obtained by the different unmixing algorithms when dealing with the DC1 and DC2
under different SNR types. We can see that the SRE values of the unmixing based on the dual
sGS-ADMM can reach their peak values in relatively less time compared to the primal ADMM.
In Fig. 2 (a), the peak SRE values based on the dual sGS-ADMM is obviously higher than that
based on the primal ADMM, while in Fig. 2 (b), the peak SRE values of the unmixing based
on the dual sGS-ADMM is close to that based on the primal ADMM. To visually illustrate the
convergence of different algorithms, in Fig. 2 (c)(d) and Fig. 2 (e)(f), we plot the variations of the
relative errors between the restored abundances and the truth abundances (‖Xk −X‖F /‖X‖F )
and min(RP ,RD) with respect to the iterations for different algorithms when dealing with the
DC1 and DC2 under different SNR types. By comparing these convergence curves, we can see
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Table 3: The numerical experiments on the AVIRIS Cuprite data

AVIRIS
Cuprite
Data

Parameters SUnSAL-TV SUnTV-sGSADMM CLSUnSAL-TV CLSUnTV-sGSADMM
λ 0.001 0.001 0.001 0.001

λTV 0.0001 0.0001 0.0001 0.0001
time(s) 2794.2735 (9.7894) 239.1765 (2.4095) 2865.4364 (7.0131) 243.1312 (0.7710)

Table 4: The numerical experiments on the Urban data

Urban
Data

Parameters SUnSAL-TV SUnTV-sGSADMM CLSUnSAL-TV CLSUnTV-sGSADMM
λ 0.0001 0.0001 0.0001 0.0001

λTV 0.0001 0.0001 0.0001 0.0001
time(s) 153.6254 (1.2964) 38.8155 (0.7873) 155.1793 (1.8359) 36.4258 (0.5744)

that the dual sGS-ADMM is obviously faster than the primal ADMM.
In order to analyze the influences of parameters λ and λTV , Fig. 3 illustrates the SREs (dB)

obtained by the SUnTV-sGSADMM and CLSUnTV-sGSADMM with respect to the parameters
λ and λTV for the DC3 with different SNR levels. From Fig. 3 (a) (b) (e) (f) (i) (j), we can see
that a general trend in the white noise cases is that the parameters λ and λTV become smaller
with the SNR increasing to obtain the highest SRE values. This observation is consistent with
the fact that the quadratic term 1

2‖AX−Y‖2 plays a dominant role in the unmixing model in
the high SNR cases. From Fig. 3 (c) (d) (g) (h) (k) (l), we note that in the correlated noise
cases, the parameters λ and λTV are obviously smaller than those in the white noise cases to
obtain the highest SRE values. This is because the variance of the correlation noise is smaller
than that of the white noise in our experiments. The performances of all algorithms in our
experiments tend to degrade when the parameters λ and λTV are very small (less than 0.0001).

By and large, the priority of the dual sGS-ADMM lies in the less computing time and the
relatively higher SRE value. The reason is that for the primal ADMM, it introduces several
variables which directly lead to smaller iteration steps, while the dual sGS-ADMM takes rela-
tively larger steps. And very small steps may not achieve an ideal SRE value which the model
problem can supply in a reasonable amount of time. In other words, even for the same problem,
the algorithm we choose is also important.

6.2 Numerical results for the real data

The first real hyperspectral remote sensing data is from a very famous Airborne Visible Infrared
Imaging Spectrometer (AVIRIS) Cuprite data set.6 This data set has been widely used to
verify the performances of the unmixing algorithms since it is well understood in mineralogy
field and also has several exposed minerals of interest [19]. The data used in our experiments
corresponds to a 250 × 191-pixel subset of the sector labeled as f970619t01p02 r02 sc03.a.rfl
in the online data. The scene comprises 224 spectral bands between 0.4 and 2.5 µm, with
nominal spectral resolution of 10 nm. Prior to the analysis, bands 1-2, 105-115, 150-170, 223-
224 were cut off because of water absorption and low SNR in those bands, leaving a total of 188
spectral bands. The spectral library used here is to select 498 spectra from the USGS spectral
library and remove the corresponding bands. The computing time of the different unmixing
algorithms for the AVIRIS Cuprite data are given in Table 3. As one can see from Table 3, our

6Available online: http://aviris.jpl.nasa.gov/html/aviris.freedata.html.
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Figure 4: Variations of min(RP ,RD) with respect to the iterations for different algorithms when dealing with the AVIRIS
Cuprite data.

proposed algorithm is about 10 times faster than the primal ADMM. To further illustrate the
convergence, in Fig. 4, we plot the variations of min(RP ,RD) with respect to the iterations
for different algorithms when dealing with the AVIRIS Cuprite data. As one can see that our
algorithm converges faster than the primal ADMM. We can just make a visual comparison on
the abundance maps of the minerals since the true abundances of the AVIRIS Cuprite data are
unknown. Fig. 5 shows the estimated abundances obtained by the different unmixing algorithms
for the minerals: alunite, buddingtonite, chalcedony. From Fig. 5, it can be observed that the
effects by the SUnTV-sGSADMM and the CLSUnTV-sGSADMM are as good as those by the
SUnSAL-TV and the CLSUnSAL-TV.

The second real hyperspectral remote sensing data is the Urban data captured by the Hy-
perspectral Digital Imagery Collection Experiment (HYDICE) sensor over an area located as
Copperas Cove near Fort Hood, TX, U.S., in October 1995. There are 307×307 pixels. The
scene comprises 210 spectral bands ranging from 0.4 µm to 2.5 µm, with nominal spectral res-
olution of 10 nm. After removing the bands 1-4, 76, 87, 101-111, 136-153, 198-210, we remain
162 bands. The spectral library used here is the endmembers obtained by the method provided
in [47]-[49]. The computing time of the different unmixing algorithms for the Urban data are
given in Table 4. As one can see, our proposed algorithm is about 4 times faster than the primal
ADMM. Fig. 6 shows the estimated abundances obtained by the different unmixing algorithms
for the endmembers: grass, tree, metal. Again, the proposed unmixing algorithms show similar
performances when compared to the remaining unmixing algorithms.

7 Conclusion

In this paper, we developed an efficient and convergent dual sGS-ADMM for the hyperspectral
sparse unmixing with a TV regularization term. As shown in the numerical experiments, this
approach can obviously improve the efficiency of the unmixing compared with the state-of-the-
art algorithm. More importantly, we can obtain relatively higher SREs for different problems.
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Figure 5: The estimated abundances obtained by the different unmixing algorithms for the minerals: alunite, bud-
dingtonite, chalcedony. From top to bottom: (a) SUnSAL-TV (λ = 0.001, λTV = 0.0001); (b) SUnTV-sGSADMM
(λ = 0.001, λTV = 0.0001); (c) CLSUnSAL-TV (λ = 0.001, λTV = 0.0001); (d) CLSUnTV-sGSADMM (λ = 0.001, λTV =
0.0001).

Our future work will focus on how to choose the regularization parameters adaptively for our
algorithm and how to generalize our algorithm to deal with the nonlinear models.
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Figure 6: The estimated abundances obtained by the different unmixing algorithms for the endmembers: grass, tree, metal.
From top to bottom: (a) SUnSAL-TV (λ = 0.0001, λTV = 0.0001), (b) SUnTV-sGSADMM (λ = 0.0001, λTV = 0.0001),
(c) CLSUnSAL-TV (λ = 0.0001, λTV = 0.0001), (d) CLSUnTV-sGSADMM (λ = 0.0001, λTV = 0.0001).
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