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Finite element method for singularly perturbed
problems with two parameters on a Bakhvalov-type
mesh in 2D *
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Abstract

For a singularly perturbed elliptic model problem with two small parame-
ters, we analyze finite element methods of any order on a Bakhvalov-type mesh.
For convergence analysis, we construct a new interpolation by using the char-
acteristics of layers. Besides, a more subtle analysis of the mesh scale near the
exponential layer is carried out. Based on the interpolation and new analysis of
the mesh scale, we prove the optimal convergence order.
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1. Introduction
In this paper, we reconsider the singularly perturbed elliptic problem in ]

Lu = —g1Au + exb(z)uy + c(x)u = f(z,y) in Q:=(0,1) x (0,1), (1)

ulan = 0,
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with

b(x) >A>0, c(z)>p>0 foraxel0,1], (2)
c(z) — %szb'(x) >~ >0, (3)
f(0,0):f(O,l):f(l,l):f(l,()):(), (4)

where b, ¢, and f are sufficiently smooth functions and A, 3, 7 are constants.
Here we only discuss the case of 0 < £1,2 < 1 (see , and if you are interested
in the case of €2 = 0 and €3 = 1, you can refer to Elj] and its references. For
the sake of analysis, we use b(z) and ¢(z) in our problem instead of b(x,y) and
c(x,y), because that doesn’t affect the properties of the true solution(see|Ld]),
and this is also the case in the equations of ], ], and M]

Moreover, the conditions (2) and (B]) ensure that there exists a unique solu-
tion u € C**0(Q) with ag € (0, 1), which is characterized by exponential layers
at © = 0 and x = 1, parabolic layers at y = 0 and y = 1, and corner layers at
four corners of the domain. For the treatment of boundary layer, researchers
usually use a class of special meshes which are very fine on the layer region
of the solution. Compared to the quasi-uniform mesh, this kind of mesh can
capture the change of layers better. Among those the most representative ones
are Shishkin mesh H] and Bakhvalov mesh B], and experiments show that the
convergence order of numerical solutions on Bakhvalov mesh is better.

In fact, up to now there are few articles about finite element method on
Bakhvalov mesh, because directly applying the Lagrangian interpolation com-
monly used in numerical analysis to the Bakhvalov mesh is not workable. In

|, Roos clearly stated the difficulty of convergence analysis on Bakhvalov-
type mesh in 1D, and obtained the optimal convergence order by using quasi-
interpolation. Brdar and Zarin analyzed a singularly perturbed problem with
two-parameter in 1D using the same method in |3]. However, Roos’ method is
powerless in the face of higher-order finite element methods or higher-dimensional
problems. Recently, Zhang and Liu proposed a new interpolation which is much

simpler to construct and analyze for the one-dimensional one-parameter prob-



lem in M], and can be directly extended to higher-order cases. But, when the
idea is applied to two-dimension, the boundary conditions need to be properly
corrected to meet the homogeneous Dirichlet boundary conditions. Standard
analysis is not successful for these corrections (see [13]).

In this paper, we define a new interpolation according to the characteristics
of the layers for convergence analysis of optimal order. In view of the difficulties
brought by the corrections on the boundary, we make use of a new estimation of
the mesh scale near the Bakhvalov-type transition point and take the structure
of the mesh near the boundary into account. Furthermore, we use different
techniques to handle error estimations in different subdomains and then obtain
the optimal convergence order on the Bakhvalov-type mesh.

The rest of this article is organized as follows. In the section 2, the prior
estimation of the solution of the continuous problem is given. In the section 3,
we will construct the Bakhvalov-type mesh, and give some mesh properties, and
finally establish the finite element method. The new interpolation will appear
in the section 4, and we will also prove some results of Lagrangian interpolation
error. The convergence analysis is carried out in section 5. Finally, numerical
experiments are given in section 6 to verify our conclusion.

Throughout the paper, we shall use C to denote a generic positive constant
independent of €1, €2 and IV, which can take different values at different places.
For any domain D of €2, we use the standard notation for Banach spaces LP(D),
Sobolev spaces W*?(D), H*(D) = W*?2(D). Define || - |lso,p to be || - | L= (D),
|- [Ip to be || - [|L2(py, and | - |p to be the seminorms of || - [|z1(p); The scalar
product in L?(D) is denoted with (-,-)p. And we will drop the subscript D

from the notation for simplicity when D = Q.

2. A priori estimates of solution of the continuous problem

Compared with the parabolic layer, the exponential layer changes more dra-

matically. So in order to describe the exponential layers at + = 0 and x = 1, we



introduce the characteristic equation as following
—19%(x) + e2b(2)g(x) + c(z) = 0.

This equation defines two continuous functions go, ¢1 : [0, 1] — R with go(z) < 0,

g1(x) > 0. Let

po = — max go(x), = min g(z).
For the sake of simplicity, we take
—eoby + /€302 + 418 g\ + \/€3N2 + 4e13
Ho = y M1 =
2e1 2e1

with b, = Jmax b(x), which is the same as B, (6)]. Then we give some prop-

erties of po and py (see ])
1
po < pa, max{yg ' e1m} < Clez +€7), (5)

_ 1 1
2140 < A 1||C||OO, ag(alul) 2 < 0822 (6)

These properties will play an important role in the subsequent analysis.

In this paper we assume that
pt < pgt SN (7)

and it is worth noting that there is no such limitation in practice. By direct

computations of (), we can obtain

g1 < ¢gN72, gy < N7, (8)

with ¢g = 8 and ¢y = %.

On the basis of the prior estimation of the solution given in ], we make
the following assumption about the decomposition of the solution and the prior
estimation of each component. In the subsequent analysis, k is a fixed positive

integer and k£ > 1.

Assumption 1. Let there be given elliptic problem () on the unit square
satisfying conditions [@)-@), and let p € (0,1) and ko € (0,3) be arbitrary.
Assume that

2[|6"[| o2 < ko(1 —p)B-



Furthermore, let § be a positive constant satisfying

52 < (1 B p)ﬂ
f— 2 .
Then the solution u of problem () can be decomposed as

u=.S5+ Fyo+ Ei1 + Eog + Fa1 + Es1 + Fzp + E33 + Fay,

where for all (z,y) € Q and 0 < i+ j <k + 1, the reqular part S satisfies

oIS
’ 0xioy’

the exponential and parabolic layer components satisfy

ai-i—jElO .

oxtoyl | — Ko
RN ;
— e opierm-a)
(9x1(9y3 = :ul )
78 ,E2,0 SCa;%e jEJT’
oz Oyl

i+J i 5(1—y)
M < Cg 2e” v ,
oxtoyl

while the corner layer components satisfy the following estimates

O E, i _ S
R < Cey Puge Prete ver,
oxtoyl
Ot E _i _ %y
S 2| < ey e A,
oy
O tIE i _sa-w
oy
i+7 i 5(1—y)
077 By _E3.4 < Cel 2yl eProre = AT
oxioyi | — 1 Ko

3. Bakhvalov-type mesh and finite element method

3.1. Bakhvalov-type mesh

Let N € N, N > 8, can be divisible 4. Define

T T 1
Opi:=—Inp;1=0,1, and o,:=—-\/e1ln—,
oy ™ NG

(10)



where 7 > k41 is a user-chosen parameter and p € (0, 1) is the parameter from
Assumption [l On z—axis, we set 0,0 and 1 — 0,1 as transition points, where
the mesh changes from fine to coarse and viceversa. On y— axis, we set o, and

1 — o, as transition points. For technical reasons, we also assume
1. 1
Opi < 1 i=0,1, and o, < T (13)

Now we define a Bakhvalov-type mesh for problem (), which is introduced
in ﬂg] The mesh points x;, i = 0,1,--- , N, are defined by

S N
Z)TW(PO(t’L) 1_0715"' L]
Ti = O'x70+2(ti_%)(1_01,0_01,1) ZZ%)%"’L ;%7 (14)
: _ 3N 3N
_ﬁwl(tl) Z_T7T+17"'7N7
Whereti:%,i:(),l,~-~,N and

polt) = —In(1—4(1 = ), @u(t) = —In(1 — 4(1 — (1 - ).

It can be seen from (I4) that the mesh is graded on [zg, 04,0] and [1 — oy 1, 2N,
and the mesh is uniform on [0y,0,1 —0y,1]. The mesh points y;, j =0,1,--- , N,

are defined by

%\/a¢0(tj) .720715 a%a
Yi=9q o, +20t; - H1-20,) j= N1, N (15)

Wheretj:%,jzo,l,---,Nand

do(t) = —In(1 —4(1 = VA1), 61(t) = —In(1 — 4(1 — VED)(1 — 1)),

Similar to the z-direction mesh layout, from (I5]) we could see that the mesh
is graded on [yo, 0] and [1 — oy, yn], and the mesh is uniform on [y, 1 — o).
With mesh points {(z;,y;)}, we obtain a tensor-product rectangular mesh 7.

Set hy; = x;41 — x; and hy j = y;41 — y; are the mesh sizes in the z and
y directions, respectively. Also set 7 ; = [zi,®it1] X [y;,yj+1] be any mesh
rectangle in 7.

According to , Lemmas 2 and 3], we have the following three lemmas.



Lemma 1. From (), we can get the mesh size in the x direction as follows

T o T 1

4—puo Shyn o< 2—9#0 )

T 4T

2—puo < hz,%q < ?N 17

N 3N

Nt <h,;<2N"! Igigf—l,
T 1 4 1

2—pM1 S hy sy < ?N ,

4—pﬂ1 < hz,%ﬂ < 5#1 J

Lemma 2. From (&), we can get the mesh size in the y direction as follows

CVerN ' <hyog<hy1 << hy x o,

.
Civer < hy vy < /e,

p
Co/er <h,n | < 4—TN*,
N-!'<h,; <2N! Egjgﬁ—L
4 4
Cav/e1 < h, sn < %Nﬂ’
Crv/ar < hyax y < %\/E,
hysn g 2 hysn o> 2hy oy 2 Cya N,

where Oy = 5725y, C2 = 5070071y

Lemma 3. ForOSiﬁ%—Q and 0 <m < T, one has
hite ot < Cug ™ N~™. (16)
For%—klﬁiﬁN—l and 0 <m < T, one has

he P =) < CprmN T (17)



Forogjg%—Q and 0 <m < T, one has

For%—i—lngN—lcmeSmgT, one has

7(5(17yj+1) m
W Ve < Cef NT™

Also we need to re-estimate h, sy for our convergence analysis.
v 4

Lemma 4. For any fized n € (0,1], one has

h, snv < C,u?ilNin.

T
Proof. For any fixed n € (0, 1], standard arguments show
27
Inz <— xze€ll,+0).
n
Combine (@) to get

-1 o —1yar—1
h %ZLIHM +4(1 —py )N

T, pli1 ul—l
1
< T In(N"') € - N
P 1 P
< C;/f_lN*".

3.2. Finite element method
The weak form of problem () is to find u € H}(Q) such that
a(u,v) = (f,v) Vv e Hi(Q),
where
a(u,v) = e1(Vu, Vo) + (e2buy + cu,v)

and (-, -) denotes the standard scalar product in L?().

Define the finite element space on the Bakhvalov-type mesh

VN ={we C(Q) :wloa =0,w|7 € Q(T) VT €T},



where Q(7) = Y. «uz'y’ with constants a;; € R.
0<i,j<k

The finite element method for ([Id) is to find u”¥ € V¥ such that
a(w™, oMy = (f,o) Vo e VY, (21)
The energy norm associated with a(-,-) is defined by
[l = erloli + [lvl* Vo € H'(Q).
Using (3], it’s easy to prove coercivity
a(™,vN) > C|vN|%  for all vV € VY. (22)

It follows that u'¥ is well defined by @I)) (see B] and references therein).

4. Interpolation errors

In this section we will introduce a new interpolation. The structure of this
interpolation is similar to one in [14]. Set x} := x; + £h,; and y! = y; + £hy
fori,j=0,1,--- ,N—1and s,t=1,2,-- k.

For any v € C°(Q) its Lagrange interpolation v/ € V¥~ on the Bakhvalov-

type mesh is defined by

vl (@,y) =) (@, Yo (@, y) + v(as, yR)05 N (2, y)
i=0 s=0 \ j=0 (=0
N—-1k—1
+ (@, IR (@, y) + v (@, YR ) Oy (1),
=0 =0

where Of]t (z,y) € VI is the piecewise kth-order Lagrange basis function sat-
isfying the well-known delta properties associated with the nodes (z?, yj) We

define the interpolation ITu to the solution u by
T := S7 + Ello +m1F + EQIO + Ezll + E?{l + w30 B30 + w33 K33 + E3{4, (23)

where

T Ei(z,y) = Bl — PE; + ©F; fori=11,32,33 (24)



with

2

—1k—1

k
(PE,)(x Z > Eo(25, 95057 (2, y) + Ea(z}, yR)05 % (2, y)

3N g=
Tsl 7 t

I\
=]
Il
o

k k
(GEa)(xvy):ZEa(x%TNayO éﬁ Z :C3N7yN é,N a:11732733
s=1 s=1
From (23) and @4) we can easily get [Iu € V and

Mu=u'—- > (PE —OF). (25)
i=11,32,33

Next, we will prove the Lagrange interpolation estimation. From H, Theorem

2.7], we have the following anisotropic interpolation results.

Lemma 5. Let 7 € T and v € H**Y(F). Then there exists a constant C such

that Lagrange interpolation v’ satisfies

) 8’““1}
I _
lo—v'l7z <C Y highy Haxiayj 7
i+j=k+1
) ) ak-ﬁ-lv
(v —v)allz <C Z he ohy 7 H Oxit1oyi ||
i+ji=k 7
akJrl
||(’U—’U ) ||§<C Z hm 3hy<7HaIlayj+l ’
i+ji=k 7

where hy, 7 and hy, 7 are respectively the mesh size in x direction andy direction

on the rectangular interval 7 .

Lemma 6. Assume T >k + 1. On Bakhvalov-type mesh T, one has
|E; — EY| < oN—+D 5 =10,11,20,21, 31, 32, 33, 34.

Proof. To consider ||E1g — E{||, we decompose it as follows

|E10 — Efo|?

I 12 I 2
[ Ero — E10||[mg,z%71]><[071] +[[E10 — E10||[m%71,m1\7]><[0,1]

: A+ As.

10



Using (@), Lemmas [0l Bl Bl and ([I6) with m = we obtain

—2N-1 F2an_1 2
Ay = 10— Elyli,, <O w2z |2 B
1= 10 = Foll; 5 = =0y | Tl 9y
i=0 ;=0 i=0 j=0 l+r= oYl 7,
=0 j= 1=0 j=0 l+r=k+1 J
T2y
20 12 20 _—2 i
<C Z hwyihyqjj('“O e TpHoT hr,ihy,j)
i=0 j=0 l+r=k+1
T2y
—2l A7—21y , 21 2r+1
<C (o "N ) o ihyT;r
1=0 j=0 l+r=k+1
T2y
<C M61N72(k+1)71
i=0 ;=0
< CvluJO—lj\]f(2k+1)7
(26)

and after a simple calculation, we get [E10(2,Y)[jzy  zn]x[0,1] £ CN77. Then
N

the triangle inequality yields
Ap < C(||E10||[2m%71,11v]><[0,1] + ||E110||[2z%71,mN]><[0,1])

< C(||E10||§,[m£71,1N]X[O,l] + ||E110||§o,{zﬁfl,m]x[0,1])
1 : (27)
< C||E10||§O,[m%fl,m]x[0,1]

<CON~?,

From ([),(26]) and 1) we could prove our conclusion. Using the same method
we could get the estimates of ||E; — Ef| with i = 11,20, 21,31, 32,33, 34. For
the cases of ¢ = 31,32, 33, 34, we divide the whole interval into three pieces not
two pieces in the case of E1g — EY. For example, for ||E3; — El ||, we can break

it down into

I I
1Bs1 — By I = 1Bs1 — Byl fogo sy Ixwown ]
4 4

I (12 I 2
+ || E31 — E31||[zo,m%7l]><[y%71,y1v] + | Ea — E31||[m%71,m1\7]x[0,1]

= Bl +B2+B3

Similar to (28), we get
5 —1n—2k
By <Ceipg N

11



And similar to (27]), one has

By + B3 < CN~?",

Lemma 7. Assume T > k + 1. On Bakhvalov-type mesh T, one has

IE: — E!|lp < C(e +e2)E N5 CN-(+D = 10,11, 20, 21,
IPEw||s < CN7%,

1
||@E11||E S CEfN_T.

Proof. We only consider ||E1g — EY|| g, because the remaining terms could be

analyzed in a similar way. Clearly, one has
[Ero — Efolt = [|(Bio — Eio)all? + [|(Bro — Efp)y|I*.

From (@), Lemmas 2] Bl and (I6) with m =+ % we could obtain

T—2n-1
I 2 I 2
[(E10 — E10)1||[m0,zﬁ71]x[0,1] = [(E10 — E1o)a 7,
4 i=0 ;=0
H—2n_1 2
4 k+1
0" 'E
2l 1.2r 10

<C Z hmhya Ozt 1oy"

=0 j=0 l+r=k T

T2y

4

20 12 2(1+1) o2 i

<C > hhy (o POt Ry ity )

i=0 j=0 I+r—k (28)

T2y

4

—20—1 pr—21—1y, 2(141) 7 2r41

< C (:uO N ) Ho h’y?j

i=0 j=0 l+r=Fk

T—2n_1
<C UON_2(k+1)

i=0 j=0
< CpuoN—2*

12



1
Note [[(E10)zllizy _,an]x[0,] < Cpg N77. Then one has
4

[(E10 — E{0)1||[2m%71,m1\7]><[0,1] < CH(EIO):E||[21%71,1N]><[0,1] + CH(ElIO)w||[2:c%71,mN]><[0,1]

N—1 N-1
< CH(E10)$||[2x£71,11\1]><[0,1] +C Z Z ||(E1lo)w| ?9
4

i=f -1 7=0

S OILLON—2T + CM1N2_2T

S O/L1N272‘r,
(29)
where inverse inequality ﬂa, Theorem 3.2.6], [@), Lemmas [ and 2l yield
N-1 N-1 N-1 N-1
Do D N@ElZ, <C D D RHIELI,
i=N 1 j=0 i=4—17=0
N—1 N—1
<C Y W B2, 7 ity
i=N_1 =0
4
S OILL1N272T.
Similar to ([28)), we can get
||(E10 E10) ||[:,:0 TN 11%[0,1] < CﬂalN_2k~ (30)
Similar to (29), one has
1o o
[(E10 — E{O)y||[2m%7l,xN]><[0,1] < Cgy TN (31)

From 28)-@1)), (&) and Lemma [f we can easily obtain

1Ew — EL |2 < Clejn N2+ N2 4 E%N—z(kﬂ N?) £ CN—20+D)
< CleypuuN~2% + 52N 2k) 4 N2k
< C’((s% +e9) N2k +52N 2ky 4 N2k
< 0(51% + eo)N72F 4 N2+

i.e.

1B — Elllp < C(e + e2) EN~F 4 ON~(+1),

13



For ||PE11]|g and ||©F11]| g, Lemmas I 21, @) and @) yield

N—-1k—1
IPEu|E < CN‘QT > ||9§ s+ ||93N NlE
s=1 7j=0 t=0
N-1
<CNTT Y (glh;gTN hyj+ethy sy hy s+ by sx by j)
j=0

<CN *(e1pq + 61 N +N7Y,
<CN (g9 + ng +N7h

< CN_2T_1,

and

|©En|E <CN™* <Z ||93N ollE+ Z ||93N i )

s=1
< CN*QT(slh;)ﬂ_N hy,0 +€1hy s hy o+ hy ax by o
+51h SNhyN 1+e1h, hyN 1T h ’TNhy,N,l)
<CN~ T(slulsf +e1N™ 5;§N+N_151§)
< ONT* (e} (ef +22) +2f)

1
<Ce} N,

Lemma 8. For interpolation error estimates of corner layers we have
|E; — El |z < N+ = 31,32 33,34,
IPEj|lp <CN™™"2  j=32,33,
1
|OF;|lg < CefN™T  j=32,33.
Proof. We have omitted the proofs of |PE,||g and ||©OF;||g with j = 32,33

here, because they are similar to ones of ||PFE11||g and ||©E11]| g, respectively.

In order to analyze ||(Es1 — FEi,)| g, we set Do o := [:Co,x%_l] X [yo,y%_l].

14



Then

1(Es1 = E51)a |8\ p, , < Cl(E31)alltn py o + CIEsD 0D

T-1 N1

~1 N-1
< Cll(Bs1)ellin py, +C Z Z” E3) ||9”+CZ Z (E31)e

i=4—17=0 1=0 j=84 1

< Di+ D3+ Ds.

Inverse inequality, (1), Lemmas [l and [ yield

2 1%71 YN 2 _9 - _ 2y
Dy = [[(Es1)allp,, < / / 22w~ T iy
Zo

YN _
7 1

TN YN 26y,
+/ / pae2PHoTieT A dady
I%,l Yo

% —27
< 051 ,U{)N .

d
an N-1 N-1 N-1 N-1
Dy = I(B3)ell%, <C > > hi3lEs
i=4-175=0 =N _1 j=0
N—-1 N-1
<C > B2 g e by

i=f -1 =0
< CM1N2_2T.
Similar to Do, we have

Dg S C‘U,()N272T.
Combination of (32), (33), and (34) yields

[(E31 — E?{l)w||?z\Do,0 < CN1N2_2T~

15
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(34)



From (), Lemma [ (I0) with m = [+ § and (I8) with m =r + § yield

,_2 ﬂ_z
||(E31 E31 ||D00 Z Z || Es — E31 | T
=0 4=0
N_o9gN_o
4 3 k+1
0" E
20 3 2r 31
<C Z hmhya Oz 1oy"
i=0 j=0 I+r=Fk i
N N
a2-23-2 2(l+1) 208y,
<c S R e Ve T i )
i=0 j=0 l+r=k (36)
i e +3 2(1+1
— — — — r+5 — — —
<C Z(Nom 1721 151 3 N2 1)#0(+)51r
i=0 j=0 l+r=k
Lol o )
S C ‘uOElfN72(k+l)
i=0 j=0
1
< Cpupei N2,

For ||(Es1 — E4;), ||, we use the same processing technique as ||(Es1 — E;). ||

to obtain

1
I(Bs1 = Es1)yllby o < Crig ey 2N 72, (37)
0,0
1
(Bs1 — EL)y 20, . < Cey 2N?777, (38)
\ 0,0
From (B8)—-(B8]) we can easily obtain
1
|Es1 — EL 2 < Cuy N~ 4 e N2,
3101 1

By combining Lemma [6] and () we get
1B — BL|% < Cer(uuN—2% e 2 N=2F) 4 CN 208+
< Cleypy N2 4 &7 N=2F) 4 CN—20+D)
< C’((sf +eg) N2k +52N 2ky 4 N2k
< C(Elé + eg)N72k 4 O N—2kHD),

Similarly, we have

IE: — B2 < O(e7 + e)N~2k 4 ON-2041 39 33 34,

16



When calculating the interpolation error of ||(E;—E!).||(i = 10, 20,21, 31, 34),

we use a different technique.

Lemma 9. Assume T > k+ 1. On Bakhvalov-type mesh T, one has

(B0 — Efp)all < CoN~H*+D),
(B — ED,|| < CeIN—F 4 ON~0+D = 90,21,

I(E; = EDall < Crdef N7F + CugN=+D j = 31,34,
J 9 0“1

Proof. Here we only prove the conclusion of the boundary layer at 2 = 0, because
the proof for other boundary layers is similar. The analysis of the two corner
layers is also similar, so we only present the proof of one of them.

For ||(E10 — Eip)z||, on the interval [3:0,3:%71] x [0, 1], using (28] to get

[(E10 — EIIO) 1x[0,1] < CpoN 2", (39)

2
$||[m0,1%71
But, on the interval [z N1, ~N] % [0,1], instead of using the inverse inequality
in (29)), we use the triangle inequality and (@) yield

[(Ero — Efo)zll[m%,l,mx[o,u

<N (EBr0)ellooan anixion] + 1 (Bio)ellooay anixo]

4 4 (40)

< OH(Elo)z||oo,[m%71,w1v]><[0,l]

<CpugN™T.
From [B9) and @) we get ||(E1o — Efy)z|| < CpoN~F+D,

For ||(E51 — E1)).||, we decompose it as follows

|(E31 — E3)s

| < I(E51 — E?{l)z||[E0,1ﬂ71]><[y07yﬂ,1]
1 1
+ ||(E31 - Eél)w||[mo,m%71]x[y%71,y1\1] + ||(E31 - E§1)1||[m%7111N]X[011]
11
< Ougei N=F + Cpg N~

where similar to ([B8l), we have

1
|(Es1 — E3;) < poef N~7,

2
ooy _x o )]
4 4

17



and similar to (#0) we obtain

[(Es1 — Eél)zH[wo,w%il]x[y%il,w\r] + [[(Es1 — E?{l)z||[w%71,wzv]><[0,l] < N~
|

Theorem 1. Assume 7 > k + 1. On the Bakhvalov-type mesh T, one has
o miE — Eif| < CN~HFD i = 11,32, 33,
lu— || + [lu — Tul|g < CeF +e2) N5+ N=(+D),
Proof. From Lemma [l and the proof of Lemma [ we could obtain
|7E11 — Ev1]| < ||E11 — Eni|| + ||[PEn| + +[|©FEmn | < ON~HFD,

Similarly we could get estimates for |7 F; — E;|| with ¢ = 32,33.

By a simple calculation we get ||S — S!|| < CN~*+1 and |S — ST|; <
CN~k. Then by combining Lemmas [ [ and B we prove ||u — u!| g < C(alé +
£9)2 N~k N=(*+1) Finally using (@3), we have |ju—Iu| z < 0(51% +e9)2 N~k 4
N—(k+1) O

5. Uniform convergence

Set x := Iu—u™. Using @0), @2), @3), integration by parts and Galerkin’s
orthogonality we have
allxlE < alx,x) = a(Mu - u,x)

=& / V(Mu — u)Vxdzdy + 2 / (ST — 8, xdady
Q Q

+ Y e / (Bl — E)).xdzdy — &5 / (11 B — E)bxadzdy
1=10,20,21,31,34 Q Q

-y 52/ miB; — E)bxadody — Y 52/ (m,E; — E;) wxdxdy—i—/

i=32,33 j=11,32,33 Q

= I+ 1T+ I1T4+IV+V+VI4+VIIL

18
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Theorem [ yields

T+ VID+ VI <C|Mu—ullxle+ Y. lmE; — Elxll
§=11,32,33 (41)

1
< O((ef +e2) N5+ Ny .
Using (@), Lemma [l and Holder inequality we can get

[T+ 111 < C(e2||(ST = S)elllIx]| + &2 > I(E] = EDa|llIxI)
1=10,20,21,31,34

11
< Ces(NTF + pg N~ 4 2 eI NTF) x|
11
< CeaN7F 4 N=R+D) 4 e23 N—F)|| ||
11
< CegN7F 4 N=HFD 20 N=F) |y 5.
For IV and V', we have the following two lemmas.
Lemma 10. Assuming that T > k41, on the Bakhvalov-type mesh T, one has

1
[IV] < CleaN 7% + 3 N=HD) ||| .

Proof. After analysis, we do the following decomposition

T 3N 1
/(7T11E11 — Eu)bxmda:dy = / : / b(Elll — Ell)xzd.fdy
Q o 0

Tanw g ol TaN g, 1
+ / / b(mi1E1 — Evi)xedady + / b(mi1 B — Evi)Xadady
I% 0 I%+1 0

TN 1
+/ / b(Elll — Ell)de{Edy =: F\ + Fy5 + F3 + F}.
I%+2 0

19



First, using ([I0), the inverse inequality, Lemmas [I] 2] and Bl we can obtain

AN o

T 1 N-1 o1y,
|F1| = Z Z HEll E11| Ti,j ‘XﬂU” <C Z Z hwz y,J la P ||Xz
i=0 j=0 i=0 =0 I+r=k-+1
M_1N—
L - i
S Z Z h yJ/J’ € pra(l= z+l)h;zhyzj ﬂclHXHzJ
=0 j5=0 l4+r=k+1
N_1N— Rt
<C SO TR R N g, < Ok Z “E Xl 2,
i=0 j=0 l+r=Fk+1 i=0 ;=0
SN-1N-—1 3 ~1N— 3
- —2(k+1
<Cpi’ N2 Z T
i=0 j=0 i=0 j=0
< CN7k|\X||[zo,m%]x[o,1] < CN7k||X||E,[wo,w%]><[O,1]-
(44)
Next, using ([[0), (I'd) with m = I, Lemmas [ 2l and [ we can obtain
N—1 N-— N—1 N-— g
11
|F4| < Z Z HEll EllHﬂanﬂa”ZJ — C Z Z Z hm 1hyg la HXI”LZJ
i=3N 49 j=0 =3N 49 j=0 l4+r=k+1 Y T
N—1 N-1
l,— —T;
<C Z hw ‘h;,j/h@ pui(l—z +1)h§ Zh’jj|‘xw||2,j
i=3N 192 j=0 l4+r=k+1
N—1 N-1 . , N—1 N-1 )
—1 n — _1
<C (i Nk B Il < Gt S0 S0 N R
i=3N 49 j=0 I+r=k+1 i=3N 42 j=0
1 1
. N-1 N-1 2 -1 N-1 2
SO | X Y N Z > Il
i=3N 492 j=0 i=2N 49 j=0

B 1
<Cu *N (k+2)||Xz|\[z%+2,m]x[o,1]

1 _1 _ 1
<Ce *py °N (k+2)HXHE,[1%+2@N]><[O,1]-

(45)
Then, on the interval [x%ﬂ, x%ﬁ] x [0, 1], we notice that
N—1k—1
1 0 0.t 0 0,0
b = By — E11($3N+1,yj)9szv+1 Ell(fF%H,yN)@sNH N
j=0 t=0

20



Thus we have

|F3| <C Z ”Ell E11||<7'§N+1 ||XI||93N+1]

N—-1k
0,t
+C Z Z |E11 x3N+17yJ)|||6‘ﬂ+l ||=—73N+1 ||XI||93N+1
j=0 t=0 (46)

0 0,0
RV TR 1N P 1 P

4

::Rl—FRQ—I—Rg

< ey PNy

Ejlzsy ypwsn y,]x[0,1]

where same as ([{5), we get

Ry < Cey 2y N=EHD |y

loan yp@an ,]x[01])

and (I0), Lemmas [1 and 2] yield

N-1 N-1
_ 1 1 _1 _ 1
RQ S C Z N Th;7%+1h5)j||xfb||9%+lyj S Olu’l 2 N TN 2 ||X1||9%+11j
Jj=0 0

=

L N—-1 N—-1
- 4 1 o7
7=0 3=0

_1
<Cpy >N 77Xz

||[m%+l,m%+2]><[0,l]
S R R
2 2 -
< Oy Py PN B ooy oan y)x (0.0
In the same way, one has
3,5 A —(r+d)
Rs < Cey py "N X By, oy

Last, for Fy, on the interval [xan,x3

4

2

+1] X [07 1]7

FI

N—-1k—1

k
Tl = Z ZEH l’anyg)eng +ZE11 I3N790)9 18 +ZE11($3N,ZJN)9
s=0

=0 t=0 s=1
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Thus we have

N—-1k—1

B <0 Y 3 [Bnlaly )II0% 70y Ixell s
=0 =0 1 1 i

- C”EllH[z%,m%JA]X[O,l]||XI||[LE%,;Eﬂ+1]X[O,1]

4

0
+CZ|E11 (@5 o)l 105x oll 7y Il 7y

4

(48)

O B IOyl el
s=0

=51 +85+83+8,

11 R
<Oy 7p PN~FD) 4 Ol *N (T+4))||X||E,[m%,m%H]X[O,l]'

The proof is as follows, same as [{T), we get
_1 1
S+ 8 < O{—jl 2,U,1 TN~ 2 ||X||E,[w%,mﬂ+1]><[0,l].
4

When dealing with S3 and Sy, the mesh scale in Lemma [T] is not enough, so we

still use the analysis method of ([T, but we use the mesh scale of Lemma £

with n = %, thus we have

1 _1 1
S3+84<Cey "y *N (T+4)||X||E,[m%,m¥+l]><[0,l]-

So, by combining (@), (@), @3), @), {@H), (@6) and @S] to obtain

1 1 1 1
[IV] < C’(EQN*’C +e2e; 2l 2N*(k+%) + 06251 Ty TN (k+% ))||X||E
1
< O(EQN*’“+52N*< )+54N Nlxlle

< C(eaN7F +52N x5
O

Lemma 11. Assuming that T > k+ 1, on the Bakhvalov-type mesh T, one has

1
V] < Ce3 N~0+2)| x| .
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Proof. To simplify the analysis, we decompose V' as follows

TN TIN 4y 1
= 82/ / (Eiy — E32)bx,dzdy +€2/ / (m32E32 — E32)bxzdxdy
an 0
4

I3N+2
+ 52/ / (m32E30 — E32)bxodady + €2 /
I'gN +1 x

=: My + My + M3 + Mjy.

1
/ (EL, — Esp)bx.dady
0

3N
T t2

For M, using triangle inequality, ([@) and ([I2)) we can get

|M1| < 052(||E?{2||00,[mo ITN]X[O 1+ ||E32||oo [0, mTN]X[O 1] )”XIH [zo, zeN]X[O 1]

< Cea|| Eszlloo,fzo,wan ] ><[0,1]HXCEHE,[EO,I%]X[OJ]

4

1
< Cegey * 1y THXHE,[wU,;EM]X[O,l]

4

1 1_
< Cejut THXHE,[:ﬁo,m%]X[O,l]-

(49)
On the interval [x%,x%ﬂ] x [0, 1], we notice
N—1k—1 k
maaEsy = Y Y Eaf ISN,yJ 9215 +ZE32 l’sN,yo)@ 18 oD E32(I§TN,ZJ?V)953;187N-
j=0 t=0 s=1 s=0 !
Thus
N—1k—1
0,
] < 020 3= S EnCal IS gl
k
+ Cey Z | E3a( CCaN ) y0)|||93N 0||§%,0||X:E”9%,0
s=1
k
0 5,0 50
+Ce 1By RNOSE e o el (50)

+ Ol Bs2lliway ooy ix00lXelllay oy, 1x10.0
=Vi+Vo+V3+Vy
1 11
S CEENT +e5ef N )N,
R B
where similar to {@T), one has Vi < Cegey 2y 2 1y "2 N-1|y| g, then use (@)

we obtain

ERE
Vi <Ceipy AN |xlgs (51)
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In the same way, one has

Vo + Vs < CeaN 73|y b

11
Vi <Ceief N77|x]e-

On the interval [x%ﬂ,x%w] x [0,1],

N—-1k—-1

_ ol 0 t\0,t 0 0 10,0
m3039 = E3y — g E E32($%+1=y-)9%+1)j - E32(=’E%+1,y1\/)9%+1)]\;-
j=0 t=0

Thus

N—-1
1
|Ms| < Ce E y 1B5s = Bsalloo, 73, 12 an o IDxell 7y
i

=2
-
e
-

0,t
+C€2 : |E32(!E%TN+1,y§)|||9%+1)j”3%+w||XI||9%+1J (52)

J

Il
=]
-
i
=]

0,0
+ Ceal Boa(ale 1 ISy w17y, el

1
= Wi+ Wy + Wy < Cez N~(F+3)
where same as [@9), one has
1
Wi < CeNET x|,
and in the same way as (2], it can obtain

1
Wa < Cei N7 Ixlle,

147 1
Wi < Cei® ef N77Ix| -
For My, Holder inequality yields
1
|My| < Ces|E3y — EB?”[m%H@N]X[yo,y%,l]HXQC”[CE%H@N]><[yo7y%,1]

+ CE2||E?{2 - E32||[m%+2,mN]><[y%il,yN]||X:E||[m%+2,be]X[y%71,yN] (53)

_ 1 1
= 21+ 25 < Cleap  IN"F + e N#7)||x| s,

where similar to ([#3]), one has
1
21 < Ceapy *N7¥(|x|l s
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and Holder inequality, (I2]), Lemma [l and (@) yield

2, < Ceo||[EL, — Eszllosway anmixfy w1 - Taxp)? IXaliway ponlxlyy ]
< OEQH532”00@%””]X[y%fl,w]uf%(1nN)%||xz||
< CoaNTu ENE ||
< Ceaer 2 INTNE x|l
< Ce3N+ | x|&.

Thus, from (@), &), @), @0J), G2) and GE3) we can obtain our conclusion.
|

Now we present the main conclusions of this paper.

Theorem 2. Assuming T > k + 1. On the Bakhvalov-type mesh T, and based

on Assumption [, we have

1
[ul — uN||p + |[Mu — uN||p < Clef +e2)2 N~F 4 ON~ K+,

lu—u||p < O +e2) ] N~F 4 N+,
Proof. From (1), (@2), Lemmas [0 and [[1] we can prove
ITu — u¥ || < C(eF +e2)EN"F 4 ON—(K+D),
Combination of ([2H), Lemmas [ and [§ yields
u! —uN || < O(eF + ) NF 4 ON—(k+D),
Finally, using Theorem [1l we prove that

u—uN | < Clef + &)} NF 4 ON—0+D)

6. Numerical experiments

The purpose of this section is to verify that our main conclusions are correct.

In order to do so, we study the performance of the method when applied to the
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test problem

—c1Au+ 22 —2)up +u= f(r,y) inQ, (54)

ulon =0,

where choice of the right-hand side satisfies

=) (1m0 (1) (125,

’U,(J,',y) =

B~ =

. et ETE | _a+y/dEE
€1 2e1
is the exact solution.
In our example, we take k = 1,2,3, p = 0.5, § = 0.25, N = 23 ... 29,
Besides, we should choose the perturbation parameter range R(e1,e2) that meets
the conditions (7)), (I3])) and the mesh is completely in the Bakhvalov-type. Thus,

for problem (B4)), the value range of disturbance parameter R(e1,e2) should be
R(El,az) = {(51,82)|0 <eg < 1076, 0<eqx < 1073}.

To be more general, we take e; = 1,1072,107%,1076,1078,10719, ¢ = 1,107,108,
For any fixed value of k and €2, energy norm error estimation will be calcu-
lated by

N = lu—u"|g,

where u is the exact solution given by (54) and u" represents its numerical
approximation. And its corresponding convergence rate is
o = Ine¥ —Ine?N
In2
In Tables [H3], we give the energy error estimations and convergence orders
of k =1and e; = 1,107%,1078. At the same time, we present the energy esti-

mations in the cases of k = 2,65 = 1,107%,1078 and k = 3,6, = 1,1074,10°8

in the figure below. As can be seen from the chart, our conclusion is verified.
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Table 1: |ju — uV||g in the case of e2 =1 and k = 1

N
1
8 16 32 64 128 256 512
0.13E-2 0.66E-3 0.33E-3 0.16E-3 0.82E-4 0.41E-4 0.21E-4
! 1.00 1.00 1.00 1.00 1.00 1.00 -
10-2 0.39E-1 0.20E-1 0.99E-2 0.49E-2 0.25E-2 0.12E-2 0.62E-3
0.98 1.00 1.00 1.00 1.00 1.00 -
10-4 0.46E-1 0.23E-1 0.11E-1 0.57E-2 0.29E-2 0.14E-2 0.72E-3
0.99 1.00 1.00 1.00 1.00 1.00 -
10-6 0.46E-1 0.23E-1 0.12E-1 0.58E-2 0.29E-2 0.14E-2 0.72E-3
0.99 1.00 1.00 1.00 1.00 1.00 -
10-8 0.46E-1 0.23E-1 0.12E-1 0.58E-2 0.29E-2 0.14E-2 0.72E-3
0.99 1.00 1.00 1.00 1.00 1.00 -
1010 0.46E-1 0.23E-1 0.12E-1 0.58E-2 0.29E-2 0.14E-2 0.72E-3
0.99 1.00 1.00 1.00 1.00 1.00 -
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Figure 1: k= 2,e0 = 1. Figure 2: k= 3,e0 = 1.

J/

Figure 3: k=260 =104, Figure 4: k = 3,60 = 10~%.

-

Figure 5: k=2,e0 = 1078, Figure 6: k = 3,e0 = 10~ 8.
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