Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

The constant solution method for solving large
scale differential Sylvester matrix equations with
time invariant coefficients

Abderrahman Bouhamidi
University of the Littoral Opal Coast

Lakhdar Elbouyahyaoui
Mohamed | University

Mohammed Heyouni (& mohammed.heyouni@univ-littoral.fr)
University of the Littoral Opal Coast

Research Article

Keywords: Krylov subspace methods, block Arnoldi, matrix differential Sylvester equation, dynamical
systems, control, Ordinary differential equations

Posted Date: September 16th, 2022
DOI: https://doi.org/10.21203/rs.3.rs-2054244/v1

License: © ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License


https://doi.org/10.21203/rs.3.rs-2054244/v1
mailto:mohammed.heyouni@univ-littoral.fr
https://doi.org/10.21203/rs.3.rs-2054244/v1
https://creativecommons.org/licenses/by/4.0/

The constant solution method for solving large scale differential Sylvester
matrix equations with time invariant coefficients

Abderrahman Bouhamidi - Lakhdar Elbouyahyaoui -
Mohammed Heyouni

Received: date / Accepted: date

Abstract This paper is mainly focused on the solution of Sylvester matrix differential equations with time in-
dependent coefficients. We propose a new approach based on the construction of a particular constant solution
which allows to construct an approximate solution of the differential equation from that of the corresponding
algebraic equation. Moreover, when the matrix coefficients of the differential equation are large, we combine
the constant solution approach with Krylov subspace methods for obtaining an approximate solution of the
Sylvester algebraic equation, and thus form an approximate solution of the large-scale Sylvester matrix dif-
ferential equation. We establish some theoretical results including error estimates and convergence as well as
relations between the residuals of the differential and its corresponding algebraic Sylvester matrix equation. We
also give explicit benchmark formulas for the solution of the differential equation.To illustrate the efficiency
of the proposed approach, we perform numerous numerical tests and make various comparisons with other
methods for solving Sylvester matrix differential equations.

Keywords Krylov subspace methods, block Arnoldi, matrix differential Sylvester equation, dynamical
systems, control, Ordinary differential equations.

Mathematics Subject Classification (2010) MSC 65F

1 Introduction

Differential Lyapunov and Sylvester equations are involved in many areas of applied mathematics and arise in
numerous scientific applications. For instance, they play a crucial role in control theory, model order reduction,
image processing and the list is not exhaustive. In particular, the differential Lyapunov matrix equation is a
useful tool for stability analysis and control design for linear time-dependent systems [2,3]. In this paper, we
are concerned with numerically solving the differential Sylvester matrix equation of the form

{X(t):AX(z)+X(t)B—C, 1 € 1o, T] )

X(l‘o) = X07

where [tg, 7] C R is a closed and bounded time interval with 9, T are the initial and final times respectively. We
set Ar = T — 1y, the length of the interval [fo, T]. The coefficient matrices A € R"*", B € R*** and C € R"**
are constant real matrices. The differential Lyapunov matrix equation corresponds to the symmetric case where
B = AT . Before describing the new proposed method, we refer to the algebraic equation canonically associated
to (1)

AX+XB=C, 2)
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as the corresponding (or associated) algebraic Sylvester equation. To the best of our knowledge, despite the
importance of differential matrix equations, few works have been devoted to their numerical resolution when
the matrix coefficients are large. Adaptation of BDF and/or Rosenbrock methods has been described in [7, 8] (see
also the references in [5]). However these adaptations usually suffer from a problem of numerical data storage.
To remedy this problem, combining Krylov subspaces techniques with BDF methods or with Taylor series
expansions have recently been proposed [5,19]. Other existing methods described in the recent literature for
solving large-scale differential Sylvester matrix equation rely on using the integral formula or some numerical
ODE solver [20,37]. The strategy we pursue in this manuscript is different in the sense that our approach for
solving differential Sylvester (or Lyapunov) matrix equations is based on the use of the constant solution to the
differential equation. The first result we use indicates that the solution of the differential equation is written in
terms of the solution of the corresponding algebraic equation. Additionally, in the case where the coefficient
matrices A and/or B are large, we combine the new expression of the solution with some projection techniques
on Krylov subspace, such as the block Arnoldi algorithm for solving the corresponding algebraic equations or
for approximating the exponential of a matrix.

we momentarily assume that the matrix C in (1), represents a continuous matrix function C(z) defined on
[to, T] and let us consider next, the following classical differential linear system

{ x(t) = Ax(t) —c(t),

x(t()) = X0,

3)

where A € R”*? is time independent and x(¢),c(z) € R” for all time 7 € [fo, T]. We assume that ¢ is a continuous
function on the interval [fo, 7. In this case, the system (3) has a unique solution x(7) which is differentiable with
a continuous derivative on [, T]. It is well known that the unique solution of (3) may be written under the form

x(r) = 71008y — /te(’fumc(u)du. 4
fo

In many practical situations, the matrix A may be very large. In this case, exploiting expression (4) for computing

the solution x(¢) is very expensive. However, when the matrix A is large and sparse with a specific structure,

some numerical techniques may be done to approximate the matrix exponential time a vector [24,32,35]. As, our

interest is to obtain a good approximate solution to the differential Sylvester equation (1), we need to consider

the matrix A in system (3) of size p = ns structured as following:

A=LA+B' ®1I,,

where the matrices A, B are those given in (1). The identity matrices I, I; are of size n and s, respectively. The
notations B” and ® stand for the transpose of B and the Kronecker product of two matrices, respectively. We
recall that the Kronecker product of two matrices J and K of size nj X m; and ny x my, respectively, is the matrix
J®K = [J; ;K] of size njny x mjmy. The following well known properties will be used throughout this paper:
1. (A®B)(C®D)=(AC)® (BD),

2. (A®B)T = (AT ®B7),
3. vec(ABC) = (CT @ A) vec(B).
The vec operator consists in transforming a matrix into a vector by stacking its columns one by one to form a
single column vector.

Let x, x, ¢ be the vectors such that xo = vec(Xp), x = vec(X), ¢ = vec(C) where Xy, X (¢) and C are appearing
in (1). In [1], it was written, without any specific details of its proof, that the solution of the differential Sylvester
matrix equation (1) is given by the following integral formula

t
X(0) = 0 el 008 [l () e 5)

fo
Although the proof of this result does not present any major difficulty, it seemed interesting to us to give the
details of such a proof. Indeed, using the additive commutativity of the matrix exponential which states

AP = MNP — AB=BA,
and since, the matrices Iy ® A and B” ® I, commute, then using the properties of the Kronecker product, it

follows that

t—1o) A t—19) (I;@A+BT ®1,)

= e<
L (—10) (534) (1—10) (BT &)

= (I, @ el —10)4) (e(f*to)BT ®1,)
— (t—10)B" g ((t—10)A

e
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Thus,
el Ay — [e<t—t0)BT ® e(’_tO)A] vec(Xp) = vec(e(t_tO)AXo e(t_IO)B)

Finally, this implies that the formula (4) giving the solution to the system (3) leads to the formula (5) giving the
solution to the differential Sylvester equation (1).

From now on, return back to the case where the vector coefficient ¢ in (3) and also the matrix coefficient C
in (1) are assumed to be constant functions on the interval [fy, T]. Thus, as the systems (1) and (3) are mathe-
matically equivalent, then for moderate size problems, it is possible to apply directly a numerical integration to
the system (3) or to use (4) or the above integral formula (5). But, for a large system, we will see that it is more
interesting to solve the system in the matrix form (1).

Note that it is not restrictive to choose Xy = 0 in the initial condition X (fo) = Xp of (1). Indeed, let X(¢)
denote the exact solution of the system (1), then the matrix function given by Y (¢) = X(¢) — Xp is the unique
solution of the following system

)

Y(t)=AY(t)+Y(t)B—Co, tE€ ty,T]
{Y(l()) =0,

where
Co=C— (AXO —I—X()B).

We may first solve the previous differential equation to get Y () and then deduce the solution X (¢) =Y (¢) + Xo
of the differential equation (1).
To end this section, we give some useful notations. The Frobenius inner product is defined by

v,z)=u(¥"z), v, ZcR™,

where tr(M) denotes the trace of a matrix M. The associated Frobenius norm is denoted by ||Y|| = /(¥,Y). Fora
bounded matrix valued function G defined on the interval [fp, T], we consider the following uniform convergence
norm
IGl= sup G-
telty, T)

The outline of this paper is as follows: In Section 2, we introduce our proposed method which will be called the
Constant Solution Method (CSM in short), describe some of it’s properties and give some theoretical results. A
summarized and brief description of the corresponding algorithm, will also be given. In Section 3, we combine
CSM with the block Arnoldi algorithm for solving algebraic Sylvester matrix equations in order to tackle large-
scale differential Sylvester equations. The two cases: full and low-rank are discussed. Moreover, we establish
theoretical results expressing the residual of the differential equation in terms of that of the algebraic equation.
We also establish some theoretical results on the convergence and on the error estimates provided by the constant
solution method. In section 4 which is devoted to numerical experiments, we first show how to generate a
benchmark differential Sylvester matrix equation with a known exact solution. To the best of our knowledge,
this construction is new and has never been proposed before. The numerical results section continues with
several set of experiments whose results indicate that CSM is an efficient and robust method. As usual, the last
section is devoted to a brief conclusion.

2 The constant solution method for the differential Sylvester matrix equation

In the integral Formula (5), quadrature methods are needed to compute numerically the approximate solution.
Thus, when one (or both) of the matrix coefficients A or B is (or are) large and has (or have) no particular
exploitable structure, the computation of the integral may be expensive or even unfeasible. In this section,
we use another expression for the solution of the system (1) which is given in terms of the solution of the
corresponding algebraic Sylvester matrix equation (2). This expression avoids the use of quadrature methods
since it does not contain an integral. To the best of our knowledge, the approach we describe in this section has
never been exploited in the context of solving large scale differential Sylvester matrix equations. However, it is
based on the classical and simple technique of adding a particular constant solution to the general solution of
the homogeneous differential equation to form the general solution of a linear differential equation of order one
with constant coefficients. Next, we give the following theorem, which gives a useful and interesting expression
of the unique solution of the system (1). The result of this theorem is known in the literature [6,15], but, in
practice, it has not been exploited numerically to give approximate solutions. This theorem is not difficult to
establish. However, in order to facilitate the reading of the present work, it seems interesting to us to give the
proof of this theorem.
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Theorem 1 Suppose that the matrices A and B in the system (1) are such that 6(A) N6 (—B) = 0, where 6(M)
denotes the spectrum of the matrix M, then the unique and exact solution X*(t) of the system (1) is given by

X*(l) _ e(tftO)A (XO _X’*) (t—19)B +X* (6)

where X* is the unique and exact solution of the algebraic Sylvester equation (2).
Proof The general solution of the homogeneous differential equation associated to (1) is given by
Z(1) =€y eB,

where ¥ € R"** is some constant matrix. Since 6(A) N o(—B) = 0, the algebraic Sylvester equation (2) has a
unique solution X* (see, e.g [25, Thm. 2.4.4.1]). Now, as X* is a constant matrix function (ie., X*(r) = X* ),
then it can be seen as a particular solution of the differential equation

X(t)=AX(t)+X(t)B—C.
It follows that the general solution of the previous differential equation is given by
X(t)=eAyeB 4 Xx*.
Finally, since the unique solution of the differential equation (1) must satisfy the initial condition X*(fy) = Xp, it

follows that X* (1) = €04 Y 08 4 X* = X;. The last equality implies ¥ = e 04 (Xo -X *) e~08 and expression
(6) follows immediately.

In the remainder of this paper, we assume that the matrices A and B in (1) satisfy the condition
6(A)No(—B) =0.
The following property shows the behavior of the matrix solution X*(¢) as the interval [fg, T] becomes very
more and more large, namely, as the final time T goes to +oo.

Proposition 1 [29, Chapter 8] Suppose that the coefficients A and B in the system (1) are stable matrices, then
the unique solution X*(t) of the differential system (1) satisfies

lim || X*(T)—X*||=0
T—+oo

where X* is the unique solution of the corresponding algebraic Sylvester equation (2).

In the remainder of this section, we suppose that the matrix coefficients A and B are of moderate size. In
this case, an approximate solution to the algebraic Sylvester equation (2) may be obtained by a direct solver
such as the Bartels-Stewart algorithm, the Schur decomposition, or the Hammarling method [4, 18,21,30,40].
A common point to all these methods is first the computation of the real Schur forms of the coefficient matrices
using the QR algorithm. Then, the original equation is transformed into an equivalent form that is easier to
solve by a forward substitution. Now, suppose that X, is an approximate solution to X* the exact solution of the
Sylvester algebraic equation (2), it follows that an approximate solution X, () to X*(z) the exact solution of the
Sylvester differential equation (1) can be expressed in the following form.

Xy(1) = 0N (Xo - X, ) 0B LK, ™

Here, as A and B are assumed to be of moderate size, we also assume that both exponential el=10)4 and e<’~‘ 10)B

are computed exactly. To establish an upper bound for the error norm, let us introduce the algebraic error £ and
the differential error E(¢) given by

E=X"—X,, and E(r)=X"(t)—X,(t), Vt € [to, T},

respectively. Finally, recalling that Ar =T — 1ty and ||E|l« = sup [|E(¢)||, we have the following result
t€lty, T}

Proposition 2 [n the case where the matrix exponential is computed exactly, we have
IE|| < <1+eAT(HAH+HBII)> IE|,

where E and E are the errors associated to the approximate solutions X,(t) and X, respectively.
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Proof Subtracting (7) from (6), we get
E(t) =X*(1) = Xu(t) = "0 AE 0B L E Vi e 1, T,
and from the triangular inequality, we obtain
IE@)|| < [l 0AE =08 4| E]|, Vi € [19, T)-

The Frobenius norm being multiplicative (that is || A B|| < ||A]| ||B||), this implies that ||e*™ || < e*IMl for all s > 0
and for any square matrix M. Thus,

IE@| < (140 AIHED) I E), vr € [, 7).

As E is a continuous matrix function on the interval [fy, T], (t —19) < Ay and ||E|| = sup [|E(¢)]||, then the

telty, T|

desired result follows obviously.

Le us now introduce R(¢) and R the residuals associated to the differential and algebraic Sylvester matrix
equations, respectively. These residuals are defined by

{R(l) = X,(t) — (AX,(t) + X, (t)B—C), t € [to, T], ®

R =cC- (Aj(va+faB) ,
and satisfy the following proposition.

Proposition 3 In the case where the matrix exponential is computed exactly, the residual for the differential
equation, is time independent and we have

R(1) =R, Vi € [t, T).
Proof From (7), we have
Xy (1) = =04 (A4 (X~ Xo) + (Xo — X,)B) el 0%,
On the other hand, we have
AX,(t) + X (1) B = =0 (A (Xo — X,) + (Xo —52,1)3) 0B L AX 1+ X, B.

Then subtracting one of the two previous relations from the other, we get

R(t) = X4 (t) — (AXa(t) + Xa(t) B~ C) = C — (A§u+)z,3) R

Before ending this section, we sketch in Algorithm 1| below the main steps that must be followed to obtain
approximations X = X,(f;) to the solution of the differential Sylvester equation (1) at different nodes #, (k =
1,...,N) of a suitable discretization of the time interval [ty, T].

Algorithm 1 Constant Solution Method in the case of moderate size (CSM)
1: Input: The matrices A, B, C, the initial and final times 7, T, the number N of nodes and the step time 7.
2: Output: X1,..., Xy, (Where X = X,(%)), (1 <k <N)
3: Solve the algebraic Sylvester equation: AX + X B = C, to get an approximate solution X, to the exact solution X*.
4: fork=1,...,Ndo
5 Compute: t;, =t;_| + Or;
6:  Compute: X; = el’c—0)4 (Xo —)Z,) elt=10)B 4 X -
7: end for
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3 Block Arnoldi for solving large-scale differential Sylvester matrix equations

It is well known that computing the matrix exponential may be expensive when the matrix is very large. Thus,
expression (6) may not be directly exploitable in the case of large scale matrix coefficients. In the following,
we will see how to circumvent this difficulty using projection methods onto some Krylov subspace. Indeed, in
addition to allowing us to obtain a good approximation of the exact solution of the algebraic Sylvester equation
(2), Krylov subspace methods are also a useful tool to compute the action of matrix exponential on a block
vector with a satisfactory accuracy. During the last three decades, various projection methods on block, global or
extended Krylov subspaces have been proposed to solve Sylvester matrix equations (or other similar equations)
whose coefficients are large and sparse matrices [9, 10, 11,16,22,23,26,27,28]. The common idea behind these
methods is to first reduce the size of the original equation by constructing a suitable Krylov basis, then solve the
obtained low dimensional equation by means of a direct method such as the Hessenberg-Schur method or the
Bartels-Stewart algorithm [4, 18], and finally recover the solution of the original large equation from the smaller
one. For a complete overview of the main methods for solving algebraic Sylvester or Lyapunov equations, we
refer to [3,13,39] and the references therein. In order to be as general as possible and not to impose restrictive
assumptions, we opt for a resolution of the Sylvester (or Lyapunov) equation using the block Arnoldi process
rather than the extended block Arnoldi process since the latter requires that the coefficient matrices A and B are
non singular. This last condition may not be fulfilled in many practical cases.

We recall that projection techniques on block Krylov subspaces for solving matrix differential equations
were first proposed in [19,20] by exploiting the integral formula (5) and approximating the exponential of a
matrix times a block of vectors or by solving a projected low-dimensional differential Sylvester matrix equation
by means of numerical integration methods such as the backward differentiation formula (BDF) [12].

As said before, the approach we follow in this work is different from the one proposed in [19,20]. It consists
of exploiting formula (6), instead of the integral formula (5), which is less expensive. To have at hand an
adequate basis of the considered Krylov subspace, we will use the block Arnoldi process described in the next
subsection.

3.1 The block Arnoldi process

Let M be an [ x [ matrix and V an [ X s block vector. We consider the classical block Krylov subspace
K, (M,V) = Range([V,MV,.... M"~'V])

m—1
= {ZM"V.Qk, Q; € R™, ogkgm—l}.
k=0

The block Arnoldi process, described in Algorithm 2, generates an orthonormal basis V¥ of the block Krylov
subspace K,,,(M,V).

Algorithm 2 The block Arnoldi process (BA)
1: Input: M a matrix of size [ x [, V a matrix of size / x s and m an integer.

: Output: V%H and ﬁ% satisfying (9)—(11).
: Get V| by computing the QR decomposition of V, i.e., V = V| Ay;

forj=1,...,mdo

fori=1,2,...,jdo

SoeNaUE LY

Get Vj11 and H; 1 ; by computing the QR decomposition of U,
11: ie., U = V/ur] H/ur].j.
12:  SetH;j=0fori> j+1

. —M
13:  Define V¥ | = [Vi,...,V;, V] and H = (Hig)1<k<ji11<e<;
14: end for

Suppose that the upper triangular matrices H 1, ; are full rank then, since the above algorithm involves a
Gram-Schmidt procedure, the obtained block vectors Vi,Vs,...,V,, (Vi € R*%) have their columns mutually
orthogonal. Hence, after m steps, Algorithm 2 generates an orthonormal basis V% = [V1,Va,...,V,] of the
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block Krylov subspace K,,(M,V) and a block upper Hessenberg matrix HY whose non zeros blocks are the
H; j € R**%. We have the following and useful algebraic relations [17,36].

—M I
MVY =M H = VMEY L vM HY, L (BT )
(Vi) MV = E, (10)

T
(V)" VMl = T4, (11)
where Eff = (VI )MV e ROmEDsxms g, € RS is the (i, j) block of HY and E is the matrix of the
last s columns of the ms x ms identity matrix I, i.e. Eg,f) = [Osx(m,l)s,IS]T. In the following, we will use the

notation

VM VM HY L BT (12)

3.2 Full rank case

Here, we suppose that A is a large matrix while B is relatively smaller, i.e., s < n. We also assume that the right-
hand side C is full rank, i.e. rank(C) = 5. Also, for simplicity reasons, we took Xop = 0 in the initial condition,
since, as mentioned in the introduction, it is not restrictive.

To obtain approximate solutions to the algebraic Sylvester equation (2), one can use the block Arnoldi
method in which we consider approximate solutions that have the following form

Xy = VA Y, (13)

where V4 is the orthonormal Krylov basis generated by applying m iterations of Algorithm 2 to the pair (A,C).
Let R, be the algebraic residual given by

R,—=C— (A)?m+)?,n3). (14)

The correction Y,,, is obtained by imposing the Petrov-Galerkin condition
(V‘;‘n)Tﬁm = 0ms><s~

Thus, taking into account the relations (9)—(11) and (13), it follows that )7,n is the solution of the reduced
Sylvester equation
HAY +YB=C,,

where H4, = (VA)T AV4 and C,, = (VA)T C. Note that from Algorithm 2, we also get that C = V4 C,,. Now, if
o(H4)No(—B) = 0, then the previous Sylvester equation admits a unique solution which can be obtained by a
direct method [4, 18]. In addition, from the relations (9)-(11), the residual R,, satisfies the following relation

Ry =—Vip Y. (15)
According to [32,34], the following approximation to e’ )4 X* holds
elI=0A X ~ YA (=10 H (VAT X,..

It follows, that an approximate solution X,,(¢), for z € [fy, T], to the exact solution X*(¢) of the differential
Sylvester matrix equation (1) may be obtained by

Xp(t) = —VA 0B (YA X o(—0)B 4 X
Taking into account (13), it follows that
Xu(t) =VAY,(t), t€]t, T), (16)

where
A ~ ~
Yu(t) = —e 0y, =08 Ly = tel, T). a7

This matrix function satisfies the following result.
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Proposition 4 The matrix function Y,,(t) given by (17) is the unique solution of the reduced differential Sylvester
matrix equation

{Y(t) =HAY(t)+Y(t)B—Cpn, tE|to, T] (18)

Y(lo) =0.
Proof The derivative of the matrix function Y,,(¢) as given by (17) is
Vu(t) = —eli=0)En (Hﬁ‘n Yo+ Yy B) eU0)B ety T).

On the other hand, we have

A
m

HA Y, (£) + Yo (£) B — Cpp = —et 0 E (Hﬁ‘n Y+ ?mB) 0B L HAY, 4+ ¥ B—Cp,t € [t0, T).
Thus, it follows that
Yo (t) — (HA Y (1) + Y (t) B— C) =0,
and additionally, Y¥,,(¢) satisfies the initial condition ¥,,(zy) = 0.

Remark 1 Proposition 4 shows that another way to obtain an approximation of Y, (t) can be the resolution of
the projected and reduced differential equation (17) by using an adequate numerical ODE solver such as Runge-
Kutta or BDF solvers. We recall that such technique was used in [19,20]. In our proposed method, we don’t use
such approach, but instead, we solve the reduced algebraic equation and take into account approximations (16)
and (18) to get an approximate solution to the low dimensional differential matrix equation (17).

Now, let R,,(¢) be the residual associated to the approximate solution X,,(?), i.e.,
Rn(t) = Xpu(t) — (AXn(t) + Xn(t) B—C), t€[to, T). 19)
The following proposition gives an expression for this residual.
Proposition 5 The residual for the differential equation is given by
Ru(t) = —=Vjp Yult) (20)
— Vi Y 0B LR Q1)
where ﬁm is the algebraic residual given in (14). Moreover
(VAT R (1) = Opmsxs, V1 € [t0, T1. (22)
Proof Replacing, in (19), X,,(¢) by its expression given by (16), we get
R(t) = VA Y, (t) —AVA Y, (1) = VA Y, (t) B+ C.
Then, using (9), we obtain
Run(t) = Vi V(1) — (Vo Hp, 4 Vi) Y (8) = Vi Y (8) B+ Vi, G
= Vi, (Y (t) — [ Yo (£) + Y (£) B—Ci] ) = Vi s Yo (2).
As Y, (¢) is the solution of (18), we then get (20). Now, according to (17), we obtain

Ru(t) = VA =0 Hny (i—10)B _yA

m,s m,s“m:

Finally, from (15), we get (21) and the relation (22) follows immediately.

Note that if H4 and B are stable, i.e, all the eigenvalues of H4 and B belong to the half part of C whose real
part is negative. It follows that,

lim (T —0)Hn = Osxs and Tlim T8 — .

T—+o0 —>oo

Then, using (21), we get

Jim Ry (T) =Ry,

In addition and as done in the previous section, we consider the differential error E,, given by
En(t) = X" (1) — X (t), V1€ [to, T).

We recall that X,,,(¢) and X*(¢) are the approximate and exact solutions to the differential equation, respectively.
The following result gives an error estimate for error norm E,,.
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Theorem 2 At step m, the following error estimate holds

Ar(lAl+IBl) _ 1
Byl < [T a4y,
x| ( DR AGE

where
T = IRl = |Hip 1 Yol and 2 = [ Hip i1 0 Zonll,

with Y ,n, Z,, are the matrices of size s X s formed by the s last rows of Y and Z,, := €1 Hy, Y, e B respectively.
Proof From (8) and the differential Sylvester matrix equation (1), we have

Ep(1) =X"(t) = Xun(t) = A (X(1) = Xin(1)) + (X" (t) = Xn(1)) B— Run(0),
with E,,(f9) = 0. Thus, the function E,,(¢) satisfies the following differential Sylvester matrix equation

E.(t) =AE,(t)+En(t)B—Ry(t), t€t,T]
{Em(l‘o) =0.

So, E,;(t) may be written by the following integral formula
!
En(t) = — / AR (1) el B g,
fo
Passing to the norm, for all # € [ry, T], we get
t 1
[Em()]| < /t e Ry (1) e =9% | ds < | R(1) | /t e[| ds.
0 0
As, [|[e*M|| < e*MIl for o > 0 and M = A or M = B, we obtain that, for all 7 € [ro, T],
t
En(@)]| < |[Rn(@)]] / =) (IAIHIBI) g4
Jity

This gives after integration that, for all ¢ € [tp, T| we have

. el AIHIBD 1Y
< :

Then using (21) and the triangular inequality, we get

et—to) (IAlI+IBI) — 1

1Al + 1Bl

|En ()] < ( ) (rA +224), forall t € [t, T).

Finally, the desired result is obtained by passing to the uniform norm.

Now, we point out that (20) provides a cheap formula for computing at each node ; the norm r,, i := || Ry (t) ||
of the residual associated to the approximate solution X, x := X, (fx). This formula avoids computing matrix
vector products with the large coefficient matrix A since we have

ke = (R () | = I HA 1 (BT Yol = 1HA 1 Vil (23)
where Y, x = (Eﬁ,f))T Y,  is the matrix of size s x s formed by the last s rows of the matrix ¥, s := Y, (#).

Finally, we end this section by summarizing in Algorithm 3 our proposed method that is the block Arnoldi
combined with the constant solution method (BA-CSM) applied for full-rank differential Sylvester equations
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Algorithm 3 Block Arnoldi Constant Solution Method (BA-CSM) (Full-rank case)

1: Input: The matrices A, B, C, the initial and final times 79,7, a tolerance tol > 0, a maximum number of iterations My, a step-size
parameter p and N the number of nodes in the time discretization.

2: Output X, ,...,X,n, where X, y = X, (t), (1 <k <N)

3: Compute oy = (Tfto)/N.

4: form=1,... My, do

5 Compute V7 to update the orthonormal basis V74 = [Vf‘, .. m} and get the m-th block of HA by applying Algorithm 2 to (4,C);

6: ifmisa multlple of p then

7

8

9

Compute: C,, = (VA)T C.
Solve the reduced Sylvester equation: Hﬁ‘n Yin+YnB=0Cy,.

: fork=1,...,Ndo
10: Compute t; = f;_1 + Or.
11: Compute Y, ¢ := Y (1) = —lt—to) H, Yeli—0)B Ly
12: Compute 7y, = HHQHM Yokl
13: end for
14: Compute gy = Max{rm 1., mN}
15: if rpar < tol then
16: go to line 20;
17: end if
18:  endif
19: end for

20: fork=1,...,N do
21:  The approximate solution X, ; at time f; is X,,, x = Vﬁ Yok
22: end for

3.3 Low-rank case

Now, we consider the case where both A and B are large matrices. In addition, the coefficient C appearing in
the right-hand side is assumed to be low rank and is given under the factored form C = E FT where E € R™*"
and F € R**". We also, assume for simplicity reasons that the initial condition is such that Xo = 0. To obtain
approximate solutions to the low-rank algebraic Sylvester equation (2), we can use the block Arnoldi method in
which we consider approximate solutions that have the form

=VAY,, (VBT (24)

where V2, VB are the orthonormal matrices obtained by running m iterations of Algorithm 2 applied to the pairs
(A,E) and (BT, F) respectively. Enforcing the following Petrov-Galerkin condition

(VA)TR VB Omerra
to the algebraic residual Ry given by
Rn=EFT — (AX,,+XuB). (25)

Multiplying (25) on the left by (Y/,‘n)T and on the right by V5 and taking into account relations (9)—(11) and
(24), it follows immediately, that Y}, is the solution of the reduced projected Sylvester equation

HAY +v (HE) = E, FL, (26)

where H4 = (Va)T AVA HE = (VB)T BT VB are the mr x mr upper block Hessenberg matrices generated by
the block Arnoldi process and E,, = (VA)TE, F,, = (VB)T F. Note that from Algorithm 2, we also get that
E =VAE, and F = VB F,,. Here also, if c(H4) N o(—H2) = 0, then equation (26) admits a unique solution
which can be computed using a standard direct method such as those described in [4, 18]. Using the relation
(9)—(10) and from the relations (24)—(26), we get

==V Y (VB — VA Y, (VE)T, 7)

where VA = V m+1 m (IE( )) and VB = m+1 m+1 " (]Efnr))T We also notice that, according to [32,34],

an approx1mat10n to e(I=10)A X *l1=10) B may be obtained as
eIm0)A X+ ol1=10) B ~ A o(t=10) Hy, (VAT X, VB (l1=10) (H, )" (VBT

Then, it follows, that an approximate solution X,,(¢) to the exact solution X*(¢) of the differential Sylvester
matrix equation (1) may be given by

Xm(t):fone("’O)Hén (VAT X, VB oli=t0) (H BT (VBT 1 X,,.
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Taking into account (24) gives that
Xn(t) = Vi Yu(0) (V)T 1 € [10, T], (28)

where . o
You(t) = —lt—to) Hy, Yme(f*lo)(Hm) +Y,, t€l, T) (29)

As in the full-rank case, we have the following proposition.

Proposition 6 The matrix function Y,,(t) given by (29) is the unique solution of the reduced differential Sylvester
matrix equation

{Y(r) =HAY(t)+Y () HE)T —E, El', t€]t, T) (30)

Y (1) =0.
Proof The derivative of the matrix function Y,,(¢) as given by (29) is
Vult) = —elt=10) i, (Hf,im +?m(Hff1)T> =0 EDT e, T,
On the other hand, we have
H, Yon (1) + Yo (1) (M) T — Epe Fyy =
_ plt—to) HY, (Hﬁ Yo+ ¥, (HE )T) o l1—10) (H)T
+HAY,, +Y, (HE) —E, FT.

Thus, it follows that
Yo () —HA Y, (1) — Y (1) (HE) + E,, FT = 0.

Moreover, Y,, () satisfies the initial condition ¥, (fo) = 0.

Next, the following proposition gives a useful expression of the residual which is defined, in the low-rank case,
by
Rin(t) = Xu(t) — (AXpn(2) +Xu(t)B—EFT), t€|to, T]. (31)

Proposition 7 The residual for the differential equation is given by
Ry (t) = _Vﬁr Yin (t) (Vﬁ)T - Vﬁz Ym(t) (VVE,V)T’ (32)
= Viur Fu(0) (V)T + Vi Fn(1) (V)T + R, (33)

where fm(t) = olI=10) Hiy Y, eli=10) E" and R,, is the algebraic residual given by (25). In addition,

(VA" Ru(6) VB = Opprocmr, V1 € [t0, T. (34)

Proof Using the definition (31) of the residual R,,(¢) and replacing X,,(¢) by its expression given in (28), we get
Ron(2) = VA Y (6) (VBN — AVA Y, (1) (VB)T — VA ¥,,,(t) (VE)T B+ EFT.
Now, using the algebraic relation (9) in which M is replaced either by A or by B, we obtain
Ralt) = VAT (0) (V)T — (VAEES + Vi) %(0) (VE)T
=V Yu(t) ()" (Vo)™ + (Vi )T) + Vi En Ey (V)T
This may be arranged as following
Run(1) = Vi (Yn(1) = H, Yo (1) = Yo (0) (Hp) T + En Fy ) (V)T
Vi Y () (V)T = VYo (1) (Vi)

Taking into account (30), we get (32). The relation (33) follows by replacing Y,,(¢) by its expression (29)
and taking into account (27). Finally, (34) is straightforward since V‘,;‘l and V& are orthogonal matrices.
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Similarly to the full rank case, let us remark that if H4 and HZ are stable, then

lim R,,(T)=R,,.
5o m(T) = R

As in the previous subsection, we have the following error estimates.

Theorem 3 Let X, (1), for t € [ty, T], be the approximate solution at a step m given by (28) and (29) and let
En(t) = X*(t) — X (t) be the error. Then, we have the following error estimate:

Ar(lAI+IBI) _ 1
€ 2 2
1Bl < <|A”+”B| ) Vo + (e ah)?

= ||H} e Lm || and 78 = ||H? ., nZm||- The matrices Y ,, and
AT]HI,,,Y GATHE

where r =

Zn are of size r X r and formed by the r last rows of Y,u and Zy,

” m+1, m - ” m+1, m

m respectively.

Proof As previously done in the proof of Theorem 2, we obtain by similar arguments that, for all 7 € [ty, T] we

have
1En () e(t=10) (IAlI+IBI) _ 1 1Ron(0)]
m(f S m(E)||-
[A[l+ | B]

From (33) and (27), we get
R (®) = Vit (Fnlt) = Yon) (V)T + Vi (Foat) = Yo ) (V)T
As the n X n matrices Vm p (I::,,,(t) - 17,,,) (VBT and V4 (ﬁn (1) — 17,,,) (V,EJ)T are F-orthogonal, then
Virr (Bn0) = Yo ) (VEYT 1V, (Fult) =) (ViE)T) =0,
Therefore

Ra@)1P = Vit (Fate) =) (V)7 [ [ (Bt ) 0227

Now, using the triangular inequality, we get that for all ¢ € [to, T], we have

[Vit, (B0) = For) (V)T < 7+ 2.

and similarly, we also have

[V (B = Yo ) (Vi) || < e
which completes the proof.

To continue the description of the present method, we notice that (32) enables us to check if ||[R,(¢)]| < tol
-where tol is some fixed tolerance-, without having to compute extra products involving the large matrices A
and B. More precisely, we have

1ROl = /Iy (BT Yo (0) |2+ Yo B (HE,, )T 2. (35)

We end this subsection by recalling that in the case of large scale problems, and as suggested in [23,38], it is
important to get the approximate solution Xj := X,,(#) at each time #; as a product of two low rank matrices. If
Y, =VEIWT is the singular value decomposition of Yy, where X = diag[o), 03, ...,0y,| is the diagonal matrix
of the singular values of Y sorted in decreasing order, then by considering V; and W; the mr x [ matrices of the
first / columns of V and W corresponding respectively to the / singular values of magnitude greater than some
tolerance 7, we get foreachk=1,... ;N

Xy~ Z? (ZE )T’

1/2

where Z = VAV, Z,/" and ZF = VE W, £,'/2.

The block Arnoldi combined with the Constant Solution Method (BA-CSM) for solving the differential
Sylvester matrix equation, in the case where C is low rank, i.e., C = EF', is summarized in Algorithm 4.
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Algorithm 4 Block Arnoldi Constant Solution Method (BA-CSM) (Low-rank case)

1: Input: The matrices A, B, E, F, the initial and the final times 7,7, a tolerance tol > 0, a maximum number of iterations M.y, a
step-size parameter p, the number N of nodes in the time discretization and the tolerance 7 for the truncated SVD.

2: Output X, ,...,X;n, where X, ;1= X, (1), (1 <k <N)

3: Compute 6y = (T —1y)/N.

4: form=1,... My, do

5: Compute V2 and V2 to update the orthonormal bases V7, = [Vf‘7 ce V,ﬁ‘] , VB = [VIB yees ,V,f] and get the m-th blocks of H4 and HE

m

by applying Algorithm 2 to (A, E) and (B” , F) respectively;
6 if m is a multiple of p then
7 Compute: E,, = (VA)TE and F,, = (VE)T F.
8: Solve the reduced Sylvester equation: HZ, ¥, + ¥, (H2)" = E,, F[ .
9 fork=1,...,Ndo
0
1

Compute t; = ;1 + Or. _
Compute ¥y, := Yy (tk) = _e(tk_IU)Hf" ?m elie=t0) ()" + ?m-

12: Compute i = \/IHA, 1, BT Vil + [V ES) (HE,, )7 2.
13: end for

14: Compute gy = Max{rm1,..., mN}

15: if 7pax < tol then

16: go to line 20;

17: end if

18:  endif

19: end for

20: fork=1,...,N do
21:  Compute the SVD of ¥, i.e., ¥, = U X WT where X = diag[o7,..., 0] and 61 > ... > O
22:  Find [ such that 074 < 7 < o; and let X; = diag[oy,...,01];

23:  Form Zf =Viy, 211/2 and Zf — VZWIEII/Z;
24:  The approximate solution X, at time f; is X,,, x ~ Zf (ZkB )T.

25: end for

4 Numerical experiments

In this section, a series of numerical tests will be presented to examine the performance and potential of Algo-
rithms 1, 3 and 4. We have compared our proposed method which is based on relation (6) with the one described
in [20] and which is based on the integral formula (5). We recall that the algorithms described in [20] only
provide an approximate solution at the final time 7 and moreover they only deal with the case of low-rank dif-
ferential equations. Thus, we modified Algorithm 1 proposed in [20] so that it provides an approximate solution
Xinx = Xm(tx) at each node f; of the discretization of the time interval [0, T7] as it is the case in Algorithm 4.
Moreover, we have drafted two other codes based on the integral formula (5) and equivalent to Algorithm 1 and
Algorithm 3

It should be noted that in all the examples given here, we suppose that X the matrix appearing in the initial
condition of (1) is equal to zero, i.e., Xo = 0, x;. Furthermore, we consider different time intervals [fo, 7] where
to = 0 is fixed once and for all, while T is indicated in each example. The time interval [0,7] is divided into
sub-intervals of constant length o7 = % where N is the number of nodes. All the numerical experiments were
performed using MATLAB and have been carried out on an Intel(R) Core(TM) i7 with 2.60 GHz processing
speed and 16 GB memory. In order to implement the different algorithms described in this work, we used the
following MATLAB functions:

- expm: it allows to calculate the exponential of a square matrix. This function is based on a scaling and
squaring algorithm with a Padé approximation [24].

- lyap:itallows to solve Sylvester or Lyapunov matrix equations. For our purposes, the instruction 1yap(A,B,-
C) delivers the matrix X solution of the algebraic Sylvester equation AX +X B = C.

- integral: it allows to calculate numerically an integral, using the arguments ”ArrayValued” and “true”.

Furthermore, we precise that when the constant solution or integral formula methods are combined with the
block Arnoldi process to obtain an approximate solution to the differential equation, the iterations are stopped
as soon as the dimension of the Krylov subspace generated by the block Arnoldi process reaches a maximum
value m = M, = 110 or as soon as the maximal norm r,,,, computed by the algorithm is lower than 10710y
where it = ||A|| + ||B|| + ||C]| in the full rank case and u = ||A|| +||B|| + || E]| || F|| in the low rank case. We also
mention that in the numerical examples, the right-hand side C or its factors E and F' were generated randomly.

To compare the performances of the Constant Solution method (in short CS or CS-BA when combined with
the block Arnoldi process) with those of the Integral Formula method (in short IF or IF-BA when combined
with the block Arnoldi process), we used the following comparison criteria:
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- TR: the time ratio between the CPU-time of CS and IF methods or between CS-BA and IF-BA methods

which are defined by
- cpu-time(cs) or TR — cpu-time(Cs-BA)

cpu-time(iF) cpu-time(IF-BA) -
- RDN: the relative difference norm between X5-BA and X'FBA which are the approximate solutions delivered

by the constant solution and the integral formula methods respectively when they are combined the block

Arnoldi process.
S BA — xIFA |

RS ]
We point out that this criteria is used when the exact solution of the differential Sylvester equation is not
available.
- REN: the relative error norm between the exact solution and an approximate solution obtained either by a
constant solution based algorithm or by an integral formula based algorithm. More precisely, letting X Exact
be the exact solution computed by (37), we define the following quantities :

”XkCS—BA _ XExacl ”

RENCSPA =
k:0,1.,.).(.,N ||X]£5xact ”
" IF-BA _ yE
IF-BA ”Xk A X} xactH
REN = max btk L
S

Before to start the numerical experiments and tests, we will show in the next subsection, how to construct a
differential Sylvester equation which have a known exact benchmark solution.

4.1 A benchmark example

To the best of our knowledge, there is no Known benchmark explicit solution for large-scale differential and
Sylvester matrix equations. Here, we show how to construct a benchmark differential Sylvester equation whose
exact solution is known and with which we can confront the approximate solutions provided by the different
compared methods.

Let K,R € RP0O*P0 be two nilpotent matrices, of index py > 3 i.e., KP0 = RP0 = 0p, and let Ag € R™0-%10
By € R¥0:*%0 X, C € R"™ where n = pgng and s = pg sg. The integer pg is a small integer. We also choose two
real numbers o, B and we consider the matrices

A=al,+A0®K, B=PBI;+ByR, (36)
We easily have, for any real ¢ and for any matrix X of size n x s:

po—lpo—1
X B — ( Z Z tl+jLi7j(X)>€(a+‘B)t,
i=0 j=0

where L; j(X) is defined by L; j(X) = (Al ® KX (Bé ® R’). Assuming that o + 8 < 0, then the unique

1
ij!
solution X* of the algebraic matrix Sylvester equation AX + XB = C is given by the formula (see [31]),

_ oo
X*:—/ dACeBdr.
0

A straightforward calculations give

. Po=lpo—1 (—1)i+J

1 : . i .
where C; j = W(Ab ® K')C(B) ® R’). Then, using the formula (6), the unique solution of the differential

Sylvester matrix equation
X'(1)=AX(t)+X(1)B—C,
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satisfying the initial condition X (z9) = Xo, is the matrix function X*(z) given by
X*(l) _ e(tfto)A (XO _)}*)e(l*to)B _’_5('*
It follows that

* P trecl i+j (a+B)(t—19) vk (_I)H_j
X ([): I;O jgo |:(I—l‘()) e 0 Ll’_’j(X()—X )+WLI7](C) . (37)

We may also obtain the solution X*(¢) of the differential Sylvester matrix equation by using the integral formula
(5), since we have
t
X (1) = el 0)A x, 110 B 7/ QI=1A C 1-1)B g,
fp
It follows that,

po—1po—1 o
X*(t) = Z Z [(f*lo)'+j€(a+ﬁ)(t_t°)Li.,j(Xo)*Ii+j(t)Li.j(C)]7
i=0 j=0

!
where the scalar functions i (¢) are given by I (t) = / (t — u)*e @ P) =) gy The expression of the functions
1o

I (t) are obtained by recursion. Indeed, we have

1 -
L) = aiE (e(oc+ﬁ)(t 0) _ 1),

and for k > 1 by parts integration, we have

1

Ik(f) = m

((t - to)ke(a+ﬁ><t7t0) — k4 (t)) .
Then, we may show by induction that, for all ¥ > 0, we have

k Cie 2\ ’
L(t) = W(;(_l)zwemm 0 (1)),

Before ending this subsection, let us remark that in this benchmark example, the matrix C is arbitrary and
then can also be taken in the low-rank form C = E FT, where E € R"™" and F € R**",

In addition, to show the strengths and limitations of compared methods in various experimental settings
when using this benchmark example, we choose pg = 3 and we considered different values for the parameters
o and B as well as different matrices Ag and By. The matrices K and R are fixed once and for all, as follows

3 8-19 111
K=|-1-5 11|, R=| 00 0
0-1 2 10 -1

4.2 Experiment 1

In this first example, the numerical tests are done with moderate size matrices A and B. We compare the solution
provided by our proposed constant solution method implemented via Algorithm | with the one obtained using
the integral formula (5) as well as with the solutions given by some classical ODE’s solvers from Matlab.
The solvers odel5s, ode23s, ode23t and ode23tb are usually used for stiff ODE’s, while the other
solvers ode45, ode23 and odel13 are used for non stiff ODE’s. Note that since some ODE solvers behave
similarly and in order not to overload the plots, we only give the results obtained with the four methods ode15s,
ode23s, ode23tb and ode45. In the following two experiments, we consider the time intervals [0, 7] with T
is either 7 = 1 with the number of nodes is N = 10 or T = 10 with the number of nodes is N = 50 which means
that the step time is 67 = 0.1 when T = 1 while 67 = 0.2 when T = 10. Here, we consider the matrices Ay
=gallery (’leslie’ ,ng),Byp=gallery ('minij’,so) with np =50 and so = 10 and the coefficient
matrices A, B of the differential Sylvester equations are generated by (36), as explained in the benchmark
example. The parameters a, 3 are equal to —2 and —1 respectively. As the matrices K, R are those given at the
beginning of section 4, the size of the matrices A, B are now n = 150 and s = 30 respectively. Here, we point
out that the solution computed by Algorithm 1 and those computed by the Algorithm based on integral formula
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or issued by the Matlab ODE solvers are compared to the exact one given in (37) which is considered as the
reference solution X™f. Thus, in the plots, we represent the behaviour of the norm of the relative error
£
(1% — 7|
£
(Xl

as a function of 7, where t;, = k dr. The obtained plots and results are reported below in Figure 1 and Table 1
respectively.

Ik

Table 1 The obtained CPU times (in seconds) in Experiment 1.2.

(T, N) Method CSM IFM odel5s ode23s ode23tb ode45
(1, 10) 0.203 | 12.578 43.546 750.756 108.484 0.343
(10, 50) 0.718 | 75.703 78.984 | 1574.980 226.016 0.390

The analysis of results obtained in Experiments 1 shows on the one hand that the CS and IF methods return
the best results in terms of the error norm. The ode45 solver is the best among the other Matlab solvers, but
its performance does not match that of the CS and IF methods. On the other hand, by comparing the time ratios

between CS and IF which are TR = % ~6lforT=1and N=10and TR = 75.703 ~ 105 for T = 10 and

N = 50. We clearly see that CS is faster than IF because the former avoids using a quadrature formula as it is
the case for the later.

(XX 1K, I with Step size 4.=0.1 (XX JIIX |l with Step size 4,=0.2
102 T T T T T T 102 T T T T T T T
| et
1o -i W et
g -4 ~ -6
- LW T S Y 10
10e¥ 9 0 0= 9-- .
= = o .
2 IFM £ 4
= -=- go10°
u ——CcsM L
8
L ODE15s 2
N - S T
< e ODE23s < 100
14 ==f== ODE23b 14
1010 - & - ODE4S e ODETSs
2 @ ODE2%s
RN ==p-= ODE23b
N - @ - QDE45
up "
10 \\.__“4"-\ I—“\,\,,"\"”\-‘_“h"
i il 1 1 L L L “015 I L 5 L i i
01 02 03 04 05 06 07 08 09 1 0o 1 2 3 4 5 & T B 9 1
Time interval [0, 1] Time interval [0, 10]

Fig. 1 Experiment 1: comparison of the relative error norm. The reference solution is given by (37).

4.3 Experiment 2

In this set of numerical tests, the experiments are done with a relatively large matrix A and a moderate size ma-
trix B. We compare the performances of Algorithm 3 -which implements the CS-BA method- and the equivalent
algorithm based on the integral formula combined with the block Arnoldi (IF-BA).

Experiment 2.1. The matrices A and B are obtained from the centered finite difference discretization of the
operators

d d

La(u) :A“*anfznga*;*hau
0 d

Lp(u) :A“*fBafu*gB au hpu,
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on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions where

faxy) = (x+10y%), ga(x,y) =22 +y2,  ha(x,y) = x> —y?,

and
1

1422 4y2

To generate the coefficient matrices A and B, we used the fdm_2d_mat rix function from the LYAPACK tool-
box [33] as following A=fdm_2d_matrix(ng,f4,84,74) and B=fdm_2d_matrix(so,fs.gp.hp) Where ny and
so are the number of inner grid points in each direction when discretizing the operators L4 and Lp respectively.
This gives A € R"*" B € R withn = n% and s = s(z).

We examine the performances of CS-BA and IF-BA for four choices of ng and so which are (ng, so) = (30, 3),
(no,s0) = (50,3), (no,s0) = (30,5) and (ng,so) = (50,5). The considered time intervals are [0,7] where T = 1
and N =10 or T =2 and N = 20. This means that the step time is always &7 = 0.1. In Table 2, we reported the
time ratio (TR) and the relative difference norm (RDN) between the CPU-time of CS-BA and IF-BA.

2 2
flx,y) =10xy+1, gp(x,y)=e "7, ha(x,y) =

Table 2 The obtained times ratio TR and relative difference norms RDN in Experiment 2.1.

Test Problem T=1,N=10 T=2,N=20
n K] TR RDN TR RDN
900 9 141 | 8.111e-15 186 | 1.887e-14
2500 9 163 | 1.868e-14 276 | 3.682e-14

900 25 164 | 6.329e-15 187 | 1.248e-14
2500 25 177 | 1.723e-14 186 | 2.499e-14

Experiment 2.2. In this test, we took Ag =gallery (' hanowa’, 1500, -5) and By=gallery (' leslie’, 6)
from the Matlab gallery and transform them into A et B of sizes n = 4500 and s = 18 respectively by using (36)
in which we took @ = —7 and 8 = —5. The obtained results for different time intervals which are summarized
in Table 3 include the time ratio TR and the relative error norms RENCSPA RENFBA between the approximate
solutions X©S-BA X1F-BA oiven by CS-BA and IF-BA respectively and the X®** the exact solution computed by
37).

Table 3 The obtained times ratio TR and relative error norms RENCS'BA, RENIF-BA i Experiment 2.2. with N = 10.

T TR | RENCS-BA [ gpenIF-BA

1 11 | 4.825e-11 | 4.143¢-12

5 20 1.849¢-11 9.097e-12
10 30 1.244e-11 3.387e-12
50 1329 7.852e-13 1.621e-11
100 1230 7.802e-13 1.432e-11

4.4 Experiment 3

We describe and report here the results of numerical experiments carried out when solving large scale low-rank
differential Sylvester or Lyapunov equations. The performance of CS-BA is compared with that of IF-BA. The
test matrices come either from the centred finite difference discretization of the operators L4 and Lg defined in
the previous experiment, or from the Florida suite sparse matrix collection [14]. The invoked matrices for our
tests from this collection are: pde900, pde2961, cddel, Chem97ZtZ, thermal, rdb5000, sstmodel, add32 and
rw5151.

Experiment 3.1 (a). In this example, the numerical results are those obtained from solving differential
Sylvester equations. The time interval is fixed to [0, 1], (T = 1). The number of nodes is N = 10 which gives a
step time 87 = 0.1. The matrices A € R"" and B € R*** come from the discretization of the operators L4 and
Lp. As indicated previously, the coefficients of the right-hand side E,F € R"*" are randomly generated. The
obtained results for different sizes n, s and ranks r are summarized in Table 4.
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Table 4 The obtained times ratio TR and relative difference norms RDN in Experiment 3.1 (a).

Test Problems

no = 40, so =20 no = 30, so = 30 no = 50, so =50
n = 1600, s =400 n =900, s =900 n = 2500, s = 2500

r TR RDN TR RDN TR RDN

2 82 | 2.528e-14 78 | 5.819-14 78 1.354¢-13

5 145 1.906e-14 136 | 1.201e-13 159 1.931e-13
10 170 | 7.256e-14 219 | 2.067e-14 156 1.383e-13
20 193 | 2.647e-14 138 | 6.153e-14 252 2.205e-13

Experiment 3.1 (b). Here, we consider two different time intervals [0,7] for T = 1 and T = 10 in which
the number of sub-intervals is always N = 10. The matrix A is from the Florida sparse matrix collection. We
consider the particular case B=A” and F = E and report the results obtained when solving low-rank differential
Lyapunov equations. The obtained results for r =2, r = 5 or r = 10 are displayed in Table 5.

Table 5 The obtained times ratio TR and relative difference norms RDN in Experiment 3.1 (b).

Test Problems

A = -cddel A =-Chem97ZtZ A = -pde2961 A = thermal A = rdb5000
n =961 n=2541 n=2961 n = 3456 n = 5000
T r TR RDN TR RDN TR RDN TR RDN TR RDN

2 6.8 | 3.988e-15 12 | 5.465e-15 1.6 | 2.784e-15 1.4 | 4.295e-15 14 | 7.863e-13
1 5 17 | 1.032e-14 18 | 8.376e-15 6.5 | 8.63%-15 2.3 | 7.386e-15 42 | 2.892e-13
10 44 | 1.430e-14 50 | 1.268e-14 13 | 1.386e-14 6.1 | 9.442e-15 83 | 4.434e-13
2 47 | 2.815e-14 15 | 8.190e-15 12 | 1.002e-14 2.5 | 3.592e-15 57 | 3.482e-13
10 5 68 | 1.483e-14 30 | 1.002e-14 38 | 291le-14 10 | 4.631e-15 135 | 1.374e-12
10 73 | 2.910e-14 110 | 1.253e-14 57 | 2.713e-14 25 | 7.497e-15 255 | 1.617e-12

Experiment 3.2 (a). Here, we consider Agp=pde2961 and By=pde900 and transform them into A et B of sizes
n = 8883 and s = 2700 respectively by using (36). In order to confirm the influence of the rank r and/or length
T of the time interval, on the performances of the CS and IF methods, we report in Table 6 the results obtained
for two cases : case 1: (o, ) = (—3,—1) and case 2: («, ) = (—0.7,—0.4). For each case, we choose T from
the set {2,5,10} and took N =10 for T =2, N =20 for T =5 and N = 40 for T = 10. The rank r of the factors
Eand F isequaltor =35, r =10 or r = 20.

Table 6 The obtained times ratio TR and relative error norms norms RENCS-BA and RENIF-BA i Experiment 3.2 (b).

a=-3B=-1 a=-07,8=-04
T | r TR RENCS-BA gpyIF-BA TR RENCS-BA  geyIF-BA
1277 4.777e-14  4.720e-14 1234 264le-11  2.64le-11
2 10 1.118 5.147e-14 5.049e-14 1.139 3.022e-11 3.022e-11
20 3.858 5.473e-14 5.311e-14 2.331 3.401e-11 3.400e-11
5 1.292 4.358e-14 4.251e-14 1.160 2.343e-11 2.343e-11
5 10 1.371 4.639¢-14 4.507e-14 1.124 2.728e-11 2.728e-11
20 4.230 4.984e-14 4.855e-14 - 3.148e-11 - =
5 1.237 4.358e-14 4.251e-14 1.093 2.343e-11 2.343e-11
10 | 10 || 1399  4.639e-14  4.507e-14 || 83.424 2.728e-11  2.728e-11
20 3.974 4.984e-14 4.855e-14 - 3.148e-11 ———

We notice that in most of tests, both methods manage to provide a good approximate solution and that the
CPU time is in favor of the BA-CS method. However, we observed that for small values of & and 8 and when the
values of 7 and T are large, the BA-IF method failed to converge within a reasonable time. The non-convergence

i)

is indicated by ”— — —"".
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Experiment 3.2 (b). In this last set of experiments, we compare the performances of the CS and IF methods
when they are applied to the solution of low-rank differential Lyapunov equations. Unlike the previous series of
tests, we did not generate a discretization for the interval [0, 7] and only calculated the approximation X (7') at
the final time, where T = 10. Similarly, the rank of C = E ET does not vary and is = 20. For each experiment
with a matrix Ag -which is taken from the Florida sparse matrix collection [14]-, we considered four values for
the scalar ¢ that was used in the generation of the benchmark example. The size ng of each matrix Ao, the size
n of the benchmark matrix A as well as the obtained results are reported in Table 7.

Table 7 Numerical results for Experiment 3.2 (b) with 7 = 10, N = 1 and r = 20.

Test Problems
Ag = cddel Ap = pde2961 Ag = sstmodel
nop =961, n = 2883 no = 2961, n = 8883 no = 3345, n = 10035
o TR | RENCS-BA T genIF-BA TR | RENCS-BA [ genIF-BA TR | RENCS-BA [ gpNIF-BA
-5 5.12 4.33e-14 3.76e-14 2.27 2.14e-14 1.18e-14 1.82 3.43e-12 9.82¢-13
-1 - 5.81e-12 - 1087.5 5.37e-12 1.26e-12 200.43 6.45e-14 6.23e-14
-0.5 - —— 4.58e-10 —-—— 544.31 4.60e-10 1.0le-11 637.17 5.23e-12 2.69¢-13
-0.1 - 8.23e-07 - - 1.19¢-07 - - 3.38e-08 -
Test Problems
Ap = thermal Ap = add32 Ap =rw5151
ng = 3456, n = 10368 ng = 4960, n = 14880 ng = 5151, n = 15453
a TR | RENCS-BA [ geNIF-BA TR | RENCSBA T ReNIF-BA TR | RENCS-BA T ReNIF-BA
-5 1.53 2.03e-12 1.03e-12 1.48 5.17e-15 3.90e-15 1.37 5.44e-15 4.85e-15
-1 1.69 2.78e-14 2.56e-14 1.45 8.00e-15 1.29e-15 1.22 291e-14 2.50e-14
-0.5 1.58 1.20e-13 1.05e-13 1.55 5.77e-15 1.74e-15 391.43 1.44e-13 1.29¢-13
-0.1 || 277.88 1.12¢-10 | 6.94e-11 1.71 1.26e-14 | 2.46e-15 || ——— 7.47e-11 -

5 Conclusion

In this work, we have proposed new techniques for solving Sylvester and Lyapunov matrix differential equation.
Unlike the recent method proposed in [20], our method avoid the integral formula which is very benefit and
reduced the computational cost. The proposed method is very efficient for large scale problem by exploiting a
projection on Krylov subspaces. Numerous numerical tests are used to show the effectiveness of such proposed
method, we have reported some of them in a specific section. The convergence of such method is proved and a
constructive benchmark example is given.

Declarations

Ethical Approval. ”Not Applicable”.

Availability of supporting data. ”’No data sets were generated or analyzed during the current work”
Competing interests. “The authors declare no competing interests.”

Funding ”No funding was provided to support this work

Authors’ contributions. “The three authors contributed equally to this work”

Acknowledgments. We thank the anonymous reviewers and the editor for any criticism, comments, sug-
gestions, or remarks that will help us improve this manuscript

References

1. H. Abou-Kandil, G. Freiling, V. Ionescu, and G. Jank. Matrix Riccati equations in control and systems
theory, volume 3. Basel, Switzerland: Birkhauser, 2003.

2. F. Amato, R. Ambrosino, M. Ariola, C. Cosentino, and G. De Tommasi. Finite-Time Stability and Control.
Springer, 2014.

3. A. C. Antoulas. Approximation of Large-Scale Dynamical Systems, volume 6. Adv. Des. Control. SIAM
Publications, Philadelphia, PA, 2005.



20 Abderrahman Bouhamidi et al.
4. R.H. Bartels and G. W. Stewart. Solution of the matrix equation AX +X B = C. Commun. ACM, 15(9):820-
826, Sept. 1972.
5. M. Behr, P. Benner, and J. Heiland. Solution formulas for differential Sylvester and Lyapunov equations.
Calcolo, pages 56-51, 2019.
6. R. Bellman. Introduction to Matrix Analysis, volume 6. SIAM publications, Philadelphia, PA, 2nd edition,
1997, First edition published by McGraw-Hill in 1970.
7. P. Benner and H. Mena. BDF methods for large-scale differential Riccati equations. 01 2009.
8. P. Benner and H. Mena. Rosenbrock methods for solving Riccati differential equations. IEEE Transactions
on Automatic Control, 58(11):2950-2956, 2013.
9. A. Bouhamidi, M. Hached, M. Heyouni, and K. Jbilou. A preconditioned block Arnoldi method for large
Sylvester matrix equations. Numerical Linear Algebra with Applications, 20(2):208-219, 2013.
10. A. Bouhamidi and K. Jbilou. Sylvester Tikhonov-regularization methods in image restoration. J. Comput.
Appl. Math., 206(1):86-98, 2007.
11. A. Bouhamidi and K. Jbilou. A note on the numerical approximate solutions for generalized Sylvester
matrix equations with applications. Appl. Math. Comput., 206(2):687-694, 2008.
12. C. F. Curtiss and J. O. Hirschfelder. Integration of Stiff Equations. volume 38, pages 235-243. National
Academy of Sciences of the United States of America, 1952.
13. B. N. Datta. Numerical Methods for Linear Control Systems. Academic Press, USA, 2004.
14. T. A. Davis and Y. Hu. The university of florida sparse matrix collection. ACM Trans. Math. Softw., 38(1),
dec 2011.
15. E. Davison. The numerical solution of X = A;X + XA, + D, X(0) = C. [EEE Trans. Autom. Control,
20(4):566—-567, 1975.
16. A. El Guennouni, K. Jbilou, and A. Riquet. Block Krylov subspace methods for solving large Sylvester
equations. Numerical Algorithms, 29:75-96, 2002.
17. L. Elbouyahyaoui, M. Heyouni, K. Jbilou, and A. Messaoudi. A block Arnoldi method for the solution of
the Sylvester-Observer equation. Electronic Transactions on Numerical Analysis, 47:18-36, 2017.
18. G. Golub, S. Nash, and C. V. Loan. A Hessenberg-Schur method for the problem AX +XB = C. IEEE
Transactions on Automatic Control, 24(6):909-913, December 1979.
19. M. Hached and K. Jbilou. Numerical solutions to large-scale differential Lyapunov matrix equations. Nu-
merical Algorithms, 79:741-757, 2017.
20. M. Hached and K. Jbilou. Computational Krylov-based methods for large-scale differential Sylvester matrix
problems. Numerical Linear Algebra with Applications, 25(5):¢2187, 2018.
21. S. J. Hammarling. Numerical Solution of the Stable, Non-negative Definite Lyapunov Equation. IMA
Journal of Numerical Analysis, 2(3):303-323, 07 1982.
22. M. Heyouni. Extended Arnoldi methods for large low-rank Sylvester matrix equations. Applied Numerical
Mathematics, 60(11):1171 — 1182, 2010.
23. M. Heyouni and K. Jbilou. An extended block Arnoldi algorithm for large-scale solutions of the continuous-
time algebraic Riccati equation. Electronic Transactions on Numerical Analysis, 33:53-62, 2009.
24. N.J. Higham. The scaling and squaring method for the matrix exponential revised. SIAM J. Matrix Anal
Appl, 26(4):1179-1193, 2005.
25. R. A. Horn and C. R. Johnson. Topics in matrix analysis, volume (2nd edition). Cambridge University
Press, UK, 1994.
26. D. Hu and L. Reichel. Krylov-subspace methods for the Sylvester equation. Linear Algebra and its Appli-
cations, 172:283-313, 1992.
27. 1. M. Jaimoukha and E. M. Kasenally. Krylov subspace methods for solving large Lyapunov equations.
SIAM Journal on Numerical Analysis, 31(1):227-251, 1994.
28. K. Jbilou. ADI preconditioned Krylov methods for large Lyapunov matrix equations. Linear Algebra and
its Applications, 432(10):2473-2485, 2010.
29. M. Konstantinov, D.-W. Gu, V. Mehrmann, and P. Petkov. Perturbation Theory for Matrix Equations,
volume 49. 11 2004.
30. D. Kressner. Block variants of Hammarling’s method for solving Lyapunov equations. ACM Trans. Math.
Softw., 34(1), jan 2008.
31. P. Lancaster. Explicit solutions of linear matrix equations. SIAM Review, 12:544-566, 1970.
32. C. Moler and C. V. Loan. Nineteen dubiuos ways to compute the exponential of a matrix, twenty-five years
later. SIAM Review, 45(1):3-000, 2003.
33. T. Penzl. LYAPACK. A MATLAB Toolbox for large Lyapunov and Riccati equations, Model Reduction

Problems, and Linear-Quadratic Optimal Control Problems, 2000.



The constant solution method for solving large scale differential Sylvester matrix equations with time invariant coefficients 21

34.

35.

36.

37.

38.

39.
40.

Y. Saad. Numerical solution of large Lyapunov equations. In in Signal Processing, Scattering and Operator
Theory, and Numerical Methods, Proc. MTNS-89, pages 503-511. Birkhauser, 1990.

Y. Saad. Analysis of some Krylov subspace approximations to the matrix exponential operator. SIAM J.
Numer. Anal., 29(1):209-228, 1992.

Y. Saad. [Iterative Methods for Sparse Linear Systems. Society for Industrial and Applied Mathematics,
second edition, 2003.

E. M. SADEK, A. Bentbib, L. Sadek, and H. Alaoui. Global extended Krylov subspace methods for large-
scale differential Sylvester matrix equations. Journal of Applied Mathematics and Computing, 62:165-177,
08 2019.

V. Simoncini. A new iterative method for solving large-scale Lyapunov matrix equations. SIAM Journal
on Scientific Computing, 29(3):1268-1288, 2007.

V. Simoncini. Computational methods for linear matrix equations. SIAM Review, 58(3):377—441, 2016.

D. C. Sorensen and Y. Zhou. Direct methods for matrix Sylvester and Lyapunov equations. Journal of
Applied Mathematics, 2003(6):277 — 303, 2003.



	Introduction
	The constant solution method for the differential Sylvester matrix equation
	Block Arnoldi for solving large-scale differential Sylvester matrix equations
	Numerical experiments
	Conclusion
	References

