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Abstract. We study the behaviour of a homonuclear molecule driven by an intense laser field.
Newton’s laws are used to describe the dynamics of nuclei while the quantal approach is reserved
to the study of the electron. It is observed that the nuclei can oscillate or dissociate according
to the degree of ionization of the molecule. In case of low ionization rate it is shown that great
amount of information can be obtained by using the simplified approaches of fixed nuclei and
of two-state approximation. Under suitable conditions the electron wave function spends a long
time localized around one nucleus. The harmonic generation of the molecule is studied and seen
to contain even harmonics.

1. Introduction

Atoms and molecules acted upon by a laser of frequency ωL emit a radiation
field whose spectrum can be resolved in a wide plateau of lines harmonic of ωL

followed by a rapid decrease of the emission (cutoff). The radiation stems from
the acceleration experienced by the electronic charges moving in the presence of
the laser field and of the internal Coulomb field. In atoms, within the single
active electron (SAE) scheme, a cutoff that can be as large as 300 ωL suggests the
possibility of using the generation of high harmonics as a source of far ultraviolet
radiation. Recently the study of high order harmonic emission from a molecule
has undergone a revival of interest; in fact it has been shown that the emitted field
carries information that can be used to observe in real time the behaviour of the
molecular charges [1, 2, 3] or to obtain a tomographic image of the wave function
of the molecule [4, 5].

This paper is devoted to an analytical and numerical study of the dynamics of
a homonuclear two-center molecular ion within the SAE scheme driven by a laser
field.

2. Theory

We treat the laser as a monochromatic classical electromagnetic field and its in-
teraction with the molecule in the dipole approximation: these are realistic as-
sumptions if the laser pulse has a long duration and has a wavelength comparable
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with that of the visible light. The molecule is supposed to have only one active
electron and, because of the large difference between the masses of the nuclei and
of the electron, the study of the system is simplified by the ansatz that the motion
of the nuclei can be safely described by the classical Newton laws [6, 7, 8]. Fi-
nally we analyze only one-dimensional model systems to avoid lengthy numerical
calculations.

Let R1(t) and R2(t) be the coordinate of the two nuclei of mass M, the evolution
of the state ψ(x, t) of the electron is described by the time dependent Schrödinger
equation (TDSE). With these assumptions in mind the equations of motion for
the ψ(x, t) and Ri(t) are

i�
∂

∂t
ψ(x, t) =

[ P 2

2m
+ V (t;x) + VLM (t)

]
ψ(x, t) , (1)

MR̈i(t) = Fie(t) + Fij(t) + eE0f(t) sin(ωLt) .

The electron-nuclei interaction energy has been taken of the soft-core form

V (t;x) = − e2

√
(x − R1(t))2 + x2

0

− e2

√
(x + R2(t))2 + x2

0

. (2)

x0 is a screen factor that eliminate the Coulomb divergence and is chosen as
x0 = a0/

√
2, a0 is the Bohr radius. The laser-molecule interaction energy is

taken as VLM (t) = −exE0f(t) sin(ωLt) where E0 is the value of the maximum laser
field. The pulse shape f(t) ramps linearly up and down for 2 optical cycles (oc)
and remains constant in between; the total pulse duration is 256 oc. The laser
wavelength is chosen to be λL = 780·10−7 cm. Two intensities of the laser field are
used: I1 = 0.7 · 1014 W/cm2 and I2 = 1.61 · 1014 W/cm2. The mass of the nucleus
is M = 20mp with mp the proton mass. The forces in the Newton equations for
the nuclei are

Fij(t) = e2 Ri(t) − Rj(t)

[β2 + (Ri(t) − Rj(t))2]3/2
(3)

and

Fie(t) = −e2

∫
Ri(t) − x

[a2
0 + (Ri(t) − x)2]3/2

|ψ(x, t)|2dx (4)

[β = 0.03 a0]. The coupled equations (1) are solved by using a Crank-Nicolson
integration code within a spatial box 512a0 wide with a grid step of 0.125 a0. To
prevent reflection of the wavefunction at the edge of the box, we use a smooth ab-
sorber function to force the electron density to zero at the borders of the grid. The
presence of the absorber does not preserve the normalization of the wavefunction
and indicates the ionization.

In Fig. 1 and 2 we show an overall view of the dynamics of the molecule with
mobile nuclei for the two laser intensities; the initial distance of the two nuclei
is 5a0. During the operation of the lower intensity laser, almost no ionization of
the molecule is present. We see that the nuclei begin a very slow oscillation mo-
tion with amplitude a0; the center of the oscillation is around R = 6a0 and the
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Fig. 1: Global view of the temporal behaviour of the molecule acted upon by the
laser. a) Internuclear distance R (in unit of the Bohr radius a0) vs t in oc. b)
Norm

∫
V |ψ(x, t)|2dx (V is here the full spatial integration box) of the wavefunc-

tion showing that almost no ionization is present during the laser operation. c)
|ψ(x, t)|2. In this set of calculations the initial nuclear separation is R = 5 a0 while
the initial electron state is the ground bare state. The physical parameters enter-
ing the calculations are: laser intensity I1 = 0.7 ·1014 W/cm2, laser photon energy
�ω = 1.6 eV. The maximum elongation of the internuclear distance is 7.1a0.

maximum elongation of the molecular distance is R = 7.1a0. The electron wave
function, initially in the ground state, oscillates between the two nuclei; at the
maximum elongation of the nuclear distance the electron wave function remains
trapped over one of the nuclei for more than 30 oc. The motion of the nuclei is
always very slow and the adiabatic approximation is applicable particularly for
R ≈ 7a0. This indicates that electron trapping is compatible with mobile nuclei
and also that electron ionization is always very small although during the trapping
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Fig. 2: Global view of the temporal behaviour of the molecule acted upon by
the laser. a) Internuclear distance R (in unit of the Bohr radius a0) vs t in oc.
b) Norm

∫
V |ψ(x, t)|2dx (V is here the full spatial integration box) showing that

almost no ionization is present during the laser operation. c) |ψ(x, t)|2. In this set
of calculations the initial nuclear separation is R = 5 a0 while the electron state
is the ground bare state. The physical parameters entering the calculations are:
laser intensity I2 = 1.61 · 1014 W/cm2, laser photon energy �ω = 1.6 eV.

its slope is maximum; all of this seems to disagree with existing models stating
that enhanced ionization is achieved during electron localization over a nucleus.
In case of stronger laser intensity I2 as in Fig. 2, during the first portion of the
laser operation, a 30 oc trapping is visible; after few slow electron oscillations,
however ionization begins to dominate the molecular dynamics and ignites the
Coulomb explosion of the molecule. Very interestingly, after dissociation the dy-
namics is such as to leave one nucleus stripped of electronic charge while the other
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nucleus remains with more than 60% of the electron probability density; no further
laser induced electron extraction from the remnants is visible. Again the trapping
condition can be achieved for a considerably long time.

2.1. Fixed nuclei

The previous numerical results and their discussion suggests that a large amount of
information on the molecular behaviour can be gained by exploiting the simplified
fixed nuclei model; we shall address this question here. We shall see also that
valuable information can be obtained by the further simplification of considering
the molecule as a two-state quantum system.

In the fixed nuclei approximation the evolution of the electron is obtained by
numerically solving the TDSE equation

i�
∂

∂t
ψ(x, t) =

[ P 2

2m
+ V (0;x) + VLM (t)

]
ψ(x, t) , (5)

considering the nuclei fixed at their initial positions.

To obtain some insight in the dynamics predicted by (5) we make a two state
approximation, i.e. we write

|ψ(t)〉 � b0(t)|0〉 + b1(t)|1〉 . (6)

|0〉 and |1〉 are the ground and first excited eigenstates of the hamiltonian ĤB =
P 2/2m + V (0;x). The equations for the two probability amplitudes bi(t) are
readily written upon substitution in the Schrödinger equation (5). However we are
particularly interested in the possibility of trapping the electron over one of the
two nuclei for a long period of time with respect to the laser period TL [9, 10, 11].

We introduce, therefore, the two states (which are not eigenstates of ĤB)

{ |L〉 = 1√
2
(|0〉 + |1〉)

|R〉 = 1√
2
(|0〉 − |1〉) (7)

corresponding to states peaked over one of the two nuclei. |ψ(t)〉 can be written
as a linear combination of these two states: |ψ(t)〉 � cL(t)|L〉 + cR(t)|R〉 with
cL(t) = [b0(t) + b1(t)]/

√
2 and cR(t) = [b0(t) − b1(t)]/

√
2. The equation for the

ci(t) can be profitably written in matricial form as

iċ =
{
− 1

2
ωGσ̂1 + ω(t)σ̂3

}
c , (8)

where c(t) ≡ (cL, cR), �ωG ≡ E1 − E0 is the energy gap between the two lowest
states, σ̂k are the three standard Pauli matrices and, finally, �ω(t) ≡ 〈0|VLM |1〉 is
real.

We now suppose that the monochromatic laser field is of the form ω(t) =
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ωV sin ωLt and we introduce the adimensional quantities

⎧
⎪⎨

⎪⎩

τ ≡ ωLt

ξ ≡ ωG
ωL

Δ = ωV
ωL

(9)

to change (8) into

ic′ =
{
− 1

2
ξσ̂1 + Δ sin τ σ̂3

}
c , (10)

where the prime means derivative with respect to τ . In addition we define f(τ) =

Δ(cos τ − 1) and the operator Ŝ0(τ) = exp{if(τ)σ̂3} solution of

iŜ′
0(τ) = Δ sin τ σ̂3Ŝ0 . (11)

with Ŝ0(0) = 1̂l. We write c(τ) = Ŝ0(τ)c1. Upon substitution into (10) we obtain
the equation for the new unknown c1:

ic′1 = −1

2
ξ{cos(2f(τ))σ̂1 + sin(2f(τ))σ̂2}c1 . (12)

With the help of the Jacobi relations we get

cos(2f(τ)) = cos(2Δ)
{

J0(2Δ) + 2
∞∑

k=1

(−1)kJ2k(2Δ) cos(2kτ)
}

+ sin(2Δ)2
∞∑

k=1

(−1)kJ2k+1(2Δ) cos((2k + 1)τ) , (13)

sin(2f(τ)) = cos(2Δ)2
∞∑

k=0

(−1)kJ2k+1(2Δ) cos((2k + 1)τ)

− sin(2Δ)
{

J0(2Δ) + 2

∞∑

k=1

(−1)kJ2k(2Δ) cos(2kτ)
}

. (14)

Thus formal integration of (12) gives

ic1 = −1

2
ξ

τ∫

0

{
cos(2f(τ ′))σ̂1 + sin(2f(τ ′))σ̂2

}
c1(τ

′)dτ ′; (15)

after integration fast oscillating terms average to zero and the equation for c1

is thus cast into a form suitable for immediate simplification [12 – 15]; therefore,
disregarding the fast oscillating terms in (13) and (14) we get

{
cos(2f(τ)) ≈ cos(2Δ)J0(2Δ)

sin(2f(τ)) ≈ − sin(2Δ)J0(2Δ)
(16)
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and our differential equation becomes

ic′1 = −γ ̂Mc1 (17)

with γ = 1
2ξJ0(2Δ) and ̂M = cos(2Δ)σ̂1 − sin(2Δ)σ̂2, whose explicit solution is

c1(τ) = exp[iγ ̂Mτ ]c(0) = ̂S1(τ)c(0) (18)

with ̂S1(τ) = [cos(γτ)̂1l + i sin(γτ)̂M ].
The final result for the vector c(τ) is

c(τ) = ̂S0(τ)̂S1(τ)c0 =

(

eif(τ)[cL(0) cos(γτ) + icR(0)e2iΔ sin(γτ)]

e−if(τ)[cR(0) cos(γτ) + icL(0)e−2iΔ sin(γτ)]

)

. (19)

In the particular case that the molecule begins its laser driven-evolution from the
ground state cL(0) = cR(0) = 1/

√
2 we have

|cL(t)|2 =
1

2

{

1 − sin
(2ωV

ωL

)

sin
[

J0

(2ωV

ωL

)

ωGt
]}

. (20)

The consequences of this result are clear: when 2ωV /ωL is close to a zero of the
Bessel function, then the population does not evolve. Essentially formulae (16)
correspond to a rotating wave approximation (RWA).

In Fig. 3 we show the temporal evolution of the electron population obtained
when the laser intensity is I2 for the three cases: moving nuclei (a) (already shown
in Fig. 2), fixed nuclei (b) and two-state approximation (c) (|cL(t)|2 in (20)); in
all cases the initial nuclear distance is |R2(0)−R1(0)| = 5a0 and |ψ(t = 0)〉 = |L〉.
The physical parameters used have been chosen to make 2ωV /ωL close to a zero of
J0. During the first 30 oc the electron density behaves similarly in the three cases.
This corresponds to electron trapping condition. At later times only the dynamics
of cases (b) and (c) remains apparently identical. Huge differences are present in
the emitted spectrum shown in the same figure. The spectrum in part (c) (case
of two state approximation) contains very few lines, while the spectra in (a) and
(b), present a paradigmatic wide plateau and a cutoff. Even order harmonics are
present; their presence can be explained by considering that the electron spends
a long time in the neighbourhood of a nucleus and thus experiences a local non
symmetric potential. A huge transfer of population does not yield a proper plateau;
small but fast oscillations are evidently the source of the harmonics.

3. Conclusion

We have found that, when driven by a laser field of suitable intensity and frequency,
the electron of a diatomic homonuclear molecule oscillates between the nuclei with
a period of several optical cycles and with a transfer of electronic population that
can be nearly complete. This is robust against molecular vibrations and is an
important feature since it suggests the possibility of controlling experimentally
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Fig. 3: Plot of |ψ(x, t)|2 versus time and spectrum emitted by the molecule. a)
Mobile nuclei. b) Fixed nuclei. c) Two-state approximation. The physical param-
eters entering the calculations are: laser intensity I2 = 1.61 · 1014 W/cm2, laser
photon energy �ω = 1.6 eV. The initial internuclear distance is R = 5 a0.
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the migration of the electron between the bound states of the molecule. We have,
moreover, compared these results with those obtained by means of a two-level
model that is expected to give a good approximation of the dynamics of the system
for the chosen laser-atom parameters. We have found that the two-level system
can be successfully adopted to describe the behaviour of the electronic population
in spite of the fact that it completely fails in reproducing the acceleration of the
radiating electron.
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