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COMMUTING POLYNOMIAL OPERATIONS OF DISTRIBUTIVE
LATTICES

MIKE BEHRISCH, MIGUEL COUCEIRO, KEITH A. KEARNES, ERKKO LEHTONEN,
AND AGNES SZENDREI

ABSTRACT. We describe which pairs of distributive lattice polynomial opera-
tions commute.

1. INTRODUCTION

Let f: X™ — X and ¢g: X" — X be operations on X and let [z;;] € X"™*"
be a matrix of elements of X. By f o g([x;;]) we mean the value obtained by first
applying g to the rows of [x;;] and then applying f to the column of results.

T11 X112 0 Tip i) g(x11, %12, ..., %1p)
T21 T22 o Tap — g(zo1, 22, ..., T2m) Jf
Tml Tm2 e Tmn — g(xmla Tm2y .- - axmn)

fog(lxis])

One says that f commutes with g on [x;;] if f o g([zi]) = go f([zi;]T), and that f
and g commute if they commute on all matrices [z;;] € X™*"™. More explicitly, f
and g commute on X if

f(9(3711,3312, e 7331n),9(3321,9622, ey ®on)y e 9 (T, Tma, - 7xmn)) =

g(f(@11, @21, &m1), f(T12,T22, - Tm2)s -5 f (@1, T2ns - - Tonn))

(1)

holds for all z;; € X (1 <i<m,1<j<mn). A self-commuting operation is one
that commutes with itself.

Operations that are self-commuting are also called entropic or medial. If C is
a clone on X, then the set of operations on X that commute with each member
of C is another clone on X, called the centralizer of C. Centralizer clones are also
called bicentrally closed clones. On a finite set X, bicentrally closed clones coincide
with primitive positive clones. There is a vast literature about entropic algebras,
centralizer clones, and clones consisting of pairwise commuting operations. For
entropic algebras, see [13] and the references therein. For commutative clones or
centralizer clones, see, for example, [8, 9, 11, 14]. For primitive positive clones,
see [2, 7, 10, 15, 16].
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Aggregation functions return a single representative value from a list of values
(such as the maximum or average of a list of real numbers). To aggregate the values
in a table, one might use a row aggregation function and a (possibly different) col-
umn aggregation function. The commutativity of the row and column aggregation
functions asserts that the final value is independent of the order of aggregation. A
self-commuting aggregation function is called bisymmetric, and certain sequences of
pairwise commuting aggregation functions are called strongly bisymmetric. See [1, 6]
for more details.

It is easy to determine which pairs of module polynomial operations commute.
Suppose that M is an R-module, and that f(z1,...,2m) = Y vy a;x; + ¢ and
g(x1,. .. ) = 2?21 bjxj + d are module polynomial operations. If f and g
commute on the zero matrix, then it must be that (i) (3_;2, a;)d+c = (327, bj)ct+d
holds. If fog([z;;]) = go f([z:;]T) on just those matrices [x;;] whose only nonzero
entry is in position ij, then (ii) (a;b; — bja;)x = 0 holds for all € M. Conversely,
if (i) and (ii) hold, then f and g commute on all matrices in M™*™,

The main features of the argument for module polynomials are: a normal form
for polynomial operations is used and final results are expressed in terms of this
normal form; a commutativity condition on coefficients of the normal form must
hold and a condition on the constant term must hold; the commutativity of polyno-
mials on general matrices is equivalent to commutativity on matrices with at most
one nonzero entry. All of these features have analogues in our argument for com-
muting distributive lattice polynomial operations. Our result will be expressed in
terms of a distinguished disjunctive normal form for polynomial operations which
we call maximal disjunctive normal form, and define in Section 2 (see conditions
(6)—(7)). Using the notation [k] for the set {1,2,...,k} for all natural numbers
k, we can state the result as follows: if f(z1,...,2%m) = > gcpm) a5 []iesvi and
g(z1,...,zn) = ZTg[n] br HJET x; are distributive lattice polynomial operations
written in maximal disjunctive normal form, then f commutes with g if and only if
(i) some condition on constant terms and leading coefficients is met and (ii) some
type of “commutativity condition” is satisfied by all coefficients. Condition (i) is
ag + by < apnbp,), which asserts that the join of the constant terms is dominated
by the meet of the leading coefficients. It turns out that this is equivalent to the
condition that the ranges of f and g have nonempty intersection. This is obviously
a necessary condition for f to commute with g, and is equivalent to the commuta-
tivity of f and g on the zero matrix. The commutativity condition for the other
coeflicients in the case when ap = by = 0 is

(2) aUlﬁUgbvlu‘/g + a’Ul bV1 + aUQbV2 + aUluUval bV2

= a‘UluUvalﬂVQ + aU] bV1 + a’Usz2 + aUl a‘UZbVIUVZ

for all Uy, Us C [m] and Vi, Vo C [n]. This condition can be shown to hold provided
f and g commute on all 0, 1-matrices where the 1’s occur precisely in the union of
two rectangular subregions Uy x Vi,Us x Vo C [m] X [n]. Conversely, we show that
any pair of polynomial operations that commute on these “2-rectangle” matrices
consisting solely of 0’s and 1’s must commute on all matrices. Still under the
assumption that ag = by = 0, we show that (2) is equivalent to the simpler condition

(3) ay, ay,by = ay,nv,bv + ay, av, Z bioys
veV
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together with the condition obtained from this by interchanging the roles of the a’s
and the b’s.

Corollaries of the main theorem include: a characterization of the self-commut-
ing, distributive lattice polynomial operations (generalizing the results of [3]), and
a characterization of the pairs of commuting distributive lattice term operations.

The main result of this paper was obtained after the BLAST 2010 conference
held at the University of Colorado at Boulder. At this meeting, the report on [3]
generated the question that is answered in this paper.

2. PRELIMINARIES

Throughout the paper [n] denotes {1,2,...,n} if n is a natural number, P(X)
denotes the power set of a set X, C denotes inclusion, and C denotes proper
inclusion for sets.

The join and meet operations of a lattice will be denoted by + and - (or juxta-
position), respectively. If a lattice has a least element, then it will be denoted by
0, and if it has a largest element, it will be denoted by 1. If L is a lattice, then
L% denotes the smallest bounded lattice that contains L as a sublattice; that is,
L9 = LU {0,1} where 0 is the least element of L if L has a least element, while 0
is a new least element otherwise, and similarly for 1. It is straightforward to check
that for a distributive lattice L the lattice L% is also distributive.

Recall that a clone of operations on a set X is a set of operations on X that
contains the projection operations and is closed under composition. The clone of
polynomial operations of an algebra on X is the least clone on X that contains
the fundamental operations of the algebra and all constant operations on X. If L
is a distributive lattice, then these conditions are satisfied by the collection of all
operations on L which can be written as a join of meets

(4) ZMS with MS:HxZ- or MS:aSHmi for each S € S,

Ses = ies
where S is a nonempty set of subsets of [m] for some m > 1, ag € L for all S € S,
and S # 0 if Mg = [, ®i- Allowing all elements of L' to be coefficients ag, we
can write every meet Mg = [[;cg®; above as Mg = as [[;cg i with as = 1, and
we can expand the join )¢ s Ms by additional joinands Mg = as [];cg7: with
as = 0 whenever S C [m] but S ¢ S. Thus we get the following.

Lemma 2.1. If L is a distributive lattice, then the clone of polynomial operations
of L consists of all operations of the form

flze,. ... zm) = Z as Hxl withm > 1 and ag € L° for all S C [m]
SClm] €S
such that ag # 1 if 1 ¢ L, and at least one coefficient as # 0 if 0 ¢ L.

For a distributive lattice L, we will denote the clone of polynomial operations
of L by PClo(L), and for each f € PClo(L), we will refer to a representation of f
described in Lemma 2.1 as a disjunctive normal form, or briefly, a DNF of f. The
joinand ags [[;cg i of a DNF will be called the S-term, and ags the S-coefficient of

the DNF. If S = {i} is a singleton, then we will write a; instead of ay;}.
An operation in PClo(L) can have many different DNFs. We will call a DNF

(5) flxe, .. xm) = Z GSH%

SCim] €S
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of f mazimal if the following conditions hold for the coefficients ag:

(6) as < ar whenever S CT C[m],
and
(7) 4 #1if1¢ L and ap, #0if0¢ L.

The next proposition shows that every polynomial operation f of a distributive
lattice has a unique maximal DNF. Moreover, it shows that for every S C [m], the
S-coefficient of the maximal DNF of f dominates the S-coefficients of all DNF's of
f, which justifies the name “maximal DNF”. For bounded distributive lattices, the
construction of the maximal DNF of f described in part (3) of the proposition can
be found in [5].

Proposition 2.2. Let L be a distributive lattice, and let f be an m-ary polynomial
operation of L with DNF' f(z1,...,@m) = 3 gc(m) @s [L;es -

(1) For the elements as := Y ocgaq (S € [m]) of L, (5) is a mazimal DNF
of f.

(2) The coefficients ag (S C [m]) of a mazimal DNF of f are uniquely deter-
mined by f.

(3) If L is bounded, then the coefficients of the mazimal DNF of f can be
computed from f as follows: for every S C [m],

as = f(e1,...,em) wheree; =1 ifi €S ande;=01ifi ¢ S.

Proof. We start the proof of (1) by verifying the equality (5). For all elements
T1,...,T, € L, we have

Z]GSHxi: Z ZaQH%: Z 5@H$i=f(x1,...7xm)7

SClm]  i€S SClm] QCS €S QClm]  i€Q

where the first equality follows from the definition of ag, while the second one follows
from the absorption laws and the fact that ag Hie s < ag HiEQ x; whenever
QQ € S. This proves (5). Condition (6) follows immediately from the definition
of ag. Finally, by Lemma 2.1, the coeflicients ag have to satisfy the conditions
that ag # 1 if 1 ¢ L, and at least one ag # 0 if 0 ¢ L. Since ap = ap and
a[m] = ZQg[m] ag, condition (7) is just a restatement of these restrictions on asg.
Thus, the proof of (1) is complete.

For (2), let f(z1,...,@m) = > gcym) @ [l;cs i be another maximal DNF of f,
and assume that ay # ay; for some U C [m]. By symmetry, we may assume that
aj; % ay. Thus ay # 1 and ay; # 0. Now we may choose elements ¢,d € L such
that

8 c>ay, d<ap, and d<£ec.
U

Indeed, if ay and af; are in L, then we may let ¢ = ay and d = ay;, but ¢,d € L
satisfying (8) exist even if ay = 0 ¢ L or a; = 1 ¢ L. This is so because
ay =0 ¢ L and af; # 0 imply that the principal ideal (a] of L contains an infinite
descending chain for each a € L, a < af;. Thus there exist ¢,d € L such that
0=uay <c<d<ap. A dual argument works if aj; =1 ¢ L. For 1 <i < m let

di=difieUandd;, =cifig¢U. ThenHiesdiisequaltodif(l);éSgU,and
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to cd or ¢ if S € U. Thus, from the first maximal DNF of f we get that

fldi,...,dm) <ap+ Z asd + Zasc

0#£SCU s¢u
<aptavd+ape<ay +c=c,
where the second and third inequalities < follow from the monotonicity (6) of the

coefficients ag, and the equality follows from ¢ > ay in (8). From the second
maximal DNF of f we obtain that

fld, ... dm) > ap [[ di = apd =d,
i€U
where the last equality follows from d < aj; in (8). The last two displayed inequal-
itites yield that d < c¢. However, ¢ and d were chosen in (8) so that d £ ¢. Thus we

reached the desired contradiction, which completes the proof of (2).
Finally, if L is bounded and S C [m], then for eq,..., ey, as in (3),

fler, ..., em) =ap+ Z as -1+ Z ag -0 = Zas/:ag,

0#5'CS s'¢s S'CsS
by (6). O
An easy but useful consequence of Proposition 2.2 is the following.

Corollary 2.3. If f is a polynomial operation of a distributive lattice, then every
DNF of f has the same constant term.

Proof. By Proposition 2.2, every DNF of f has the same constant term as the
maximal DNF of f, which is uniquely determined by f. [l

Proposition 2.2 also implies that if in a DNF

flzy,. .. xm) = Z 55H9:i
SClm] €S
of f € PClo(L) we have ay < > 5 ag for some U C [m], then by omitting the
joinand @y [[;c @i (i-e., replacing ay by 0) we still have a DNF for f, because the
two DNF's yield the same maximal DNF. This justifies the following definition.

If L is a distributive lattice and f is a polynomial operation of L then the
U-term ay [[;cy @i of a DNF f(z1,...,2m) = D gcpn s lieg@i of f will be
called inessential if ay < ZQcUan and essential otherwise. In the maximal
DNF f(z1,...,2m) = X gcm) s [L;eg @i of f we have ay > > oy aq for every
U C [m]; therefore the U-term is essential if and only if ay > > "5y aq-

For a distributive lattice L let

PClo*(L%) :=
{f € PClo(L") : f is not a constant operation with value in L%\ L}.

The existence and uniqueness of maximal DNFs for polynomial operations of L
immediately implies the following corollary.

Corollary 2.4. For any distributive lattice L, the mapping that assigns to each
polynomial operation f of L the polynomial operation f* of L°' which has the same
maximal DNF as f, is a clone isomorphism PClo(L) — PClo*(L°'). Consequently,
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every polynomial operation f of L has a unique extension to a polynomial operation
of L%, namely f*.

3. COMMUTING POLYNOMIAL OPERATIONS OF DISTRIBUTIVE LATTICES

Recall from the introduction that two operations f and g on a set X commute
if they satisfy the equality (1) for all arguments z;; € X. We will write f L g to
indicate that f and g commute. Clearly, f L g if and only if g L f.

From now on f, g will be polynomial operations of a distributive lattice. First
we will rewrite the condition defining f L ¢ in terms of the maximal DNFs of f
and g. The following notation will be useful: if R C [m] x [n] (m,n > 1), then for
arbitrary ¢ € [m] and j € [n] we let

R(i,—):={j€[n]:(i,j) € R} and
R(—,j):={ie[m]:(i,j) € R}.

Proposition 3.1. If L is a distributive lattice and f, g are polynomial operations
of L with mazimal DNF's

f(xla"'vxm): Z aSHmi and g(‘rlv"'vmn): Z bTH:L'ja
TC[n)

SC[m] €S Cln JET

then f L g if and only if the following equality holds for all R C [m] x [n]:

(9) > as[[briy = Y br [] arc-

SC[m] i€S TC[n] JET

Proof. By definition, f and g commute if and only if the mn-ary composite polyno-
mials fog([x;;]) and go f([z;;]T) shown on the two sides of (1) are equal. Our goal
is to prove that for each R C [m] x [n], the left-hand side of (9) is the R-coefficient of
the maximal DNF of fog([z;;]), while the right-hand side of (9) is the R-coefficient
of the maximal DNF of go f([x;;]T). This will imply that the equality (9) holds for
all R C [m] x [n] if and only if f o g([x;;]) and go f([z;;]") have the same maximal
DNFs, ie., fog([zi;]) and g o f([x;;]T) are the same polynomial operation, and
will therefore complete the proof.

To determine the coefficients of the maximal DNF of f o g([x;;]), first we will
use Corollary 2.4 to extend all operations involved to L°!. Since extension to L°!
preserves o and the coefficients of maximal DNFs, no generality is lost if we assume
for the rest of the proof that L = L.

Using the maximal DNFs of f and g we see that

foull) = Y asTI( Y br [T ).

SC[m)] i€S TCn] JET
By Proposition 2.2 (3), for each R C [m] x [n], the R-coefficient of the maximal
DNF of f o g([zsj]) is cr = f o g([es;]) where e;; = 1 if (z,j) € R and e;; = 0 other-
wise. For any i € [m] and T" C [n], we have [[,cpe;; =11if (4,j) € Rforall j € T,
ie., if T C R(i,—), and we have HjeT e;; = 0 otherwise. This, combined with the
monotonicity of the coefficients b7, yields that

Z bT H €ij = Z bT = bR(i,*)'

TC[n] jET TCR(i,—)
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Consequently, the R-coefficient of the maximal DNF of f o g([z,;]) is

cr=fog(ley)) = Y as H( >oor[] %‘) = > as[[bra-),
SCim] €S TC[n] jET SClm] i€S
which is the left-hand side of (9).

The fact that the R-coefficient of the maximal DNF of g o f([z;;]T) is the right-
hand side of (9) follows from the result in the preceding paragraph by observing
that the operation g o f([z;;]T) is obtained from f o g([x;;]) by switching the roles
of f and g and simultaneously switching the subscripts of the variables. O

Corollary 3.2. Let L be a distributive lattice, let f,g € PClo(L), and let C' be the
sublattice of L°' generated by the coefficients of the mazimal DNFs of f and g. The
following conditions on f and g are equivalent:

(i) f and g are commuting polynomial operations of L;
(ii) the unique extensions f* and g* of f and g to L' are commuting polynomial
operations of L% ;
(iii) the restrictions f*|c and g*|c of f* and g* to C are commuting polynomial
operations of the finite lattice C.

Proof. Clearly, the lattice C' is finitely generated, hence it is finite. We will use the
notation of Proposition 3.1 for the maximal DNFs of f and g. By the definition
of f*, f* has the same maximal DNF as f. Furthermore, since C' contains the
coefficients of the maximal DNF of f*, f* can be restricted to C, and f*|¢ is a
polynomial operation of C' with the same maximal DNF as f* (and f). Similarly,
g* € PClo(L) and g*|c € PClo(C) have the same maximal DNF as g. Therefore,
by Proposition 3.1, each one of the commutativity conditions f L g, f* L ¢*, and
f*le L g*|c is equivalent to the requirement that (9) holds for the coefficients of
their maximal DNFs for all R C [m] x [n]. It follows that (i) < (ii) < (iii). O

Corollary 3.2 shows that when studying the relation f 1 ¢ for polynomial op-
erations f, g of distributive lattices, no generality is lost in restricting to bounded
distributive lattices, or even to finite lattices.

Next we will establish some necessary conditions for two polynomial operations to
commute. The equivalence of some of conditions (i)—(vi) below for unary polynomial
operations of distributive lattices appears in [4].

Lemma 3.3. Let f, g be polynomial operations of a distributive lattice L with
mazimal DNF's as in Proposition 3.1. If f and g commute, then they must satisfy
the following equivalent conditions:

(i) the unary polynomial operations f(x,...,xz) and g(x,...,x) commute;
(ii) ag + a[m]b@ =by + b[n]a@;

iii) the coefficients of the mazimal DNFs of f and g satisfy (9) for R = (;

)

(iif)

('V; im(f) Nim(g) # 0;
)

—

1
(V) ap + by < apmbpn;
(vi) ag + a[m]b@ =ap+by =0bp + b[n]a@.

Proof. If f and g commute on all matrices, then they commute on all constant
matrices, which is easily seen to be equivalent to condition (i). It remains to show
that all conditions are equivalent. First we make some remarks about distributive
lattice polynomials.
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Since ag is a joinand of the maximal DNF for f, it follows that ay < ¢ holds
for all ¢ € im(f). Since f and af,,) f have the same maximal DNF, it follows that
¢ < apy for all ¢ € im(f). Hence im(f) is contained in the restriction to L of the
interval [ag, ajy,)] of L%, On the other hand, for any d € [ay, ) N L it is the case
that f(d,...,d) = d, so the set im(f) exactly coincides with [ag, aj,] N L.

Now we begin the proof. Condition (i) is that the unary polynomials f’(x) :=
f(z,...,x) = ap + apy)x and ¢'(x) = by + by,)z commute. The equality between
fog'([z]) and ¢’ o f'([z]) is expressible as

(ap + apmiby) + apmbpa = (by + bpyag) + apmbp -

Using Corollary 2.3 we can easily see that this holds if and only if the constant
terms ag + aj, by and by + by, ap are equal. Hence (i) < (ii).

If R=01in (9), then, due to the monotonicity of the coefficients, (9) reduces to
ag + Am] by = by + b[n]a@. Hence (ii) < (iii).

Condition (iii) asserts that f o g([x;;]) and g o f([z;;]") have the same constant
term c. Let Iy, and I,y denote the images of f o g([z;;]) and go f([z;;]"). If
c € L, then by the observations of the second paragraph of this proof we have that
c€ Iy Cim(f) and ¢ € Iy C im(g). It follows that ¢ € im(f) Nim(g). If, on the
other hand, ¢ =0 ¢ L, then both I, and Iy are nonempty downward closed sets.
Hence if d € Iy, and e € I¢, then de € Iy, NIy Cim(f) Nim(g). This shows that
(iii) implies (iv).

Assume that (iv) holds. If d € im(f) Nim(g) = [ag, ajm)] N [bg, bpy] N L, then
ap + by < d < apy by, Hence (iv) implies (v).

If (v) holds, then

ag + a[m]b@ = apm)ap + a[m]b@
= apm)(ag + bp)
= ap + by,

where the first equality follows from the monotonicity of coefficients in a maximal
DNF, the second follows from distributivity, and the third follows from (v): ag+bg <
A1) (£ app)). By symmetry we also have by + by,jag = ag + by, so (v) implies
(vi).

Item (ii) is included in (vi), so we are done. O

Lemma 3.4. Let f, g be polynomial operations of a distributive lattice L with
mazimal DNFs as in Proposition 3.1. For arbitrary subsets Uy,Us C [m] and
V1,Va C [n], the equality (9) for R = (Uy x V1) U (Uz x Va) is equivalent to the
equality

(10) ap + apmybp + av,nu,bv,uv, + av, by, + av,by, + av,uu, by by, =
by + bpnjap + bvinvyau,uu, + by, au, + by,au, + by,uv,au, av, -

Consequently, (10) holds for f and g whenever f and g commute.

Since (10) is obtained from the special case of (9) when R is a union of two
rectangles U; x V; (i = 1,2), we will refer to (10) as the 2-rectangle condition.
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Proof. Throughout the proof, Uy,Us C [m] and V;,V, C [n] are fixed, and R =

(Up x V1) U (Uy x Va). First we will simplify the left-hand side of (9) for this R.
We want to show that

(1) > as[[bre-)

SC[m] €S
= ap + apm)by + av,nU,bviuv, + au, by, + au, by, + au,uu,by; by, .
We will use the monotonicity of the coefficients of the maximal DNFs of f and g,

namely that (6) holds for the a’s, and analogously, for the b’s. Also, notice that the
shape of R implies that

ViuVy ifie U NU,,
R(Z.,f) =V ifi e U(\(Ul ﬂUg), ¢ =1,2, and
0 if i€ [m]\ (U3 UDy).

The fact that the left-hand side of (11) is dominated by the right-hand side will
follow if we verify that every joinand on the left-hand side is bounded above by a
joinand on the right-hand side. Let S C [m]. If S = (), then as [[;c5 bru,—) = ap,
which is a joinand on the right-hand side. If S # () but S C U; N Us, then by the
description of R(i,—) above we have that R(i,—) = V43 U V4 for each ¢ € S. Since
S # (0, the monotonicity of the a’s and b’s implies that

as [ bre-) < aviav, [ bviove = av,avsbyiovs.
i€S €S
IfS€UiNU; but S C Up for £ = 1 or 2, then R(i,—) = Vi U V5 for each
i € SN(U;NUy), while R(i, —) = V; for each i € S\ (U;NUs). Since S\ (U;NUs) # 0,
the monotonicity of the a’s and b’s implies again that
as [[bri—) <av,  J[  bviowe  J[  bv=avby.
ies i€SN(U1NUs) i€S\(U1NU)

If S ¢ Uy,Us but S C Uy UUs, then R(i,—) = V3 UV, for each i € SN (U NU>)
and R(i,—) = V; for each ¢ € (SNU;) \ (SNUs—y) (¢ = 1,2). Since we have
(SNU)\ (SNUs—g) # 0 for both £ = 1,2, the monotonicity of the a’s and b’s
implies that

as H br(i,—)

€S

< av,uu, H bviuv, H bv, H by,
1€SN(ULUU2) 1€(SNUL)\(SUU2) 1€(SNU2)\(SUU)

= a’U] uUs bvl bVQ .

Finally, if S ¢ U; U Us, then R(i,—) = @ for all ¢ € S\ (U3 UUs). Since
S\ (U UU3) # 0, we get that

as H br(i,—) < apmy H br(i,—) H by = apmby.
€S 1€SN(U1UU2) 1€S\(U1UU3)

This proves < in (11).

To prove the reverse inequality > in (11) it suffices to establish that every
joinand on the right-hand side is bounded above by a joinand as [[,cqbr(i,—) on
the left-hand side. The first joinand ay appears as as[[;cgbr@,—) for S = 0.
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R(i,—) € {V1,Va} for each i € Uy UU,. All other joinands on the right-hand side
of (11) are of the form agbr such that S € {[m],U; NUs,Uy,Usz} and T C R(i,—)
for all i € S. Therefore, they satisfy asbr < as[[;cqbre,-)-

This proves the equality (11), which simplifies the left-hand side of (9) for the
set R = (Uy x V1)U (Uz x V3). By switching the roles of f and g we get an analogous
equality for the right-hand side of (9):

(12) Z bT H aR(_J»)

TC[n]  j€T

The last joinand satisfies ay, uv,bv, bv, < avy,uv, HieU1UU2 br(i,—), because we have

= by + bnjap + bvinv,au,uu, + by, au, + by, au, + by,uv,au, av, -

Thus we obtain from (11) and (12) that for R = (U; x V1)U (Us x V2), condition (9)
is equivalent to (10), as claimed. O

After these preparations we can state the main theorem of this paper, which
characterizes commuting pairs of polynomial operations of distributive lattices. We
will show that two polynomial operations commute if and only if they satisfy the
2-rectangle condition (10). We will also present a more transparent condition char-
acterizing commutativity. As the proof progresses we will find other necessary and
sufficient conditions for commutativity, which we will summarize in Corollary 3.10.

Theorem 3.5. Let L be a distributive lattice, and let f, g be polynomial operations
of L with maximal DNFs

flze,...,zm) = Z GSH%‘ and g(x1,...,xn) = Z bTij.

SClm] €S TC[n]  jET

The following conditions on f and g are equivalent:

(i) fLg;
(i) the 2-rectangle condition (10) holds for all Uy,Us C [m] and V1, Va2 C [n];

(iil) (a) ag + by < apmibp (i-e., im(f) Nim(g) # 0), and
(b) the equalities

(13) ag + ay, aUsz =ap + aUan2bv + ay, ay, (b@ + Z b1,>,
veV
(14) b@ + bV1bV2aU = b@ + bVﬂ']VzaU + bV1 bv2 (a@ + Z CLu>
uelU

hold for all Uy,Us,U C [m] and V1, Vo,V C [n].

The proof of Theorem 3.5 will occupy most of this section. Since the implication
(i) = (ii) has been established already in Lemma 3.4, we will first focus on the
implication (ii) = (iii).

Lemma 3.6. Let f,g € PClo(L) be as in Theorem 3.5. If f and g satisfy condi-
tion (ii) in Theorem 3.5, then they also satisfy the following condition:
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(T)Q (a) ag + b@ < a[m]b[n] (i'e'7 lm(f) n lm(g) 7é ®)7 and
(b) the equalities

(15) ag + ay, av,bv,uv, = ag + ay,nv,bviuv, + av, av, (by, + byy),
(16) b@ + bVl szaU1UU2 = b@ + bV1ﬂV2aU1UU2 + bVl bV2 (aUl + aUz)
hold for all Uy,Us C [m] and V1, V3 C [n].

Proof. Assume that the 2-rectangle condition (10) holds for all Uy, Us C [m] and
V1,Vo C [n]. By Lemma 3.4, condition (10) for U3 = Uy = V3 = Vo = (0 is
equivalent to condition (9) for R = ), and by Lemma 3.3, the latter is equivalent to
the inequality ag + by < afm)bp), as well as to the condition that im(f)Nim(g) # 0.
This proves (a).

For (b), to prove (15) for arbitrary Uy, Uz C [m] and Vi,V C [n], we take the

meet of the left-hand side of (10) with ay, ay,, and apply the monotonicity of the
coefficients and the distributive and absorption laws to get that
av, av, (ag + apm by + av, v, bviuv, + av, by, + av,by, + av,uv,bv; by,)
= ap + av, av, by + av,nu,bviuve + auv, av, by, + av, av, by, + av, au, by, by,
= ap + av,nv,bviuv, + av, av, (by, + byy).
Taking the meet of the right-hand side of (10) with ay,ay, and applying the dis-
tributive and absorption laws again we obtain that
ay, ay, (by + by ap + by, nv,av,uu, + by, au, + by, ay, + by,uvav, av,)
= byay, av, + bpyag + by, nvyau, av,
+ by, ay, av, + by, av, av, + bv,uw,av, av,
= bppjap + by,uv,av, av, -

Thus (10) implies that

binjag + bv,uv,av, av, = ag + au,nv,bv,uv, + au, au, (by, + byy).

Since ap < by, and hence by, ap = ag, the equality (15) follows. The equality (16)
can be proved in a similar way. ([l

Lemma 3.7. Let f,g € PClo(L) be as in Theorem 3.5. If f and g satisfy condi-
tion (1)2 in Lemma 3.6, then they also satisfy condition (iii) in Theorem 3.5.

Proof. Assume that condition ()2 in Lemma 3.6 holds for f and g. We have to
verify the equalities (13) and (14). Since (13) and (14) can be obtained from one
another by interchanging the roles of the ag’s and the by’s (i.e., the roles of f and
g), it is enough to prove (13). Let Uy, U, C [m] be fixed, and let V' C [n]. We will
prove the equality (13) by induction on |V|. For V =0 (13) is the equality

ag + ay, ay,by = ag + ay,nu,by + av, av, by,

which is clearly true, as ay,nu, < ay,au,.
Next let |V]| > 1, say V = W U {z} with z ¢ W. We will prove (13) for V,
assuming that (13) is true for W in place of V. Applying the assumption (15)

to Vi = W and Vo = {z} to get the second equality below, the absorption and
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distributive laws to get the third, the induction hypothesis to get the fourth, and
again the absorption and distributive laws in the fifth, we deduce that

ag + ay, ay,by

= ag + ay, av,bwuyz)

= ap + ay,nv,bwuyzy + av, av, (bw +b2)

= ag + ay,nu,bv + (ag + av, av,bw) + ay, ay, b

=agp+ aUmU2bV + (a@ + aUmU2bW + ay, ay, (bq) + Z bw)) -+ aUlaUsz
weWw

= ag + ay,nu,bv + ay,au, (b@ + Z bv)
veWU{z}

= ag + ay,nu,bv + avy, av, (b@ + Z bv),
veV
completing the proof. ([

To prepare the proof of the implication (iii) = (i) in Theorem 3.5, we will show
now that the equalities (13) and (14) extend to any finite number of U;’s and V;’s.

Lemma 3.8. Let f,g € PClo(L) be as in Theorem 3.5. If f and g satisfy condi-
tion (iii) in Theorem 3.5, then they also satisfy the following condition:

(1) (a) ag + by < apmbyy) (i-e., im(f) Nim(g) # 0), and
(b) the equalities

(17) ag + (ﬁ an)bv =ap+ans_ pbv + (ﬁ an) (be) + Z bv>7
=1 i1

veV
(18) b@+(ﬁb\/j)aU:b@+bﬂ?1Vjau+<ﬁbvj>(a@+2au>.
j=1 j=1 uelU

hold for allk > 1, Uy,..., U, U C [m] and V1,..., V4,V C [n].

Proof. Assume that condition (iii) in Theorem 3.5 holds for f and g. Again, by
symmetry, it suffices to prove equality (17). We will proceed by induction on k.
Let £k > 1, Uy,...,U; C [m], and V C [n]. For k = 1, condition (17) takes the
form ag + ay, by = ap + ay,bv + ay, (b@ + Zwev bv), which is clearly true, since
by + X pey bo < by, For k = 2, (17) coincides with the equality (13), which holds
by assumption.

From now on let k& > 3, and suppose that (17) is true for k£ —1 in place of k, that

is,
k—1 k—1
ap + (H an>bV =ag+ a/ni_c:ll UibV + (H an) (b@ + Z bq,).
i=1 i=1 VeV
Taking the meet of both sides with ay, and using the distributive law together with
ap < ay, we see that
k

ap + (ﬁ aUl.)bV =ap+ ank-t UiaUka + (H an) (b@ + Z bv).

i=1 i=1 veV
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Applying the equality (13) to the sets ﬂf:ll U;, Uk, and V on the right-hand side
we obtain that

k
ap + (H an)bV
i=1
k
=ap + aﬂle UibV + aﬂic;ll UiaUk <b@ + Z bv) + (H an) (b@ + Z bv>
i=1

veV veV

oot ap v+ (TLaw) (0 + 30
i=1 veV

where the last equality follows by observing that the monotonicity of the coeflicients

in a maximal DNF implies that ap-1y, < Hf__ll ay,, and hence that the joinand
i=1 z - :

anp=t y, AU, (b@ +D ey bv) can be omitted. This completes the proof of Lemma 3.8.

O

Lemma 3.9. Let f,g € PClo(L) be as in Theorem 3.5. If f and g satisfy condi-
tion (1) in Lemma 3.8, then they also satisfy the equality (9) for all R C [m] X [n].

Proof. Assume that the operations f and g satisfy condition (1) in Lemma 3.8, and
let R C [m] x [n]. Since the two sides of (9) can be obtained from one another
by switching the roles of the coefficients ag of f with the coefficients by of g, and
since the assumption (1) is invariant under this switch, it will be sufficient to verify
the inequality > in (9). To start, we notice that for the choice S = @) the joinand
as [[;cgbr@,—) on the left-hand side of (9) is equal to agp, while for the choice
S = [m] it is greater than or equal to af,,by. Therefore, to verify > in (9) it suffices
to show that for every set T' C [n],

(19) a@+a[m]b@+ Z asan(i’_) > ap + (H aR(_,j)>bT.
SC[m)] €S JET
If T =0, then ag + (HjeT aR(,J))bT = ap + by = ap + apym)by by Lemma 3.3,
so (19) holds in this case. From now on we will assume that T # 0, and set
S = ﬂjeT R(—,7). Thus, applying (17) to the right-hand side of (19), simplifying
the last joinand by taking into account that by + > ,cqbs = >, cp by if T # 0, and
then using the distributive law, we get that

“wr (H aR(*’j>>bT = ap+an, . m- b + (H aR(f,ﬂ) D b
JjeET

JET teT

(20) :a@+a§bT+Z(H aR(_,j)>bt.

teT FET

Here agbr < ag|[,c5br(,-), because S C R(—,j) for all j € T implies that
SxT C R, whence it follows that 7" C R(i,—) and by < bg(;,—) hold for all
i € S. Thus agbr is bounded above by one of the joinands on the left-hand side
of (19). We will argue similarly that every joinand (T];cp ar(—j))b: in (20), where
t € T, is dominated by a joinand on the left-hand side of (19). First, we get that
(HjeT aR(,’j))bt < ag(—,)bi, because t € T. Now, for every i € R(—,t) we have
that t € R(i, —), and hence b; < bg(;,—). Thus ag— by < ap—y HieR(—,t) br(i,—)
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where the right-hand side is the joinand for S = R(—,t) on the left-hand side
of (19).
This proves (19), and therefore completes the proof of Lemma 3.9. (]

Now we are ready to complete the proof of Theorem 3.5.

Proof of Theorem 3.5. The implication (i) = (ii) was established in Lemma 3.4,
while the implication (ii) = (iii) follows from Lemmas 3.6 and 3.7. Finally, Lem-
mas 3.8 and 3.9, combined with Proposition 3.1, show that (iii) = (i). O

Corollary 3.10. Let L be a distributive lattice, and let f, g be polynomial opera-
tions of L with mazximal DNF's

flze,. .. zm) = Z GSH%‘ and g(x1,...,xpn) = Z bTHCL'j.

SClm] €S TC[n]  jET

In addition to conditions (ii)—(iii) in Theorem 3.5 the conditions listed below are
also equivalent to f L g:

(iv) condition (f) in Lemma 3.8, which strengthens (iii);

(v) condition ()2 in Lemma 3.6;

(vi) the following conditions, which strengthen (v):

(a) ag + by < apibpy (i-e., im(f) Nim(g) # 0), and
(b) the equalities

k k 14
(1) a0+ ([Lav )by, v = a0+ am,vbugy v, + (TTov) v,
i=1 i=1 j=1
L L ]k
(22) by + (H bv])auiczl U, = by + bn§:1 v, AUk U, + (H ij) Z ay,
j=1 j=1 i=1

hold for all k, £ > 1, Uy,..., Uy C [m] and Vq,...,V; C [n].

Proof. Theorem 3.5 was proved via the implications f L g = (ii) = (v) = (iil) =
(iv) = f L g, so conditions (ii)—(v) are all equivalent to f L g. Clearly, (v)
is the special case k = 2 = ¢ of (vi), therefore (vi) = (v). Finally, we show
that (iv) = (vi). To this end it will be enough to prove that for arbitrary sets
Ur,....Ui C [m]and Vi, ..., V; C [n] (k,€ > 1), the equality (17) with V = (J;_, V;
implies (21). Then similarly, the equality (18) with U = Ule U, implies (22),
completing the proof.

So, let Uy, ..., U, C [m]and Vi,...,V; C [n] (k,£ > 1), and define V = U§=1 V.
Then (21) and (17) have the same left-hand sides. Therefore, the equality (21) will
follow from (17) if we prove that the right-hand side of (21) is trapped between
the right-hand side of (17) and the common left-hand sides of (17) and (21). The
right-hand side of (21) is greater than or equal to the right-hand side of (17),
because Z§:1 by, > bp+>_,cy bu. The right-hand side of (21) is less than or equal

to the common left-hand sides of (17) and (21), because anp_ y, < Hle ay, and
S by, < byt v, 0
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4. APPLICATIONS

4.1. Self-commuting lattice polynomial operations. Let L be a distributive
lattice, and let f, g be polynomial operations of L. Applying the characterizations
of f 1 g in Theorem 3.5 and Corollary 3.10 to the case when f = g, we can obtain
analogous characterizations of self-commuting polynomial operations of distributive
lattices. The conditions obtained in this way can be simplified by observing that
the requirement im(f) Nim(g) # @ holds automatically for f = g. Moreover, in the
remaining requirements the joinands ap = by on both sides of the equalities can be
omitted, since they are dominated by the remaining joinands on both sides. In the
corollary below we will state only the characterizations obtained from Theorem 3.5.

Corollary 4.1. Let L be a distributive lattice, and let f be a polynomial operation

of L with mazimal DNF
f(xlv"'axm): Z aSH‘ri~
SC[m] €S

The following conditions on [ are equivalent:

(i) fLf:
(i) the equality

(23) a’UlﬂUZ aV1UV2 + a‘Ul aVl + aUQ a’VQ + aU1UU2aV1 an
== aV] ﬂVQaUl UUs + aV1 a’Ul + a‘V2aU2 + aV1UV2 a’Ul a’UZ

holds for all Uy, Us, V1, Vo C [m];
(iil) the equality

(24) ay, au,ay = ay,nu,0v + ay, au, (a@ + Z av)
veV

holds for all Uy, Us, V C [m)].

Next we will apply Corollary 4.1 to deduce the main result of [3], which is an
explicit description of all self-commuting polynomial operations of a bounded chain.
We will state the result for a wider class of polynomial operations, but in view of
Corollary 3.2 this is equivalent to the original formulation.

Corollary 4.2. Let L be a distributive lattice. If f is a polynomial operation of L

with a DNF
Fnam) = Y as [

SCim] €S

such that the set {ag : S C [m]} of coefficients is a chain in L%, then the following
conditions on f are equivalent:

(i) fLf

(ii) f admits a representation of the form

T

(25) flxy,.. ;) =ag + Z ai:z:iJrZaS[ H T

1€[m] =1 1€S,

such that
(1) S1c S C---C S C[m] (r>0),
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(2) {ag}U{a;: i€ [m]} is a chain, and

aerZai:a@nL Z a; <ag, <---<ag,.
1€S1 1€[m]

Remark 4.3. Condition (ii) is stated here in a slightly different form than in [3],
but the two formulations are equivalent.

of Corollary 4.2. To prove the implication (i) = (ii) assume that f L f, and let

(26) flz1, .. xm) = Z G,Snﬂji
SClm] €S

be the maximal DNF of f. By the definition of maximal DNF, the coefficients
as € LY satisfy ag < ar whenever S C T C [m]. We will use this property
without further reference. In addition, since f L f, the coeflicients also satisfy (24)
for all Uy, Uy, V' C [m]. Notice also that by Proposition 2.2 the coefficients ay; are
obtained from the coefficients ag of the given DNF by taking joins. Therefore, the
hypothesis that {@g : S C [m]} is a chain in L°! implies that {ay : U C [m]} is also
a chain in L.

Let € denote the set of all S C [m] such that |S| > 2 and the S-term of (26) is
essential, i.e., asg > ) ;- gay. First we will prove that

(27) ag <ar < SCT forall S,T € £.

Since the implication < is clear, suppose for a contradiction that = is false, that
is, for some S, T € € we have ag < ap but S ¢ T. Then SNT C S, and hence the
fact that ag is essential implies that asnr < as. Now, applying (24) to U; = S,
U, =T, and V = S we get that

asaras = asnras + asar (a@ + Z as).
ses
We have ay + Zses as < ag, and we saw earlier that agnr < ag < ar, therefore
the displayed equality simplifies to ag = agnr + (a@ +D ses as). Since |S| > 2 and
SNT C S, this equality shows that, contrary to the choice of S, the S-term of (26)
is inessential. This proves (27).

Since {ay : U C [m]} is a chain, (27) implies that £ is a chain of subsets of [m)],
say, E ={Sp:1<{ <r}withS C Sy C---C S, (r>0). Thus, (1) and the
inequalities ag + ) _;cg, @i < as, < --+ < ag, from (2) are true. Moreover, since
€ contains all S C [m] with |S| > 2 for which the S-term of (26) is essential, (25)
also holds. The condition from (2) that {ag} U {a; : 7 € [m]} is a chain is obviously
satisfied.

Therefore, it remains to show the equality ap + > ;cq, ai = ap + X e @i
from (2). Suppose that the equality fails, that is, ap + > ;cq, ai < ag + X icpm) @i-
The fact that the set {ag}U{a; : i € [m]} of coefficients is a chain implies then that
ag + Zie[m] a; = a, for some p € [m], and p ¢ S1. Thus, applying (24) to Uy = Si,
Us = {p}, and V = S; we get that

as,a{p1as, = as,n{p} s, +ag, a{p} (a@ + Z CLs).
SES1
The first joinand on the right-hand side can be omitted, since S; N {p} = 0. Fur-

thermore, ag + ) g as < ap by the choice of a,, and ag + ) g, as < as,, since
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Sy € €. This implies that ag+ ) 5 as < as,ap, because ag, and a, are compara-
ble. Thus the displayed equality simplifies to as,a, = ag+ ) s, @s, contradicting
the conclusion of the last sentence. This completes the proof of (i) = (ii).

For the reverse implication (ii) = (i) let us assume that (ii) holds. Condition (ii)
remains valid if we replace each coefficient a; (i € [m]) with ay + a;, therefore we
may assume without loss of generality that ag < a; holds for all ¢ € [m]. Under this
additional assumption one can easily see, using Proposition 2.2, that for each one of
the sets S =0, S = {i} with i € [m], and S = Sy with 1 < ¢ < r, the S-coefficient
of the maximal DNF of f is ag. Therefore, we can describe all coefficients of the
maximal DNF of f as follows:

e — as, ingQS&nng.,.lgS(lSEST’),
s ag+ Y segas if S1 € S.

In view of Corollary 4.1, the proof of (i) will be complete if we verify that (24)
holds for all Uy, U, V C [m)].

Since the inequality > is clearly true in (24), we will prove equality by showing
that the left-hand side ay, ay,ay of (24) is dominated by one of the joinands on the
right-hand side of (24). If S; € V, then ay = ag+ Y.,y @, 50 ay, ay,ay is clearly
one of the joinands on the right-hand side of (24). Therefore, we will assume from
now on that S; C V. Let ¢ be such that Sy C V, but Sp;q SZ V. Thus ay = ag,.-
If one of Uy, U, fails to contain Sy, say, S1 € Uy, then

ay, = ap + Zauga@—i- Zaiza@—l—ZaSga@—&—Zaygaw

u€U i€[m] s€S veV

where the second = follows from condition (2) in (ii), and the succeeding < follows
from S; C V. Hence

av, ay,ay = ay,ay, = av,av,av, < av,av, (ag+ Y ay),
veV
completing the proof in this case. Finally, let Sy C Uy, Us, say S; C U, Sit1 ¢ Un,
and S; C Us, Sjy1 € Us. We may assume without loss of generality that ¢ < j.
Then S; C Uy NU; and S;y1 € Ur NUs, s0 ay,nu, = as, = ay, and ay, = ag, <
as; = ay,. Hence ay,av,av = as,ay = ay,nu,ay, which completes the proof of
Corollary 4.2. |

An m-ary operation f is called symmetric, if it satisfies the identity

f(xlvx% cee 7mm) = f(wa(l)axa(Z)a cee 7xa(m))

for all permutations o of [m]. If f is a polynomial operation of a distributive lattice
L with maximal DNF

(28) flz1, .. xm) = Z asti,

SClm]  i€S

then the uniqueness of maximal DNFs (see Proposition 2.2) implies that f is sym-
metric if and only if aj = ay whenever |I| = |J| (I,J C [m]). It follows that
in this case {as : S C [m]} is a chain in L', Hence we can apply Corollary 4.2
to characterize when a symmetric polynomial operation of a distributive lattice is
self-commuting.
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Corollary 4.4. A polynomial operation f of a distributive lattice is symmetric and
self-commuting if and only if it has a DNF of the form

flar, ... xm) = ap + Z a1 + Q] H T

i€[m] 1€[m]
for some ag, a1, apm) € LOY with ag < a1 < Q-

Proof. If f has such a DNF, then f is symmetric. Furthermore, if a1 < apy),
then the given DNF satisfies condition (ii) in Corollary 4.2 with » = 1, while if
a1 = ), then the [m]-term of the given DNF is inessential and can be omitted,
so the resulting DNF satisfies condition (ii) in Corollary 4.2 with » = 0. In either
case, f is self-commuting.

Conversely, assume that f is symmetric and self-commuting. As we observed
above, symmetry implies that in the maximal DNF (28) of f we have a; = ay
whenever |I| = |J| (I,J C [m]). Now, if an I-term in (28) is essential, then so are
all J-terms with |J| = |I|. However, as we have seen in the proof of (ii) = (i) in
Corollary 4.2, if f is self-commuting, then the sets S C [m] with |S| > 2 for which
the S-terms of the maximal DNF of f are essential form a chain. This forces that
the only set S with |.S| > 2 for which the S-term in (28) may be essential is S = [m)].
Thus an S-term in (28) is essential only if |S| € {0,1,m}, so f has the prescribed
form. O

4.2. Commutativity of special lattice polynomial operations. We will now
use our theorem on commuting pairs of distributive lattice polynomial operations
to determine all commuting pairs of distributive lattice term operations. At the
end of this subsection we will outline a second proof of the same result that does
not use our theorem on commuting polynomials.

When determining pairs of commuting term operations, one special case that is
key to the general argument is the case where one term is a join of two variables.
We shall work out that case first in a bit more generality than necessary, namely we
will describe those polynomial operations of a distributive lattice which commute
with an arbitrary linear polynomial operation. It seems plausible that this case
will find application some day.

By a linear polynomial operation of a distributive lattice we mean a polynomial
operation of the form

(29) f(I17~-~a-T7n) =ap + Z i,
i€[m]
where m > 1 and ag < a; for all i € [m]. For 1 <i < j < m let (bj;-j denote the
unary polynomial operation
qb?(x) = ay + a;a;x
of L. As QS? is a unary polynomial, it is a lattice homomorphism L% — L01,

Corollary 4.5. Let L be a distributive lattice, and let f be a linear polynomial
operation of L of the form (29). A polynomial operation g of L with maximal DNF

g(x1,. . xn) = ETg[n] br [Ljer xj commutes with f if and only if
(a) ag + by < (Zie[m} ;)b (i-e., im(f) Nim(g) # 0), and
(b) @7 (bv) = ¢7 (bo + > pev by) for all V. C[n] and1<i<j<m.
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Since gbjcj: L% — L9 are lattice homomorphisms, condition (b) here is easily
seen to be equivalent to

(b)" &7 (bv,uv,) = @7 (bv, + by,) for all Vi, Vo C [n] and 1 < i < j < m.

of Corollary 4.5. The assumption ag < a; for all i € [m] ensures that the coefficients
ay (U C [m]) of the maximal DNF of f are ay = ag + ),y au for all U C [m].
By Theorem 3.5, f L g if and only if (a) holds and the equalities (13)—(14) are
satisfied by the coefficients ay, by of the maximal DNFs of f and g. For our f, the
equality (14) holds automatically for arbitrary U C [m] and V4, V2 C [n]. Now let
Up,Uz C [m] and V C [n]. Since

ay, ay, = (a@ + Z aul) (a@ + Z auQ>

u1 €Uy uz €Uz
- CL@ + E Ay, + E au1 au2 = aUanQ + g au1au27
uceU1NU2 uleUl\Uz uleUl\UQ
uz €U \U1 uz €U \Uy

the equality (13) is equivalent to the following:

(30) ap + av,nu,by + ( > aulauQ)bv

u1 €U\U2
uz€U2\U;
= ag + ay,nu, by + ( Z aulaw> (b@ + Z bv).
w1 €U\ Uz veV
uz €U \Uy

In the special case when U; = {i} and Uy = {j} (1 < i < j < m) we have
ay,nu, = ag, so (30) simplifies to

(31) agp + aiajbv = Qyp + a;a; (bq) + Z bv>,

veV
ie., gb;j(bv) = d)? (b@ +D ey bv). Conversely, the equality (30) can be obtained by
joining to the obvious equality ag + ay,nu,bv = ag + ay,~uv,by all equalities (31)
where {7, 7} = {u1,u2}, ug € Uy \Us, ug € U\ Uy, and 1 <14 < j < m. This proves
Corollary 4.5. (I

We also have the dual statement to Corollary 4.5, which concerns polynomial
operations f of the form

F@r, o m) = apm [ @pp gy + 20)

1€[m]

= >~ (aw [T apunan) [T

SC[m] i¢s ics

(32)

where m > 1 and apn,] > ap)\qiy for all i € [m]. For 1 <i < j < m let now w;j
denote the unary polynomial operation

$7 () = apm) (@) iy + A\ G} T T) = A\ [} T G\ (G} T )T

of L. Again, 1/)}] is a lattice homomorphism L% — L1,
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Corollary 4.6. Let L be a distributive lattice, and let f be a polynomial opera-
tion of L of the form (32). A polynomial operation g of L with maximal DNF

g(x1,. .. xn) = ZTg[n] br [Ljer xj commutes with f if and only if
() (ITicpm) @tmpgiy) + b0 < @by (ice., im(f) Nim(g) # 0), and

(b) ¥ (bv) = qp}j (b [Logv b\ fo}) for all V C[n] and 1 <i< j<m.

Since 7,[1? : L9 — LY are lattice homomorphisms, condition (b) here is easily
seen to be equivalent to

(b) ¥ (bvinvy) = ¥ (buyby,) for all V3, V5 C [n] and 1 < < j < m.

of Corollary 4.6. By Corollary 2.4, we may assume without loss of generality that
L = L. Let L2 denote the dual of L, that is, L? is the lattice on the universe of
L with join 42, meet -2, bounds 02, 12, and natural order <? such that

(33) 0= P=4 0°=1, 1°=0, and <?=>.

Then f, g, and all functions w}j (1 <i < j <m) are polynomial operations of L.
With the notation

(34) al = appv for U =0 and U = {i} (i € [m]),
f and w}j take the form
[y, ... @) = af +9 Z?E[m] a? 9 x; and 1/1;3 (z) = af 49 a? -9 aja 9 g,

Let b3 denote the T-coefficient of the maximal DNF of g, with g considered as
a polynomial operation of L?. By Proposition 2.2 (3), b? = g(e1,...,e,) where
ep =19 =0if ke T and e, =02 = 1 if k ¢ T. Thus
(35) b9 = by forall T C [n].

Applying Corollary 4.5 to f and g, both considered as polynomial operations of
L2, we get that they commute if and only if

()7 af +7 b <2 (X oepmya?) 2 b2, (ie., im(f) Nim(g) # 0), and

(0)7 ¥ (09,) = o7 (0] +2 30y b3) for all W C [n] and 1 <i < j < m.
In view of (33), (34), and (35), condition (a)? coincides with condition (a) in the
statement, and with the notation V' = [n] \ W, the equality in (b)8 coincides with
the equality in (b). Since V' = [n] \ W runs over all subsets of [n] as W does, the
proof of Corollary 4.6 is complete. O

Now we are ready to determine all pairs of commuting term operations of a
distributive lattice.

Corollary 4.7. Let L be a distributive lattice. Two term operations f and g of L
commute if and only if they satisfy one of the following conditions:

(a) one of f, g is a projection, and the other one is arbitrary,

(b) both of f and g are joins of variables,

(c) both of f and g are meets of variables.

Proof. The sufficiency of the given condition for f L g is clear. To prove the
necessity assume that f 1 g and neither f nor g is a projection. Let

flxe, .. xm) = Z GSH% and g(x1,... xp) = Z bTij

SCm] €S TC[n] JeT
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be the maximal DNFs of f and g. Since f and g are term operations, we have
ag,br € {0,1} for all S C [m] and T C [n]. Let

F:={SCml:as=1} and G:={T Cn]:by =1}

F is an order filter in the power set of [m], and G is an order filter in the power set
of [n]. Moreover, ag = by = 0 and a,) = by, = 1; that is, § ¢ F, [m] € F, and
0¢G,[n€g.

We will distinguish two cases. Suppose first that F has a least element, Sp.
Then Sy # () and the Sp-term is the only essential term of the maximal DNF of
fyso f(z1,...,2m) = Hieso x;. By assumption, f is not a projection, therefore
|So| > 2. Since f generates the same clone as zjx2, we have f L g if and only
if xqwy L g. Applying Corollary 4.6 with m = 2 and app) = 1, a1 = a2 = 0,
we see that ¢'? is the identity homomorphism, and hence G is closed under N by
Corollary 4.6 (b)’. The intersection of all elements of G yields a least element Tp
of G, and g(x1,...,x,) = HjeTo x;j. This shows that if f L g and f is a meet of at
least two variables, then ¢ is also a meet of variables.

It remains to consider the case when F has two incomparable minimal elements,
say U; and Us. In this case ay, = ay, = 1, but ay,ny, = 0, while we still have
agp = by = 0. We will substitute these values into condition (13) of Theorem 3.5,
which we recall here:

ap + aUlaUsz =ap+ aUlmUsz + ay, ay, (b@ + Z bv) .
veV
The result of the substitution is that by = ) ., b, holds for all V' C [n], which
shows that if a V-term of g is essential, then V' is a singleton. Hence g(x1,...,x,) =
> e, Tt for some Tp C [n]. By assumption, g is not a projection, so it is a join of
at least two variables. By the dual of the last sentence of the preceding paragraph,
f must also be a join of variables. O

Now we outline a second proof of Corollary 4.7. Suppose that f and g are term
operations of a nontrivial distributive lattice L. The restriction map to a 2-element
sublattice of L is a clone isomorphism, because the variety of distributive lattices
is minimal, so f and g commute on L if and only if they commute on some (any)
2-element sublattice. Thus no generality is lost in assuming that L = {0,1} has
only two elements.

Let Z denote the clone of all idempotent operations on {0, 1}. Let C be the clone
generated by f, let D = Ct NZ be the clone of idempotent operations centralizing
C, and let £ = D+ N T be the clone of idempotent operations centralizing D. We
have that {D, £} is an unordered pair of idempotent clones, each the “idempotent
centralizer” of the other, and that g € D and f € £. By examining Post’s lattice of
all clones on the 2-element set [12] and by determining the centralizer clones among
them [7, 10] it is easy to see that there are four such pairs {D, }:

(1) {D, &} = {the clone of projections, 7},

(2) D = & = the clone generated by ternary addition modulo 2,

(3) D = & = the clone generated by meet, or

(4) D = &€ = the clone generated by join.
In case (1), one of f or g must be a projection. In case (2), both f and g are
monotone affine operations, hence again must be projections. So if neither f nor
g is a projection, then both are nonprojections from the same (minimal) clone
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generated by one of the semilattice operations. This forces them both to be meets
of variables or both to be joins of variables.
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