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Tensor product of dimension effect algebras

Anna Jencova and Sylvia Pulmannova*

Abstract

Dimension effect algebras were introduced in (A. Jencova, S. Pul-
mannovd, Rep. Math. Phys. 62 (2008), 205-218), and it was proved
that they are unit intervals in dimension groups. We prove that the
effect algebra tensor product of dimension effect algebras is a dimen-
sion effect algebra, which is the unit interval in the unital abelian
po-groups tensor product of the corresponding dimension groups.

1 Introduction

In [12], the notion of a dimension effect algebra was introduced as a counter-
part of the notion of a dimension group. Recall that a dimension group (or
a Riesz group) is a directed, unperforated interpolation group. By [5], di-
mension groups can be also characterized as direct limits of directed systems
of simplicial groups. In analogy with the latter characterization, dimension
effect algebras were defined as direct limits of directed systems of finite effect
algebras with the Riesz decomposition property. It is well known that the
latter class of effect algebras corresponds to the class of finite MV-algebras,
and in analogy with simplicial groups, we call them simplicial effect algebras.
It turns out that dimension effect algebras are exactly the unit intervals in
unital dimension groups, and simplicial effect algebras are exactly the unit
intervals in unital simplicial groups. In [12], an intrinsic characterization
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of dimension effect algebras was found, and also a categorical equivalence
between countable dimension effect algebras and unital AF C*-algebras was
shown [12] Theorem 5.2].

In this paper we continue the study of dimension effect algebras. In
particular, we study the tensor product of dimension effect algebras in the
category of effect algebras. We recall that the tensor product in the category
of effect algebras exists, and its construction was described in [3]. We first
prove that the tensor product of simplicial effect algebras is again a simpli-
cial effect algebra and is (up to isomorphism) the unit interval in the tensor
product of the corresponding unital simplicial groups (Theorem [.3]). Then
we extend this result to any dimension effect algebras, using the fact that
every dimension effect algebra is a direct limit of a directed system of simpli-
cial effect algebras. Namely, we prove that the tensor product of dimension
effect algebras is a dimension effect algebra (Theorem EH]), and is (up to
isomorphism) the unit interval in the tensor product of the corresponding
dimension groups (Corollary [1.6). We conjecture that this last statement
holds more generally for tensor products of interval effect algebras and their
universal groups.

We note that the categorical equivalence between effect algebras with
RDP and interpolation groups proved in [I2] Theorem 3.8|, or the known
constructions of tensor products in the category of interval effect algebras [§]
cannot be applied here, since the category of effect algebras is much larger
than the category of effect algebras with RDP or interval effect algebras.

In the last section, we apply our results to the interval R*[0, 1] and con-
struct a directed system of simplicial groups that has this interval as its direct
limit.

2 Preliminaries

The notion of an effect algebra was introduced by D.J. Foulis and M.K.
Bennett in [6]. An alternative definition of so called D-poset was introduced
in [13]. Effect algebras and D-posets are categorically equivalent structures

.

2.1 Definition. An effect algebra is an algebraic system (E;0, 1, ®), where
@ is a partial binary operation and 0 and 1 are constants, such that the
following axioms are satisfied for a,b,c € E:



(i) if a® b is defined the b a is defined and a®b = bP a (commutativity);

(ii) if @ ® b and (a @ b) @ ¢ are defined, then a @ (b @ ¢) is defined and
(a®b)®c=ad (bdc) (associativity);

(iii) for every a € E there is a unique at € E such that a @ at = 1;
(iv) if a ® 1 is defined then a = 0.

In what follows, if we write a ® b, a,b € E, we tacitly assume that a ® b
is defined in £. The operation & can be extended to the &-sum of finitely
many elements by recurrence in an obvious way. Owing to commutativity
and associativity, the element a; ® as ® - - - @ a,, is ambiguously defined. In
any effect algebra a partial order can be defined as follows: a < b if there
is c € F with a @ ¢ = b. In this partial order, 0 is the smallest and 1 is
the greatest element in E. Moreover, if a ® ¢; = a @ ¢y, then ¢ = ¢y, and
we define ¢ = b S a iff a @ ¢ = b. In particular, 1 © a = a' is called the
orthosupplement of a. We say that a,b € E are orthogonal, written a L b, iff
a ® b exists in £. It can be shown that a L b iff a < b*. An effect algebra
which is a lattice with respect to the above ordering is called a lattice effect
algebra.

Let E and F be effect algebras. A mapping ¢ : E — F'is an effect algebra
morphism iff ¢(1) =1 and ¢(e ® f) = ¢(e) ® ¢(f) whenever e @ f is defined
in E. The category of effect algebras with effect algebra morphisms will be
denoted by EA.

2.1 Interval effect algebras and RDP

Important examples of effect algebras are obtained in the following way. Let
(G,G*,0) be a (additively written) partially ordered abelian group with a
positive cone G and neutral element 0. For a € G define the interval
G[0,a] :={z € G:0 <z < a}. Then G[0,a] can be endowed with a struc-
ture of an effect algebra by defining = L y iff + + y < a, and then putting
a @ b:=a+b. Effect algebras obtained in this way are called interval effect
algebras. We note that a prototype of effect algebras is the interval [0, I] in
the group of self-adjoint operators on a Hilbert space, so-called algebra of
Hilbert space effects. Hilbert space effects play an important role in quan-
tum measurement theory, and the abstract definition was motivated by this



example. On the other hand, there are effect algebras that are not interval
effect algebras, see e.g. [14].

The partially ordered abelian group G is directed if G = GT — GT. An
element u € G is an order unit if for all a € G, a < nu for somen € N. If G
has an order unit w, it is directed, indeed, if g < nu, then g = nu — (nu — g).
An element u € G is called a generating unit if every a € G* is a finite
sum of (not necessarily different) elements of the interval G[0,u]. Clearly, a
generating unit is an order unit, the converse may be false.

If G and H are partially ordered abelian groups, then a group homomor-
phism ¢ : G — H is positive if ¢(GT) C HT. An isomorphism ¢ : G — H is
an order isomorphism if ¢(Gt) = H™. If G and H have order units u and
v, respectively, then a positive homomorphism ¢ : G — H is called unital if
¢(u) = v. The category of partially ordered abelian groups having an order
unit, with positive unital homomorphisms will be denoted by POG.

Relations between interval effect algebras and partially ordered abelian
groups are described in the following theorem, proved in [I]. Recall that a
mapping ¢ : £ — K, where E is an effect algebra and K is any abelian
group, is called a K -valued measure on E if ¢(a ® b) = ¢(a) + ¢(b) whenever
a @ b is defined in F.

2.2 Theorem. Let E be an interval effect algebra. Then there exists a unique
(up to isomorphism) partially ordered directed abelian group (G,G™) and an
element u € Gt such that the following conditions are satisfied:

(i) E is isomorphic to the interval effect algebra G0, u].
(ii) w is a generating unit.

(i) Fvery K-valued measure ¢ : E — K can be extended uniquely to a
group homomorphism ¢* : G — K.

The group G in the preceding theorem is called a universal group for E,
and will be denoted by Gg. In what follows we consider a property that
ensures that a partially ordered group with order unit is the universal group
for its unit interval. There are examples (see [7, Example 11.3, 11.5]) that
show that this is not true in general.

A partially ordered abelian group G is said to have the Riesz interpolation
property (RIP), or to be an interpolation group, if given a;,b; (1 <i <m,1 <
Jj < n) with a; <b; for all 4, j, there exists ¢ € G such that a; < ¢ < b; for all



1, 7. The Riesz interpolation property is equivalent to the Riesz decomposition
property (RDP): given a;,b; € GT, (1 <i<m,1 <j<n)with) a; => b,
there exist ¢;; € GT with a; = ) ;i Cijs b = >, ¢ij. An equivalent definition of
the RDP is as follows: given a,b; in G*, i <n with a <) _._ b;, there exist
a; € Gt with a; < b;,i <n, and a = >, a;. To verify these properties, it
is only necessary to consider the case m = n =2 (cf. [9, [10]).

For interpolation groups we have the following theorem [16], [12, Theorem
3.5].

2.3 Theorem. Let G be an interpolation group with order unit u. Put E :=
G*[0,u]. Then (G,u) is the universal group for E.

In a similar way as for partially ordered abelian groups, RDP can be
defined for effect algebras. We say that an effect algebra E has the Riesz
decomposition property (RDP) if one of the following equivalent properties is
satisfied:

(R1) a <bi®by®---®b, impliesa =a; Das® -+ D a, with a; < b;,i < n;

(R2) ®i<ma; = ®j<mb;, m,n € N, implies a; = PBjc;j,¢ < m, and b; =
®icij, J < n, where ¢;; € E.

Similarly as for partially ordered groups, it suffices to consider the case m =
n=2.

Let us remark that RIP can be also defined for effect algebras. In contrast
with the case of partially ordered abelian groups, RIP and RDP are not
equivalent for effect algebras: RDP implies RIP, but there are examples of
effect algebras with RIP which do not have RDP (e.g., the ”diamond” is
lattice ordered effect algebra that does not satisfy RDP, [4]).

It was proved by Ravindran [I§], that every effect algebra with RDP is
an interval effect algebra, and its universal group is an interpolation group.
Ravindran’s result can be extended to a categorical equivalence between the
category of effect algebras with RDP with effect algebra morphisms and the
category of interpolation groups with order unit with positive unital group
homomorphisms, [12, Theorem 3.8].



3 Dimension groups and dimension effect al-
gebras

In this section, we study dimension groups and their effect algebra counter-
part, introduced in [12]. These are interpolation groups with some additional
properties.

A partially ordered abelian group G is called unperforated if given n € N
and a € G, then na € GT implies a € G*. Every Archimedean, directed
abelian group is unperforated [10, Proposition 1.24], and also every lattice
ordered abelian group is unperforated [10, Proposition 1.22].

3.1 Definition. [10] A partially ordered group G is a dimension group (or a
Riesz group) if it is directed, unperforated and has the interpolation property.

A simple example of a dimension group is as follows.

3.2 Definition. [10, Definition p. 183], [11] A simplicial group is any par-
tially ordered abelian group that is isomorphic (as partially ordered abelian
group) to Z" (with the product ordering) for some nonnegative integer n. A
simplicial basis for a simplicial group G is any basis (x1,...,x,) for G as a
free abelian group such that Gt = Z%x + -+ -+ Z " z,.

It was proved by Effros, Handelman and Shen [5] that the dimension
groups with order unit are precisely the direct limits of directed systems of
simplicial groups with an order unit in the category POG.

Note that an element v € Z" is an order unit if and only if all of its
coordinates are strictly positive. In this case, the interval (Z")"[0,v] is the
direct product of finite chains (0,1,...,v;),2 = 1,2,...,r and therefore is a
finite effect algebra with RDP. Conversely, every finite effect algebra with
RDP is a unit interval in a simplicial group. Below, such effect algebras will
be called simplicial.

In analogy with dimension groups, in [12], direct limits of directed systems
of simplicial effect algebras have been called dimension effect algebras. It
was shown that an effect algebra is a dimension effect algebra if and only
if its universal group is a dimension group. An intrinsic characterization of
dimension effect algebras was found in [12] Theorem 4.2].

For the convenience of the readers, we give a short description of the
directed system and direct limit of effect algebras [4], Definition 1.9.36].



A directed system of effect algebras is a family A; = (A; (fi; + A —
Aj iy g € 1,7 < 1) where (I, <) is a directed set, A; is an effect algebra for
each 7 € I, and f;; is a morphism such that

(i1) fi =ida, fir every i € I;

Let A; be a directed system of effect algebras, then f := (A4;(fi : A; —
Aji e 1)) is called the direct limit of A; iff the following conditions hold:

(iil) A is an effect algebra; f; is a morphism for each i € I;
(ii2) if j <7 in I, then fifi; = f; (i.e., f is compatible with Aj);

(ii3) if g := (B;(gs : Ai — B,i € I)) is any system compatible with A, then
there exists exactly one morphism ¢g : A — B such that gf; = g;, for
every i € I.

It was proved (cf. [4, Theorem 1.9.27]) that the direct limit in the category
of effect algebras exists. A sketch of the construction of the direct limit is as
follows. Let A = U< A; be the disjoint union of A;,7 € I. Define a relation =
on A as follows. Puta =b (a € A;,b € A;) ifthereexists ak € [ withi,j <k
such that fi;(a) = fi;(b) in Ay. Then = is an equivalence relation, and the
quotient A := A/ = can be organized into an effect algebra with the operation
@ defined as follows: let a denotes the equivalence class corresponding to a.
For a € A;,b € A, a ® b is defined iff there is k € I, i,j < k such that
fri(a) @ fir;(b) exists in Ag, and then @ © b = (fri(a) ® fi;(b)) in A. For
every i € I, define f; : A; — A/ = as the natural projection f;(a) = a. Then
lim, A:= (4; fi: Ay — A,i € I) is the desired direct limit.

From this construction, it can be derived that properties involving finite
number of elements, such as RDP or being a dimension effect algebra (cf.

the characterization in [12] Thm. 4.2]), are preserved under direct limits in
EA.

4 Tensor product of dimension effect alge-
bras

The tensor product in the category EA is defined below as an universal
bimorphism. We will show that such a tensor product always exists and that
it is essentially given by the construction in [3], see also [4, Chap. 4.2].
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Let E, F, L be effect algebras. A mapping 8 : E x ' — L is called a
bimorphism if

(i) a,b € E with a L b, ¢ € F imply $(a,q) L 5(b,q) and S(a ® b,q) =
Bla,q) ® B(b, q);

(ii) ¢,d € F with ¢ L d, p € E imply B(p,c) L B(p,d) and B(p,(c® d)) =
B(p,c) @ B(p, d);

(iii) B(1,1) =1.

4.1 Definition. Let F and F be effect algebras. A pair (T, 7) consisting of
an effect algebra T and a bimorphism 7 : F' x F' — T is said to be the tensor
product of E and F' if whenever L is an effect algebraand §: Ex F — Lisa
bimorphism, there exists a unique morphism ¢ : 7" — L such that § = ¢o .

It is clear that if the tensor product exists, it is unique up to isomorphism.
We will use the notation £ @ F for the effect algebra 7" and ® for the
bimorphism 7: 7(e, f)=e® f € E® F.

4.2 Theorem. The tensor product always exists in EA.

Proof. The theorem was essentially proved in [3, Theorem 7.2], see also [4]
Theorem 4.2.2]. There a somewhat different definition of a tensor product is
considered and the bimorphisms are assumed nontrivial, that is, the target
algebra is required to satisfy 0 # 1. If at least one such bimorphism exists,
it is easy to see that [3] provides a construction of a tensor product in our
sense. On the other hand, if there are no nontrivial bimorphisms, then the
tensor product is given by the one-element effect algebra {0 = 1} and the
unique bimorphism E x F' — {0}.

]

The tensor product of dimension groups in the category POG was stud-
ied by Goodear]l and Handelman [I1] and it was proved that such a tensor
product is a dimension group as well. Recall that the tensor product of G,
and G5 in POG can be constructed as the abelian group tensor product
Gy ® Gy, endowed with the positive cone G} ® G5, generated by simple
tensors of positive elements.

Our aim in this section is to describe the tensor product of dimension
effect algebras in the category EA. Note that we cannot directly apply the



above result via the categorical equivalence of [12] Theorem 3.8], since the
category EA is much larger than the category of effect algebras with RDP.

We first consider the case of simplicial effect algebras. Let E and F' be
simplicial effect algebras, with atoms

(61,...,6n), (fl,...,fm)

u = E U; €5, V= E ’Ujfj,
( J

respectively. Then G and Gp are simplicial groups and Gg ® Gg is a
simplicial group with generators

and unit elements

gij:ei®fjai:17"'>n;j:1>“"m'

Hence the unit interval Gg ® Gr[0,u ® v] is a simplicial effect algebra with
atoms g;; and and unit element w = ZZ UV Gij-

4.3 Theorem. Tensor product of simplicial effect algebras in the category
EA is a simplicial effect algebra, namely

E®F ~Gp®Gpl0,u®0].

Proof. Let G denote the simplicial effect algebra on the right hand side. Ob-
viously, (bi)morphisms on simplicial effect algebras are uniquely determined
by their values on the atoms. Let 7 : £ x F' — G be the bimorphism
determined by

7(es, f3) = 945, 1=1,...,n, 7=1,...,m.

We need to prove that for any effect algebra H and bimorphism g : F x F —
H, there is a morphism v : G — H, such that

w(gij):ﬁ(eiafj)a izl,...,n,jzl,...,m.
Since g;; generate G, uniqueness of such a morphism is clear. So let z € G,
then z = Z” 2iiGij, for z;; < wv; for all @ and j. There are nonnegative
integers ¢;;, r;; such that

Zij = Vidij T Tij, Tij < Vj,
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then since v;¢;; < z;; < w;v;, we have ¢;; < u;, with equality only if r;; = 0.
Then a; := ), ¢;je; € E and 7 f; € F. We have

z= Z(Z qijV;9i; + Z Tij9i;)
_Z T(a;,v;f;) + Z 7(ei,7ijf;)
1,m;5>0

o ) ) / :
Put @} = Zmpo ei, then a; L a}. Now we can write

H>1= Zﬁ u, v; f5)
= Z a]avjf] +ﬁ(a]avjf]) —l—ﬁ(U— (CLJ +a ) Ujfj)]

:Z (aj,vf5) + > Blewrisfi) + Y Bles, (v; —rij) f;)
7 i

i,?‘i]‘>0
+ Bu — (a; + a}), v; f;)]
It follows that

Z ziiB(ei, f3) = Z[Qijvjﬁ(eiv fi) +riiBei, f5)]
Z (aj,v;f5) +ZB €, 7ij f5)]

J

is a well defined element in H and we may put

w(z) = Z Zijﬁ(ez‘, fj)7

1,J

which clearly defines a morphism G — H.

Let

A= (A“(fZ]AJ —>AZ>,’L,j E[,j §1)7
By = (By; (gke : Be = By); k.t € J 0 < k)

be directed systems of simplicial effect algebras. Let us define the index set
(Z, <) as the product I x.J with pointwise ordering. By the previous theorem,
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each A; ® By, (i,k) € T is a simplicial effect algebra. Let (j,¢) € Z be such
that (j,¢) < (4, k), then we have morphisms f;; : A; = A; and gx¢ : By — By
For a € A;, b € By, put (a,b) = fi;(a) ® gre(b) € A; ® By, this defines a
bimorphism A; x B, — A;®By,. By properties of tensor product, this extends
to a unique morphism f;; ® gre : A; ® By — A; ® By,

4.4 Theorem. Let

A ® By = (A; @ By; (fij @ gre : Aj @ By = A; ® By,),
(4,k), (4, 0) € Z,(5,¢) < (i, k)).

Then Ar ® By is a directed system of simplicial effect algebras.

Proof. We have to check properties (il) and (i2). For (il), note that f; =
ida,, gex = idp, iImply fi;@grr = ida,ep,. For (i2), let (m,n) < (4,0) < (i, k).
Then

m<j<i = fijfim= fim

n<l<k = g9 = Gkn
and for a,, € A,,,b, € B,

(fi5 @ gie) (fim @ gen) (@ @ by) = (fij @ gie) (fim(am) @ gen(bn))
= fijfim(am) ® gregen(bn)
= fim(am) @ Grn(bn)
= fim @ Grn(am @ by).

Since this holds on simple tensors, it extends to whole A,, ® B,.
U

4.5 Theorem. Let A;, By be directed systems of simplicial effect algebras,
and let (A;(f; + Ai — A,i € 1)) and (B;(g; : Bj — B,j € J)) be their
corresponding direct limits. Then (A® B;(fi®g;: Ay ® B; - A® B,i €
1,5 €J)) is the direct limit of A; ® By.

Proof. We have to check properties (iil), (ii2) and (ii3). The first one is

clear: since A, B are effect algebras, A ® B is an effect algebra as well. To
prove compatibility, let (j,¢) < (i,k). Then j <,¢ < k and we have

(fi ® gi)(fij @ gre) = fifi; @ grgre = [5 @ ge-
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For (ii3), let (C;(hy; : Ay ® B; — C,i € I,j € J)) be another system
compatible with A; ® By (i.e., hi(fij @ gre) = hje,j <i,0 < k). Let a € A4,
b € B. Since A and B are direct limits, there are some indices i € I, k € J
and elements a; € A; and b, € By such that a = f;(a;) and b = g (by), see the
construction on page [l Define h(a,b) := hy(a; @ by). Then h: Ax B — C

is a bimorphism, which extends to a morphism h: A®@ B — C. O

4.6 Corollary. Let E and F be dimension effect algebras, and let Gg and
GF be their universal groups with units ug and ur. Then the tensor product
E ® F is isomorphic to the unit interval [0, up ® up| in the tensor product
Gg ® Gp of their universal groups, that is

Ggl0,up] ® Grl0,vr] ~ Gg ® Gpl0,up ® up).

Proof. Let E = A, F = B be direct limits of directed systems A; and Bj.
Each A;, © € [ and By, k € J is a simplicial effect algebra and Ga4,, Gp,
are simplicial groups. By [12, Theorem 4.1], we obtain that G is a direct
limit of (Ga,, f5;), where f7 are the unique morphisms in POG, extending
fij, similarly for Gp.

By Theorem B3] A; ® By, is a simplicial effect algebra and Ga,gp, =~
G4, ® Gp,. By Theorem .0, £ ® F is the direct limit of the directed system
A; ® By. Since A; ® By has RDP, it follows by [12] Theorem 4.1] that the
universal group Gggr is a direct limit of the system of universal groups

{GAz‘®Bk = GAi ® GBk? (flj ® gké)* = f:; ® QZe}a
Using [11, Lemma 2.2], we obtain

Gper ~ G ® Gp, Upgr = Up @ Up.

5 Conclusions and a conjecture

We have proved that the EA tensor product of dimension effect algebras is
again a dimension effect algebra. The tensor product ' ® F' is proved to be
the direct limit of a directed system of simplicial effect algebras, obtained as

a "tensor product” of the directed systems corresponding to dimension effect
algebras F and F.
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It is also proved that £ ® F' is (isomorphic to) the unit interval in the
POG tensor product of the corresponding universal groups Gg and Gr. We
conjecture that this is true for general interval effect algebras. Note that in
the category of interval effect algebras, the tensor product exists [8, Theorem
9.1] and our conjecture says that it is (isomorphic to) the EA tensor product.

A special class of interval effect algebras are the algebras with RDP. It
is again an open question whether in this case the EA tensor product has
RDP. If our conjecture is true, £ ® F' is the unit interval in the POG tensor
product of groups with RDP. As it was shown in [19, cf. Remark 2.13], the
POG tensor product of groups with RDP might not have RDP, but in the
presence of generating units, RDP holds in an asymptotic form in the sense
of [15].

6 An example: R0, 1]

Let us consider the interval [0,1] in (R,R*,0). This is clearly a dimension
group with order unit 1 and hence the interval [0,1] is a dimension effect
algebra. It was proved in [17] that the EA tensor product [0, 1] ® [0, 1] is not
lattice ordered and thus not isomorphic to [0, 1]. By our results, [0,1]® [0, 1]
is a dimension effect algebra, which is the interval R ® R[0,1® 1]. Note that
the fact that the POG tensor product R® R is not lattice ordered was shown
in [19].

As an example, we will present [0, 1] as a direct limit of a directed system
of simplicial effect algebras. The tensor product [0, 1]®[0, 1] is then obtained
as a direct limit as in Theorem

We first need to introduce some notations. For any n-tuple

A= (21,...,2,)
of elements in R™, let f4 denote the positive group homomorphism
fa:Z" =R, e'—xz;1=1,....n
and let
L(A) == fA(Z"), LAY = Fa((Z")), Lo(A) = fa((Z2)7),

where (Z2)" == {>_, zel! with z; > 0 for all ¢ = 1,...,n}. We also use the
notations

Q(A) = Ling(A), Q(A)" = Q(A) NR™.
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Let us define the index set as
7 :={A C [0,1], finite, Q — linearly independent, 1 € L. (A)*}.

Any A C Rt with cardinality n can be identified with the n-tuple of its
elements (z1,...,2,), indexed so that x; < --- < x,. For A, B € Z, write
B < Aif BC L(A)". Tt is easy to see that < is a preorder in Z.

6.1 Proposition. (Z, <) is directed.
For the proof, we need some lemmas.

6.2 Lemma. Let B = (y1,...,yx) be a tuple of elements in R*. Assume
that for some 1 < N < k,

N k
Zyi = Z Yi-
i=1

1=N+1

Then there is some tuple A = (x1,...,x;) of elements in Q(B)" such that
l<kandy € L(A)T,i=1,... k.

Proof. We proceed by induction on k. By the assumptions, we see that k is
at least 2, in which case we have y; = y». Put A := {y»} and we are done.
Now let & > 2 and assume that the assertion is true for tuples of length
k — 1. By reindexing and rearranging the sums, we may assume that y, =
min{yy, ..., yx}. Put ¥} := y1 —yx, then y; € Q(B)" and we have the equality

ity to Yy =yYvo o Yk

containing only £ — 1 elements. By the induction hypothesis, there is some
tuple A" = (xy,...,zy) with elements in Q(B)" and I’ < k — 1, and some
(k — 1) x I’ matrix Z’' with values in nonnegative integers such that

infA/(Zi,), yi:fA’(Zg-% ’i:2,...,/{5—1,

here z; denotes the i-th row of Z’'. Let A = (xy,..., 2y, yx) and

1

A ’

Z = z
0

0 1



Then A is an [-tuple of elements in Q(B)", Il =141 < k and y; = fa(z:.) €
L(A)* for all i.
U

6.3 Lemma. Let B = (y1,...,yx) be a tuple of elements in RT. Then there
is a Q-linearly independent tuple A = (1, ..., x,) of elements in Q(B)™ such
that y; € L(A)T, i =1,... k.

Proof. If B is Q-linearly independent, there is nothing to do. Otherwise,
there are some r; € Q such that >, r,y; = 0 with some r; # 0. Clearly, by
multiplying by a common denominator, we may assume that r; € Z. Assume
that the elements are arranged in such a way that

>0 fori=1,...,N
riq <0 fore=N+1,...M
=0 fori=M+1,...k.

/

=% fori=1,...,M. Clearly, y;,..., ¥y €

pi

Q(B)*. Then by multiplying the equality by II}Z,|r;| ™", we obtain

N M
D vi= D v
i=1

1=N+1

Put p; = Hizj<mlr;| and let y;

Applying Lemma [6.2] there is some I-tuple A" = (4,...,z)) € Q(B)" with
[ < M such that y, € L(A)* for i = 1,..., M, so that also y; = py, €
LAY i=1,..., M.

We now repeat the same process with B' = (2),..., 2, ynre1, - Yk)-
Since Q(B') = Q(B) and |B'| < k, after a finite number of steps we obtain a
Q-linearly independent set A = {z1,...,x,} with the required properties.

U

Proof of Proposition [0l Let B,C € Z, then by Lemma there is some
Q-linearly independent tuple A = (x; < --- < x,,) of elements in Q(BUC)*
such that BUC C L(A)*. By assumptions, 1 € L. (B)" C L(A)™, so that

1 =), ziz; for unique coefficients z1, ..., 2, € Z*. Assume that z;, = 0 for
some 4g. Let B = (y1 < --- < yx). There are some positive integers vy, ..., vy
such that 1 = Zle v;y; and some nonnegative integers wy, . .., w? such that

Y= wg x;. It follows that

k
1= Zvjyj = Z(Z vng)l'i = Zzﬂu
j=1 j i

%
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J _ ; ; J
so that ) . vjw] = z;, in particular, ), vw; =

this implies that wfo = 0 for all j and we have

0. Since all v; are positive,

Hence B C L(A\ {z;,})", similarly also C' C L(A\ {z;})*. It follows that
we may assume that 1 € L. (A)*. This means that 1 =), z;z; for positive
integers z;, which implies that we must have 0 < x; < 1. It follows that
A € T and 7 is directed.
O
We now construct a directed system of simplicial effect algebras. Let
A € Z. Since A is Q-linearly independent, f4 is a POG isomorphism onto
its range. Let E4 be the interval [0, f;'(1)] in Z! and let g4 = fa|g,. Then
g4 is an effect algebra isomorphism onto the interval [0, 1] in (L(A), L(A)™,0).
Let B € Z, B =< A, then since L(B)* C L(A)*", we have gg(ER) C ga(Ea).
Put
gap : Ep — Ea, 9B =91 9B,

then it is clear that
&= (FEa,A€L;gap, B 2 A)
is a directed system of simplicial effect algebras.
6.4 Proposition. ([0,1];ga, A € Z) is the direct limit of £.

Proof. 1t is clear that ([0, 1]; g4, A € Z) is compatible with €. Note also that
any = € [0,1] is contained in the range of some g4. Indeed, assume that
z€QnN[0,1], then z =2 forn € N, m € Z*. Let A= {1}, then A € T and
we have By = [0,n]z, © = ga(m). If ¢ Q, then A = {z,1 — 2} € T and
r€ACga(Ea).

Now let E be an effect algebra and let k4 : E4 — E be a morphisms for
A € T, such that (E;ka, A € 7) is compatible with £. Let z € [0,1] be in
the range of g4 and put

d(x) = kalgy'(2)).

Assume that B € 7 is such that z is also in the range of gg and let C' € Z
be such that A, B < C. Then ga(E4) C go(E¢) and by compatibility

ka(gx () = kegea(gy'(2)) = k(g ().
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Similarly we obtain that kp(g5' (7)) = kc(go' (), hence 1 is a well defined
map.

Let I = {1}, then clearly I € Z, E; = {0,1} C Z and we have

since k; is an effect algebra morphism. Further, let xq, 25,z € [0, 1] be such
that © = 1 + x5. Let A € T be such that x1,29 € ga(F4), then clearly
also z € ga(Ea) and we have g3'(z1) + g4'(z2) = g5'(x), since ga is an
isomorphism onto its range. Hence

U(@) = kalga' (2)) = kalgx' (21) + g3’ (22)) = 9 (21) + ¥(22).

This proves that 1 is an effect algebra morphism [0,1] — E. Further, for
any A €Z and z € Fy,

ka(2) = ka(gs'9a(z)) = ¥ga(2),

so that k4 = 1ga. Since v is obviously the unique map [0, 1] — E with this
property, this proves the statement.
U

References

[1] M.K. Bennett and D.J. Foulis: Interval and scale effect algebras,
Advances in Appl. Math. 41 (1997), 200-215.

[2] C.C. Chang: Algebraic analysis of many valued logic, Trans. Amer.
Math. Soc 88 (1958) 467-490.

[3] A. Dvurecenskij: Tensor product of difference posets, Trans.
Amer.Math. Soc. 347 (1995) 1043-1057.

[4] A. Dvurecenskij, S. Pulmannovd: New Trends in Quantum Struc-
tures, Kluwer Acad. Publ., Dordrecht/Boston/London and Ister Sci-
ence , Bratislava, 2000.

[5] E.G. Effros, D.E. Handelman, C.L. Shen: Dimension groups and
their affine representations, Amer. J. Math. 102 (1980), 384-407.

17



[6]

[7]

[17]

[18]

D.J. Foulis, M.K. Bennett:Effect algebras and unsharp quantum
logics, Found. Phys. 24 (1994), 1325-1346.

D.J. Foulis and R. Greechie: Quantum logics and partially ordered
abelian groups, Handbook of Quantum Logic and Quantum Struc-
tures, K. Engesser, D.M. Gabbay, D. Lehmann, Eds., Elsevier, Am-
sterdam 2007.

D.J. Foulis, R.J. Greechie, M.K. Bennett: Sums and products of
interval effect algebras, Int. J. Theoret Phys. 33 (1994), 2119-2136.

L. Fuchs: Riesz groups, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 19
(1965), 1-34.

K.R. Goodearl: Partially Ordered Abelian Groups with Interpola-
tion, Math. Surveys and Monographs No 20, Amer. Math. Soc.,
Providence, Rhode Island 1986.

K.R. Goodearl, D.E. Handelman: Tensor products of dimension
groups and Ky of unit regular rings, Can. J. Math. 38 (1968), 633-
658.

A. Jencova, S. Pulmannova: A note on effect algebras and dimen-
sion theory of AF C*-algebras, Rep. Math. Phys 62 (2008), 205-218.

F. Kopka, F. Chovanec: D-posets, Math. Slovaca 44 (1994), 21-34.

M. Navara: An orthomodular lattice admitting no group=valued
measure, Proc. Amer. Math. soc. 122 (1994), 7-12.

E. Pardo: Metric completions of ordered groups and Ky of exchange
rings, Trans. Amer. Math. Soc. 350 (1998), 913-933.

S. Pulmannova: Effect algebras with the Riesz decomposition prop-
erty and AF C*-algebras, Foundations of Physics 29 (1999), 1389-
1401.

S. Pulmannova: Tensor product of divisible effect algebras, Bull.
Austral. Math. Soc. 68 (2003), 127-140.

K. Ravindran: On a structure theory of effect algebras, PhD Dis-
sertation, Kansas State University, Manhattan, Kansas 1996.

18



[19] F. Wehrung: Tensor product of structures with interpolation, Pa-
cific J. Math. 176 (1996), 267-285.

19



	1 Introduction
	2 Preliminaries
	2.1 Interval effect algebras and RDP

	3 Dimension groups and dimension effect algebras
	4 Tensor product of dimension effect algebras
	5 Conclusions and a conjecture
	6 An example: R[0,1]

