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INTEGRAL OPERATORS ON LATTICES
AIPING GAN, LI GUO, AND SHOUFENG WANG

ABSTRACT. As an abstraction and generalization of the integral operator in analysis, integral oper-
ators (known as Rota-Baxter operators of weight zero) on associative algebras and Lie algebras
have played an important role in mathematics and physics. This paper initiates the study of
integral operators on lattices and the resulting Rota-Baxter lattices (of weight zero). We show
that properties of lattices can be characterized in terms of their integral operators. We also display
a large number of integral operators on any given lattice and classify the isomorphism classes
of integral operators on some common classes of lattices. We further investigate structures on
semirings derived from differential and integral operators on lattices.
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1. INTRODUCTION

This paper introduces the notion of integral operators on lattices and studies their role in
understanding lattices, their classification and their derived structures.

As is well known, the derivation, or differential operator, and integral operator are fundamental
in analysis and its broad applications. As an abstraction of the derivation, the notion of a differ-
ential algebra was introduced in the 1930’s by Ritt [P7]], to be a field A carrying a linear operator
d satisfying an abstraction of the Leibniz rule for the derivation:

duv) = du)v + ud(v) forall u,v € A.

Thus d is still called a differential operator. The theory of differential algebra for fields and more
generally for commutative algebras has since been developed into a mature area of mathematical
research including differential Galois theory, differential algebraic geometry and differential al-
gebraic groups [[J, 3, B1]]. Furthermore, differential algebra has found profound applications in
arithmetic geometry, logic and computational algebra.
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The notion of derivations on lattices was first introduced by Szasz [B3]. There, a derivation on
a lattice (L, V,A)isamap d : L — L satisfying

(D) dxVvy)=dx)vd®y), dxAny)=dx)ANy)V(xAd(y)) forallx,yel.

More recently, a less restricted notion of derivations was studied with motivation from informa-
tion science [B€, B3]l, without requiring the first condition. This study was continued in [[J],
where the notion of a differential lattice was formally introduced and then studied from the
viewpoint of universal algebra.

Originated from a probability study of G. Baxter [[§] and promoted by G.-C. Rota in its early
stage, a Rota-Baxter algebra is an associative algebra together with a linear operator satisfying
a variation of the integration by parts formula for the integral operator. More precisely, a Rota-
Baxter algebra with a preassigned scalar A, called the weight, is an associative algebra A with a
linear endomorphism P of A satisfying the Rota-Baxter equation:

2) Pw)P(v) = P(uP()) + P(P(u)v) + AP(uv) forallu,v € A.

The analytic model of a Rota-Baxter operator of weight zero is the integral operator

3) 1)) = fo F@dr,

defined for functions f continuous on R. Then the integration by parts formula gives

) ( fo ot fo g(s)ds) = fo £ fo g(s)ds)dt + fo g(s)( fo flydi)ds.

This means that the operator / is a Rota-Baxter operator of weight zero. Thus a Rota-Baxter
operator of weight zero in general is also called an integral operator.

While the early developments of Rota-Baxter algebras attracted the attentions of prominent
mathematicians such as Rota, Atkinson and Cartier [P}, B, 9] in the 1960s and 1970s, this
century witnesses a remarkable renascence of Rota-Baxter algebras, thanks to their connections to
several important areas in mathematics and mathematical physics such as the renormalization of
quantum field theory, Yang-Baxter equations, multiple zeta values, combinatorial Hopf algebras
and operads [[, B, [1], [9, 1], B2, P4, B8, B4, B71. See [[[7, [[§] for a short survey and a more
detailed exposition. Furthermore, Rota-Baxter operators have been defined for a wide range of
specific algebraic structures and for the general framework of algebraic operads [[I], f], BQ]. More
recently Rota-Baxter operators have been defined for Hom-Lie algebras, groups, groupoids and
cocommutative Hopf algebras [[3, 21, P4].

Thus it is natural to define Rota-Baxter operators, in particular integral operators, on lattices
and explore their role in the study of lattices. This is the purpose of this article. We find it
fascinating that properties of lattices that at the outset have nothing to do with differential or
integral operators turn out to be characterized by these operators. We also study isomorphic Rota-
Baxter lattices|] and classify isomorphism classes of Rota-Baxter lattices with certain underlying
lattices. We further investigate derived structures from differential lattices or Rota-Baxter lattices,
motivated by their associative algebra or Lie algebra predecessors which had their origins in
hydrodynamics and quantum theory.

ITo avoid confusion with the existing notion of integral lattices [@], we will use the term Rota-Baxter lattices
instead. Note however that integral operators only correspond to Rota-Baxter operators of weight zero. Rota-Baxter
lattices from Rota-Baxter operators with nonzero weights will be studied separately.
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By the First Fundamental Theorem of Calculus, the differential operator and the integral oper-
ator in analysis are one sided inverses of each other. An analog of this relation also holds for the
differential operators and integral operators on associative algebras [R(]. Thus it is also interesting
to study the relationship between the corresponding operators on lattices. We found that in place
of a formal analogy, the two operators are closely related in another way: an operator d on a
lattice is both an integral operator and a differential operator in the sense of [B3] if and only if d
satisfies Eq. ([l]), that is, d is a derivation in the sense of Szasz [BJ] (see Proposition 2.17).

The importance of the differential operator and integral operator on associative algebras relies
on their close relationship with other useful algebraic structures such as Novikov algebras and
dendriform algebras. We show that such relations can be extended to the operators on lattices,
see Proposition .4 and Proposition .7

These properties show that derivations and integral operators are useful tools to study lattices,
as well as to give rise to new structures of independent interests.

Overall, the paper is organized as follows. In Section [}, the notions of an integral operator
on a lattice and Rota-Baxter lattice are introduced. Each lattice carries several classes of integral
operators, giving a large selection of Rota-Baxter lattices. We find that an operator on a lattice
is both a derivation and an integral operator if and only if it satisfies Eq. () (Proposition 2.17).
We also characterize some special lattices, such as distributive lattices, weak modular lattices or
chains, via integral operators (Theorem .13, Theorem and Theorem 2.23).

Section [ studies isomorphism classes of Rota-Baxter lattices. We classify isomorphic Rota-
Baxter lattices on two types of underlying lattices: the finite chains and the diamond type lattices
M, (Proposition B.q and Theorem 3.13). Their enumerations are related to the Fibonacci numbers.

As noted above, differential and integral operators on associative algebras gives rise to interest-
ing algebraic structures such as Novikov algebras and dendriform algebras. We show in Section ff],
that similar structures can be derived from differential and integral operators on lattices. Let L be
a distributive lattice, and d be an isotone derivation on L. Define x <y :=d(x) A y forall x,y € L.
Then (L, V, <) is a left Novikov semiring (Proposition [l.4)). For a Rota-Baxter distributive lattice
(L,V, A, P),define x <py:=xAP(y)and x >p y := P(x) Ay forall x,y € L. Then (L, V,<p,>p)
is a dendriform semiring (Proposition [.7)).

Notations. Throughout this paper, unless otherwise specified, we let (L, V, A) denote a lattice,
and let (L,V,A,0, 1) denote a bounded lattice with bottom element 0 and top element 1. For
elements a, b in a poset (A, <), we write a < bifa < b witha # b.

2. INTEGRAL OPERATORS ON LATTICES

In this section, we introduce integral operators on lattices, and characterize some special
lattices, such as distributive lattices and chains, in terms of integral operators.

Definition 2.1. An operator P : L — L on a lattice L is called an integral operator if P satisfies
the following equations:

(i) P(xVy) = P(x) V P(y), and

(i) P(x) A P(y) = P(P(x) Ay) V P(x A P(y)) for all x,y € L.
A lattice equipped with an integral operator is called an Rota-Baxter lattice (of weight zero).

See the introduction, especially Eqs. () and (f]), for the motivation for the term integral
operator.

As pointed out by one of the referees, the term integral lattice has been used to mean a discrete
additive subgroup of R” such that the inner product of lattice vectors are all integral [B2]. Thus



4 AIPING GAN, LI GUO, AND SHOUFENG WANG

the term Rota-Baxter lattice is used here to avoid confusion. However an integral operator is
only a Rota-Baxter operator of weight zero. So the Rota-Baxter lattice considered here is also for
weight zero. Other Rota-Baxter lattices will be studied separately.

We let IO(L) denote the set of all integral operators on a lattice L. To conform to the notion of
linear operators, we call a map from L to itself an operator even though there is no linear structure
on L.

We give some preliminary examples of integral operators. Many more examples can be found

in Propositions P.T3-{.20.

Example 2.2. (i) Itis clear that the identity map Id; on the lattice L is an integral operator.
(i1) Let L be alattice. For any a € L, define an operator C,, : L — L by: C,(x) := a for any
x € L. It is easy to see that C(, is in IO(L). C, is called the constant integral operator
with value a. When L is a lattice with bottom element 0, we write 0, for C,.
(ii1) Let (L, V, A, 0, 1) be a lattice. Define an operator 7 : L — L by:

0, ifx=0;
T(x) ;= .
1, otherwise.

It is routine to verify that 7 is in IO(L).

Proposition 2.3. Let L be a lattice and P € 10(L). Then the following statements hold:
(1) P isisotone: P(x) < P(y) for any x,y € L with x < y..
(i) P(x) = P(x A P(x)) for any x € L.
(iii) P is idempotent: P* = P.
@iv) P(x) = P(x Vv P(x)) for any x € L.
(v) P(P(x) Ay) < P(x) A P(y) forall x,y € L.

Proof. Assume that L is a lattice and P € IO(L). Let x,y € L.
If x <y, then P(y) = P(x Vy) = P(x) vV P(y), and so P(x) < P(y). Hence P is isotone.
By Definition [.1], we have
P(x) = P(x) A P(x) = P(P(x) A x) V P(x A P(x)) = P(x A P(x)),
that is, [11) holds.
Since P is isotone, we have P(x) = P(P(x) A x) < P(P(x)) = P*(x) by [ii}. Also, since

P(x)AP?(x) = P(P(x) AP(x))V P(x AP*(x)) = P*(x)V P(x AP%(x)), we get P*(x) < P(x)AP?*(x) <
P(x), and so P*(x) = P(x). Hence P*> = P.

Since P?(x) = P(x) by [iii), we have P(x V P(x)) = P(x) V P*(x) = P(x).
follows immediately from Definition P.1]. o

Let L be a lattice and P be an operator on L. Denote the set of all fix points of P by Fixp(L):
Fixp(L) :={x e L| P(x) = x} C L.
The following simple fact about idempotent operators can be found in [[[3, Lemma 2.4].

Lemma 2.4. Let L be a lattice and P be an operator on L. Then P is idempotent if and only if
Fixp(L) equals to the image P(L) of P.

We also have the following easy consequences.

Corollary 2.5. Let L be a lattice and P € 10(L). Then the following statements hold.
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(i) Fixp(L)= P(L) for the image P(L) of P.
(i1) Fixp(L) is a sublattice of L.

Proof. [i) follows by Proposition 2.3 and Lemma 4.
For any P(x), P(y) € Fixp(L), we have P(x) V P(y) = P(x vV y) € P(L) = Fixp(L), and

P(x) A P(y) = P(P(x) Ay) V P(x A P(y)) = P(P(x) A y) V (x A P(y))) € P(L) = Fixp(L).

This shows that Fixp(L) is closed under the operations V and A. Thus Fixp(L) is a sublattice of
L. O

Applying to integral operators, we see that an integral operators on a lattice is almost never
injective or surjective.

Proposition 2.6. Let L be a lattice and P €lO(L). Then the following statements are equivalent.
(i) P =1d;.
(i1) P is injective.
(iii) P is surjective.

Proof. It is clear that [1]J=[ii] and [D}=[Gii].

[[D}=fi] Assume that P is an injective integral operator. For any x € L, we have P(P(x)) = P(x)
by Proposition .3 [iii}, and so P(x) = x. Thus P = Id,.

[fii}=[1)] Assume that P is a surjective integral operator. Then Fixp(L) = P(L) = L by Corollary
P23, and so P = Id,. O

The classical derivation and integration in analysis are related by the First Fundamental The-
orem of Calculus (FFTC), which implies that the integration is injective. Since Proposition P.q
shows that an integral operator on a lattice is injective only for the identity map, an analogy
of the FFT for lattices is not meaningful. However, as we establish below (Proposition
and Theorem [Z.T]), there are other close relations between integral operators and differential
operators on a lattice.

We first give some notions and properties of differential lattices. An operator d on a lattice L is
called a derivation or a differential operator [B3, [3] if it satisfies the equation

d(xAy) = (dXx)Ay)V (x Ad(y)) forall x,y € L.
Denote the set of all derivations on L by DO(L). We recall the following results for later applica-
tions.

Lemma 2.7. [B3] Let L be a lattice, d €DO(L) and x,y € L. Then the following statements hold.

(1) d(x) < x. In particular, d(0) = 0 if L has bottom element 0.
(i) d(x) Ad(y) < x Ad(y) <d(x AYy).
(ii1) If x < d(u) for some u € L, then d(x) = x.
@iv) If L has top element 1 and d(1) = 1, then d = 1d;.
(v) d is idempotent.

Denote the set of all isotone derivations on L by IDO(L). Also recalled [B3]] thatamapd : L —
L is called a meet-translation if d(x A y) = x A d(y) forall x,y € L.

Lemma 2.8. Let L be a lattice. If d € IDO(L), then d(x Ay) = d(x) Ad(y) for all x,y € L.
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Proof. Assume that L is a lattice, d € IDO(L) and x,y € L. Since x Ay < xand x Ay <y, we
have d(x A y) < d(x) A d(y), and so d(x A y) = d(x) A d(y) by Lemma .7 [11) O

Remark 2.9. The converse of Lemma 2.8 does not hold. For example, let L be a lattice with a
bottom element 0. For a given u € L\{0}, the constant integral operator C,, satisfies the condition
Cuy(x Ay) = Cy(x) A Cypy(y) for any x,y € L. But C, is not a derivation since C,y(0) = u # 0.

Proposition .10 and Proposition P.T1] improve [Bg, Theorem 3.10] and [B3, Theorem 3.18] by
not requiring that d is a derivation in the hypotheses.

Proposition 2.10. Let L be a lattice and d be an operator on L. Then d € IDO(L) if and only if d
is a meet-translation: d(x ANy) = x ANd(y) for all x,y € L.

Proof. If d € IDO(L), then by Lemma P.§, d(x A y) = d(x) A d(y) for all x,y € L, and so
d(x Ay) = x A d(y) by Lemma P [i1).

Convesely, if d(x Ay) = x Ad(y) for all x,y € L, then d(x Ay) = y A d(x), and so d(x A
y) = (d(x) Ay) V (x Ad(y)). Hence d € DO(L). Also, d is isotone. In fact, if x < y, then
d(x)=d(x ANy)=xAd(y) <d(y). Thus we getd € IDO(L). O

A natural class of derivations, called inner derivations, are defined by taking, for any given

u € L, the map
d,(x) := x A u, forall x € L.

Proposition 2.11. Let L be a lattice with top element 1 and d be an operator on L. Then the
following statements are equivalent:

(1) d is an isotone derivation.
(i1) d is a meet-translation: d(x A y) = x A d(y) for all x,y € L.
(iii) d(x) = x Ad(1) for any x € L.
(iv) d is an inner derivation.
Furthermore, these statements are implied by the linearity of a derivation:
(v) d is a derivation with the linearity d(x V y) = d(x) V d(y) for all x,y € L.

If L is distributive, then all the five statements are equivalent.

Proof. [[)e{ii] follows by Proposition Z.17.
[[D=[iii)] Assume that [ii] holds. Then d(x) = d(x A 1) = x A d(1) for any x € L, giving [iii).
[fi}=[iv)is clear.

[iv]=[i] follows from [B3, Example 3.8].
By [[Z], a derivation d with the linearity implies that d is a meet-translation and hence d

satisfies all the conditions [1)] —[iv].
For the last statement, assume that L is a distributive lattice with top element 1. Let d € IDO(L),
and x,y € L. Then by the equivalence of [iii) and [iv), we obtain

dxVvy)=xVvy) Ad()=(xAd1)VyAdl)=dx) VdQy).
Hence condition [iv)] implies condition [v] and thus all the five conditions are equivalent. m|

Proposition 2.12. Let d be an operator on a lattice L. Then d is both a differential operator and
an integral operator if and only if d satisfies Eq. ([I)), that is, d is a derivation in the sense of Szasz

[B3).
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Proof. If d is both a differential operator and an integral operator, then clearly d satisfies Eq. ([I]).
Conversely, assume that d satisfies Eq. (). Then d € IDO(L). By Proposition P.10, we get
d(x Ay)=xAd(y) =d(x) Ay forall x,y € L. It follows from Lemma [.§ and Lemma 7] that

dx) Ad(y) =d(x Ay) = d*(x Ay) V d*(x Ay) = d(d(x) Ay) V d(x Ad(y)),
and so d € DO(L) N IO(L). O

Proposition tells us that the intersection DO(L) N IO(L) of derivations and integral opera-
tors on L is contained in IDO(L), while the next Theorem .13 says that DO(L) NTO(L) # IDO(L)
if L is not distributive. This result and its corollaries show that basic properties of a lattice, such
as the distributivity, can be characterized by the differential and integral operators on the lattice.

Theorem 2.13. Let L be a lattice. Then L is distributive if and only if every inner derivation is
an integral operator.

Proof. Assume that L is a distributive lattice. Let d be an inner derivation and d = d,, where
u € L. Then forany x,y € L, wehaved(xVy) = (xVyY)Au=xAu)V (yAu) =dx)VdQy),and
so d € IO(L) by Proposition P.17].

Conversely, assume that L is not distributive. Then there exist u, v, w € L such that (uVv)Aw #
(u Aw) V (v Aw). Consider the inner derivation d,,, that is, d,,(x) = x A w for any x € L. Since
d,uvVv)=wuVvIAwE@MAwW)Y VAW =d,(uVd,(v), wehave d,, ¢ IO(L). O

Proposition P.T1] and Theorem 2.13 directly give

Corollary 2.14. Let L be a lattice with top element 1. Then L is distributive if and only if
IDO(L) € IO(L).

In what follows, we present several classes of integral operators on a lattice L. They are given
by step-type operators.

Proposition 2.15. Let L be a lattice with top element 1 and a,b € L with b < a. Define an

operator b : L — L by
() = {b, ifx<a

1, otherwise.

Then b is in 1O0(L). In particular, if (L,V, A,0,1) is a bounded lattice, then 09 €lO(L) and
09 = 1 for the map t defined in Example P.2[Gi1).

Proof. Let L be a lattice with top element 1 and a,b € L with b < a. It is obvious that b@ is
isotone. Also, since b'“(L) = {b, 1} = Fix,w(L), we have (b'”)?> = b by Lemma P.4. To prove
b € T0(L), let x, y € L.

If x £ aory £ a, without loss of generality, take x £ a. Then b (x) = 1 and x Vy £ a. So
b(xVvy)=1=>b9x) Vv b9y). Since b is isotone and (b'”)> = b'”, we have b (x A b'/(y)) <
9B (y)) = b(y), which together with b (x) = 1, implies that

b'(x) ADO(y) = B(y) = B(y) V B(x A BV(y)) = BBV (x) A y) VD O(x ADD(y)).

If x <aandy < a, then b(x) = b(y) = band xVy < a. So b(xVy) = b = b9(x) vV b9(y).
Also, since b (x) Ay < b'(x) = b < aand xAb'W(y) < b'(y) = b < a, we have b (b D (x)Ay) =
b9O(x A b9(y)) = b. Thus b@(x) A b(y) = b = BB (x) A y) V bD(x A bO(y)).

Therefore we obtain that b is in IO(L). O
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Proposition 2.16. Let L be a lattice with top element 1 and let a € L. Define an operator
7@ L — L by

1, otherwise.

X, ifx<a;
7D(x) = { fxs<

Then @ is in IO(L).

Proof. Let L be a lattice with top element 1 and a € L. It is obvious that 7@ is isotone. Also,
since 7(L) = {x € L | x < a} U {1} = Fixqw (L), we have (r9)* = 7'¥ by Lemma 4. To prove
that 7@ is in IO(L), let x,y € L.

Ifxg¢aory<a,sayx £ a,thent(x)=1landxVy £a. Sot@(xVy) =1=19%) Vv19%y).
Since 7@ is isotone and (7'“)? = @, we have 79(x A T9(y)) < T (7 9(y)) = 79(y), which,
together with 7@ (x) = 1, implies that

T AT = 790) =0 VT A TOW) = 7T A y) VT A TO)).
If x<aand y < a, then 7(x) = x,7“(y) = yand x V y < a. So
W@ vy =xvy=79%) Vv 90y).
Also, since 7(x) Ay = x AT9(y) = x Ay < a, we have
TP AT = x Ay = 797D %) A y) V TO>x A TOW)).
In summary, we conclude that 7@ is in IO(L). O
Proposition P.1q readily gives

Corollary 2.17. Let (L, V, A, 0, 1) be a bounded lattice and a be an atom of L. Define an operator
P9 : L — Lby
0, ifx=0;
P9x):={a, ifx=a;
1, otherwise.
Then P9 is in 1O(L).

Proposition 2.18. Let L be a lattice with top element 1 and a,b € L with b < a < 1. Define an
operator ¢EZ; :L— Lby
b, ifx<b,
¢EZ;(x) =3 x, ifb<x<a,
1, otherwise.

Then ¢EZ; is in IO(L) if and only if L satisfies Condition

(&) z and b are comparable for any z € L with 7 < a.

Proof. Let L be a lattice with top element 1 and a,b € L withb < a < 1.

Assume that ¢EZ; € I0(L). Then ngZ; is isotone by Proposition 3. If there exists z € L such
a (a)

that z < a, and z and b are incomparable, then ¢Eb;(z) =1>a= ¢(h)
that ¢EZ; is isotone. Thus L satisfies Condition (fJ).
Conversely, assume that L satisfies Condition (). It is easy to verify that ¢EZ§ is isotone. Also,

since ¢ (L) = {x e L| b < x < a} U {1} = Fix ¢EZ)(L)’ we have (¢'“)? = ¢“ by Lemma 4. To
)

(a), contradicting to the fact

)] ®) )

verify that ¢EZ; is in IO(L), consider x,y € L.
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If x £ aory £ a, say x £ a, then ¢ (x) = 1 and xVy £ a. Thus ¢(;)(xVy) = 1 = ¢, ()V(;) ().

Since ¢EZ; is isotone and (¢EZ;)2 = ¢EZ;, we have ¢EZ;(X A ¢EZ;O’)) < ¢EZ;(¢EZ§0})) = ¢EZ§(}’), which
(@)

together with ¢, (x) = 1, implies that
B (X) A B () = D) () = B (3D V B (X A Bl (1)) = (b (X) A Y) V B (x A Bl ()
If x < a and y < a, then by Condition (fJ), we only need to consider the following four cases:

(i) Suppose b < x <aand b <y < a. Then ¢;)(x) = x,¢{,)(y) =yandb < xVy <a. It

follows that ¢{y)(x V y) = x V y = ¢{)(x) V ¢;) (). Also, since b < x Ay =T1)(x) Ay <a

and b < x Ay =xA qﬁEZ;(y) < a, we have ¢EZ;(¢EZ;()€) AYy) = quZ;(x) Ay = x Ay and

By (X A B3 () = X A $3)(¥) = x Ay. Thus
¢EZ;(X) A ¢EZ;()’) =xXAy= ¢EZ;(¢EZ;(X) AY)V quZ;( XA ¢Ezi(y))'
(i1) Suppose b < x < aand y < b. Then qﬁEZ;(x) = X, (]ﬁ(a)(y) =bandb < xVy < a. It follows

(b)

that qﬁEZ;(x Vy)=xVy=x=xVb= quZ;(x) Y ¢EZ§(Y)' Also, since ¢EZ§(x) Ay <y<band

XA G < ¢ () = b, we have ¢ () (x) A y) = b = ¢y (x A ¢(;) (). Then
P () A B () = x Ab = b =g (¢ (X) AY)V b (x A by ().
(iii) Suppose x < b and b <y < a. Then similarly, we have
() A () = By (@) (X) A Y) V i) (x A (V).
(iv) Suppose x < b and y < b. Then ¢“(x) = ¢“(y) = b and x V y < b. It follows that

) )

G(xVy) = b =g (X) V $(v). Also, since ¢fy)(x) Ay <y <band x A () < x < b,

we have ¢EZ;(¢EZ;()€) Ay)=b= ¢EZ§(x A ¢EZ§@))- Then
B (X) A B (¥) = b = B ($5)(X) AY) V g5 (x A Bl ()

In summary, we conclude that ngZ; € IO(L). m|

Proposition 2.19. Let L be a lattice with top element 1 and a,b € L with b < a. Define an

operator TE,‘;; : L — L by:

x, ifx<b,
T =4 b, ifb<x<a,
1, otherwise.

Then TEZ; is in IO(L) if and only if L satisfies Condition ().

Proof. Let L be a lattice with top element 1 and a, b € L with b < a.

Assume that TEZ; € IO(L). Then TEZ; is isotone by Proposition 3. If there exists z € L such that

z < a, and z and b are incomparable, then TEZ;(Z) =1>b= TEZ;(CZ), contradicting with the fact that
(@)

(» 18 1sotone. Thus L satisfies Condition @®.
Conversely, assume that L satisfies Condition (f). It is easy to verify that TEZ; is isotone. Also,

since TEZ;(L) ={xeL|x<blU{l}= FixTEZ; (L), we have (TEZ;)Z = TEZ; by Lemma 4. To prove

that 7j) € I0(L), let x,y € L.

T
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If x X aory < a, say x £ a, then T(b)(x) =land xVy £ a. Thus 72(xVy) = 1 = 72@)vr9(y).

() ) (b)
EZ; (a))2 = 7 we have T(“)(x A T(a)(y)) < 79 <a)(y)) _ T(")(y), which

) by’ ® ® (b) T )
together with 7, (x) = 1, implies that

Since 7,, is isotone and (7

(@)
(®)

(a) (@) _ @ (a) (@) (@) (a) (@) (@) (@)
T () AT (0) = TH0) =T ) V T (x AT (3)) = T T () AY) VT (x AT ).

If x < a and y < a, then by Condition (), we only need to consider the following four cases:
(i) Suppose b < x < aand b < y < a. Then TEZ;(X) = TEZi(y) =bandb < xVy <

It follows that {y)(x V y) = b = 7()(x) V 7(,)(y). Also, since T{,)(x) A y < EZ;(x) =b

and x A 7(;)(y) < 745)(y) = b, we have T (T} () Ay) = T()(x) Ay = b Ay = b and

Tl X ATEO) =X A TEZi(y) = xAb=b. Thus

L@ @) = p = 7@ (7@ (@) (@)

(ii) Suppose b < x < aand y < b. Then 7%(x) = b,7%(y) = yandb < xVy < a. It

) )
EZ%(x Vy)=b= TEZ%(X) v 79(y). Also, since TEZ;(X) Ay < EZ;(X) = b and

(O]

XA TEZ;()/) EZ;O’) =y < b, we have TEZ%(TEZ%()C) AY) = TEZ%()C) Ay=bAy=yand

Eg(x A TEZ;(}})) = XA T(b)(y) =XAYy=)y. Therefore,

(a) (@) — — vy — @ () (@) (@)
Ty AT () =b Ay =y =74(T3,(X) Ay) V T5,(x AT ().

(ii1) Suppose x < b and b <y < a. Then similarly, we have

9 (@) — (a) 9 (@) (@)
Ty () AT () = 70, (T3, (%) A Y) V 7 (x A T (V).

(iv) Suppose x < b and y < b. Then TEZ;()C) = x, TEZ;(}/) = yand x Vy < b. It follows that

EZ%(xVy) =xVy= TEZ;(X)VTEZ%()/). Also, since ngg(x)/\y <y<band X/\TEZ;()/) <x<b
(@) s (a) (@) (@)

follows that

we have 7, (7,/(X) Ay) = 74,(x) Ay = x Ay and 7, (x A TEZi(y)) =xA TEZ%(y) =xXAy.
Thus
TH(X) ATH) = X Ay = Ty (T (X) AY) VTl (x AT ().
Therefore we conclude that 7 is in 10(L). O

()
We next turn our attention to a modular lattice L, that is,

X<y=>xVOAZD=yAXxVz Vxyzel.
Proposition 2.20. Let L be a modular lattice. For a € L, define
Ya:L—>L, Ypx):=xVa, VxelL
Then Y g is in I0(L).

Proof. Assume that L is a modular lattice and a € L. For any x,y € L, we have ,(x) = xV a

and S0 Y,)(xVy) = xVyVa = (X)) V ig,(y). Also, we have Y, (x) Ayy(y) = (xVa)A(yVa)
and

Yy W) AV VYo (X App() =[x Va)Ay)ValVI(xA(yVa)Val
Since L is a modular lattice,a < xVaanda < yVa,wehave (xVa)Ay)Va=(xVa)A(yVa)

and (xA(yVa))Va = (xVa)A(yVa). Thus Y, (x) Ay (¥) = YW@y () AY) V(X A (),
and therefore y, € IO(L). O

Example shows that the modularity condition in Proposition cannot be removed.
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Example 2.21. Let Ny = {0, a, b, ¢, u, v, w, 1} be the lattice with its Hasse diagram given by

o oy

a C

0
It is clear that L is a nonmodular lattice and ¢, ¢ 1O(L), since ¥ )(a) A Ypy(c) = v, while
Yy Wwm(a) A )V dpya A e (c)) = b.

It is remarkable that the counterexample in Example P.21] turns out to be the smallest one for
the conclusion of Proposition .20, as we show in the next result. Compare this result with the
characterizations of distributive lattices (resp. modular lattices) by not containing the smallest
counterexamples Ms or N5 (resp. Ns), see [[[(, Theorems 101 and 102] or [[], Theorems 3.5 and
3.6]. It further shows that a weak form of the modularity of a lattice L is charactorized by the
integral operators on L
Theorem 2.22. Let L be a lattice. Then the following statements are equivalent:

A xvaAnVa)=(xVa)Ay)V(xAQyVa)Vaforall x,y,a € L.
(i1) Y (q €IO(L) for any a € L.
(ii1) Ng can not be embedded into L.

Proof. (i) < [(i)) Leta € L. For any x,y € L, we have i, (xVy) = xVyVa = (xVa)V(yVa) =
Yo (X) V ¥(y). So
Y €I0L) & Yuy(X) A = Yy Ww(X) AY)V Yu(x A e y)
& GVaAyVa=((xvary Vva)Vv(xAyVa)Va)
S xVaAVa)=((xVaAY)VxAQYVa)Va.

((i1)] = [ii1)) If Ng can be embedded into L, then i, ¢ IO(L) according to Example P.21]].

(i) =[{1)) Assume that ¥, ¢ I0(L) for some b € L. Then there exists a,c € L such that
Y (@) A (c) # Yo Ww(a) A o)V e (a Age(c)), thatis,

6) a@avbyA(Vvb)#({(avb)yrnc)V(aN(cVb)Vb.

Before continuing with the proof, we next establish some preliminary results.
Claim (i): b < (aV b) A (c V b). In fact, it is clear that b < (a V b) A (¢ V b), and

b<(avb)yAco)VaAn(cVvb)Vb<(aVvb)A(cVDb).

Ifb=(@@vb)yA(cVvb),then(aVb)A(cVb)=((aVb)Ac)V(aA (cV b))V b, contradicting
Eq. (). Thus b < (a VvV b) A (c V D).
Claim (ii): aVv b and cV b are incomparable. In fact,ifaVvb < cVb, then (aVb)A(cVb) =aVb
and a < ¢ V b, which implies that
((avbyne)V(an(cVvb)Vb=((aVvbyAc)V(aVvb)y=aVb=(@aVb)A(cVDb),

contradicting Eq. (). Thus a vV b £ ¢ Vv b. Similarly, we can prove thatc V b £ a V b.
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Claim (iii): a,b and c are mutually incomparable. In fact, if a < b,thenbVa =5b < bV c,
which contradicts Claim (ii). If b < a,then (a Ac) Vb < a A (cV b), and so

(avb)/\(cvb):a/\(cvb):((a/\c)vb)v(a/\(cvb)):(((avb)/\c)vb)v(a/\(cvb)),

contradicting Eq. (). Thus b and a are incomparable.
Ifa<corc<a,thenavb<cVborcVb<aVb,contradicting Claim (ii).
If c < b,then (aV b)A(cVb)=(aV b)Ab = b, contradicting Claim (7).
Ifb<c,then(aAc)Vb<(aVb)Ac. Thus

(avb)A(cvb)=(@Vb)Ac=((aVvb)Ac)V{anc)Vvb)=((aVb)yAc)V(an(cVb)Vb,

contradicting Eq. ().

Thus a, b and ¢ are mutually incomparable.

With these results established, letu = bVa,w=bVcandv =uAw = (aV b)A(cVb).
Summarizing the above arguments, we obtain aAbAc < a < u < uVw,aAbAc < b <v = uAw and
aAbAc < c <w < uVw. Also,sinceb <v<wuandb <v <w,wehaveu =avb<avVv<avVu=u
andw=cVb<cVvv<cVw=w,whichimpliesthataVv=aVvb=uandvVvc=>bVc=w.

It is straightforward to verify that the next Hasse diagram gives the desired copy of Ng in L.

uvw
uw
a c
aANbAc O

To finish this section, we characterize chains in terms of integral operators. Let IEO(L) denote
the set of all isotone and idempotent operators on a lattice L.
Theorem 2.23. Let L be a lattice. Then the following statements are equivalent:
(1) L is a chain.
(i) IO(L) = IEO(L), that is, the integral operators are precisely the operators that are
isotone and idempotent.

Proof. By Proposition .3 we have IO(L) C IEO(L).
(] = [ii]) Assume that L is a chain. To prove that IEO(L) € IO(L), let P € IEO(L), that is, P is
isotone and P? = P. For any x,y € L, without loss of generality, we can assume that x < y. Then
P(x) < P(y) since P is isotone and so P(x V y) = P(y) = P(x) V P(y).

Also, we have by Proposition that
(7) P(P(x) A x) = P(x)

Next, we will show that P(x) A P(y) = P(P(x) Ay) V P(x A P(y)). In fact, if P(x) = P(y), then
by Eq. ([]), we have

P(x) A P(y) = P(y) A P(x) = P(P(y) Ay) V P(x A P(x)) = P(P(x) Ay) V P(x A P(y)).

If P(x) # P(y), then P(x) < P(y) since x < y and P is isotone, which implies that P(P(x)) =

P(x) < P(y) and P(x) < P(y) = P(P(y)) since P> = P. Noticing that
Pla)y<P(b)=>a<b forall a,be L,



INTEGRAL OPERATORS ON LATTICES 13

we get P(x) < yand x < P(y), so P(x) A P(y) = P(x) = P(P(x))V P(x) = P(P(x) Ay)V P(x A P(y)).
Summarizing the above arguments, we obtain that P € IO(L). Then IEO(L) C IO(L). Therefore

I0(L) = IEO(L).

(i1 = [i]) Assume that L is not a chain. Then there exist a,b € L such thata £ b and b £ a.

Define an operator P : L — L by

aAb, ifx<aorx<b;
P(x) = .
aV b, otherwise.

It is easy to see that P is isotone and P(L) = {a Ab,aV b} = Fixp(L). Thus P € IEO(L) by Lemma
R4. But P ¢ IO(L), since P(aV b)y=aV b +aAb=Pa)V Pb). |

Let n be a positive integer, and let [n] denote the set {1,2,---,n} with the standard ordering.
Let 7, denote the full transformation semigroup on [n], and let O, denote the submonoid of
T, consisting of all order-preserving map on [n]. Denote by E(S) the set of idempotents of a
semigroup S, and denote by |A| the cardinality of a set A.

Lemma 2.24. [[[J, Lemma 2.9] Let F, be the n-th Fibonacci number, defined by the recursion
Fi=F,=1,F,=F,+F,,, m>23.Then |E(On)| = anfOI"alll’l > 1.

Corollary 2.25. Let L be an n-element chain. Then [IO(L)| = F,, where F,, is the 2n-th
Fibonacci number.

Proof. It follows directly from Theorem .23 and Lemma .24 o

3. IsoMORPHIC CLASSES OF ROTA-BAXTER LATTICES

Recall from Definition P.]] that a Rota-Baxter lattice (of weight zero) is a lattice equipped
with an integral operator. In this section we study isomorphic Rota-Baxter lattices and classify
isomorphic Rota-Baxter lattices with some common underlying lattices.

3.1. Isomorphic Rota-Baxter lattices. Noting that all axioms of Rota-Baxter lattices are equa-
tions between terms, the class of all Rota-Baxter lattices forms a variety. So the notions of iso-
morphism, subalgebra, congruence and direct product are directly defined from the corresponding
notions in universal algebra [[]].

We now study isomorphisms of Rota-Baxter lattices before applying it to the classification of
some Rota-Baxter lattices.

Definition 3.1. Two Rota-Baxter lattices (L, V, A, P) and (L', V', A’, P") are called isomorphic if
there is an isomorphism of lattices f : L — L’ such that fP = P’f. When the lattice L’ is the
same as L, we also say that P is isomorphic to P’. We write P = P’ if P is isomorphic to P’.

It is easy to see that the relation = is an equivalence relation on IO(L). The corresponding
equivalent classes are called the isomorphism classes of integral operators on L. They are the
isomorphism classes of Rota-Baxter lattices whose underlying lattice is L.

Observe that the classification of all isomorphism classes of Rota-Baxter lattices is the same
as the classification of all isomorphism classes of Rota-Baxter lattices or integral operators on a
given underlying lattice, as the underlying lattice runs through isomorphism classes of lattices.

Lemma .7 tells us that the isomorphism class of the identity operator Id; only has one element.

Lemma 3.2. Let L be a lattice and P € 10(L). Then P = 1d; if and only if P = 1d;.
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Proof. Assume that P = Id;. Then there exists a lattice automorphism f : L — L such that
Pf = fId;, = f = 1d.f, which implies that P = Id;, since f is bijective. O

Lemma says that the isomorphism classes of 0., T and C(;, only have one element when L
is a bounded lattice.

Lemma 3.3. Let (L,V,A,0,1) be a bounded lattice and P,P" € 10(L). Then the following
statements hold.
(1) If P = P, then for z € {0, 1}, P(1) = zifand only if P'(1) = z.
(i) P= 0, ifand only if P =0,.
(iii) P = 7 ifand only if P = 1, where 7 is defined in Example .2
(iv) P = Cy if and only if P = C(;), where C(y) is the constant integral operator at value 1
(see Example P2 [i1)).

Proof. Assume that P, P’ € 10(L) with P = P’. Then there exists a lattice automorphism
f : L — L such that f(P(x)) = P'(f(x)) for any x € L. If P(1) = z € {0, 1}, then P'(1) =
P'(f(1)) = f(P(1)) = f(z) = z, since f(1) = 1 and f(0) = 0. By the symmetry of P and P,
P’(1) = z € {0, 1} implies that P(1) = z.
Assume that P = 0;. Then there exists a lattice automorphism f : L — L such that Pf = f0;.
Since f is bijective and f(0) = 0, we have f0, =0, =0,f, and so Pf = 0. f. Thus P = 0, since
f 1s bijective.
Assume that P = 7. Then there exists a lattice automorphism f : L — L such that Pf = ft.
Since

f(0)=0, ifx=0;

Frx) = { f(1)=1, otherwise =T

and
) = {T(O) =0, ifx=0; _ .

1, otherwise
for any x € L, we obtain fr =7 =17f. Then Pf = vf. Thus P = 7, since f is bijective.
Assume that P = C). Then there exists a lattice automorphism f : L — L such that
Pf = fC. Since f is bijective and f(1) = 1, we have fC, = C(), and so Pf = Cy) = C(y)f.
Thus P = C;), since f is bijective. m|

3.2. Classification of integral operators on finite chains. The following lemma says that two
integral operators on a finite chain are isomorphic only when they are equal.

Lemma 3.4. Let L be a finite chain. Then an integral operator on L can only be isomorphic to
itself.

Proof. Assume that L is a finite chain and P, P’ € IO(L). It is clear that P = P’ implies P = P’.
Conversely, suppose that P = P’. Then there exists a lattice automorphism f : L — L such

that Pf = fP’. Since f is a bijection and both f and f~' are order-preserving (see Theorem 2.3

in [[]]), we have f = Id;, and so P = Pf = fP' = P'. O

Remark 3.5. On the other hand, if L is an infinite chain and P, P’ € IO(L), then P = P’ does not
necessarily imply P = P’.

For example, equip the real unit interval [0, 1] with the usual order <. Then ([0, 1],<) is a
chain. Consider the constant operators C( 5 and C( 1) on [0, 1], we have C( 1) C( 1€ 10([0, 1]) by
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Example .7, and C(%) * C(%), since C(%)(l) = % * i = C(%)(l). However C(%) = C(ﬁ)- In fact,
define an operator f : [0,1] — [0, 1] by f(x) = x* for any x € [0, 1]. Then it is easy to see that
f is a bijection and both f and f~' are order-preserving. So f is a lattice isomorphism by [[],
Theorem 2.3]. Also, we have f(C1)(x) = f(3) = (3)* = § = C3,(f(x)) for any x € [0, 1]. Thus
Cy =Cy.

Proposition 3.6. Let L be an n-element chain. Then there are exactly F,, isomorphism classes of
integral operators on L, where F», is the 2n-th Fibonacci number.

Proof. Tt readily follows from Corollary P.25] and Lemma [3.4. i

3.3. Classification of integral operators on diamond type lattices. Let M, = {0,b,b;,--- ,b, 5, 1}
be the diamond type lattice with Hasse diagram as follows:

Diamond type lattice M,
We will determine isomorphism classes of integral operators on M,,.

Lemma 3.7. Let n > 4 and P be an operator on the lattice M,. If Fixp(M,) = {0, 1}, then
P € 10(M,,) if and only if P = 0 for some a € M,\{1}, where 09 is the integral operator defined
in Proposition .13

Proof. Assume that P is an operator on M,,, and Fixp(M,,) = {0, 1}. Then P(0) = 0 and P(1) = 1.
If P € IO(M,), then for any i € {1,2,---,n — 2}, we have P(b;) € P(L) = Fixp(M,) = {0, 1} by
Corollary P.3. If there exist k, £ € {1,2,--- ,n — 2} with k # € such that P(b;) = P(b;) = 0, then
1 = P(1) = P(b Vv by) = P(b;) VvV P(by) = 0V 0 = 0, a contradiction. Thus there is at most one
ke {l,2,---,n— 2} such that P(b;) = 0, yielding that P = 0¥ for some a € M, \{1}.
Conversely, if P = 0 for some a € M, \{1}, then P € IO(M,) by Proposition Z.13. m|

Lemma 3.8. Let n > 4 and P be an operator on the lattice M,,. If Fixp(M,) = {b;, 1} for some
i €{l,2,---,n—2}, then P € 10(M,) if and only if P = Y, where Y, (x) = x V b; for any
xeM,.

Proof. Assume that n > 4, P is an operator on the lattice M, and Fixp(M,) = {b;, 1} for some
ie{l,2,---,n—2}. Then P(b;) = b; and P(1) = 1.

If P € IO(M,), then P(L) = Fixp(M,) by Corollary -3, and so P(0), P(b;) € {b;, 1} for any
Jje{l,2,---,n—2}\{i}. It follows from Proposition P3| that P(b;) = P(b; V P(b;)) = P(1) =1 =
b; Vv b;. Also, since P is isotone and P(0) € {b;, 1}, we obtain that b; < P(0) < P(b;) = b;, and so
P(0) = b,. Thus we have shown that P(x) = x V b; for any x € M, thatis, P = y,).

Conversely, if P = y;,), then P € I0(M,,) by Proposition .20, since M, is a modular lattice. O

Lemma 3.9. Let n > 4 and P be an operator on the lattice M,,. If Fixp(M,,) = {0, b;, 1} for some
i€{l,2,---,n—2}, then P € IO(M,) if and only if P = P®), where P®) is defined in Corollary

B.-17 that is,
0, ifx=0;

P"(x) = bi, ifx=0b;

1, otherwise.
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Proof. Assume that n > 4, P is an operator on the lattice M,,, and Fixp(M,) = {0, b;, 1} for some
ie{l,2,---,n—2}. Then P(0) =0, P(b;) = b; and P(1) = 1.

If P € IO(M,), then P(L) = Fixp(M,) by Corollary P.3, and so P(b;) € {0,b,, 1} for any
je{1,2,---,n—2}\{i}. Since

1 =p)=Pb;Vbj)=Pb;)V Pb,)=Db;V Pb)),

we have P(b;) = 1. Thus P = P9,
Conversely, if P = P®)_ then since b; is an atom of M,, we have P = P®) e 10(M,) by
Corollary P-T7. o

Lemma 3.10. Let n > 4 and k,£ € {1,2,--- ,n = 2}. Then 00 = 00y, \ = yy,), PO = plo
and C(bk) = C(b[) in M,.

Proof. Assume thatn >4 and k,€ € {1,2,--- ,n — 2}. Define f : M,, - M, by

bg, ifx = bk;
f(x)=13bi, if x=byg
x, otherwise.

It is easy to verify that f is a lattice isomorphism. Since

f0)=0, ifx<by

(&2 — = b0
A ) { f(1) =1, otherwise @)
and
0%y =0, ifx=0;
0“(f(0) = 0%(by) =0, if x=by; =0 ()
1, otherwise
we have 0 = 0@ = 0% £ Thus 040 = 0?0,
Since
f(0) =0, if x =0;
FPP(x)) =3 f(by) = by, ifx=by;
f(1)=1, otherwise
and

PP0) =0, ifx=0;
PEO(f(x)) = { PPO(by) = by, if x = by;
1, otherwise

we have fP®) = P f and thus PP = p®o,
Also, for any x € M,,, we have

(fYe)(X) = fWepp(x) = f(x VD) = f(x)V f(bi) = f(X)V be = ¥, (f(0) = W ),

and so fYp,) = WS- Thus Y, = e,
Finally, it is easy to verify that fC,, = Cy, = Cy,) f. Hence Cyp,) = Cyp,). O

Lemma 3.11. Let n > 4 and let P be an operator on the lattice M,, for which Fixp(M,)\{0, 1}
contains at least two elements. Then P is an integral operator if and only if {0, 1} C Fixp(M,)
and P(b) = 1 for each b € M,\Fixp(M,,).
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Proof. Suppose {by, b,} C Fixp(M,) for some {by, b} € M,\{0, 1} with by # b,.

If P € IO(M,), then {0, 1} C Fixp(M,,), since Fixp(L) is a sublattice of L by Corollary P.3. Also,
for each b € M, \Fixp(M,,), we have P(b) € P(L) = Fixp(M,) by Corollary P.3. If P(b) = 0, then
1 =P()=PbV by = Pb)V P(b,) = P(b;) = by, a contradiction. Thus P(b) € Fixp(M,)\{0},
and so b vV P(b) = 1. It follows from Proposition P3| that P(b) = P(b Vv P(b)) = P(1) = 1.

Conversely, suppose that {0, by, by, 1} € Fixp(M,,) for some {by, b;} € M,\{0, 1} with b, # by,
and P(b) = 1 for each b € M,\Fixp(M,). It is easy to see that P is isotone, and P(x V y) =
P(x) V P(y) for all x,y € M,. Also, since Fixp(L) = P(L), we have P*> = P by Lemma 4.

Next, we show that P(x) A P(y) = P(P(x) Ay) V P(x A P(y)) for all x,y € M,. Noticing that
x < P(x), we have P(x) A P(x) = P(x) = P(P(x) Ax)V P(x A P(x)). So we may assume that x # y.

If x=1ory=1,say x = 1, then P(x) A P(y) = P(y) = P(y) V P2(y) = P(P(x) Ay)V P(x A P(y)),
since P(1) =1 and P> = P.

If x,y € Fixp(M,,)\{1}, then x Ay = 0, P(x) = x and P(y) = y. It follows that P(x) A P(y) =
xAy=0=0Vv0=P(P(x)Ay)V P(xA P(y)), since P(0) = 0.

If x € Fixp(M,)\{1} and y € M,\Fixp(M,), then x Ay = 0, P(x) = x and P(y) = 1, which
implies that P(x) A P(y) =xA1=x=0Vx=P(P(x)Ay)V P(x A P(y)), since P(0) = 0.

If y € Fixp(M,,)\{1} and x € M, \Fixp(M,), then we similarly have P(x) A P(y) = P(P(x) Ay) V
P(x A P(y)).

If x,y € M,\Fixp(M,), then P(x) = P(y) = 1, and so P(x) A P(y) = 1 = P(y) V P(x) =
P(P(x) Ay)V P(x A P(y)).

To summarize, we conclude that P € IO(M,,). O

Immediately from Lemma B.11], we obtain
Corollary 3.12. Let n > 4 and P € IO(M,,). If {b1, bs, -+ , bys} C Fixp(M,), then P = Idy.
Lemma 3.13. Letn > 4 and P, P’ € 10(M,). If |Fixp(M,)| = |Fixp/(M,)| > 3, then P = P’.

Proof. Assume thatn > 4 and P, P’ € IO(M,). If |[Fixp(M,)| = |Fixp/(M,)| = 3, then by Lemma
B.11], Fixp(M,) = {0, b;, 1} and Fixp/(M,,) = {0, b, 1} for some i,£ € {1,2,--- ,n — 2}. It follows
from Lemma .9 and Lemma 3.1 that P = P’.

If |Fixp(M,)| = |Fixp/(M,)| = k + 2 > 4, then by Lemma .11, we have

FiXP(Mn) = {0’ bilabiz’ e ’bik’ 1} and FiXP’(Mn) = {09 bj19bj27 e ,bjp 1}9

where | <ij<ip<---<pp<n-2and 1 <1< jp < < jr<n—-2.

Let f : M, — M, be a bijection such that f(0) = 0, f(1) = 1 and f(b;) = bj, for each
bi, € {b;,, bi,,- -+ ,b;}. It is clear that f is an automorphism of M,,. Also, by Lemma B.TT], we have
fP=Pf Thus P = P O

Lemma 3.14. Let n > 4, P an operator on the lattice M,, and Fixp(M,) = {0, b;} for some
ief{l,2,---,n-2}L
(1) If n =4, then P € I0(M,) if and only if P = d,,, where d,, is the inner derivation defined
by dy,(x) = x A b; for any x € M,.
(1) Ifn > 5, then P ¢ 10(M,,).

Proof. Suppose that the assumption in the lemma is fulfilled. Then P(0) = 0 and P(b;) = b;.

If P € I0(M,), then P(L) = Fixp(M,) by Corollary .3, and so P(1), P(b;) € {0, b;} for any
J€{l,2,---,n—=2}\{i}. Thus P(1) = b; since P is isotone. Also, we have by Proposition [.] that
P(bj) = P(b; A P(bj)) = P(0) = 0. This shows that P(x) = x A b; for any x € M, thatis, P = dj,.
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Conversely, if n = 4 and P = d,,, then P € IDO(L) C IO(L) by Proposition P.T1] and Corollary
P.14], since My is a distributive lattice. Thus [7) holds.

If n > 5 and P = d,, then for any b, b, € M,\{0, b;, 1} with by # b, we have P(b; V by) =
P(1) =b; # 0 = P(by) V P(by), and so P ¢ 10(M,,). Thus [ii) holds. O

Here is our classification of isomorphism classes of integral operators on M,,.

Theorem 3.15. (1) [IO(M3)| = 8 and there are exactly 8 isomorphism classes of integral
operators on M.
(i1) |IO(My)| = 14 and there are exactly 9 isomorphism classes of integral operators on M,.

(iii) Let n > 5. Then [IO(M,)| = 2""2 + 3n— 4 and there are exactly n+4 isomorphism classes
of integral operators on M,

Proof. Tt follows from Corollary P.23 and Proposition [.q that [1] holds.

Letn > 4 and P € IO(M,,). Consider the following cases.

Case (1): |Fixp(M,)| = 1. In this case, P is equal to one of the following constant operators:
0y,, Cqyand Cyp,,), i € {1,2,--- ,n—2}. Also, forany i, j € {1,2,--- ,n—2}, we have Cy,, = C(;,j)
by Lemma B.I0. Thus, in this case, P has n choices, and by Lemma 3.3, P has 3 isomorphism
classes: 0y,, C(1), Cp))-

Case (2): |[Fixp(M,)| = 2. In this case, by Lemmas B.7, B-§, B-T1) and .14, we have Fixp(M,,) =
{0,1} or {b;, 1} for some i € {1,2,--- ,n—2}if n > 5; and Fixp(M,) = {0, 1}, {0, b;} or {b;, 1} for
somei€{l,2,---,n—2}ifn =4.

If Fixp(M,) = {0, 1}, then by Lema B.7, P = 0 for some a € M,\{1}. Also, we have by
Lemma [3.1( that 0%¥ = 0% for any k, £ € {1,2,--- ,n —2}.

If Fixp(M,) = {b;, 1} for some i € {1,2,---,n — 2}, then P = ¢, by Lemma , where
Ypp(x) = x V b; for any x € M,. Also, we have by Lemma .1 that ¢, = ¢, for any
i,je{l,2,---,n—=2}.

Thus, whenn > 5, Phas (n — 1) + (n — 2) = 2n — 3 choices, and P has 3 isomorphism classes:
09(=1),0%" and ;,), by Lemma 3.

When n = 4, if Fixp(M,) = {0, b;}, where i = 1 or 2, then by Lemma .14}, P is equal to d,,.
8 Zl Zz }) is an isomorphism from (M4, V, A, dp,, 0, 1)

2 b
to (M4, V, A, dp,,0,1). Thus, P has (4 — 1) + (4 —2) + 2 = 7 choices, and P has 4 isomorphism
classes: 09(= 7),0%V, ) and dj, by Lemma B3.

Case (3): [Fixp(M,)| = 3.

In this case, we have by Lemma [.T1] that Fixp(M,)) = {0, b;, 1} for some i € {1,2,--- ,n— 2},
and so by Lemma 3.9, P = P®). Thus P has n — 2 choices, and P has only 1 isomorphism class
by Lemma .17

Case (4): 4 < |Fixp(M,)|=t<n-1.

In this case, by LemmaB.T1], there exist I < j; < j, < --- < ji < n—2 (where k = t—2) such that
FlXp(Mn) = {0, bjl’ bjz’ e, bjk’ 1} and P(b,) = 1 for each bl‘ S {bl,bz, e, bn—Z}\{bjl’bj25 ce ’bjk}'

Thus in this case, P has C2_,+C>_,+---+C" = 2"*—n choices, and P has n—4 isomorphism
classes by Lemma B.13]

Case (5): |[Fixp(M,)| = n. Then P = Idy,,.

Summarizing the above arguments, when n = 4, we obtain that there are exactly 4+7+2+1 = 14
integral operators on My, and there are exactly 3 + 4 + 1 + 1 = 9 isomorphism classes of integral
operators on My, that is, holds.

Also, we have dj,, = d,,, since [ =
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When n > 5, we obtain that IO(M,)| =n+2n-3)+(n—-2)+ (2" 2 -n)+ 1 =2"2+3n -4,
and there are exactly 3+ 3 + 1+ (n—4) + 1 = n + 4 isomorphism classes of integral operators on
M, that is, holds. O

4. DERIVED STRUCTURES FROM DIFFERENTIAL LATTICES AND ROTA-BAXTER LATTICES

The following concepts and results were motivated from studies in hydrodynamics and Lie
algebras.

Definition 4.1 (Balinsky-Novikov [J], I. Gelfand-Dorfman [[[4]). An algebra (A, <), that is, a
vector space A with a bilinear binary operation <, is called a (left) Novikov algebra if
(a,b,c)=(b,a,c), (a<b)<c=(a<c)<b forall a,b,c € A.
Here (a, b, ¢) is the associator:
(a,b,c):=(a<b)<c—a<(b<c).
Lemma 4.2 (S. Gelfand [[[4]). Let A be a commutative associative algebra with a derivation d.
Define a new operation < on A by
(8) a<b:=ad) foralla,b € A.
Then (A, <) is a left Novikov algebra.

We generalize the notion of Novikov algebras to be defined for semirings.

Definition 4.3. A triple (L, v, <) is called a (left) Novikov semiring if the binary operation V is
commutative and associative, the binary operation < distributes over V and

€)) (xay) <) V(yex)<z) = (x<(y<2) VvV (y<(x<2),
(10) (x<ay)ez=(x<z)2y.

It is directly checked that every distributive lattice (L, V, A) is a Novikov semiring. So there are
plenty of examples of Novikov semirings.

Proposition 4.4. Let L be a distributive lattice, and d € IDO(L). Define
(11) x<y:=dx)Ay forall x,y € L.
Then (L, V, <) is a left Novikov semiring. Moreover, if L has top element 1, then d is a homomor-

phism of Novikov semirings from (L, V, A) to (L, V, <).

Proof. Assume that L is a distributive, and d € IDO(L). Let x, y, z € L. By Proposition .10, we
have x <y = d(x) Ay = x Ad(y) = y <« x, and so < distributes over V.

Abbreviate xy = x Ay for now. Since d(x)y < d(x), we have by Lemma[2.] that d(d(x)y) =
d(x)y, and so

d(d(x)y)z = d(x)yz, d(d(x)2)y = (d(x)z)y = d(x)yz.
Hence Eq. ([0) holds. Further, since L is distributive, we have
(x<y)<z) V((y<x) <2) =d(dx)y)z V dd(y)x)z = d(x)yz V d(y)xz = d(xy)z
and
(x<(y<2)) V(y<(x<z) =dx)dy)z.

Since d is isotone, it follows from Lemma [2.§ that Eq. () holds. Therefore, (L, Vv, <) is a Novikov
semiring.
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Finally, if L has top element 1, then for any x,y € L, we have d(x V y) = d(x) V d(y) by
Proposition P.11], and
d(x Ay) = d(x) Ad(y) = d*(x) Ad(y) = d(x) <d(y)
by Lemma [2.§. Consequently, d is a homomorphism from (L, V, A) to (L, V, <). O

Recall that an associative semiring is a triple (A, +, -) in which (A, +) is an associative commu-
tative semigroup, (A, -) is an associative semigroup and - is distributive over + from both sides.

Proposition 4.5. Let L be a distributive lattice, and P € 10(L). Define
(12) xxpy:=(xAPH)V(PX) AY) forall x,y € L.
Then the following statements hold.

(i) P(x#py) = P(x) A P(y) forall x,y € L.

(i1) (L, V,*p) is an associative semiring.
(iii) P is a homomorphism of associative semirings from (L, V, *p) to (L, V, A).

Proof. Assume that L is a distributive lattice, and P € IO(L). Let x,y,z € L.
We have P(x #py) = P((x A P(y)) V (P(x) Ay)) = P(x) A P(y) by Definition 1].
Since L is distributive, we have by [1] that
(xxpy)spz = (P(x*py) A2)V ((x*py) A P(2))
= (P APY) AV (((X/\ P(y)) V (P(x) Ay)) A P(Z))
= (PO APY) A2V (xAPy)APR)V(P(X)AyAP)
= (P APOG) A2V AP@))V (x A PO) A P())
= (Px)AQ#*p2)V(xAP(ys*pz)
= x%p (y*p2).
Also, we have x #py = y #p x and
xxp(yVz) = (POAYVI)VEAPYV2)
(P(xX) Ay) V(P(x) A2) V (x A P(y)) V (x A P(2))
((PG) A )V (x A POV ((P(X) A2) V (x A P(2))
(x*py) V (x #p 2).
Thus (L, V, *p) is an associative semiring.

Since P € IO(L), we have P(x V y) = P(x) V P(y) and P(x *p y) = P(x) A P(y) by [i]. So P is
a homomorphism from (L, V, *p) to (L, V, A). m]

The notion of a dendriform algebra orginated from the work of Loday on algebraic K-theory [23].
It is known that a Rota-Baxter operator (of weight 0), that is, an integral operator, on an associative
algebra gives rise to a dendriform algebra [[[]]. As their lattice theoretic analogy, we define

Definition 4.6. A quadruple (A, +, <, >) is called a dendriform semiring if (A, +) is a semigroup,
the binary operations < and > are distribute over +, and A satisfies the following equations.

(13) (x<y)<z=x<@<z+y>2),
(14) x>y<z=x>H<2),
(15) x>@>2)=x<y+x>y)>z forallx,yzeA.
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Proposition 4.7. Let L be a distributive lattice, and P € 10(L). Define
x<py:=xAPQy), x>py:=Px)ANy forallx,yce€lL.
Then (L, V, <p,>p) is a dendriform semiring.

Proof. Assume that L is a distributive lattice, and P € IO(L). Let x,y,z € L.
Claim (i): <p distributes over V. In fact, we have

x<p, OV =xAPOYV2=xAPYVPQZ)=xAPY)VXAPQZ)=(x<py)V(x<p2),

OV <px=0QVIAPX)=GAPX)V(@ZAPKX)=(y<px)V(z<px).
Therefore <p distributes over V.
Claim (ii): >p distributes over V. In fact, we have

x>, YV =PO)AQYV=PX)AYVPX)AZ)=(x>py)V(X>p2)

OVD>x=PyYVI)Ax=PY)VPIANx=PY AX)V P AX)=(Q>px)V(Z>pX).
Therefore >p distributes over V.
Claim (iii): (x <p y) <p 2= x <p ((y <p 2) V (y >p 2)). In fact, we have

x <p ((y <p2)V(y>p z)) =xANP(YAP@) V(PO AZ)=xAPY)APE)=(x<py) <pz
Claim (iv): (x >p y) <p 2 = x >p (y <p 2). Indeed, we have
(x>py) <pz=(PX)AY)ANP@)=PX)ANYAPQR)=x>p(y<p2).
Claim (v): x>p (y >p 2) = ((x <p y) V (x >p y)) >p z. Indeed, we have
x>p(y>pz) = PX)A(PY)AZ)=(Px)APY) Az
= P(xAP)VPOX)AY)Az=((x<py)V(X>pY)) >pz
Summarizing the above calculations, we obtain that (L, V, <p, >p) is a dendriform semiring. O
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