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HIGHER-DIMENSIONAL DELTA-SYSTEMS

CHRIS LAMBIE-HANSON

ABSTRACT. We investigate higher-dimensional A-systems indexed by finite
sets of ordinals, isolating a particular definition thereof and proving a higher-
dimensional version of the classical A-system lemma. We focus in particular on
systems that consist of sets of ordinals, in which case useful order-theoretic uni-
formities can be ensured. We then present three applications of these higher-
dimensional A-systems to problems involving the interplay between forcing
and partition relations on the reals.

1. INTRODUCTION

The starting point for this paper is one of the basic concepts of combinatorial
set theory: the A-system.

Definition 1.1. A family U of sets is a A-system if there is a set r, known as the
root of the A-system, such that N v = r for all distinct u,v € U.

The uniformity provided by A-systems can be quite useful, so it is no surprise
that the A-system lemma, which isolates conditions that guarantee that a given
family of sets can be thinned out to form a large A-system, is one of the foundational
results of combinatorial set theory. The most commonly stated form of the lemma,
introduced by Shanin [I5], is the following.

Lemma 1.2. Suppose that U is an uncountable family of finite sets. Then there is
an uncountable subfamily U* C U such that U* is a A-system.

The following is a less pithy but more general formulation. For a proof, we direct
the reader to [I3] Ch. II, §1].

Lemma 1.3. Suppose that k < X\ are infinite cardinals such that \ is reqular and,
for all v < X\, we have v=" < \. Suppose also that U is a family of sets such that
[U| > X and |u| < & for all w € U. Then there is U* C U such that |[U*| = X and
U* is a A-system.

A-systems are inherently one-dimensional objects, in practice often enumerated
as sequences indexed by ordinals. When investigating higher-dimensional combi-
natorial objects, however, one frequently encounters families of sets indexed by
n-element sets of ordinals for some n > 1 and desires to find large subfamilies ex-
hibiting certain uniformity properties analogous to the uniformities exhibited by
A-systems. In this context, higher-dimensional analogues of the A-system lemma
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come into play. Such analogues were first developed in work of Todorcevié [19] and
Shelah [16], [I7], and have appeared with increasing frequency of late in works such
as [21, 3], [5], [6], [12], [21], and [22].

The higher-dimensional A-systems in the aforementioned works have taken a
number of slightly different forms. In this paper, we isolate one particular def-
inition, based most directly on the 2-dimensional A-systems of [19] and [2] and
on the n-dimensional A-systems of [3]. This definition generalizes the familiar 1-
dimensional definition and, in the case in which the higher-dimensional A-system
consists of sets of ordinals, it can be strengthened to incorporate some additional
order-theoretic uniformities. The definition is presented in Section 2] where we
also prove some basic properties of our higher-dimensional A-systems. In Section
Bl we prove our main result, Theorem B.8 which is an n-dimensional analogue of
the classical A-system lemma, isolating conditions under which an n-dimensional
A-system of a particular size can be guaranteed to exist inside of an arbitrary
collection of sets indexed by n-element sets of ordinals. Theorem is naturally
seen as an elaboration of the Erdés-Rado theorem and is closely connected to the
work on canonical partition relations of Erdds and Rado [9] and of Baumgartner
1. After proving Theorem B8 we turn to a discussion of its optimality, proving
that one of its parameters, the size of the arbitrary collection of sets inside of which
we are guaranteed to find a large n-dimensional A-system, cannot be improved and
indicating precisely the extent to which another of its parameters, the upper bound
on the size of the members of our arbitrary collection of sets, can consistently be
improved. The results of this section are summarized in Corollaries and [3.27]
which incorporate Theorem B.8 our discussion of its optimality, and its connections
with the Erdés-Rado theorem.

The remaining sections of the paper present applications of our main result.
Section Ml is a short section presenting a higher-dimensional analogue of the famil-
iar use of A-systems to prove that Cohen forcing satisfies the Knaster property.
In Section Bl we present an application to a problem involving the interplay of
forcing and polarized partition relations. In Section [l we show that, in certain
arguments, the A-system lemma presented here can successfully replace a different
lemma (from [I6]) that, at least under the currently best known results, requires
stronger assumptions. We apply this to a recent result of Zhang [22] regarding
additive partition relations on the reals, obtaining a slight local improvement of his
result.

Notation and conventions. For a class X and a cardinal &, [X]" := {Y C X |
Y] =k}, and [X]|<%:={Y C X | |Y| < k}. For a set u of ordinals, otp(u) denotes
the order type of u. The class of ordinals is denoted by On. If p is an ordinal and
X is a class of ordinals, then [X]? :={Y C X | otp(Y') = p}. This is a slight abuse
of notation given the previous definition of [X]" and the customary identification
of a cardinal with its initial ordinal, but in practice we will use the Greek letter
p precisely when the order-type definition of [X]? is intended, so no confusion will
arise from this.

We will often think of sets of ordinals as increasing sequences of ordinals in the
natural way. So, for instance, if u is a set of ordinals, p = otp(u), and ¢ < p, then
u(7) denotes the unique element o € u such that otp(u Na) = i. If i C p, then
uli] denotes {u(i) | ¢ € i}. If X is a set of ordinals and n < w, then we will use
the notation (ag,...,an—1) € [X]|™ to denote the conjunction of the statements
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{ag,...,an_1} € [X]" and ap < ... < anp—1. If A and B are nonempty sets of
ordinals, then we write A < B to assert that o < 8 for all (a, ) € A x B. For
improved readability, we will also sometimes omit commas and brackets when using
small sets as subscripts or superscripts. For example, we may write ugﬁ instead of

u}g}ﬁ}. For notational convenience, we will adopt the convention that max(f)) = —1.

If  is an infinite cardinal, then 3, (k) is defined by recursion on n < w by
setting Jo(k) := & and J,,11(k) := 222(%) for all n < w. As is customary, we will
denote 3,,(Xg) simply by 3,,. Suppose that x < A are cardinals. We say that X is
k-inaccessible if v < A for all v < \. Similarly, \ is <k-inaccessible if v<% < \ for
all v < .

If 11, A, and v are cardinals and n is a natural number, then the partition relation
pw — (M) is the assertion that, for all ¢ : [u]® — v, there is H € [u]* such that
¢ | [H]™ is constant. The negation of this partition relation is denoted by u 4 (\)7.

If P is a forcing notion and p, ¢ € P, then p || g asserts that p and ¢ are compatible,
i.e., there is r € P such that r < p and r < ¢, and p L ¢ asserts that p and ¢ are
incompatible.

2. UNIFORM n-DIMENSIONAL A-SYSTEMS

In this section, we present the basic definitions of the paper and prove some
of their basic properties. We begin by working towards our definition of an n-
dimensional A-system indexed by finite sets of ordinals. Most of the paper will
focus on the case in which the elements of the A-system are themselves sets of
ordinals, in which case we can arrange for significant order-theoretic uniformities,
but we first present a more general definition.

Our n-dimensional A-systems will be indexed by sets of the form [H|", where H
is a set of ordinals, and for n > 1 they will have not a single root witnessing the fact
that they are n-dimensional A-systems, but rather a family of roots. When first
attempting to generalize A-systems to higher dimensions, one might optimistically
hope to require that, in an n-dimensional A-system (uy, | b € [H]™), the intersection
ug Nuyp depends only on a Nb for all a,b € [H]™. In other words, one might hope
to require the existence of a family of roots (R, | a € [H]=") such that, for all
b, b € [H]™, we have up Nuy = Rpny . However, this would be an overly restrictive
requirement, even in the case of n = 2. To see this, let ; be any infinite cardinal,
and define a family of sets (u, | b € [u]?) by letting uap = {a, B + 1} for all
(a, B) € [p]?. Now observe that, if « < 8 <y < < u, then

° ﬁ € UB~y Nugs;
o 3¢ uasNugsy.
Hence, ugyNugs # tapNugy, yet {B,7}0{5,0} = {8} = {e, B}N{B,v}. Therefore,
if one adopts the requirement that u, Nu, must depend only on aNb, then one could
not even find a subset H C p of size 4 for which (uy | b € [H]™) is a 2-dimensional
A-system.
The starting point for what will become our actual definition is Todorcevié’s
2-dimensional double A-system from [19]. According to Todoréevié’s definition, if
H is a set of ordinals, then a family of sets (u; | b € [H]?) is a double A-system if

e for all @ € H, the family (u.g | § € H \ (a + 1)) is a A-system with root
r0 (for simplicity, assume that H has no maximal element);
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e for all 5 € H\ {min(H)}, the family (uqp | @ € HNf) is a A-system with
root 7;
e both (ry, | a € H) and (r§ | 8 € H\ {min(H)}) are A-systems, with roots
r0 and r!, respectively.
Note that, if (u, | b € [H]?) is a double A-system, as witnessed by sets (r | a € H),
(ry | B € H\ {min(H)}), r°, and 7', then it is in fact the case that 10 = ' =
ﬂbe[HP Up-
In order to succinctly generalize this definition to higher dimensions, and to
help facilitate the later incorporation of further order-theoretic uniformities, the
following notion will be useful.

Definition 2.1. Suppose that a and b are sets of ordinals.

(1) We say that a and b are aligned if otp(a) = otp(b) and, for all v € aNb, we
have otp(a Nvy) = otp(b N+). In other words, if v is a common element of
a and b, then it occupies the same relative position in both a and b.

(2) We let r(a,b) := {i < otp(a) | a(i) € b}. Notice that a N'b = a[r(a,b)] and,
if @ and b are aligned, then a N'b = alr(a,b)] = b[r(a,d)].

Note that, in our counterexample to our initial overly restrictive attempt at a
definition of a higher-dimensional A-system at the beginning of this section, the
problem came about when we considered the non-aligned sets {c«, 8} and {5,~v}. As
we will see shortly, it turns out that this is the only insurmountable problem with
our definition, and if one only requires the family of roots in an n-dimensional A-
system to control the intersections of elements of the A-system indexed by aligned
sets, then one obtains a much more workable definition, which we adopt as our gen-
eral definition of an n-dimensional A-system indexed by n-element sets of ordinals.

Definition 2.2. Suppose that H is a set of ordinals, 1 < n < w, and, for each
be [H]", up is a set. We call (up, | b € [H]™) an n-dimensional A-system if there is
a family of roots (R™ | m C n, a € [H]I™I) such that, for all b0’ € [H]", if b and
b" are aligned and r(b,b") = m, then u, Nuy = R},

We observe that, if n = 1, then this is precisely the classical definition of a
A-system as given in Definition [T modulo an enumeration of the A-system via a
set of ordinals; the root r in Definition [T corresponds to the root R% in Definition
When n = 2, we obtain Todoréevié’s double A-systems; the roots 79, 71,
and (= r1) of Todoréevié’s definition correspond to the roots RO, R, and R%,
respectively.

We now turn to the special setting in which the elements of our A-systems are
sets of ordinals. In this setting, we can ask for our A-systems to satisfy certain
additional order-theoretic uniformities, and we will call n-dimensional A-systems
that satisfy these uniformities uniform n-dimensional A-systems. Since any family
of sets (up | b € [H|™) can be transformed into a family of sets of ordinals via
a bijection between Ube[ H]n Ub and an ordinal, and since the proof of our higher
dimensional analogue of the A-system lemma (Theorem B.R) in fact yields uniform
n-dimensional A-systems with no additional hypotheses, there will be no loss of
generality for us in focusing on this setting. (However, for n > 1 it will not in
general be the case that every sufficiently large n-dimensional A-system consisting
of sufficiently small sets of ordinals can be refined to a uniform n-dimensional A-
system of the same size; see Remark [271)
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Let us first look at the 1-dimensional case to help us motivate our definition. In
the context of families of sets of ordinals, the classical A-system lemma can easily
be strengthened to require that the root of the A-system “sits inside” each of its
elements in the same way, in the following sense.

Definition 2.3. A family U of sets of ordinals is a uniform A-system if there is a
set r such that, for all distinct u,v € U, u and v are aligned and u Nv = 7.

The following proposition indicates that Lemma [[3]can be strengthened to yield
a uniform A-system in the case in which U is a family of sets of ordinals.

Proposition 2.4. Suppose that k < A are infinite cardinals such that \ is reqular
and <k-inaccessible. Suppose also that U is a A-system consisting of sets of ordi-
nals, and that |U| > X and |u| < K for all w € U. Then there is U* C U such that
[U*| =X and U* is a uniform A-system.

Proof. Let r be the root of U. Since A is regular and |u| < k < A for all u € U, by
thinning out U if necessary, we may assume that there is an ordinal p < x such that
otp(u) = p for all u € Y. Define a function g : U — P(p) by letting g(u) := r(u,r).
Since A is <k-inaccessible, we can find a fixed set r* C p and a set U* C U such
that [U*| = X and g(u) = r* for all w € U*. Then, for all distinct u,v € U*, it
follows that v and v are aligned, with r(u,v) =r* and unov =r. O

We are now ready for our definition of a uniform n-dimensional A-system. In
the case n = 1, this will coincide with Definition 23] and in the general case it will
strengthen Definition 2:2lin the same way that Definition 2.3 strengthens Definition
!

Definition 2.5. Suppose that H is a set of ordinals, 1 < n < w, and, for all
b € [H]™, up is a set of ordinals. We call (uy, | b € [H]™) a uniform n-dimensional
A-system if there is an ordinal p and, for each m C n, a set ry, C p satisfying the
following statements.

(1) otp(up) = p for all b € [H]™.

(2) For all a,b € [H]" and m C n, if a and b are aligned with r(a,b) = m, then

u, and wuy, are aligned with r(ug, up) = rm.
(3) For all mp, m; C n, we have r'moam; = I'mg () Cm, -

We now show that Definition does indeed strengthen Definition 2.2} clause
(1) of the following proposition will also be useful in a number of other situations.

Proposition 2.6. Suppose that 1 < n < w, H is a set of ordinals, and (up | b €
[H]™) is a uniform n-dimensional A-system as witnessed by an ordinal p and sets
(rm | m C n). Then the following statements hold.
(1) For allm Cn and all a,b € [H|", if alm] = b[m], then ug[rm] = up[rm].
(2) The family (up | b € [H]™) is an n-dimensional A-system in the sense of
Definition [Z.2.

Proof. (1) For all a,b € [H]|", let 9(a,b) :=|{B €anb||anp| #|bNS}. Our
proof will be by induction on d(a,b).

Fix m, a, and b as in the statement of clause (1) of the proposition. If d(a, b) = 0,
then a and b are aligned and m C r(a,b). It follows from clauses (2) and (3)
of Definition that u, and wup are aligned and r(uq,up) 2 rm. In particular,
Ug[Im] = Up[tm], as desired.
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Now suppose that d(a,b) > 0 and we have established all instances of clause (1)
of the proposition for a’, b € [H|"™ for which ’[m] = b'[m] and d(a’,V’) < d(a,b).
Let o € aNb be least such that |a Na| # [bNal. Let kq,ky < n be such that
a(kq) = o = b(ky). Without loss of generality, we may assume that k, < k.

We now alter a to form a new set a’ € [H]". If anbNa # 0, then let a* :=
max(a NbN«). In this case, by our choice of a, there must be k* < k, such that
a(k*) =b(k*) = o*. lfanbnNa =10, then let k* := —1. In either case, note that,
for all ¢ € (k*, k,], we have b(¢) ¢ a and, if k* > 0, then a(k*) < b({). Moreover,
m N (k*, k,] = 0. We define o’ by specifying a/(¢) for all £ < n. If £ < k* or
0> kg, then let a’(¢) := a(f). If £ € (k*, ko], then let a’(¢) := b(£). The following
observations are immediate.

(i) @ and o' are aligned, with r(a,a’) = n\ (k*, k,]. In particular, m C r(a,d’).
(ii) d(a’,b) = O(a,b) — 1, since

{Bednbllanpl#pNBl}={Bcanb|lanp#[bnB[}\{a}.

We can therefore invoke the inductive hypothesis together with (i) to conclude that
Ug[Pm]| = U [rm] and together with (ii) to conclude that wg [rm] = up[rm], so it
follows that ug[rm] = up[rm], as desired.

(2) To prove that (up | b € [H]™) satisfies Definition 2:2] we must specify roots

(R™ | m C n, ac [H]™.

To this end, fix m C n and a € [H]™. If there are no b € [H]" for which b[m] = a,
then simply let R™ := (). Otherwise, choose b € [H|" for which b[m] = a and set
R™ := up[rm]. By clause (1) of this proposition, the value of R™ is independent of
our choice of b.

Now suppose that b,b’" € [H]™ are aligned and r(b,b’) = m, so, in particular,
bim] = bN V. Then up and wuy are aligned and r(up,up) = rm. Moreover, we
defined RR,, so that RiR,, = up[rm]. It follows that uy Nuy = RiR,, so (R |
m C n, a € [H]™!) witnesses the fact that (u, | b € [H]") satisfies Definition
2.2 O

Remark 2.7. There is no direct analogue of Proposition 2.4 for n-dimensional
A-systems when n > 1 unless A is weakly compact (see Corollary BT for a positive
result in case A is weakly compact). For a simple counterexample, suppose that A
is a regular uncountable cardinal that is not weakly compact, let 7: A X A — X be
a bijection, and let ¢ : [\]?2 — 2 be a function such that c“[H]? = 2 for all H € [\]*.
Now, for all @ < 8 < A, let

Lo if ¢, 8) = 0
T e B) ifefa,f) = 1.

Then (uap | @ < B < A) is a 2-dimensional A-system (with R0 = RY = 0 for
all @ < \) consisting of finite sets of ordinals, yet whenever H € [A]}, the family
(uagp | (o, B) € [H]?) contains sets of cardinality 0 and of cardinality 1 and therefore
cannot be a uniform 2-dimensional A-system.

Nonetheless, as we shall see in Section Bl the cardinality hypotheses on the
cardinal p and the sizes of the sets u, that guarantee that a family (u, | b €
[#]™) of sets of ordinals can be refined to an n-dimensional A-system of a specified
cardinality are already sufficient to guarantee that the family can be refined to a
uniform n-dimensional A-system of the same cardinality.
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3. A HIGHER-DIMENSIONAL A-SYSTEM LEMMA

In this section, we prove the main result of the paper (Theorem B.8), a higher-
dimensional analogue of the A-system lemma which asserts, roughly speaking, that
inside every family of sets of ordinals indexed by n-element subsets of some suffi-
ciently large cardinal p, we can find a subset H of p of some specified size such
that [H]™ indexes a uniform n-dimensional A-system. In the absence of weakly
compact cardinals, this H will necessarily be smaller than p. In the same way that
the A-system lemma can fruitfully be seen as as an extension of the pigeonhole
principle, this n-dimensional A-system lemma can fruitfully be seen as an elabora-
tion of the Erdés-Rado theorem, and in fact a version of the Erdés-Rado theorem
will be folded into our statement to carry along as an inductive hypothesis.

The result is also closely related to results on canonical partition relations, intro-
duced by Erdés and Rado in [9], and in particular to work done by Baumgartner
on canonical partition relations [I], which can also be seen as an elaboration of the
Erdés-Rado theorem. Indeed, in the cases in which k is a successor cardinal, much
of our main result can be derived from the main result of [I]. When & is a limit
cardinal (and in particular in the important case K = Rp, A = Ry), this approach
does not seem to work, so we provide a single proof that covers all cases. We first
introduce the following notation, from [I], that allows us to indicate precisely the
size of the family needed to ensure the existence of a large uniform n-dimensional
A-system.

Definition 3.1. Given an infinite regular cardinal A, recursively define o(\, n) for
1 < n < w by letting (A, 1) := X and, given 1 < n < w, letting o(A\,n + 1) :=
(2<U()\,n))+.

Remark 3.2. To connect Definition B with the already familiar J-notation and
to help clarify the choice of cardinals in the statements of Corollary B.16] Theorem
B4 and Corollary [6.2] we make the following observations, which we leave the
reader to verify.

(1) If A = k7 and 1 < n < w, then o(A\,n) = (J,—1(k))". In particular,
o(Ny,n) =3" | and o(3],n) = 3}
(2) For every infinite regular A, if 2 < n < w, then o(\,n) = (3,_2(2<M)) .

Note in particular that o(A,n) is regular for each regular infinite A and each 1 <
n <w.

We also remark that o(\, n) is precisely the cardinal resource needed to ensure a
monochromatic set of size A in the n-dimensional Erdés-Rado theorem, which can
be formulated as follows: for every 1 < n < w and all infinite cardinals v < A, with
A regular, the partition relation o(A,n) — (A + (n — 1)) holds ([I0, Theorem 39];
cf. also [I Proposition 1]). See Corollary B.I9 for a more precise formulation of the
connection between our main result and the Erdés-Rado theorem.

In the proof of Theorem 3.8 we will make use of the following notion of the type
of a sequence of sets of ordinals, which describes the order-relations existing among
the sets.

Definition 3.3. Suppose that I is a set and, for all ¢ € I, u; is a set of ordinals.
Then tp({u; | i € I)) (the type of (u; | i € I)) is a function from otp({J,c; us) to
P(I) defined as follows. First, let |J,o;u; be enumerated in increasing order as
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(o | n < otp(U;c;ui)). Then, for all n < otp(U;c; ui), let tp((us [ 7 € I))(n) :=
{iel]a, €}

We will often slightly abuse notation and write, for instance, tp(ug, w1, us2) in-
stead of tp((ug, u1,uz)).

Remark 3.4. To connect Definition with the earlier definition of aligned sets,
we note that, if @ and b are sets of ordinals, then a and b are aligned if and only if
tp(aNb,a) = tp(aNb,b). We also observe the following useful facts about the tp
operator, which can easily be verified:

(1) Suppose that I is a set and, for all ¢ € I, u; and u} are sets of ordinals.
Suppose also that tp((u; | ¢ € I)) = tp({u} | ¢ € I)). Then the following
statements hold.

(a) For all i € I, we have otp(u;) = otp(u}).
(b) For all J C I, we have tp((u; | ¢ € J)) = tp((u} | i € J)).

(2) Suppose that wug, ui, uf, and u} are sets of ordinals. If ug and wu; are
aligned and tp(ug,u1) = tp(ug,u)), then uj and uf are also aligned and
r(ug, uy) = r(ug, uy).

The higher-dimensional A-systems that we isolate in our main result will have
an additional technical uniformity (the “moreover” clause of Theorem B.8) that
allows us to control the relationship between u, and u; for certain non-aligned pairs
a,b € [H)™ and is useful in some applications. In order to properly state it, we need
some further definitions. Readers can safely skip these technical considerations and
the “moreover” clause of the theorem on first read, if desired, as they are not needed
in our applications in Sections @ and They are used in the proof of Corollary
[6:2] which is presented not in this paper but in [14].

Definition 3.5. Suppose that i < p are ordinals and a,b € [On]?. We say that a
and b are aligned above i if afp \ i] and b[p \ i] are aligned.

The following notion provides strictly less information than tp(a, b) but is some-
times easier to control.

Definition 3.6. Suppose that a and b are sets of ordinals. Then the intersection
type of a and b, denoted tp;,(a,b), is the set {(4, j) € otp(a) x otp(d) | a(i) = b(j)}.

Definition 3.7. Suppose that a is a nonempty set of ordinals and ¢ < otp(a).

(1) We say that an ordinal « is i-possible for a if the following two statements
hold:
(a) if i > 0, then o > a(i — 1);
(b) if i+ 1 < otp(a), then a < a(i + 1).
Intuitively, « is i-possible for a if a(i) can be replaced by a without changing
the relative positions of the other elements of a.
(2) If «v is i-possible for a, then a; 4 is the set (a \ {a(i)}) U {a}, i.e., the set
obtained by replacing the i*" element of a with a.

We are now ready for our main result. As we will see at the end of this section,
unless A is a weakly compact cardinal, the theorem is optimal in the sense that
p cannot be lowered. We also note that clause (1) of the following theorem is
essentially the Erdés-Rado theorem. In response to a query from the referee, we
note that our proof does not yield an essentially new proof of the Erdds-Rado
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theorem; if one extracts the proof of just clause (1) from our proof, one obtains
more or less a proof of the Erdds-Rado theorem originally given by Simpson in [18§]
(see also the proof of [4, Theorem 7.2.1]).

Theorem 3.8. Suppose that
o 1 <n<wy
e k,v < A are infinite cardinals, X is reqular and <rk-inaccessible, and p =
o(An);
o g:[u" —wv;
e for all b € [u]™, we are given a set up € [On]<".
Then there are H € [u)* and k < v such that
(1) g(b) =k for all b € [H|";
(2) (up | b€ [H|™) is a uniform n-dimensional A-system.
Moreover, we can arrange our choice of H so that, for all a,b € [H|" and all
m < n, if it is the case that a and b are aligned above m and a(m) = b(m), then,
for any ordinal o € H that is m-possible for both a and b, we have tp;, (g, up) =

tpint (uam>—>a y Ubps o ) .

Proof. The proof is by induction on n. When n = 1, the result follows from
Proposition 2.4 and the pigeonhole principle (note that the “moreover” clause of
the theorem is trivial if n = 1). So suppose that 1 < n < w and we have established
all instances of the theorem for n — 1.

Set p* := o(A,n —1). We will construct the desired set H via a sequence of
refinements, which we outline here at the start. We will first isolate an ordinal
pnr < i, of size 2 and cofinality at least p*. Next, we will build a set A C pas
of order type p* exhibiting certain uniformities with respect to the family (uy | b €
[#]™) and the function g. An application of the inductive hypothesis for n — 1 will
then yield a set Hy C A of cardinality A. Finally, we will thin out Hy one last time
by recursively constructing an increasing sequence (B¢ | € < A) from Hy and letting
H :={B¢ | £ < A}. Together, this sequence of refinements is as follows:

w2 pa 2 A2 Ho 2 {B: [§ <A} =H.

To begin, let 6§ be a sufficiently large regular cardinal, and let M be an elementary
substructure of (H (), €, g, (uy | b € [p]™)) such that M is closed under sequences
of length less than p* and pups := M N p € p. This is possible, since p* is regular
and p=o(A\,n) = (2<”*)+. Note that cf(upr) > p*.

Temporarily fix an arbitrary a € [ua]" !, and consider Ug—~(uar)- Lot wy =
Ug—(upyy N M and p, = otp (uaA<#M>). Let iy := r(Ug—(u,,), Wa), and let j, =
pa \ ia. Note that wg—(,,,[ia] = wa. For each j € jq, let 44,5 be the least ordinal
v in M such that u,~(,,,,(j) < 7; to see that such an ordinal v exists, note that
sup(UbE[#]n uyp) is definable in M and is therefore an element of M.

Claim 3.9. There is a set A C ups of order type p* such that:
(1) For every a € [A]""! and every B € A with max(a) < 3:
(a) g(a™(B)) = g(a™ (un));
(b) otp(ug~(gy) = pa;
(c) o~ (py[ia] = wa.
(2) For every a € [A]" Y, all o, B € A with max(a) < o < 3, and all j € ja,
we have Ug~ 8y () & Ua~(a)-
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(3) For every B € A, we have

tp((ua~a) | @ € [AN B ) = tb((tam () [ @ € [AN ")),
In particular, if ag,a; € [ANB]"L, then

tD(Uag~(8)s ar~(8)) = tP(Uag~ (s} Yas ~ (uar))-

Proof. We will recursively construct an increasing sequence (o, | n < p*) of ordinals
below ppr and then let A := {ay, | n < p*}. Our construction will maintain the
hypothesis that, for all n < p*, A, = {a¢ | £ < n} satisfies all of the items in the
statement of the claim.

Begin by letting a,, = 7 for all n < n — 1. Now suppose that n —1 < n < p* and
we have defined (a¢ | £ < 7). By the closure of M and the fact that [4,]""! has
size less than p*, we know that all of the following are elements of M:
Ay
(9(a™(pn)) | a € [Ag]" )
((Was pasiarja) | @ € [Ag]"H);
(Vai | @ € [Ag]"71, J € ja)-
Moreover, tp((tg— () | @ € [Ay]""1)) is a function from an ordinal less than p*
to P([A,]""1), so again the closure of M implies that tp({ug— (., | @ € [A]"1))
isin M.

For each a € [4,]""! and j € j,, let

€a,j = sup{sup(up Na,;) | b€ [A,]"}.

Note that cf(vyq,;) > p*, since otherwise there would be a cofinal x C ~, ; such
that « C M. Therefore, we have €, ; € M N7, ; and, again by closure, (&, | a €
(A", € ja) € M.

In H(0), the ordinal pps witnesses the truth of the statement asserting the exis-

tence of an ordinal 8 such that:

sup(4y,) < B < p;

9(a™(8)) = gla™ (par)) for all a € [4,]";

(a5 | @ € (A1) = tD({taguugy | 0 € [Ag]));

U~ () [ia) = wq for all a € [A,]" 1

® Uy~ (p)(j) is in the interval (eq ;,7a,;) for all a € [A,]" ! and all j € jq.

All of the parameters in the above statement are in M (note, for instance, that, in
the second item, a ™ (uas) is not in M, but (g(a™(un)) | a € [A,]" 1) is). There-
fore, by elementarity, we can choose o, € M satisfying the statement. It is evident
that this choice of o, satisfies the requirements of the construction. In particular,
notice that, as a consequence of clause (1a) of Remark B4 and the fact that a,, sat-
isfies the third bullet point above, we have otp(uq—(qa,)) = 0tP(Ua~(uy)) = Pa for
all a € [A,]"!. Also, the last bullet point above ensures that, for all a € [A,]" !,
all a € A, \ (max(a) + 1), and all j € jo, we have ug—(qa,)(J) & ta—~(a). Therefore,
this completes the construction and the proof of the claim. (I

Let A be as given by Claim Define a function g* on [A]"~! by letting
g*(a) := {g(a™(un)), Pas ia,ja) for all a € [A]"1. Since we know that
o g: [ —w
® p, < K; and
® iy ja C pa;
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it follows that g* can be coded as a function from [A]"~1 to max{v, 2<%} which, by
the hypothesis of the theorem, is less than A. Recalling that u* = o(A\,n—1) = |A|,
apply the induction hypothesis to g* and (ug— (., | @ € [A]"™") to find Hy C A,
k <wv, p <k, and sets i,j C p such that the following statements all hold:
otp(Ho) = A;
gla™{un)) =k for all a € [Ho|" Y
(Pariasja) = (p,1,j) for all a € [Ho]" Y
(Ua~(uagy | @ € [Ho]™™ ') is a uniform (n — 1)-dimensional A-system, as
witnessed by p and by sets sy, C p for each m Cn — 1;

o (Ug—(uy | @ € [Ho]" 1) satisfies the “moreover” clause in the statement of

the theorem.

We will thin out Hy to a further unbounded subset H C H before the end of the
proof. For now, let us begin verifying clauses (1) and (2) in the statement of the
theorem, noting that what we verify for Hy will remain true after further thinning
out.

We first take care of clause (1) of the theorem, simultaneously showing that
otp(b) = p for all b € [Hp]™. To this end, fix b € [Hp]™. Then b is of the form a™(5)
for some 3 € Hy and a € [HoN )" ~!. Since A satisfies Clause (1) of Claim B9 and
Hy C A, we have g(a/\<ﬂ>) = g(a/\<:uM>)7 and Otp(uaﬁw)) = Otp(uaﬁ(uMﬂ = Pa-
Then, by our choice of Hy, k, and p, we have g(a™ (uar)) = k and p, = p. Therefore,
g(b) = k and otp(up) = p, as desired.

We now turn our attention to clause (2). The value of p that we isolated above
is the order type that will eventually witness that (u, | b € [H|™) is a uniform
n-dimensional A-system; indeed, by the previous paragraph we have otp(up) = p
for all b € [Ho|™. We next specify the values for (rpy, | m C n) that will witness
that (up | b € [H]™) is a uniform n-dimensional A-system. For each m C n, let
m :=mnN(n—1). If n —1 € m, then set ry, := sp—. If n — 1 ¢ m, then set
I'm = S;u— Ni. Note that, in either case, we do indeed have ry, C p.

Claim 3.10. For all mg,m; C n, we have rmynm; = T'my () I'm, -

Proof. This follows immediately from the fact that Sm;nm; = Smy (' Sm; for all
mg, m g n. O

It remains to verify clause (2) of Definition 2H i.e., if a,b € [H]™ are aligned
and r(a,b) = m, then u, and wu; are aligned, and r(ug,up) = rm. We split this
verification into two cases, depending on whether or not n — 1 is in m.

Claim 3.11. Suppose that by,by € [Ho)|" are aligned and n —1 € m = r(bg, by).
Then up, and up, are aligned and r(up,, Up, ) = Tm.

Proof. Since n — 1 € m, we have ry,, = sy,—. It also follows from the fact that
n —1 € m that there is 8 € Hy such that by and by are of the form ag™(3)
and a; () respectively, where ag,a; € [Ho N B]"~1 are aligned and r(ag,a;) =
m~. By our choice of Hy and sy,-, it follows that ug,~(,,,) and ue,~(,,) are
aligned and r(tay— (5} Ya,~ (uar)) = Sm—- The fact that A satisfies Clause (3) of
Claim B9 then implies that tp(us,, up,) = tP(Uag— (uar)> Yar ~ (uar))> and therefore,
recalling Remark B4l that up, and up, are aligned, with r(up,, up,) = Sp- = I'm,
as desired. il

We next deal with the case in which m C n — 1. This will take a bit more work.
We first establish the following claim.
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Claim 3.12. Suppose that by,b1 € [Ho|”, m C n — 1, and bo[m] = by[m]. Then
Uby [I‘m] = Up, [I‘m]

Proof. Since m C n — 1, we have m~ = m and r, = sy, Ni. We also know
that by and by are of the form ap™(a) and a; ™ (5), respectively, where «, 5 € Hy,
ag, a1 € [Ho|" !, and ag[m] = a;[m]. By Proposition 2.6(1) applied to (uq~(,,,) |
a € [Ho|"™ '), m, ap, and a1, we know that wgy— () [Sm] = Ua,~ (up) [Sm). Now
fix i € ry. Since i € s, it follows that gy~ (u,,) (%) = Ue, ~(u,,) (4). Since i € i,
the fact that A satisfies Clause (1c) of Claim B.9implies that up, (i) = ta,—~ (u,,) (7)
and up, (1) = Uq,~(u,,) (7). Together, this implies that wup, (i) = up, (i), and hence
Up, [I‘m] = Up, [I‘m] U

As an immediate consequence of Claim B2 if by, by € [Hp]™ are aligned and
r(bo,b1) = m C n — 1, then up,[rm| = up, [rm]. Showing that wup, and up, are
disjoint outside of wup, [rm| will take some more work and possibly a thinning out
of Hy. For m < n and a € [Hy|™, choose any b € [Hp]™ with a = blm] (i.e., b is
an end-extension of a), and define u, := up[r,,]. By Claim BI2] this definition is
independent of our choice of b.

For the following claim, recall our convention that max(f)) = —1.

Claim 3.13. Suppose that m < n and a € [Ho]™. Then
(Ua~¢s) | 6 € Ho \ (max(a) + 1))

is a A-system with root u,.

Proof. Suppose first that m = n — 1, in which case r,,, = i. Fix (o, 8) € [Ho)* with
a > max(a), and consider ug— (o) N uq—~(5). By Claim B.I2 we have u,—~(q)[i] =
g~ () [i]. Furthermore, for all j € j, the fact that A satisfies Clause (2) of Claim
implies that u,~5)(j) & ta—(a)- It follows that

Ug— (o) N Ug—~(B) = Ua—(a) [i] = Uq,
as desired.

Next, suppose that m < n — 1. Fix (8o, 31) € [Ho|* with By > max(a), and
consider ug~ g,y N ug—(5,). Fix ¢ € [Ho]" ™ ! with min(c) > B1 and set by :=
a™(Be) " c for £ < 2. Note that b, € [Ho|", that ug— g,y = up,[rm+1], and that
Uq = Up, [Im]. Observe also that by and by are aligned and that r(bg, b1) = n\ {m},
so, by Claim BT, we have up, N up, = up, [rn\{m}] = Up, [rn\{m}] Putting this
together, we obtain

Ua~(Bo) N Ua~(B;) = Ubo [Fmt1] Nty [Prna]
= Upy [T 1] N U, [Pt 1] N U [T\ g} ] O U, [T {0} ]
= Upy (L] N Up, [T
= Uq,
where the passage from the second to the third line in the above sequence of equa-

tions follows from ClaimBI0land the observation that (m+1)N(n\{m})=m. O

We are now ready to thin out Hy to our final set H witnessing the conclusion of
the theorem. We will recursively construct an increasing sequence (8¢ | € < ) of
ordinals from Hy and then define H := {¢ | { < A}

Begin by letting Sy := min(Hy). Next, suppose that 0 < ¢ < X and (B¢ | £ < ()
has been defined. Let B¢ := {f¢ | £ < ¢}. Suppose that ag € [B¢|<" and a; €
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[B¢]=". By ClaimBI3 the sequence (g, ~ 5y \Ua, | B € Ho\ (sup(B¢)+1)) consists
of pairwise disjoint sets. Since |uq, | < &, it follows that, letting Cy, 4, be the set
of B € Hy\ (sup(B¢) + 1) such that gy~ (g) \ tg, has nonempty intersection with
Uq, , We have |Cyy.q,| < k. Since the number of such pairs (ag, a1) is less than A, we
can find B € Hy \ (sup(B¢) + 1) such that, for all ag € [B¢]<" and all a; € [B¢]=",
we have 8 ¢ Coy.q,. Let B¢ be the least such 3, and continue to the next step of
the construction.

To verify that (up | b € [H]™) is a uniform n-dimensional A-system as witnessed
by p and (rpy | m C n), we must show that, for all by, by € [H]", if by and by are
aligned and m = r(bg, b1), then up, and up, are aligned with r(up,, up,) = rm. To
this end, fix by, b; € [H]" such that by and by are aligned, and let m = r(bg,by). If
n — 1 € m, then the desired conclusion already follows from Claim B.I1] so assume
that n — 1 ¢ m.

Without loss of generality, assume that max(bg) < max(b1). By Claim B12] we
know that up,[rm] = U, [rm]. It will therefore suffice to show that, for all i < p, if
Up, (1) € up,, then i € ry,.

To this end, fix i < p such that v := wup, (i) € up,. Let m* < n be least such that
b1 (m*) > max(by). Notice that this m* exists, since max(b1) > max(bo).

Claim 3.14. v € up, -

Proof. We will prove by induction on ¢ < n —m™ that v € uy, ,_g. First, if £ =0,
then by[n — £] = bi[n] = b1, and, by assumption, we have v € up,. Next, suppose
that £ < n—m* and we have proven that v € up, [,—¢. Then by (n—£—1) > max(bo),
so, by our thinning out of Hy to H, we know that wuy, [, \ubl[n,g,l] is disjoint
from up,. Since v € up,, it follows that v € up,[n—r—1)- O

Claim 3.15. v € upy—1)-

Proof. Because by and by are aligned and max(b;) > max(by), we know that
max(bg) ¢ b1. Since m* was least with by (m*) > max(by), it follows that max(bg) >
max(b;[m*]). Therefore, by our thinning out of Hy to H, we know that up, \ upgn—1]
is disjoint from wp,[y,<). Since v € uy, [+ by the previous claim, it follows that
v € Upy[n—1]- 0

For ¢ < 2, let ay = bg[n — 1] and B¢ = be(n — 1). By the two previous claims and
our choice of By and (31, we know that

Y € Upg[n—1] N Upy [m*] = Ubg [tn—1] N up, [T
C upy [i] N up, [i]

= Uao~ (uar) [l] N Uy~ (puar) [l]

In particular, we have i € i and, since up, [i] = w4, ~(u,,)[i], We also know that
ual“(ﬂM}(i) =7

Since by and by are aligned, we know that ay and a; are aligned, and, since
n—1 ¢ m, we also have r(ag,a;) = m. Therefore, by our choice of Hy, it follows
that wg,—~(u,,) and g, ~ (., are aligned and r(uq,—~(u,, s Ua,~ (unr)) = Sm. Since
Y € Uag— (pupr) N Uay~ (unr)» it follows that i € sp,. But since i € i and rpy, = sm N1,
it follows that ¢ € ry,, which finishes the proof of clause (2).

We finally turn our attention to the “moreover” clause. To this end, fix m < n
and a,b € [H]™ such that a and b are aligned above m and a(m) = b(m). Fixa € H
such that « is m-possible for both a and b. We must show that tp;,(ue,up) =
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tPint (Uayss s Ubn,so )- Let a= = aln—1] and b~ = b[n — 1], and let at := a= "~ (unr)
and b := b " ().

Suppose first that m = n — 1, so a(n — 1) = b(n — 1). By the fact that
A satisfies Clause (3) of Claim [39 we know that tp(ug,up) = tp(tg+,up+) =
tp(Ua,,, . Ub,,.,. ), and hence tp; . (Ua, up) = tPint (Uay,. o> Wb,y )-

Suppose next that m < n — 1. By the fact that (u,~(,,,) | @ € [H]""!) satisfies
the “moreover” clause in the statement of the theorem, we know that
(*) tpi]ﬂt (ua+7ub+) = tpi]ﬂt (uaﬁ,_,a’ub+ ) .

m—a

Suppose in addition that a(n — 1) = b(n — 1). Then, again by the fact that A
satisfies Clause (3) of Claim B9 we know that

tp(ta, up) = tp(tg+, up+) and tp (uq,, ., Up,, . ) = tp (ua;Ha,uw ) .

me— o

Putting this together yields tp; . (ta, up) = tPint (Way, o s Ub,, .. )s as desired.

The remaining case is that in which a(n — 1) # b(n — 1). We show that
tDing (Ua, Ub) C tDing (Uarosos by, .. )- A symmetric argument will yield the reverse
inclusion. To this end, fix (i,7) € tp;y(ta, up). Thus, we have u, (i) = up(j) = 7
for some ordinal . Since a and b are aligned above m, a(m) = b(m), and
a(n—1) # b(n—1), it follows that b(n—1) ¢ a and a(n—1) ¢ b. An argument exactly
as in the proofs of ClaimsBI4 and BI5 then shows that v € u,- Nuy- = ug[i]Nup[i],
and hence we have i, j € i.

Since i,j € i, the fact that A satisfies Clause (1c¢) of Claim implies that
Ua (i) = ug+ (1) and up(j) = up+ (j), and hence (i,7) € tp;y, (Ua+, up+ ). By equation
(%) above, we have (i, j) € tp;y (u + ’ubﬁea)' Again by the facts that A satisfies

Amr—s o

Clause (1c) of Claim and that i,j € i, we have uq,, (i) = u,+ (i) and
Upyo (J) = ups  (4), 50 (4,7) € tPing (Uap, o> Ub,n.s . ), thus finishing the proof. [J

ma

The following corollary gives an important special case, obtained from setting
k = Ng and A = Xy in Theorem [3.8

Corollary 3.16. Suppose that 1 < n < w, and let p:= 3t . If (up | b € [1]"™)
is a family of finite sets of ordinals and g : [u|* — w is a function, then there
is H € [u™ such that (uy | b€ [H|") is a uniform n-dimensional A-system and
g | [H]™ is constant. O

We end this section with a discussion of the optimality of Theorem It can
be argued that, if £ < A < p are infinite cardinals, 1 < n < w, and g — ()32,
then any sequence (u, | a € [u]™) consisting of elements of [On]<* can be thinned
out to a uniform n-dimensional A-system of size A (see [3] for such an argument).

In general, ;1 — (A)3%. is a stronger assertion than y > o(A,n), which is our
assumption in Theorem B8 so this argument yields weaker results than those of
Theorem However, if A is weakly compact, then we have A — ()32, for all

1 <n <wand all Kk < A, so we obtain the following corollary.

Corollary 3.17. Suppose that 1 < n < w and that k < X are infinite cardinals, with
A being weakly compact. Suppose also that (uq | a € [\]™) is a sequence consisting of
elements of [On]<%. Then there is H € [\]* such that (u, | a € [H]|") is a uniform
n-dimensional A-system. O
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If A is not weakly compact, though, then our result is optimal in the sense that
the value of p cannot be decreased. This is true even disregarding clause (1) or
the “moreover clause” of Theorem [B.8 and focusing only on the higher-dimensional
A-systems (and not even requiring that the A-systems be uniform), for essentially
the same reason that the Erdés-Rado theorem is optimal.

Proposition 3.18. Suppose that 1 < n < w and X is a regular uncountable cardinal
that is not weakly compact, and suppose that pu < o(\,n). Then there is a sequence
(uq | a € [u]™) consisting of finite sets of ordinals such that there is no H € [u]*
for which (uq | a € [H]™) is an n-dimensional A-system.

Proof. If n =1, then we have 1 < A, so the result is trivial. So assume that n > 1.
Since A is uncountable, regular, and not weakly compact, [8, Corollary 21.5] implies
that 2<* 4 (\)3. Therefore, by successive applications of [7, Lemma 5A], which
is the lemma establishing the optimality of the Erdos-Rado theorem, we have, for
all m < w, 3,(2<*) A (V)3™™. By Remark B2(2), o(\,n) = (Dn_2(2<’\))+.
Therefore, we have p < 3, 2(2<*), so there is a function c : []® — 2 that is not
constant on [H]" for any H € [u]*. For each a € [u]", simply let u, := c(a). Now
suppose that H € [u]*, and suppose for sake of contradiction that (u, | a € [H]")
is an n-dimensional A-system, as witnessed by roots (R™ | m C n, a € [H]™l).
Using the fact that ¢ is not constant on [H’]" for any unbounded H’ C H, we can fix
three sets ag < a1 < ag in [H|™ such that c¢(ag) = 0 and c(a1) = ¢(az) = 1. By the
definition of an n-dimensional A-system, we should have uq, Nug, = R% = Uq, NUq,-
However, we actually have ug, Nug, = 0 and ug, Nug, = 1, which is our desired
contradiction. g

Before turning to the optimality of the value of x in Theorem B.8, we pause to
summarize the results of this section thus far in a corollary connecting Theorem
and Proposition with the Erdés-Rado theorem.

Corollary 3.19. Suppose that 1 < n < w and that A and p are infinite reqular
cardinals such that X is uncountable but not weakly compact. Then the following
are equivalent:

(1) p=o(Xmn);

(2) 1= (N

(3) w— A+ (n—1))7 for every v < \;

(4) for every sequence (up | b € [u]™) such that each uy is a finite set, there is
H € [u]* such that (uy | b € [H]™) is an n-dimensional A-system;

(5) the conclusion of Theorem[Z8 holds for n, A, and p, and for any choice of
Ky, v, g [p]™ = v, and (up | b € [u]™) such that
(a) v < X;
(b) X\ is <k-inaccessible; and
(¢) up € [On]<" for every b € [u]™.

Proof. (1) = (3) is the Erdés-Rado theorem, or the pigeonhole principle if n =1 (it
can also be extracted from our proof of Theorem B.g)), and (3) = (2) is immediate.
(1) = (5) is Theorem B8 and (5) = (4) follows by setting x = Xy in Theorem
and invoking Proposition 26(2). (4) = (2) is precisely the second half of the
proof of Proposition Finally, (2) = (1) follows from the optimality of the
Erdds-Rado theorem (the argument in the first half of the proof of Proposition

B.13). 0
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We now turn to the optimality of x in Theorem[3.&} in other words, we investigate
the necessity of the requirement that A be <k-inaccessible in the statement of the
theorem. It turns out that the optimality of x is slightly more complicated than
the optimality of p, since even if A is not <k-inaccessible, it could be the case that
o(A,n) = o(A*,n) for some \* > X such that \* is <r-inaccessible. For example,
suppose that 2% = Ny and 2% = 282 = N3. Then 0(N2,n) = o(R3,n) for all n > 2.
Also, N3 is <Nj-inaccessible, so Theorem [3.8 holds for A = N3 and k = v = N3
(and any value of n). This immediately implies that the conclusion of Theorem
B& holds for A = Ng, kK = v = Ny, and 2 < n < w, despite the fact that Ny is not
<N;-inaccessible. We can show however, that this is essentially the only way in
which the value of x in Theorem can fail to be optimal.

Proposition 3.20. Suppose that 1 < n < w and k < X are infinite cardinals
such that X\ is reqular and not <k-inaccessible. Let \* = (\<%)T and suppose that
w < o(A*,n). Then there is a sequence (uq | a € [u|™) consisting of elements of
[N|<" such that there is no H € [u]* for which (u, | a € [H|") is an n-dimensional
A-system.

Proof. Fix a cardinal v < X such that v > k and v=" > \. Next, fix an injective
sequence (z, | n < A) of elements of []<" such that, for all distinct 7, £ < A, neither
of &, nor ¢ is a subset of the other. One way to see that this can be done is the
following. Let (k; | i < 6) be such that

e if k is a successor cardinal, then § = 1 and kg is its immediate predecessor
(so v<r =pho); or

e if  is a limit cardinal, then 6 = cf(x) and (k; | 7 < 0) is a strictly increasing
sequence of cardinals converging to .

Now let (f,, | 7 < A) be an injective sequence of elements of | J;,_,"*v. Partition
v into pairwise disjoint pieces (A; | i < 6), each of size v and, for each i < 0, let
;i : ky X v — A; be a bijection. Now, viewing elements of v as subsets of x; X v,
for each n < A, let i, be the unique i < ¢ such that f, € "iv, and let x, :=m;, “f,.
Then (z, | n < A) is as desired. Similarly, fix an injective sequence (yo | o < A<")
of elements of [\ \ v]<" such that, for all @ < 8 < A<%, neither of y, nor yz is a
subset of the other. For all a < A<, let 1, = sup(y,). Since X is regular, we have
No < A

Suppose first that n = 1. Then o(A\*,1) = A* = (A<")T, so we can assume that
p=A<F. For all @ < p, let uq := yo Uxy,,. Fix H € [p]*, and suppose for sake
of contradiction that (u, | @ € H) is a A-system, with root 7. Let r~ = rnNv
and 7t := 7\ v. Note that, for all distinct o, 3 € H, we have y, Nys = r* and
Ty NTpg =7

There are now two cases to consider, depending on whether or not {n, | « € H}
is unbounded in A. Suppose first that n* := sup{n, | « € H} is less than A\. Then
(yo \ 7t | @ € H) is an injective sequence of pairwise disjoint nonempty subsets of
n* + 1, contradicting the fact that |[H| = A\ > n* + 1. Suppose next that n* = .
Then {z,, \r~ | o € H} is a set of size A consisting of pairwise disjoint nonempty
subsets of v, contradicting the fact that A > v.

Now suppose that n > 1. Then, by Remark B.2(1), we know that o(A*,n) =
(3n—1(A<%))T, so we can assume that g = 3,,_1(A<"). For any infinite cardinal
X, the coloring d : [X2]> — x defined by letting d(f,g) be the least ¢ < x for
which f(&) # g(€) for all distinct f, g € X2 witnesses the negative partition relation
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2X A (3)i Therefore, setting x = A<" and repeatedly applying [7, Lemma 5A],
we have 11 A (No)%<.. Let ¢ : [p]™ — A<" witness this negative partition relation.

Now define (u, | a € [u]") by letting us := Ye(a) U 2y, for all a € [p]". Fix
H € [p)*, and suppose for sake of contradiction that (u, | a € [H]") is an n-
dimensional A-system, as witnessed by roots (R™ | m C n, a € [H]|™l). Let
ro= Rg, r~ :=rNv,and r* := r\ v. Since ¢ witnesses pu 4 (No)%<., we can
find disjoint sets ag,a; € [H]™ such that c(ag) # c(a1). Now arbitrarily fix a set
ay € [H|" for each 2 < v < X in such a way that (a, | ¥ < A) is an injective
sequence of pairwise disjoint sets. By the definition of (uq | @ € [H]™) and our
choice of 7, ™, and r~, we know that, for all v < § < A, we have uq, Nuq; =7,
and hence Ye(q.) N Ye(ay) = 7" and Tnearyy N Tnegay) =T -

There are now two possibilities. First, suppose that there are v < § < A for which
Uq, = Uqs. Then we can find £ < 2 for which u,, # 1., (and hence u,, Z uq,).
But now we are in the same situation as in the proof of Proposition B.I8t we must
have uq., Ntq; =T = Uq, NUq., Dut g, Nugs = uq., and since u,,, Z ugq,, we have
Uq, N Uq., # Uq,, Which is a contradiction.

The other possibility is that the sets (uq., | v < A) are all pairwise disjoint. There
are now two subcases, depending on whether or not n* := sup{nc,) | v < A} is
equal to A. If n* < A, then (uq, \ r | v < A) is an injective sequence of pairwise
disjoint nonempty subsets of max{n* +1,v}. If n* = A, then {@y,,  \77 [7 <A}
is a set of size A consisting of pairwise disjoint nonempty subsets of v. In either
case, we contradict the fact that A > max{n* + 1,v}. O

If kK < A are both regular infinite cardinals and X is not <x-inaccessible, then
(A<F)T is the least <r-inaccessible cardinal greater than or equal to A (it can fail
to be <k-inaccessible if x is singular). We can therefore combine the results of this
section in the following equivalence.

Corollary 3.21. Suppose that 1 <n < w and k < X are infinite reqular cardinals.
Let \* be the least <k-inaccessible cardinal greater than or equal to \, and suppose
that 1 is an infinite cardinal. Then the following are equivalent.
(1) pzo(X,n);
(2) the conclusion of Theorem[Z8 holds for n, k, X\, and p with any choice of
v< X g:p]" = v, and (up | b € [u]™) with each up in [On]<";
(3) for every sequence (u, | a € [u]™) such that each u, is a set of cardinality
less than k, there is H € [u]* such that (u, | a € [H]") is an n-dimensional
A-system.

Proof. (1) = (2) follows from Theorem B8 and (2) = (3) is immediate. If X is
<k-inaccessible, then A* = )\, in which case (3) = (1) follows from Proposition
If A is not <k-inaccessible, then (3) = (1) follows from Proposition B:20 and
the observation that A* = (A=) in this case. O

4. CHAIN CONDITIONS

One of the primary uses of the classical A-system lemma is in proving that certain
forcing notions satisfy chain conditions. For example, one of the first applications
that many people learn is in the proof that the forcing notion to add any number
of Cohen reals is k-Knaster for every regular uncountable :
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Lemma 4.1. Let x be any infinite cardinal, and let P = Add(w, x) be the forcing
to add x-many Cohen reals. Suppose that k is a reqular uncountable cardinal and
(pa | @ < K) is a sequence of conditions from P. Then there is an unbounded A C k
such that (p | @ € A) consists of pairwise compatible conditions.

During forcing constructions involving higher-dimensional combinatorial state-
ments, one frequently encounters sequences of conditions indexed not by single
ordinals but by n-element sets of ordinals for some n > 1. One would then like to
find a large set such that the restriction of the sequence to that set satisfies certain
uniformities analogous to the uniformities exhibited by (po | @ € A) in Lemma
[Tl A first, naive attempt at formulating a statement to this effect, similar to our
overly optimistic first attempt to define higher-dimensional A-systems at the start
of Section 2] might look vaguely as follows:

Let x be an infinite cardinal and 1 < n < w, and let P be the
forcing to add y-many Cohen reals. Then there is a sufficiently
large regular cardinal p < y such that, for every sequence (p, | a €
[#]™) of conditions in P, there is a “large” set H C pu such that
(pa | @ € [H]™) consists of pairwise compatible conditions.

It is easily seen that such a statement cannot possibly hold if n > 1, however.
Indeed suppose that n = 2 and, for all (a, 3) € [u]?, define a condition p,s € P
by letting dom(pag) := {a, 5}, pap(c) := 0, and pas(5) := 1 (we are thinking of
conditions in P as being finite partial functions from x to 2). Then pag L pg, for all
(o, B,7) € [u]?, so we could not even find a set H of size 3 as in the above statement.
The obvious problem here is that the sets {«, 5} and {3,~} are not aligned, and it
turns out that this is the only obstacle. By requiring the compatibility of p, and
pp only when a and b are aligned, we obtain a consistent statement. For example:

Lemma 4.2. Suppose that X\ is a regular uncountable cardinal, 1 < n < w, and
w=o(An), and suppose that P is the forcing notion to add x-many Cohen reals
for some infinite cardinal x. Then, for every sequence (p, | a € [u]™) of conditions
in P, there is a set H € [u]* such that, for all a,b € [H|", if a and b are aligned,
then pa || po-

Proof. Fix asequence (p, | a € [u]™) consisting of conditions in P. For each a € [u]™,
let ug := dom(p,) and k, := otp(u,), and let p, : k, — 2 denote the condition
isomorphic to pg, i.e., Pa(i) = pa(uq(i)) for all i < k,. Now apply Theorem
to (us | a € [u)") and the function a ~ p, to find an H € [u]*, a k < w, and a
function p : k — 2 such that (u, | @ € [H]|") is a uniform n-dimensional A-system
and p, = p for all a € [H]™.

We claim that p, || pp for all aligned a,b € [H]™. To this end, fix a,b € [H]|"
such that a and b are aligned. The only way we could have p, L pp is if there
is a € ug Nup such that p,(a) # py(a). Since (uq | @ € [H]™) is a uniform n-
dimensional A-system, we know that u, and wu; are aligned. Moreover, we know
that p, = pp = p. Therefore, if a € wu, N up, then there is ¢ < k such that
a = uq(i) = up(i). But then p,(a) = p(i) = pp(a). Therefore, we have p, || pp. O

Remark 4.3. If ) is weakly compact, then, by Corollary B.17 Lemma still
holds with p = A rather than p = o(\,n).
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5. AN APPLICATION TO POLARIZED PARTITION RELATIONS

In this section, we give a relatively simple application illustrating a typical use
of Theorem in a forcing argument. The following definition was introduced by
Todoréevic.

Definition 5.1 (|20, Remark 9.3.3]). Let 1 < n < w. Then ©,, is the least cardinal
0 such that, for every function f : 6™ — w, there is a sequence (4; | i < n) of
infinite subsets of ¢ such that f [ [],_, A; is constant.

We clearly have ©1 = N;. The next proposition establishes lower bounds for ©,,
for n > 1.

Proposition 5.2. Suppose that 1 < n < w, k is a cardinal, and ©,, > k. Then
@n+1 > kT,

Proof. Since ©,, > k, we can fix a function g : K™ — w such that g is not constant
on any product of n infinite subsets of k. For each 8 < k™, fix an injective function
eg :  — k. Then the function gg : /™ — w defined by letting

95((a0, -+ an-1)) = g({eg(ao), - - ep(an-1)))

for all {(a, ..., an—1) € B™ has the property that gg is not constant on any product
of n infinite subsets of 3.

We now define a function f : (k7)""! — (n+2) x w that will not be constant on
any product of (n+ 1) infinite subsets of ™. This can easily be coded as a function
into w, so this suffices to prove the proposition.

Given @ = {ap, ...,a,) € (k7)"" and i < n, let @ denote the sequence formed
by removing «; from @, i.e., @ := (ag, ..., _1,Qi11,...,0,). Let us now define
f(&). If there are i < j < n such that a; = a;, then let f(&) := (n + 1,0).
Otherwise, let ¢ < n be such that o; < «; for all j € (n+ 1)\ {i}, and let
F(&) = (i, gs (@)).

Suppose for sake of contradiction that (A; | ¢ < n) is a sequence of infinite
subsets of kT such that f | [[,., A; is constant, taking value (m,k). First note
that we can always find a sequence & € [L;<, Ai whose coordinates are all distinct,
so it cannot be the case that m = n + 1. Thus, m < n, so, by our definition of f, it
follows that A; < Ay, for all j € (n+1)\{m}. Fix 8 € Ay, and define (A% | j < n)
by letting A7 := A; for j < m and A} := A;1; for m < j < n. Then each Aj is
an infinite subset of 5 and, by our definition of f, it follows that gg | [] j<n A7 s
constant, taking value %, contradicting our assumptions about gg. O

In particular, we immediately obtain the following corollary, answering a part of
Question 9.3.4 from [20].

Corollary 5.3. ©, >R, foralll <n < w. O

It follows easily from the Erdds-Rado theorem that ©, < 3:{71 for all 1 <
n < w. In particular, if GCH holds, then ©,, = XN, for all 1 < n < w. We now
apply Theorem to prove that adding any number of Cohen reals preserves the
inequality ©,, < (J:g_l)v. In fact, we will prove that a slightly stronger partition
relation, which easily implies ©,, < (3 )", holds after forcing to add the Cohen
reals.
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Theorem 5.4. Suppose that 1 < n < w and x is an infinite cardinal. Let = 35 |,
and let P be the forcing to add x-many Cohen reals. Then the following statement
holds in V¥ :

For every function ¢ : [u]™ — w, there is a sequence (A, | m < n)
such that

e for allm < n, Ay, is a subset of y of order type w + 1;

e for allm <m' <n, we have A,, < A,

o c[[lhen Am is constant.

Proof. We think of conditions in P as being finite partial functions from x to 2,
ordered by reverse inclusion. Given a condition p € P, let p denote the function
from |dom(p)| to 2 defined by letting p(7) := p(dom(p)(7)) for all i < |[dom(p)|.

Since the conclusion of the theorem is trivial if n = 1, we may assume that
n > 1. Fix a condition p € P and a P-name ¢ forced by p to be a function from
[#]™ to w. For each b € [p]™, find a condition g, < p and a color k, < w such that
a IF “¢(b) = ky”. Let up, := dom(gqp), and define a function g : [u]™ = <“2 x w by
letting g(b) := (G, ks) for all b € [u]”. Apply Theorem B8 to find H € [u]** such
that (up | b € [H]™) is a uniform n-dimensional A-system and ¢ [ [H]™ is constant,
taking value (7, k). By taking an initial segment if necessary, assume that we in
fact have otp(H) = wy. Note that, if b and b" are aligned elements of [H]™, then g
and gy are compatible in P.

Let p :=|ql, and let (rm C p | m C n) witness the fact that (uy | b € [H]") is a
uniform n-dimensional A-system. For each m < n and each a € [H]™, define u, by
letting b be any element of [H]™ such that b[m] = a and then letting u, := up[ry,]
(we are thinking of m as an initial subset of n here). Then set ¢, := ¢ | Uq.
By Proposition and the fact that g, = ¢ for all b € [H]", it follows that our
definition of u, and ¢, is independent of our choice of b.

By the arguments of Claim BI3] we know that, for every m < n and every
a € [H]™, the sequence (uq~) | B € H \ (max(a) + 1)) is a 1-dimensional A-
system, with root u,. Since g, < p for all b € [H]", it follows that dom(p) C ugy
and gy < p. We will show that gy forces the existence of a sequence (4,, | m < n)
in V¥ such that

e each A,, is a subset of u of order type w + 1;
e A, <A, forallm<m’ <n;

e the realization of ¢ is constant when restricted to [],,_,, A, with value k.

Since p was arbitrary, this suffices to prove the theorem. We first need the following
claim.

Claim 5.5. Suppose that m < n, a € [H|"™, and v € H \ (max(a) +1). Then the
set Dg = {qa~(p) | B € H\ v} is predense below qq in P.

Proof. Fix a condition 7 < ¢,. We will find an element of D, compatible with r.
Since (uq~(gy | 6 € H \ ) is an infinite 1-dimensional A-system with root u,, and
since dom(r) is finite, we can find € H \ y such that u,— (g \ u, is disjoint from
dom(r). But then g,~ gy [ dom(r) = qq, so, since 7 < qq, it follows that 7 U g, ()
is a condition in PP, so g,~ (g is an element of D, - compatible with 7. 0

Now suppose that G is P-generic over V with ¢y € G, and let ¢ be the realization
of ¢ in V[G]. By applying Claim n times, working in V[G], we can recursively
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choose an increasing sequence (d,, | m < n) of elements of H such that, letting
d = {0, | m <n}, we have

e qq € G

e H Ny is infinite;

o forallm<n—1, HN (dpmt1 \ (6m + 1)) is infinite.
Let Aj denote the set of the first w-many elements of H Ndy and, for all m <n—1,
let A%, ., denote the set of the first w-many elements of H N (641 \ (9 + 1)).

We now construct an n X w matrix (aum.¢ | m < n, £ < w) such that
e for all m < n, {(am | ¢ <w) is an increasing sequence of elements of A¥ ;
o letting A, = {am¢ | £ <w}U{d,} for each m < n, we have ¢, € G for all
bellenAm.

The construction is by recursion on the anti-lexicographical order on n X w, i.e., we
set (m,0) < (m/,¢)if £ < ¢ or (¢ =¢" and m < m'). During the construction, at
stage (m, 0), for all m’ < n, we will let A, [ (m, ) denote the set {a ¢ | ¢/ < (}U
{6m} U m' <m and {am e | € <€} U {6y} if m < m’. In other words, A, |
(m, ¢) is simply the portion of A,  that we have specified before stage (m, £) of the
construction. Our recursion hypothesis will be the assumption that, when we reach
stage (m, (), for all b € [, ., A | (m,{), we have q, € G. It will then follow
that g, , == U{a | b € T[],y Amr | (M, £)} is also an element of G.

To begin the construction, note that, for all m’ < n, we have A, | (0,0) =
{0m'}, 80 @59 = qa € G. Thus, our recursion hypothesis is initially satisfied. Now
suppose that (m, £) € n x w and we have defined (@, ¢ | (M, ') < (m,£)) so that
the resulting condition gj, , is in G. Temporarily move back to V, noting that each
Ay | (m, ) is finite and hence in V, and A}, is also in V, as it is definable from
H (and 6,1, if m > 0).

Let Bo := [ cm(An T (m,£)) and By := [],,concn(Amr [ (m, £)). If £ >0,
then let v := -1 + 1; if £ = 0, then let v := 0. For each o € A%, \ 7, let
q:; = U{Qboﬂ(a)ﬁbl | bo € By, b1 € Bl} Notice that, if bo,b6 € By and bl,b/1 € By,
then by~ (@) b1 and by~ (@) b} are aligned, and hence gy, ~ (a)~5, and gy ~ o)~/
are compatible. It follows that ¢, is a condition in P.

Claim 5.6. The set £ :={q}, | « € A}, \ v} is predense below gy, , in P.

Proof. Fix r < ¢y, ,. We will find an element of E' compatible with r. Let m =
n\ {m}. For each (bo,b1) € By x Bi, the sequence (up,~(ay~p, | @ € Ay, \ ) forms
a 1-dimensional A-system whose root is equal to up,~ (a)~p, [rm] for all o € A%\ 7.
Since A%, \ 7 is infinite and since dom(r), By, and Bj are all finite, we can find
a € A%\ such that, for all (bo, b1) € Box B, the set up,~ (ay~, \ (Upy— (a)~b, [Tm])
is disjoint from dom(r).

We claim that ¢ and r are compatible. To see this, it suffices to show that
Qby— (a)~b, and 7 are compatible for every (bo,b1) € By x B;y. Thus, fix (bo,b1) €
By x B;. We know that Upy— (a)~by [ dom(r) C Uby— (o)~ by [rym]. Since by (a) by
and bo ™ (0y,) by are aligned with r(by™ () b1, b (dp) "b1) = m, we also know
that gy~ (ay—~b, || Goo—(5,) by AN Upg— () ~b, [Fm] = Upg—(5,.)~b; [Fm]. Then

Bbo—(a)~b1 | (Ubo— ()b [Tm]) = Goo—(5,) b1 | (Uoo—(6,0) =11 [Fm])-
But we have gy, ) < qyy—(5,,)~b,+ Since by (0) b1 € [ cnAm T (m,€). Tt
follows that r < g, » < Go—(a)~b, | dom(r). Therefore, 7 and gp,~(a)~p, are

1

compatible. O
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Returning to V[G], we can find o € A%, \ v such that ¢, € G. But notice that,
if we were to set ¢ = «, then, letting (m,¢)* denote the anti-lexicographic
successor of (m,¢), we would have qz‘m)g)+ =4y, Y g, € G. We can therefore set
Q¢ = o while maintaining the recursion hypothesis, and continue to the next
step of the construction.

At the end of the construction, we have built sets (A,, | m < n) such that

e for each m < n, A,, is a subset of H and otp(4,,) = w + 1;
e for each m <m’ <n, A < Apy;
e for each b € [[,,.,, Am, we have ¢, € G, and hence c(b) = k.

Therefore, (A,, | m < n) witnesses this instance of the theorem. O

Remark 5.7. With some appropriate bookkeeping, the order type w + 1 in the
statement of Theorem [5.4] can be replaced by any countable ordinal a.

Corollary 5.8. The statement Vn € [1,w) (0, = N,)” is compatible with an
arbitrarily large value of the continuum. In particular, if V' is a model of GCH, x

is an infinite cardinal, and P is the forcing to add x-many Cohen reals, then, in
VE, 0, =R, forall<n<w.

Proof. In V', since GCH holds, we have :l;'{_l =N, for all 1 < n < w. Therefore,
Theorem [5.4] implies that ©,, < X,, in VF for all 1 < n < w. By Corollary (.3} it
follows that ©,, =R, for all 1 < n < w in VF. O

6. A VARIATION, AND MONOCHROMATIC SUMSETS OF REALS

In this section, we discuss an alternative form of higher-dimensional A-system
that has appeared in the literature. The following theorem is due to Shelah and
follows from the proof of [16, Lemma 4.1] (cf. also [6, Claim 7.2.a] and [2I] Lemma
3.6] for more complete proofs of similar statements).

Theorem 6.1. Suppose that v < A < p are infinite cardinals, 1 < n < w, and
pw— (N)32. Suppose moreover that (u, | a € [u]™) is a sequence of elements from
[On]S¥. Then there is H € [u]* and a sequence (u’ | a € [H]=") of elements from
[On]=¥ such that

(1) ui D ug for all a € [H]";

(2) for all a,b € [H]™, we have tp(u}, us) = tp(ug, up);

(3) for all a,b € [H|=", we have u} Nuj = u’,;

(4) for all ag C ay and by C by, where a1, by € [H]=", if tp(a1,a0) = tp(b1,bo),

then tp(uy ,uy ) = tp(uy ,up ).

It is currently unclear whether arguments similar to those in the proof of Theorem
can be used to obtain the conclusion of Theorem 6.1l from a weaker assumption
on p, such as u > o(\,n). It is the case, however, that certain results that have
been proven using Theorem can be proven by instead using Theorem 3.8 This
can yield some improvements, since Theorem [B.§ places weaker assumptions on the
cardinal u. We give one example of such a result here.

In [22], Zhang uses Theorem [6.1] to prove that, in the forcing extension obtained
by adding 3,-many Cohen reals, we have R —%1 (Xg), for every r < w, i.e., for
every r < w and every function f: R — r, there is an infinite set X C R such that
f 1 (X + X) is constant. We remark that, by a result of Hindman, Leader, and
Strauss [I1], if 2% < X, then there is < w such that R 4% (Rg),, so, over a
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model of GCH, it is necessary to add at least J,,-many reals to obtain R =1 (Xg),
for every r < w.

Let us examine, though, the number of reals that must be added to obtain
R —T (Rg), for some fixed » < w. Zhang in fact proves that R —T (Rg)2 holds
in ZFC and, for a fixed r > 2, in proving that R —* (Xg), holds in the forcing
extension, Theorem [G.1lis employed with v = Rg, A = Ny, and n = 2r. Hence, i can
be taken to be least such that y — (R1)3%,. By the Erdés-Rado theorem, then, we
can take p = J . Zhang’s proof uses the fact that we have added at least u-many
Cohen reals and therefore shows that, for this fixed value of r > 2, the statement
R —% (Xp), holds in the forcing extension obtained by adding J; -many Cohen
reals.

Inspection of Zhang’s proof reveals that Theorem B8 with x = Ny, A = :li",
and n = 2r, can be used in place of Theorem We can therefore take p =
o(3f,2r) = 0F , obtaining the following corollary:

Corollary 6.2. Suppose that 2 < r < w and P is the forcing to add at least JQLT—
many Cohen reals. Then, in V¥, we have R —1 (Xg),..

This is an improvement on the bound of J given by Zhang’s proof, though of
course it does not improve on Zhang’s bound for obtaining R =1 (X), simultane-
ously for all 7 < w. We omit the adaptation of Zhang’s proof using Theorem [3.8]
instead of Theorem here, as it would entail introducing a considerable number
of definitions and only involves very minor changes to Zhang’s proof. Instead, we
direct the reader to [22] and [14], in which Zhang’s original proof and the adaptation
using Theorem are spelled out in detail.

Data Availability: Data sharing not applicable to this article as no datasets were gen-
erated or analysed during the current study.
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