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Abstract

Let H be a complete r-uniform hypergraph such that two vertices are marked in each edge
as its ‘boundary’ vertices. A linear ordering of the vertex set of H is called an agreeing
linear order, provided all vertices of each edge of H lie between its two boundary vertices.
We prove the following Helly-type theorem: if there is an agreeing linear order on the vertex
set of every subhypergraph of H with at most 2r —2 vertices, then there is an agreeing linear
order on the vertex set of H. We also show that the constant 2r — 2 cannot be reduced in the
theorem. The case r = 3 of the theorem has particular interest in the axiomatic theory of
betweenness. Similar results are obtained for further r-uniform hypergraphs (» > 3), where
one or two vertices are marked in each edge, and the linear orders need to satisfy various
rules of agreement. In one of the cases we prove that no such Helly-type statement holds.

Keywords Linear order - Uniform hypergraph - Betweenness

1 Introduction

“Interest in ternary betweenness relations stems from their use in axiomatizations of geom-
etry in the latter part of the nineteenth century. . .” writes Fishburn. [6, p. 59] More than a
century ago several systems of axioms have been established by Huntington and Kline [10,
11] to characterize the usual betweenness of triples of points of a real line. “No axiom of
Huntington and Kline uses more than four points,” observed Fishburn [5], thus expressing a
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basic Helly-type property of a complete finite system of betweenness: if there is an ‘agree-
ing linear order’ for every subsytem on 4 points, then there is an agreeing linear order for
the whole system.

The investigation in the present paper is a natural extension of our ongoing study of
betweenness of convex bodies in the plane [4] (for further details see Section 2.3). Here the
early axiomatic context is replaced with general Helly-type questions that are presented and
discussed in terms of hypergraphs.

The closest theme to our subject in hypergraph theory concerns the concept of an
ordered hypergraph, that is a set system together with a linear ordering of its elements.
These combinatorial structures emerge in various contexts, from the study of matrices
with forbidden submatrices [2], to the modeling of combinatorial geometry problems [8].
Ordered hypergraphs are considered mostly in the theory of extremal hypergraphs (see
[7, 9]). Meanwhile, here we are dealing with different combinatorial problems on complete
ordered hypergraphs, which originated in the study of betweenness of convex bodies in
the plane.

Let H be a complete uniform hypergraph with no repeated edges, that is, a clique. If
every edge e € E(H) has a set of two ‘marked’ vertices, denoted de, then H is called here
a 2-extreme marked clique. A linear order L on V (H) is called an agreeing linear order
of H, if for every e € E(H) the set of the L-minimal and the L-maximal elements in e
is equal to de. Similarly, for a set of vertices U € V(H), a linear order L on U is called
an agreeing linear order of U, if for every e € E(H), e € U, the L-minimal and the
L-maximal elements in e is equal to de.

A 2-extreme marked clique with its vertex set ordered according to an agreeing linear
order, if exists, becomes an ordered hypergraph.

Theorem 1 Let H be a 2-extreme marked r-uniform clique on at least 2r — 2 vertices
(r = 3). If every subset of 2r — 2 vertices of V (H) has an agreeing linear order, then H has
an agreeing linear order. Furthermore, there exists a clique H such that every set of 2r — 3
vertices of H has an agreeing linear order, but H does not.

In Section 2 we prove Theorem 1, by using two different approaches. Section 2.1 proves
the case r = 3 separately (Theorem 4); we could not find a convenient extension of this
‘direct’ proof for r > 4. Section 2.2 contains a proof for » > 4 (Theorem 7 through Lem-
mas 5 and 6); this approach does not work for r = 3 without making the proof of Lemma 6
much less transparent. Section 2.3 comments on Theorem 4 (the case » = 3) that has
particular interest in the axiomatic theory of betweenness (see [3, 5, 10, 11]).

Actually, a 3-uniform 2-extreme marked clique H can be considered as ‘one-marked’
by marking the ‘middle’ vertex ¢ = e \ de for every e € E(H); and an agreeing linear
order requires that ¢ be positioned between the two vertices of de, for every e € E(H).
In Sections 3, 4 and 5 we extend the concept of marked hypergraphs, where one or two
vertices are marked in each edge, and the marked vertices agree with particular rules in the
linear ordering of the vertex set.

Given an r-uniform clique with edges containing one or two marked vertices, our main
interest consists in finding Helly-type theorems guaranteeing the existence of an agreeing
linear order for the hypergraph. We supply a table of content of the paper that may help the
reader familiarize the non-standard notions.
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clique marked agreeing lin. ord. Helly-number

2-extreme marked Jde de has the min. and max. of e 2r —2 Section 2
min-marked A(e) A(e) is the min. in e r+1 Section 3
1-extreme marked e 2 is the min. or max. in e — Section 4
min&max-marked {A(e), B(e)} A(e)is min. B(e) ismax.ine 2r —2 Section 5

In Section 3 we consider r-uniform min-marked cliques, with one vertex A(e) marked
in each edge e, and in an agreeing linear order A(e) is minimal among the vertices of
e. We obtain a Helly-type theorem whose proof reveals a characterization of min-marked
hypergraphs H that have an agreeing linear order, in general, in terms of a forbidden 2 x 2
submatrix in the incidence matrix of H (Theorem 11).

Theorem 2 Let H be a min-marked r-uniform clique on at least r + 1 vertices (r > 3).
Then the vertices of H have an agreeing linear order if and only if each subhypergraph of
H with r + 1 vertices has an agreeing linear order.

In Section 4 the agreeing linear order of a 1-extreme marked hypergraph is investigated
that requires the marked vertex e be either the minimal or the maximal among the vertices
in each edge e. A straightforward characterization (Proposition 12) leads to the unexpected
fact that there is no Helly-type theorem for the existence of an agreeing linear order for
1-extreme marked cliques (Proposition 13).

Another Helly-type result concludes the paper by characterizing those min&max-marked
cliques which admit an agreeing linear order where both the minimum and the maximum
vertices are prescribed in each edge.

Theorem 3 Let H be a min&max-marked r-uniform clique with at least 2r — 2 vertices
(r > 3). Then H has an agreeing linear order if and only if each subhypergraph of H with
2r — 2 vertices has an agreeing linear order.

We prove Theorem 3 as a corollary of Theorem 1, and we also give an independent graph
theory proof, both in Section 5.

Note that in the 2-extreme marked and 1-extreme marked cases, if L is an agreeing linear
order, then the dual of L (in which every relation is reversed) is also agreeing. We will use
the notation L? to denote the dual of the linear order L.

2 2-Extreme Marked Cliques

Let H be an r-uniform clique. If every edge of H has two marked vertices, then H is called
here a 2-extreme marked clique. The name ‘2-extreme marked’ indicates that the marked
vertices of an edge should become the maximum and the minimum among the vertices of
each edge in an agreeing linear order. The set of the two marked vertices of an edge e is
denoted by de.

Let U € V(H) and let L be a linear ordering on U. We say that an edge {vy, ..., v,} C
U agrees with L, provided v < v <p --- <r v, and de = {vy, v, }; furthermore, L is
called an agreeing linear order on U, if every edge entirely in U agrees with L.
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In the next sections we prove Theorem 1, a Helly-type theorem on the existence of an
agreeing linear order for 2-extreme marked cliques. The special case r = 3 is proved sepa-
rately in Section 2.1, partly because, as mentioned in Section 2.3, this case has a particular
interest in the axiomatic theory of betweenness (see [3, 5, 10, 11]). It is worth noting that
we could not find a convenient extension of the ‘direct’ proof of this special case for r > 4.
The proof of the general case in Section 2.2 uses a different approach.

2.1 TheCaser =3
Here we prove the special case r = 3 of Theorem 1.

Theorem 4 Let H be a 2-extreme marked 3-uniform clique. If every set of 4 vertices of H
has an agreeing linear order, then H has an agreeing linear order.

Proof Let x € V(H). We define a binary relation ~ = ~, on V(H) \ {x} with respect to
x:letu ~vifu =voru # vand d{x, u, v} # {u, v}. We show that the relation ~ is an
equivalence relation.

Only transitivity is nontrivial. Let # ~ v and v ~ w. Suppose for a contradiction that
ofx, u, w} = {u, w}. The set {x, u, v, w} has an agreeing linear order L. In L, we have x
between u# and w; due to symmetry we may assume u <; x <z w. So where is v? Since
u ~ v, we must have v <, x, but since v ~ w, we must have v >, x, a contradiction.

We claim that there are at most two equivalence classes of the relation ~. We will prove
this by showing that u % v and v #* w imply u ~ w. Suppose this is not true, and chose
vertices with u % v, v # w, and u #* w. The set {x, u, v, w} has an agreeing linear order
L. Similarly as above, we may assume u <y x <r w. This time, u % v implies v > x,
and v #* w implies v <7 x in L, a contradiction. Note also that if x is not in the boundary
of some edge, say x & d{x, u, v}, then there are exactly two equivalence classes, since
ofx, u, v} = {u, v} implies u 7 v.

The proof of the theorem proceeds by induction on |V (H)|. If |V (H)| = 2, the statement
is trivial. Let |V (H)| > 3, and chose a vertex x that is not in the boundary of some edge.
Let the two equivalence classes with respect to x be A and A,. By the hypothesis, A; U {x}
has an agreeing linear order L; fori =1, 2.

Observe that x is the greatest or the least element of L1 and L;. Indeed, if u, v € A; was
such that u < x < v in L;, then 9{x, u, v} = {u, v}, so u %#* v contradicting u, v € A;.
After possibly taking duals, we may assume that x is the greatest element of L; and the
least element of L,. Concatenate L and L, by adding every relation A| < A to form the
linear order L on V(H).

We conclude the proof by showing that L is an agreeing linear order. Let e € E(H). If
e C A; U {x} for some i, then e agrees with L. If e = {u, x, v} withu € Ay and v € Aj,
then u 7 v exactly means d{u, x, v} = {u, v}, so e agrees with L.

The remaining case (up to symmetry) is e = {u, v, w}, u,v € Ay, u < v in Ly, and
w € Aj. The set {u, v, w, x} has an agreeing linear order L’. Since u % w, we may assume
(up to duality) that u < x < w in L. Since v #* w, we have v < x in L’. Note that
u < v < xin Ly implies 8{u, v, x} = {u, x}, soin L', we must have u < v < x < w. Since
L’ is agreeing, this shows d{u, v, w} = {u, w}, and thus e agrees with L. O

2.2 TheCaser > 4

Here we restate Theorem 1 and prove it for » > 4. The proof uses two lemmas.
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Lemma 5 Let r > 4, and assume that L is an agreeing linear order for the 2-extreme
marked r-uniform clique H with n vertices. Then L is unique (up to duality) if and only if
n>2r—3.

Proof Let (uq, ..., u,) be an agreeing linear order of the vertices of H. If n < 2r — 4 and
r > 4, then u, /) and u|,/2 41 are not boundary vertices in any edge. Therefore, they can
be swapped to obtain another agreeing linear order. Because the agreeing linear order is not
unique, n > 2r — 3 follows.

Letn >2r —3.Let Ly = (uy, ..., u,) and L, be agreeing linear orders of H.

Claim

- Ifuy <p, uy thenforalli < j, we have u; <p, uj;
— Ifuy >, uy thenforalli < j, we have u; >, u;j.

Proof Assume first u; <y, u,. If i = 1 and j = n, the statement is trivial. If i = 1 and
J < n, then let e be an edge with {uy, u;, u,} C e; since de = {u1, u,} (based on L), we
have that u; must be between u; and u, in L, hence u; = uy <p, uj <, u,. Similar
simple argument applies if i > 1 and j = n. So the only case remains when i > 1 and
j <n.

Observe that because (j — 1) + (n — i) > n > 2r — 3, we have

j=r or i<n-—r+1. (1)

Suppose for a contradiction that u; <, u;. Let A € V(H) \ {u1,u;, uj,u,} be an
(r — 4)-element subset of V(H), and lete = A U {uy, u;, uj, u,}. Since de = {uy, u,}, we
have that u; and u ; are both between 1 and u, in L, so specifically,

Uy <p, Uj <p, uj <p, Un. 2)

Recalling (1), suppose first that j > r. This means that there exists an edge f C
{uy,...,u;}suchthat {uy, u;,u;} C f.Since df = {uy, u;}, it follows that u; is between
uy and u; in Lj, contradicting (2). Now suppose that i < n — r + 1. Then there exists
g C {u;,...,uy,} such that {u;, u;,u,} C g. Since dg = {u;, u,}, it follows that u; is
between u; and u, in L,, contradicting (2).

Following a similar argument for u >, u,, equation (2) turns into

Up <L, Uj <L, Ltj <L, Ui,
and a similar argument to the one above leads to a contradiction. O
It is now easy to see how this technical claim implies the Lemma. If u1 <, u,, then

every pair of vertices is ordered the same in L, asin Ly, so Ly = L. If u1 >, uy,, then
every pair of vertices is ordered the opposite in Ly asin Ly, so Ly = Lf. O

A vertex £ € V(H) is an extremal vertex of a 2-extreme marked clique H, if every
e € E(H) containing £ satisfies £ € de. Note that H has at most two extremal vertices.

Lemma 6 Forr > 4, let H be a 2-extreme marked r-uniform clique with |V (H)| > 2r —2.

If every set of 2r — 2 vertices of H has an agreeing linear order, then H has exactly two
extremal vertices.
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Proof We proceed by induction on the number n of vertices. If n = 2r — 2, then H has an
agreeing linear order L. The least element ¢; and the greatest element ¢, of L are clearly
extremal vertices of H.

Now let n > 2r — 2, and suppose that the lemma is true forn — 1. Let x € V(H) be a
non-extremal vertex of H, and let H' = H — x. We apply the hypothesis to find extremal
vertices £1 and £ in H'. Next consider the edge set

F={x,201,¢,v1,...,0.3}:v1,...,0—3 € V(H)\ {x, £1, £2}}.

Claim 1 For some f € F we have x & of.

Proof Since x is not extremal in H, we have x ¢ de for some ¢ € E(H) containing x. Let
S =eU{ly,r}. If S = e then we are done, because in this case ¢ € F. Hence we have
r+l1<|S|<r+2=<2r-2.

Let L be an agreeing linear order on S. Because x ¢ de, the vertex x is not the minimal
or maximal element of S in L. If £ and £, are the minimal and maximal elements of S in
L, then there is a subset f € S, | f| = r, containing {x, £1, {2}, that is, f is an edge in F
satisfying x ¢ df, as required. We show that this is the case.

Suppose on the contrary that a € e \ {x, €1, £} is the L-minimal or L-maximal element
of S. Take any subset g C S, |g| = r, suchthata € g and x ¢ g. Then dg = {¢1, {2},
because g is an edge in H'. Since L is an agreeing linear orderon g C S, anda € g is a
minimal or maximal element of S in L, we obtain a € dg, a contradiction. O

Claim 2 Forevery f € F we have x ¢ of.

Proof By Claim 1, x ¢ df for some f € F. Assume for a contradiction that x € df’ for
some f’ € F. Let these edges be

f={x €, 0,0, ..., 03}, fr=1{x 0,0, ..., v_3}

Notice that this step assumes r > 4. Since | f U f/| < 2r — 3, we have an agreeing linear
order Lon f U f'.

Let W be any (r — 2)-element subset of V = {vy, ..., v,—3, v}, ..., v._3}. Then, by the
hypothesis, d(WU{£1, €2}) = {€1, £2}. This means that in L, every element of V is between
£1, and £5. On the other hand, due to x € df’, we have that x is not between £ and £,. So
up to symmetry and the possible exchange of £1 and ¢», we obtain

61 <LV<LE2<LX
Then f C V U {x, £1, £} implies x € df, a contradiction. O

We show that both ¢; and ¢, are extremal in V(H). It is enough to show the state-
ment for £1; the proof for £, is similar. If £; is not extremal, there exists an edge f =

{€1,x,v1,...,v-—2} for which £; ¢ df. The set {x, £1, €2, vy, ..., v-—2} has an agreeing
linear order L.
Let V. = {v1,...,v._2}, and let W be any (r — 3)-element subset of V. Since d(V U

{€1,€2}) = {€1, £2}, we have that every element of V is between ¢ and ¢, in L. From the
fact that £1 & 0f, some v; and x must surround £1 in L. So up to symmetry,

x<pl <LV <pt

Since e = W U {x, £1, €3} € F, this contradicts x ¢ de proved in Claim 2. O
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Observation If ¢ € V is an extremal vertex of V, then £ is the minimal or maximal vertex
in every agreeing linear order on each U C 'V containing ¢.

Theorem 7 Forr > 4, let H be a 2-extreme marked r-uniform clique with at least 2r — 2
vertices. Then H has an agreeing linear order if and only if every subhypergraph of H on
2r — 2 vertices has an agreeing linear order. Furthermore, the constant 2r — 2 cannot be
replaced by a smaller value.

Proof Necessity in the first claim is obvious, we prove the sufficiency by induction on the
order of H = (V, E). The claim is true for |V | = 2r — 2, by the condition. Let |V| =n+1,
n > 2r — 2, and assume that the claim is true for n vertices. We may assume, by Lemma 6,
that vg, v, are the extremal vertices of H. By induction, there is an agreeing linear order L
for H — vg. Due to the Observation, up to duality, we may assume that L; = (vq, ..., vy).
We claim that Lo = (vg, v1, ..., vy) is an agreeing linear order for H.

Let e be an arbitrary edge of H. If vg ¢ e, then e agrees with L so e agrees with Lg.
For the balance of the argument, assume vg € e, specifically, let e = {vg, v;,, Viy, ..., Vi,_,}
with 1 < i; < ... < i,—1 < n. Consider a (2r — 2)-element set U containing ¢ and
including v,. By the condition of the theorem, U has an agreeing linear order L;,. By the
Observation, L6 has vy and v, as its minimal and maximal elements. Let U’ = U \ {vo}.
Since |U’| = 2r — 3, by Lemma 5, Ly|yr = Lilyr or Lylyr = (L1|y7)?. Hence, up to
duality, in L{, we have

Vo <V <-:or <V, < Up,
therefore de = {vo, v;,_, }.

To see the second claim of the theorem we present a hypergraph H on n = 2r — 2
vertices, for every r > 4, such that the vertex set of each subhypergraph of H with 2r —

3 has an agreeing linear order but V(H) does not. Let V(H) = {vy, vo, ..., v2,_3}; for
eo = {v1,...,v-—1, v} define deg = {vi, v,—1}, and for every e = {v;, Vi,, ..., V;,},
1 <iy < ip < ...i, < 2r — 2, different from eg define de = {v;;, v; }. Let e =
{vr—1, vy, ..., v2,—2}. Because the extremal vertices of H are v; and vy,_», it follows that
no agreeing linear order L = (vy, ..., v2_2) agrees with both eg and e;.

Observe that L1 = (vy, ..., vr—1, ¥y, ..., U2r—2) agrees with all edges of H but eg, and
Lo = (v1,...,V,V—1, ..., U2r—2) agrees with all edges of H but e;. Because eg U e =
V (H), no subhypergraph H — v; contains both e and e1; therefore, either Ly —v; or L1 —v;
is an agreeing linear order of V(H) \ {v;}, forevery 1 <i <2r — 2. O

2.3 Betweenness Structure

Theorem 4 on 2-extreme marked 3-uniform cliques has particular interest in the axiomatic
theory of betweenness (see [3, 5, 10, 11]). The edges of a 2-extreme marked 3-uniform
complete hypergraph describe a ‘betweenness structure’ investigated first by Huntington
and Klein [11]. They write: The ‘universe of discourse’ of the present paper is the class of
all well-defined systems (K, R) where K is any class of elements A, B, C, ... and R is any
triadic relation. The notation R[ABC], or simply ABC, indicates that three given elements
A, B, C, in the order stated, satisfy the relation R.

The four basic postulates of ‘betweenness’ due to Huntington and Klein [11] can
be interpreted in a natural way in terms of 2-extreme marked 3-uniform cliques. Let
H = (K, E) be a 3-uniform complete hypergraph with vertex set K, and edge set E, where
each edge has two boundary vertices and the third vertex is its ‘middle’ vertex between the
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boundary vertices. Every e = {A, B, C} € E with two boundary vertices can be specified
as a sequence (A, B, C) or (C, B, A), where B is the middle vertex of e.

® Postulate A: if ABC is true, then C BA is true
— for {A, B, C} € E any of the notations (A, B, C) or (C, B, A) reads as ‘B is
between A and C’.
® Postulate B: if A, B, C are distinct, then at least one of the six possible permutations
will form a true triad
— H = (K, E) is a complete hypergraph.
® Postulate C: we cannot have AXY and AY X both true at the same time
- H = (K, E) is a simple hypergraph and each edge has two fixed boundary
vertices, that is 2-extreme marked.
® Postulate D: if ABC is true, then the elements A, B, and C are distinct
— H = (K, E) is a 3-uniform hypergraph.

The less general model of betweenness is the betweenness relation naturally defined
by a linear order. By adding further axioms to Postulates A, B, C, D, Huntington [10]
and Huntington and Kline [11] identify several sets of independent axioms to characterize
betweenness structures admitting ‘agreeing linear order’. They observe (see also Fishburn
[5]) that no axioms concerning more than four elements need be assumed as fundamental.

This observation takes a precise form here due to Theorem 4 (proved in Section 2.1): a
betweenness structure admits an agreeing linear order if and only if its every substructure on
4 elements admits an agreeing linear order. In the light of this theorem all systems of axioms
listed by Huntington [10] are various logical constructions that exclude the obstructing
4-point betweenness structures.

In the study of betweenness structures involving triples of convex sets in the plane [4] we
introduced a different kind of ‘agreeing’ linear order, where the ‘middle element’ of each
triple precedes the two ‘boundary elements’. This concept of betweenness is extended in
the next sections from triples to r-tuples (r > 3), where one or two elements are marked
in each; and our investigations concern linear orders of the elements agreeing with various
rules of agreement.

3 Min-Marked Hypergraphs

Let H be an r-uniform hypergraph (not necessarily a clique), and let A(e) € e be the vertex
marked in each e € E(H). This hypergraph will be called a min-marked hypergraph indi-
cating that A(e) should become the minimum among the vertices of each e in an agreeing
linear order. A linear order L of H is called an agreeing linear order, provided A(e) < v,
foreverye € E(H) and v € e \ {A(e)}.

First we will characterize general hypergraphs admitting an agreeing linear order, then
we discuss the Helly-property of complete hypergraphs.

Let M(H) denote the incidence matrix of H, that is, rows correspond to the edges,
columns correspond to the vertices, and for any e € E(H) and o € V(H)

Oifa ¢ e
m(e,a) =1 —1 ifa = A(e)
lifaee\{Ae)}
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The matrix F = _i i and its permutation will be called a forbidden 2 x 2. If L is
an agreeing linear order of the min-marked hypergraph H, then the incidence matrix M (H)
contains no submatrix equivalent to a forbidden 2 x 2.

The submatrix

and its permutations are called precedence 2 x 2 matrices. If M (H) has a precedence sub-
matrix as above and L is an agreeing linear order, then the first row implies the ‘precedence’
o <r B;

We show a necessary and sufficient condition for the existence of an agreeing linear
order of a min-marked hypergraph. For this purpose we introduce an auxiliary directed
graph D(H), called the D-graph of H, containing ‘precedence information’ about H as
follows. Consider the partition IT of E(H) into classes where f, f> are equivalent if and
only if A(f;) = A(f2). Let the vertices of D(H) be the equivalence classes of IT, and for
distinct Fy, F> € I1let F; — F; be a directed edge of D(H) if e € Fy, f € F> such that
A(f) € e, that is the {e, f} x {A(e), A(f)} submatrix of M (H) is either a forbidden or a
precedence matrix.

Proposition 8 A min-marked hypergraph H has an agreeing linear order if and only if the
D-graph of H contains no directed cycle.

Proof The condition is obviously necessary. Assume now that D = D(H) has no directed
cycle. Then the vertices of D have a topological order L, that is, an ordering such that all
edges go ‘forward’ (from smaller to larger). Use this ordering of the equivalence classes of
IT to define a linear order of V (H) by listing the marked vertices common to the edges in
each equivalence class according to the forward ordering, then all vertices of H marked for
no edge follow in arbitrary order.

Suppose that it is not an agreeing linear order. Then there is an e € E(H), o, 8 € e,
B <r @ and @« = A(e). By the definition of L, there is an f € E(H) with 8 = A(f).
Suppose that e € Fy, f € F>. Then A(f) € e, therefore, there is a directed edge from F7 to
F>, contradicting 8 <y «. Therefore, L is an agreeing linear order of H. O

3.1 Min-marked Cliques
Lemma 9 Assume that H is a min-marked r-uniform clique with at least r + 1 vertices

(r > 3). If M(H) has a forbidden 2 x 2, then there existe, f € E(H) and o, B € V(H)
such that leU f| =r + 1 and {e, f} x {a, B} is a forbidden 2 x 2.

Proof Lete, f € E(H) be distinct edges and «, 8 € V(H) such that {e, f} x {«, B} isa
forbidden 2 x 2; furthermore, let k = |eU f| is as small as possible. We show that k < r 42
as stated. Assume that k > r + 1.
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Table 1

H| [ | | [af[B] |...| [¢]8] | |
e [1[...J1[1[-1] L]O[...J0JO[1]...J1[1
Fr -ttt [1]1[o0]... 0
il a1 «[1. . [1]o[«|...]0]0

Table 1 shows e and f by listing first the elements in e N f ending with « and B, then
the elements in f \ e followed by the elements of e \ f. Let f' = (f \ {¢}) U {B’}, where
€ f\eand B’ € e\ f are arbitrary vertices. Observe that | f U f/'| = r + 1 < k implies
that £ U f/ contains no forbidden 2 x 2; in particular, A(f’) € {8, B’} (see Table 1). In each
case we obtain a forbidden 2 x 2 in e U f’, which contradicts the minimality of k, because

leU f'I=1(eUN\{tH=k-1 O

Lemma 10 A min-marked r-uniform clique H with r + 1 vertices (r > 3) has an agreeing
linear order if and only if M (H) contains no forbidden 2 x 2.

Proof 1f H has an agreeing linear order then M (H) contains no forbidden 2 x 2. Assume
now that M (H) has no forbidden 2 x 2.

Claim The —1 entries of M(H) are in two columns.

Proof By permuting rows and columns, we may assume that M (H) has the following form:

- thefirstrowise1=[0 —-11... 1];
— thesecondrowise; =[—-101 ... lJorea=[10 -1 ... 1];
— each subsequent row ¢; has its O entry at the ith position.

To prove the claim, assume to the contrary that the —1 entries are spread in three (or
more) columns. In the table on the left for the first case, let { be the column different from
the first two columns, « and 8, containing a —1, say m(f, ¢) = —1. Then {ey, f} x {8, ¢}
is a forbidden 2 x 2.

H|ao|B]y].-- | ¢]--- H| o [ B]y]|6]...] ¢ ...
er | O]-1(1/|...]1 el O (-1 1]1]... 1
ea || -1] O 1]... es 1 O)-1]1]... 1
es||(-1) | 1| 0|1|...] (1)
f 1‘1‘ ‘ —1‘ ey4 * *| %[0 1
For the second case let e3 be the third row in the standard right table. Then either
m(e3, {) = —1, for some ¢ different from «, § and y, and we are done as before (e3 taking
the role of f); or m(e3, ®) = —1, as « being the third column containing —1.
In this latter case consider the next row e4 and column § of the standard M (H) (they
exist, since r + 1 > 4, furthermore, m(eq, §) = 0). If m(es4, @) = —1 then {ey, e4} X {«, y}
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is a forbidden 2 x 2; if m(eq, B) = —1 or m(eq, y) = —1 then {e3, e4} x {c, B} or {e1, eq} x
{B, v} yields a forbidden 2 x 2, respectively. O

Due to the Claim we may assume that all —1 entries of M (H) are in columns « and 8.
If (o, B, ...) is not an agreeing linear order of H, then there is an edge ¢ € E(H) such that
m(e,a) = 1,m(e, B) = —1. Then m(f, B) # 1 forevery f € E(H), since m(f,B) =1
implies that f # e and m(f, o) = —1, thus {e, f} x {«, B} would be a forbidden 2 x 2.
Thus if (o, B, ...) is not an agreeing linear order of H, then (8, «, .. .) is so. O

We conclude the section with the proof of Theorem 2 stated in a more technical form.

Theorem 11 For a min-marked r-uniform clique H with at least r + 1 vertices (r > 3) the
following statements are equivalent

(i)  M(H) contains no forbidden 2 x 2,
(ii)  There is an agreeing linear order on every (r + 1)-element subset of V (H).
(iii)  H has an agreeing linear order,

Proof Statement (iii) obviously implies (i) and (ii), furthermore, (i) and (ii) are equivalent
due to Lemma 10. To prove the theorem we assume that (i) and (ii) are true (we know that
they are equivalent), that is, M (H) contains no forbidden 2 x 2 and there is an agreeing
linear order on every (r + 1)-element subset of V(H). We need to show that H has an
agreeing linear order.

This claim is verified by induction on n proving that M (H) has a column that contains
no entry equal to 1, that corresponds to a minimal vertex. This is true for n = r + 1, since
then H has an agreeing linear order. Assume n > r + 1,let H' = H — x, where x € V(H)
is arbitrary, furthermore, assume that there is a column A in M (H') not containing 1.

Claim 3 A(f) € {x, A}, forevery f € E(H) with x,A € f.

Proof Assume to the contrary that m(f, x) = m(f,A) = 1 for some f € E(H). Let
¢ € f\{x, A} suchthat A(f) = ¢. Consider the columns labeled by the vertices in f U {&},
where £ ¢ f is arbitrary. Let g = (f U {€}) \ {x]} (see the table). Notice that A(g) = A,
because g € E(H') and A is ain M (H’) containing no 1.

For ¢ = A(f) the submatrix {f, g} x {A, ¢} is a forbidden 2 x 2, a contradiction.

Therefore, either m(f, x) = —1 or m(f, ) = —1, and the claim follows. O
Hx[A[...|¢] [¢]
fl1r] 1)...0-1/...
gl|lO0]-11]... 1]...1]1

Next we show by contradiction that either A or x is a column not containing 1 in M (H).

If X is not such a column of M (H), then there is an edge £ € E(H) \ E(H’) satisfying
m,A) =1and m(, x) # 0. By the Claim, m(¢, x) = —1.

If x is not such a column of M (H) then there is an edge h € E(H') with m(h, x) = 1.
Observe that m(h, L) # —1, because otherwise, the submatrix {%, £} x {x, A} is a forbidden
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2 x2. Thus the Claim implies m(h, A) = 0.Let ¢ = A(h), then m(¢€, ) = 0 since otherwise,
{h, £} x {x, ¢} is a forbidden 2 x 2 (see the table).

K| x|[A[¢] |
|-111] 0
hi 1]0]-1
gl x| *~| 1

Let g € E(H) be an edge with x, A, ¢ € g. The Claim implies that the marked vertex in
g is one of the * entries, in each case producing a forbidden 2 x 2, a contradiction. Therefore,
either x or X is a column of M (H) not containing 1.

An agreeing linear order of H is obtained by removing the vertex corresponding to the
least column A* € {A, ¢}, then by taking an agreeing linear order for the (n — 1)-element
set V(H) \ {A*}, finally by completing this order with A* as the least element. O

4 1-Extreme Marked Hypergraphs

Let H be an r-uniform hypergraph (not necessarily a clique), and let e € e be a dedicated
vertex in each edge e € E(H). This hypergraph will be called a I-extreme marked hyper-
graph. The name ‘l-extreme marked’ indicates that the marked vertex of an edge should
become either minimum or maximum among the vertices of each edge in an agreeing linear
order. A linear order L of a set U C V (H) is an agreeing linear order on U provided e is
either L-minimal or L-maximal among the vertices of e for every edge e C U. An agreeing
linear order on V (H) is also called an agreeing linear order of H.
The edge/vertex incidence matrix M (H) is defined for every e € E(H) and @ € V(H)
by the entries
Oifa ¢e
m,a)=14 —1ifa="¢
lifa e\ {e}

4.1 Auxiliary Graphs

Let H be a 1-extreme marked hypergraph, and let L be an agreeing linear order of H. A
-1 1

1| -1

1] -1

1] -1
The two vertices corresponding to the columns of an F-matrix are extremes of different
types, one is the L-minimal, the other is the L-maximal element of the edges corresponding
to the rows. Meanwhile, the column containing —1 of an S-matrix is either L-minimal or
L-maximal element in both edges.

We associate a graph SF(H) to H in two steps as follows. First let G be a graph with
V(G) = E(H) and fore, f € E(H) letef be an edge in G labeled with S or F if and only
if there exists an S-matrix or an F-matrix with rows e and f, respectively. Now SF(H) is
obtained from G by contracting all S-edges, then eliminating multiple F-edges and S-loops.

2 x 2 submatrix of M (H) equal to or its permutation is called an F-matrix;

a 2 x 2 submatrix of M (H) equal to or its permutation is called an S-matrix.
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Table 2

e JO[-1[1][1]0O
Flol11l0]1
gllofo[1[1]1
hl1lo[1[-1]0
jliT1lol[-1]0

As an example consider the hypergraph H with vertex set V = {«, B, v, x, §} including
the edges e, f, g, h and j marked as in Table 2. Then SF (H) is a triangle on the compound
vertices { f, g}, {h, j} and {e}.

An agreeing linear order L of H defines a natural 2-coloring of the edges of H: color
A or B will be assigned to e € E(H) if ¢ is L-minimal or L-maximal in e, respectively.
In other words, E(H) = E4 U Ep, where E 4 are edges of a min-marked subhypergraph
of H and Ep are edges of a ‘max-marked’ subhypergraph of H, which is equivalent to a
min-marked hypergraph.

To obtain a characterization similar to the one in Proposition 8 for min-marked
hypergraphs, assume that SF(H) is two-colorable (bipartite), we consider any proper
two-coloring with A and B, and we associate to this A, B-coloring an auxiliary directed
graph AB(H) on vertex set V(H) as follows. Each compound vertex represents a class
of ‘S-equivalent edges’ of H; assign the color of a compound vertex y of SF(H) to
all edges belonging to the class represented by y. Thus we obtain a partition E(H) =
Es U Ep, where E4 = {e € E(H) : ifeiscolored with A} and Ep = {e € E(H) :

if e is colored with B}. For every ¢ € E(H) and o, 8 € e, « — f is an arc, if either
ec Epande=a,ore € Egande = B.

On the analogy of Proposition 8 we obtain a straightforward specification of 1-extreme

marked hypergraphs in terms of auxiliary graphs.

Proposition 12 A [-extreme marked hypergraph H has an agreeing linear order if and only
if SF(H) contains no odd cycle and there is an AB(H) graph associated with some proper
two-coloring of SF (H) that contains no directed cycle.

Proof Let L be an agreeing linear order of H. As described earlier, L defines a two-
coloring, that is, a partition E(H) = E4 U Ep, where E4 = {e € E(H)

e is L-minimal in e} and Ep = {¢ € E(H) : e is L-maximal in e}. Notice that the color
is the same for all edges represented by any given compound vertex y of SF(H), therefore
SF(H) is a bipartite graph (and contains no odd cycle as required). Consider the AB(H)
graph associated with this two-coloring. Let «, 8 € e, for some e € E(H). If o — B is
an arc in AB(H), then @ <, B, because L agrees with e. Therefore, AB(H) contains no
directed cycle.

Next we prove that the requirements on the auxiliary graphs are sufficient for the exis-
tence of an agreeing linear order. The graph SF(H) is bipartite, so its vertices have a
proper two-coloring. Since AB(H) associated with some A, B-coloring of SF(H), it has
no directed cycle, there is a linear ordering L on V (H) such that « — S implies o <y, S.
Observe that if e € E4 then for every 8 € e\ {e} we have € — B, that is ¢ is L-minimal
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in e. Similarly, if e € Ep then for every @ € e \ {e} we have « — ¢, hence ¢ is L-maximal
in e. O

4.2 1-Extreme Marked Cliques

We will see here that the characterization of 1-extreme marked hypergraphs in Proposi-
tion 12 leads to the somewhat unexpected outcome that no Helly-type theorem exists for
1-extreme marked cliques.

Proposition 13 For every r > 3 and n > r + 1 such that n — r is even, there exists a
1-extreme marked r-uniform clique H on n vertices such that any subhypergraph of H on
n — 1 vertices has an agreeing linear order but H does not.

Proof We provide a construction for the case r = 3, which will be extended for every r > 4.

Case r = 3. Notice that, by assumption, n is odd.

Let V(H) = {1,2,...,n}, and let ¢; = {i,i 4+ 1,i 4+ 2} be edges with marked vertex
¢ =i+ 1,fori =1,2,...,n, (modulo n). For each 3-set f = {a1, a2, a3} € V, with
o] < oy < a3, different from alle;,i = 1,2, ..., n, let f: of.

Suppose an agreeing linear order L exists. Let C be the (odd) cycle on the vertex set
V(H) with edges {i, i + 1} (cyclically) for each i. The linear order L induces a 2-coloring
on the edges as follows: {i, i + 1} isred, if i > i + 1, and blue if i <7, i + 1. The condition
¢; = i + 1 implies that this is a proper edge coloring of an odd cycle with 2 colors, a
contradiction.

Now let § € V(H), and let H' = H — &. Organize the vertices of H’ along a polygonal
path, as shown below. (In this picture & is even. If £ is odd, the only difference is the up/down
position of the first and last point.)

E+1 ... n—-2 n 2 . &2
E42 7 a—1 1 3 7 g—1

Then list the lower elements on the picture in increasing order, and list the upper elements
in decreasing order, i.e., for & even, let

L=(1,3,... 6 —1E+26+4,....n—Linn—2,... 6+ 1,E—2,...,42).

The linear order L clearly agrees with the edges ¢; € E(H’). For any other edge, if the
marked vertex (i.e. lowest indexed vertex) is downstairs, it will be least in L; if it is upstairs,
it will be greatest in L.

Case r > 4. We define a 1-extreme marked r-regular clique satisfying the requirements
as follows. Notice that the condition n — r = 0 (mod 2) implies that no = n —r + 3 is
odd. Let Vo = {1,2...,n0}, and let V. = Vo U W, where W is an (r — 3)-set disjoint
from Vj. Use the construction with vertex set {1,2..., ng} as described above for the case
r = 3 to obtain a 1-extreme marked 3-regular clique Hy on vertex set Vj with no agreeing
linear order.
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For every 3-set fo € E(Hp) define the r-set f = fo U W with marked vertex f: ]/‘6.
For any other r-set e C V we have |e N Vy| > 4; define e to be the smallest value in e N Vj.
Thus we obtain a 1-extreme marked r-uniform clique H.

Edges that contain 3 elements of V prevent an agreeing linear order by a similar
argument as above.

If £ € W then H — & becomes a 1-extreme marked hypergraph such that the ordering
of the values 1, 2, ..., ng followed by the elements of W in arbitrary order is an agreeing
linear order of H — &.

For 1 < & < ng an agreeing linear order for H — & is obtained by using an agreeing
linear order Lo of Hy — &, and by inserting the elements of W between ng — 1 and ng in any
order. Equivalently, though less rigorously, W is inserted between the “downstairs” and the
“upstairs” vertices of Vp. O

5 Min&Max-Marked Cliques

Let H be an r-uniform clique such that for every e € E(H) two distinct vertices are marked
as a min-vertex and a max-vertex, denoted A(e) and B(e), respectively. This hypergraph will
be called a min&max-marked clique.

A linear order L of the vertex set of a min&max-marked clique H is called an agreeing
linear order, provided A(e) <1 v <1, B(e),foreverye € E(H) and v € e\ {A(e), B(e)}.
We prove Theorem 3 in the following form.

Theorem 14 For r > 3 an r-uniform min&max-marked cliqgue H with n > 2r — 2 ver-
tices has an agreeing linear order if and only if there is an agreeing linear order on every
(2r — 2)-element subset of V (H). Furthermore, the number 2r — 2 in the statement cannot
be lowered.

Proof For the second statement we adapt the construction in Theorem 7 to present a
min&max-marked clique H on n = 2r — 2 vertices such that the vertex set of each
subhypergraph of H with 2r — 3 vertices has an agreeing linear order but H does not.

Let V(H) = {vi,va,...,v3—2}; for eg = {vi,...,v—1,v,} define A(eg) =
v1, B(ep) = vr_1, and for every e = {v;, vy, ..., ;. }, | < i1 < iz < ...ip <2r —2,
different from eq define A(e) = v;,, B(e) = v;,. Lete; = {v,—1, v/, ..., V2, 2}.

In an agreeing linear order L of V(H) we have v, <1 B(ep) = v,—1 = A(e1) <p v, a
contradiction. Observe next that L1 = (vy, ..., v—1, Uy, ..., U2r—2) agrees with all edges
of H—eg,and Lo = (vy, ..., Ur, Ur—1, ..., U2r—2) agrees with all edges of H —e|. Because
eoUe1 = V(H), no subhypergraph H —v; contains both e and ej. Therefore, either Lo — v;
or L1 — v; is an agreeing linear order of V(H) \ {v;}, forevery 1 <i <2r — 2.

To prove the first part of the theorem define a directed graph G on V = V(H) with an
edge (x, y) from x to y if either x = A(e) or y = B(e), forsome e € E(H), x, y € e. Now
H has an agreeing linear order if and only if the vertices of G have a labeling vy, vy, ..., v,
such that each arc (v;, v;) of G implies i < j. This labeling of V exists if and only if G
has no directed cycle. Assume now that H satisfies the Helly-condition. Observe that G has
no directed 2-cycle, because if it exists and is induced by e, f € E(H), then |e U f| <
2r — 2, contradicting the condition that on every (2r — 2)-element subset of V (H) there is
an agreeing linear order.
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Assume to the contrary that G contains a directed cycle, let C = (aj, az, ..., ar) be a
shortest directed cycle of G, k > 3.

Let the arc (a1, a2) of G be induced by some e € E(H); without loss of generality we
assume that a; = A(e). A shortest directed cycle has no chord, thus e N C = {ay, a}. For
the same reason, C contains no r-tuple, hencek <r —1land [eUC| = (r+k)—2>r+2.

Let f € eUC be an r-tuple containing C and leta = A(f).Ifa € e\ C, then (a,aj) isa
directed 2-cycle; ifa = a;,i =1, ..., k, then (a, a;_1) is a directed 2-cycle (with ag = ay),
a contradiction. O

In addition to the direct proof of Theorem 3 (see Theorem 14 above) we show how
Theorem 3 follows as a corollary of Theorem 1.

Second proof of Theorem 14 Let H be an r-uniform min&max-marked clique with at least
2r — 2 vertices, and assume that there is an agreeing linear order on every (2r — 2)-element
subset of V(H). Construct H’, a 2-extreme marked clique from H by making the marked
vertices undistinguished, and apply Theorem 1 to get an agreeing linear order L, in the sense
of Theorem 1.

Every edge e € E(H) has the property that the smallest and the largest vertex of e in L
form the set {A(e), B(e)}. Call e “good”, if the smallest vertex of e in L is A(e), and the
largest vertex is B(e), and call it “bad” if it is the other way around. If every edge is good,
then L is an agreeing linear order in the sense of Theorem 14, so we are done. If every edge
is bad, then the dual of L will work, and we are done. So we just have to settle the case
when there is a good edge g, and a bad edge b.

Recall that the Johnson graph (see [1]) is defined on the r-element subsets of {1, ..., n},
as vertices, and two of these vertices (r-sets) e and f are adjacent, if |eN f| =r — 1. An
immediate observation is that the Johnson graph is connected.

On the path in the Johnson graph from the good edge g to the bad edge b (which are
vertices of the Johnson graph), there are two elements e, f € E(H) suchthat [eNf| =r—1,
and e is good and f is bad. Since |eU f| = r + 1 < 2r — 2, there is an agreeing linear order
L'oneU f.

Note that [{A(e), B(e)} N {A(f), B(f)}] = 1. Without loss of generality, either

A(e) = B(f),or A(e) = A(f). In the former case

A(f) < B(f) = A(e) <r B(e),
while in the latter,

B(f) <1 A(f) = A(e) <1 B(e).

In both cases, every element of e N f should be both between A(f) and B(f), and A(e)
and B(e), contradiction. O

6 Concluding Remarks

In this paper we established Helly-type results for the existence of an agreeing linear order,
for complete r-uniform hypergraphs, in four versions. For 2-extreme marked, min-marked
and min&max marked cliques we found Helly-type theorems and the Helly numbers. For
1-extreme marked cliques we showed that there is no such theorem.

As a possible generalization of the questions discussed in the paper, D. Palvolgyi
(personal communication) proposed the question of investigating Helly-type properties of
cliques, such that a poset is specified for each edge as “marks”. An edge e agrees with a
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linear order L, if L|, is a linear extension of the poset corresponding to e, and an agreeing
linear order, as before, is a linear order on the vertex set that agrees with every edge.

Similarly to the proof of Theorem 14, it can be shown that if none of the posets are
antichains, and every set of 2r2 vertices has an agreeing order, then there is an agreeing
linear order of the vertices. However, determining the Helly-numbers (based on the posets)
is wide open.

Thinking of 2-extreme marked 3-uniform hypergraphs, it is a basic assumption (see
[10, 11]) defining the betweenness relation for all triples with prescribed ‘boundaries’. How-
ever, it is natural to ask, what is the situation for not necessarily complete hypergraphs. In
this general case there is no Helly-type theorem in any of the four versions. We show an
example in the min-marked case. For m > 2 arbitrary, let uy, ..., uy, v; 1 <i <m,
1 < j < r — 2 be the vertices of H. The hyperedges are ¢; = {u;, u;j+1, v’i, R Uifz}’
1 <i < m, cyclically. Let A(e;) = u;. Clearly, there is no agreeing linear order for H,
because the vertices uy, ..., u, cannot be ordered in a desired way. However, if we remove
any vertex, at least one of the hyperedges is also deleted and then there is an agreeing order.

There are similarly easy counterexamples in the other cases too. But then, it is an inter-
esting problem to find conditions on the original hypergraph that would still guarantee a
Helly-type theorem. In the 2-extreme marked, min-marked and min&max marked cases, is
it enough to assume that the original r-uniform hypergraph is dense (that is, the hypergraph
has Q(n") hyperedges)?
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