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Abstract

The influence of noise and of Unruh effect on quantum Prisoners’
dilemma is investigated both for entangled and unentangled initial states.
The noise is incorporated through amplitude damping channel. For unen-
tangled initial state, the decoherence compensates for the adverse effect
of acceleration of the frame and the effect of acceleration becomes irrele-
vant provided the game is fully decohered. It is shown that the inertial
player always out scores the noninertial player by choosing defection. For
maximally entangled initially state, we show that for fully decohered case
every strategy profile results in either of the two possible equilibrium out-
comes. Two of the four possible strategy profiles become Pareto Optimal
and Nash equilibrium and no dilemma is leftover. It is shown that other
equilibrium points emerge for different region of values of decoherence pa-
rameter that are either Pareto optimal or Pareto inefficient in the quantum
strategic spaces. It is shown that the Eisert et al |[2] miracle move is a
special move that leads always to distinguishable results compare to other
moves. We show that the dilemma like situation is resolved in favor of
one player or the other.

PACS: 02.50.Le, 03.67.Bg,03.67.Ac, 03.65.Aa.
Keywords: Quantum games;Decoherence: Unruh effect; Noninertial frames

1 Introduction

Quantum game theory is a study of the well established field of classical game
theory in the light of the principals of quantum mechanics. It exploits the re-
markable properties of quantum mechanics, the entanglement and the quantum
phases, to get results that are classically impossible. For a little more than one
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decade, quantum game theorists are involved to study the behavior of classical
games in the domain of quantum mechanics under different circumstances. A
number of classical games have been quantized and the effects of entanglement
on the payoff of the players have been studied. Subsequent to the work of Meyer
[1], it has been shown by many authors that quantum players can outsmart the
classical counterparts by using quantum mechanical strategies [2-13].

The entanglement between spatially separated parties is the mere powerful
source of performing various quantum information and quantum computation
processes. Its behavior in relativistic setup in noninertial frames is presently
under exploration . The existing studies in the noninertial frames show that
the Unruh effect degrades the entanglement between different modes of various
fields that may or may not vanish in the limit of infinite acceleration [14, [15]
16l 17, 18, 19]. The studies of the effect of environment on entanglement in
noninertial frames [20, 21, 22] shows that the decoherence quickens the loss
of entanglement in many cases, nevertheless, under particular conditions the
entanglement rebirth may happen [20].

In this paper, we study the effect of environment and of Unruh effect on
the payoffs function of the players in the quantum Prisoners’ Dilemma [2]. The
effect of environment is incorporated using amplitude damping noise. We show
that for a factorizable initial state and fully decohered game, the acceleration
of the frame become irrelevant and the payoff matrix reduces to the classical
symmetric payoff matrix. The local environment of stationary observer has no
effect on the payoff function of the players. For maximally entangled initial
state, the strategy profiles (C',C) and (D, D) become Pareto inefficient when
the game is fully decohered. We show that in the presence of noise, the best
strategy to the classical strategy D is the quantum strategy Q (see Eq. ).
The strategy profile (Q C) is Pareto inefficient and the strategy profile (Q Q)
is Pareto optimal as well as Nash equilibrium. We point out the origin of
inconsistency between the results of [23] and [2] and show that in the noiseless
relativistic game, the miracle move of Eisert et al [2] is a game winning move.
Depending on the level of noise, we show that the dilemma can be completely
or partially resolved.

2 The Prisoners’ Dilemma

The classical Prisoners’ Dilemma is a two player non-zero sum game. The
strategic space of each player consists of two strategies, cooperation (C) and
defection (D). The players (Alice and Bob) are supposed to choose a move from
their respective strategic spaces simultaneously. The reward to the action of a
player depends not only on his own move but also on the move of his opponent.
The rewards to all the possible strategic profiles of the game are shown in the
payoff matrix in Table 1. The left number in each pair of the matrix represents
Alice’s payoff and the right number in a pair stands for Bob’s payoff. This is
a symmetric noncooperative game where each player tries to maximize his/her
own payoff. The catch of the dilemma is that D is the dominant strategy, that is,



rational reasoning forces each player to defect, and thereby doing substantially
worse than if they would both decide to cooperate. The behavior of the game
in the domain of quantum mechanics were first studied by Eisert et al [2]. The
influence of Unruh effect on the payoffs of the players in quantum prisoners’
dilemma in the relativistic setup is recently studied in Ref. [23].

Table 1: Payoff matrix for the classical Prisoners’ Dilemma. The first entry in
a pair of numbers denotes the payoff of Alice and the second entry represents
Bob’s payoft.

| |Bob:C|B0b:D|

| Alice: C | 3,3 | 0,5 |

| Alice: D | 5,0 | 1,1 |

3 Calculation

We consider that Alice and Bob share an entangled initial state |1;) a7 = 0w, ) a7 |0w ) 0
of two fermionic qubits of mode frequencies ws and wp at a point in flat
Minkowski spacetime and all the other modes are in vacuum state from the
perspective of the inertial observer. The subscript M of the kets specifies the
Minkowski spacetime. The first ket is in Alice possession and the second ket is

in Bob possession. The operator Jis a symmetric unitary operator that works

as an entangling gate and is known to both players. Mathematically, it is given

by

Jzexp[i%f)@)f)], (1)

where 7 € [0,7/2] and is a measure of the degree of entanglement in the initial
state. The initial state has no entanglement for the lower limit of v and is
maximally entangled for the upper limit of 7. The operator D is given by

~ 0 4
-(" 1) @
The initial state, after the entangling operator is applied, becomes

i)t = €08 210 ) arl00p ) ar = isin 5 L) ar Loy 3)

In Eq. @), [0wy) and |1,,) (N = A, B) kets represent the vacuum and the
excited states from the perspective of an inertial observer. We consider that
both the players carry devices that are sensitive to their respective modes wy .
After sharing these modes, Bob then moves with a uniform acceleration and
Alice stays stationary. The suitable coordinates for accelerated observers are
Rindler coordinates, which define two causally disconnected Rindler regions
(I,II). That is, a uniformly accelerated observer in region I has no access



to information that leaks to region IT and vice versa (for detail see [14] and
reference therein). A given Minkowski mode of a particular frequency spreads
over all positive Rindler frequencies that peaks about the Minkowski frequency
[24, 25]. However, to simplify our problem we consider a single mode only in the
Rindler region I, which is valid if the observers’ detectors are highly monochro-
matic that detects the frequency wa ~ wp = w. From this point onward, with
this approximation, the frequency subscript of kets will be dropped.

From the perspective of accelerated frame, the Minkowski vacuum state is a
two mode squeezed state given by [14] 26] 27, 28]

|0)ar = cos7|0)7|0) 7 +sinr|1)7]|1) 17, (4)
and the Minkowski excited state is given by
1D = [1)1[0) 11, (5)

where I and II in the subscript of the kets represents the modes in the two
Rindler regions. Eq. (@) shows that the noninertial observer that moves with
a constant acceleration in region I sees a thermal state instead of the vacuum
state. This effect is called the Unruh effect [29, [30]. The parameter r is the

dimensionless acceleration parameter given by cosr = (6727“"”/ o4 1)_1/2. The
constants w, ¢ and a, in the exponential stand, respectively, for Dirac particle’s
frequency, speed of light in vacuum and Bob’s acceleration. The parameter
r = 0 when acceleration a = 0 and r = 7/4 when a = co. Using Eqs. @)
and (@) in Eq. (@), the initial state in terms of Minkowski mode for Alice and
Rindler modes for Bob becomes

V) = COS%COST|O>M|O>1|O>11
+cos 2 sinrl0)a[1)111) 17 — isin 2| Dar|1110)rr (6)

Since Bob has no access to the information in region 77, therefore, tracing over
the modes in region II gives the following mixed density matrix

pMI = CcOs? %COSQ r/00)(00] — %isinwcosr|11)<00|
+ cos? % sin? 7)01)(01] + %z sin~y cos r|00) (11]
+sin2%|11)<11|. (7)
Note that we have dropped the subscript of the kets.

3.1 The game in a noisy environment

Now, we consider that prior to the execution of moves by the players, the state
of the game evolves through a noisy environment. The interaction of a quantum
system with a noisy environment can be described in terms of Kraus operators.



The final density matrix of a system when it evolves in a noisy environment can
be written as
pr= Y KiKKy.p. KKK (8)

where p is the initial density matrix of a system and K,, are the Kraus operators
that describe the interaction of the system with the environment and satisfy the
completeness relation Y, K[K, = I. There could be different kinds of inter-
actions between the system and environment and each kind of interaction has
its own form of Kraus operators. The kind of interaction that we consider here
is known as amplitude damping. The Kraus operators for amplitude damping
channel of a single qubit system are given as

(b)) me(b )

where p (0 < p < 1) is called decoherence parameter. The system is undecohered
for the lower limit and is fully decohered for the upper limit of p. In the following
we consider two kinds of interactions. In one case, we study the coupling of only
Bob’s qubit with the environment and in the second case both the qubits are
under the influence of the environment.

The Kraus operators F; for the case when only Bob’s qubit is locally under
the influence of environment can be expressed in terms of the single qubit Kraus
operators as EZ = I ® K;, where I is a single qubit identity matrix and i = 0, 1.
Similarly, when Alice’s qubit is locally influenced by the environment, the Kraus
operators for that case become EZA = K;®I. The density matrix of the system,
after the coupling with environment, becomes

PM.IE = ZEfEfBPM,IE;BTEfT, (10)

K3

where E in the subscript of p is a reminiscence that the game state is influenced
by the environment. The decoherence parameter for Alice’s qubit is represented
by p1 and for Bob’s qubit it is given by ps.

In the quantum Prisoners’ Dilemma, the strategic moves of the players are
unitary operators that can be expressed as [32]
eron COSGTN zsm@TN ) 7 (11)

7 sin OTN e "*N cos GTN

Un(a,0) = (

where the subscript N = A, B stands for Alice and Bob, 6 € [0,7] and « €
[—7, 7). More generally, the quantum mechanical strategic spaces of the players
can be expressed in terms of unitary operators made up of three parameters [31,
32]. Nevertheless, in the present work we will use the two parameter strategic
spaces of Eq. (). If the move cooperation of the players is associated with
state |0) and the move defection is associated with state |1), then the quantum
strategy C' corresponds to U ~(0,0) and the quantum strategy D corresponds



to U ~N(0,7). After executing their moves, the final density matrix of the game
prior to the measurement becomes [2]

p=J"(Ua00s) parre (U 0 0F) J. (12)

where the disentangling gate JT is applied to disentangle the final density matrix
in order to make measurement of the payoffs. The expected payoffs of the players
are then found by using the following equation

P = 3 3070 (13)

%

where p;; (¢ € [0,1]) are the diagonal elements of the final density matrix and
$§\1,(1)J2(Z) (J1(3)» J2(s) € [C, D)) are the classical payoffs of the players from table
1 whereas ji, jo in the superscript of P could be any of the classical or quantum
strategies.

4 Results and Discussion

The payoffs for initially unentangled state (v = 0) when the players are restricted
to the classical strategic spaces are given in table 2. In each cell of the table, the
top payoff corresponds to Alice and the bottom one corresponds to Bob. It can
easily be seen from the table that the results of Ref. [23] are retrieved for p; = 0
and for po = r = 0, the classical results are obtained. Generally, the symmetry
of payoff matrix that exists in the classical form of the game is lost and non of
the strategy profiles results in same payoffs to both players. However, regarding
decoherence, there are two other important features of the payoff matrix of the
table that need to be pointed out, (a) the payoffs depend only on the decoherence
parameter ps, which means that for unentangled initial state the coupling of
the stationary player with the environment have no effect on the payoffs of the
players. This is an important result, as for practical applications of the game,
one doesn’t need to bother about the local coupling of the inertial player with
the environment. (b) each payoff changes by an amount 4np, sin 7, where n
is an integer, such that for a fully decohered (p2 = 1) case the acceleration
parameter r becomes irrelevant and the symmetric classical payoff matrix is
retrieved. For a fully decohered case, the decoherence compensates for the
asymmetry of the payoff matrix caused by the acceleration of the frame and
brings fairness back to the game. Although,for any sets of values of py and r,
Alice dominates by playing D, however, the dilemma of the classical game exists
as the strategy profiles (C’, C’) and (f), ﬁ) are respectively Pareto optimal and
Nash equilibrium.

Now, we investigate the effects of decoherence on payoff functions of the
players for maximally entangled initial state (v = 7/2) by restricting the players
first to the classical strategic spaces and then allowing the players to choose their
moves from quantum mechanical strategic spaces as well. For both of these



Table 2: The payoff matrix of the players’ payoffs as a function of the acceler-
ation of Bob’s frame and decoherence parameter. The top entry in every cell
corresponds to Alice’s payoff and the bottom entry corresponds to Bob’s payoff.
The initial state of the game is unentangled and the players are allowed to select
a move from the two pure classical moves.
Bob: C Bob: D
Alice: C' | 3 (cos?r + p sin® 7“2 , 3 (1 — po)sin®r,

4 — cos 2r — 2pa sin“ r 4 4 cos 2r + 2po sin® r
Alice: D | 3+ 2cos2r +4pysin®r, | 3 — 2cos2r — 4pysin’ r,
(1 — po)sin?r cos? 7 + pasin®r

cases, the payoff matrices are very interesting and the results are drastically
different from the payoff matrix of the unentangled initial state. We begin for
the case when both players are bound to the classical strategic spaces. The
payoffs for all the four possible strategy profiles become

17 1
PX%(DD) = 3 + % ++/(1—p1)(1 —p3)]cosr — 3 cos 2r
1 1
+p2(§ - % + 3 cos 2r),
19 5 1
P,SD(DC) — PgC(CD) - o % F 3 (1 =p1)(1 —p2)]cosr + 3 cos 2r
1 1
—Pz(g - % + 3 cos 2r), (14)

9

where the upper sign in” &7 and in ” F” corresponds to the first strategy
profile and the lower sign corresponds to the second strategy profile, bracketed
in the superscript of each payoff function. For strategy profiles (C’,C’) and
(D,D), the results of Refs.[2] 23] are retrieved by setting, respectively, the
corresponding parameters equal to zero. For strategy profile (C’ , ZA)) and (ZA), C’),
setting p;s = 0, the results are inverted to the results obtained in [23], however,
these are in agreement with the results of Ref. [2] for pys = r = 0. The
inversion of payoffs between the players for strategy profiles (C’ , ﬁ) and (f), C’)
in [23] happens because of the use of non-symetric form [31}132] of operator D;
(Eq. (2)) for constructing the entangling operator J . The choice of operator
D, in the present work, for constructing the entangling operator J removes
this mismatch. Unlike the payoff matrix for unentangled initial state (table
2), the payoff matrix of Eq. (I4) is a symmetric payoff matrix and each payoff
depends on coupling with the two local environments. Furthermore, the strategy
profiles (C’, C’) and (D, 15) define two different equilibrium outcomes, like the
undecohered case of the game in noninertial frames. Since the payoffs become
functions of decoherence parameters p;s s, we want to see how the payoffs vary
with these parameters by considering the simplest case with p; = ps = p. This
means that instead of two different local environments, both qubits are coupled
together to a single collective environment. The payoffs for different strategy
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Figure 1: (color online) The payoffs for different strategy profiles are plotted
against the decoherence parameter p and the acceleration parameter r for the
case when the initially state is maximally entangled.

profiles are plotted against the decoherence parameter p and the acceleration
parameter r in figure [l One can see from the figure that D is the dominant
strategy. Again, this result is not in agreement with the result of [23] for the
same reason as mentioned above. The effect of decoherence is not identical for
every strategy profile rather it’s somewhat additive to the effect of acceleration
parameter r. For example, in the first row of figure [T both p and r reduce the
payoffs whereas in the second row both act to increase the payoffs keeping one or
the other parameter constant. Also, it is clear from the figure that the strategy
profile (C, C') becomes Pareto Optimal and the strategy profile (D, D) becomes
Nash equilibrium. This is true for the whole range of decoherence parameter p
in the region of lower values of the acceleration of the accelerated frame. In the



range of infinite acceleration and upper values of p the behavior of the game
changes. This change in the behavior of the game is shown in figure 2l where
payoffs of Eq. (Id), corresponding to different strategy profiles, are plotted
against decoherence parameter for r = 7/4. It can be seen from the figure that,
although, D is still the dominant strategy, however, for 0.85 < p < 1, the payoffs
corresponding to the two equilibrium strategy profiles ((C,C) and (D, D)) are
no good for any player. The most striking feature of figure 2 corresponds to
the fully decohered game (p = 1) where every strategy profile results into one
of the two outcomes. One can see that the strategy profiles (C, C) and (D, D)
become Pareto inefficient whereas the strategy profiles (C, D) and (D, C) are
both Pareto Optimal and Nash equilibrium and there is no dilemma left in the

game. Regardless of the move of a player, the game ends up in either of the two
outcomes.

payoff

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: (color online) The payoffs for different strategy profiles are plotted
against the decoherence parameter p for the case when the initially state is
maximally entangled and the acceleration parameter r = 7/4.

Now, we turn to the case where players have access to the quantum mechan-
ical strategic spaces. At this end, we first study the effects of decoherence on
the payoff function of the players when one or both of them plays the Eisert et



al. [2] quantum mechanical strategy Q given by

A 2 1 0
Q_U(W/Z,O)_(O _Z_>_ a15)
Let Alice play Q, then, the payoffs as function of the remaining four parameters
(p,7,ap,0p) are given by

1
P = 18— {1— (3 —4p)p+ (1 - p) cos2r} cos O
—2(1 — p) cosr{2cos2ap(l + cosfp) £ 5cosfp F5}|. (16)

In Eq. (@), the upper sign in ” +” and in ” F” stands for Alice’s payoff and the
lower one for Bob’s payoff. The results of Eq. (I0) are, again, inverted to the
results of Ref. [23] for p = 0 and reduces to the result of [2] for setting both r and
p equal to zero. Also, a close look on the equation immediately reveals that for
a fully decohered game (p = 1), the effects of acceleration r and quantum phase
ap become irrelevant. Under such condition ngf = 1/8(18 — 2cosfp) that

results in large payoffs when Bob executes D. Similarly, for p < 1, the strategy
profiles (Q, C) and (Q, Q) are two equilibrium outcomes (at which Pfc = ch
and PQQ PQQ). However, for strategy profile (Q C') the payoffs increases
with increasing value of p whereas for strategy profile (Q Q) it decreases. As
stated above, against Bob’s strategy C Alice’s best strategy is D and against
Bob’s strategy D Alice’s best strategy is Q. This means that no single strategy
of Alice dominate her against every strategy of Bob. The payoff matrix is
symmetric from the perspective of strategy Q The strategy profile (Q C) (and
hence (C Q)) is Pareto inefficient and the strategy profile (Q Q) is both Pareto
optimal and Nash equilibrium.

Finally, we investigate the effects of decoherence and acceleration on the
payoffs when one player is limited to the classical strategic space and the other
is allowed to choose any move from the quantum mechanical strategic space.
This choice of the strategic spaces make the game unfair both in inertial and
noninertial setups. In inertial setup, it is shown [2] that there exists a move
for the quantum player to outsmart the classical player regardless of what the
classical player is choosing from his strategic space. This move is known, in the
literature on quantum games, as the miracle move and is given by

i=0(-58)=%(3 1) g

In noninertial frame, it is shown in [23] that playing this move always results in a
poor result for the quantum player. This result is contradictory to the quantum
mechanical results obtained in inertial setup of the game. The disagreement
between the results of the game in the two setups, as discussed earlier, is because
of the choice of choosing the operator D for constructing the entangling operator
J.

10



payoffs

Figure 3: (color online) The payoffs of the players are plotted against the de-
coherence parameter p and g when Alice plays the miracle move M . The
acceleration parameter r = /6.

To study the effects of miracle move M in the present setup of the game,
we restrict Bob to classical strategic space and allow Alice to execute M. The
payoffs under this condition become

1
pis  — Z[;{1~|—p(4p—3)~|—(1—p)cosQr}sinﬁB
+(1—p)cosr(sinfp +3)+9],
1
pMos  — Z[-%{14—30(430—3)4—(1—p)cosQr}sinﬁB
+ (1 —p)cosr (sinfp —7)+9]. (18)

It can be seen from Eq. (&) that setting p = 0 does not produce the result of
[23], rather the results are inverted. However, setting p = r = 0 produce the
results of [2]. The payoff matrix of Eq. (I8) is symmetric with respect to the
interchange of the players. It can be checked that for noiseless game, Pﬁ/[ 5
ng 5 for Bob’s classical strategic space. That is, the quantum player dominates
the classical one in the noiseless relativistic setup of the game by playing M. In
fact, as can be seen from Eq. (8], the choice from the two classical moves is
meaningless against M both for noisy and noiseless setup of the game. However,

11



there is a remarkable difference between the noisy and noiseless game. That is,
for a fully decohered game (p = 1) PMQJ3 Pg“B = 2.25, irrespective of the
choice of Bob (fp = 0 or 7) and of acceleration of the frame. Thus for a fully
decohered game the unfair game just become a fair game that always ends up
in a single outcome to both players, provided one player is playing the miracle
move and the other is limited to the classical two strategy space. Bob cannot
outscore Alice even if he has access to the entire classical space spanned by 0p
for the whole range of decoherence parameter p and acceleration parameter r.
Figure 3 shows that how the payoffs of the players varies against p and 8. One
can see that against Alice strategy M the best that Bob can gain is to play
either C' or D. These results show that the miracle move is a special move in
every setup of the game. In noiseless inertial and noninertial setups, it always
let the player win. Against the two classical strategies, for a fully decohered
case it makes the game fair and equally benefits the two players.

5 Summary

The effect of decoherence by using amplitude damping channel on the payoffs
function of the players in the quantum prisoners’ dilemma in noninertial frame
has been investigated. It is shown that for unentangled initial state,generally, no
strategy profile results in equal payoffs to both players and the game becomes an
asymmetric game. Interestingly enough, the symmetric classical payoff matrix is
recovered regardless of the acceleration of the frame for a fully decohered game.
The local environment of the inertial player has no effect on the payoff functions
of the players. The biasing effect of the acceleration of the noninertial frame
is compensated by the amplitude damping noise. The inertial player always
outscores the noninertial player by playing D.

For maximally entangled initial state, it is shown that when the players are
bound to the classical strategic spaces, the payoff matrix is a symmetric payoff
matrix and the strategy profiles (C,C) and (D, D) become Pareto inefficient
and there is no dilemma left in the game provided the game is fully decohered.
For other values of decoherence parameter p, the strategy profile (C C ) is Pareto
Optimal and (D D) is Nash equilibrium which makes the strategy D a dominant
strategy. The payoff matrix is symmetrical with respect to quantum strategy Q
and the dominant strategy against D is the quantum strategy Q. The strategy
profile (Q, Q) is both Pareto optimal and Nash equilibrium. It is shown that
the two classical moves become irrelevant against the miracle move M, that is,
both C and D lead to the same poor payoff for classical player. However against
¢ and D for a fully decohered game, the miracle move reduce the game to a
single outcome where both players are equally benefited and thus throw out
the unfairness that exists in both inertial and noninertial setup of the quantum
form of the game. The miracle move proves itself to be treated as a special
move under any setup of the game.
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