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Generation of atomic NOON states via adiabatic passage*

Qi-Gong Liu, Qi-Cheng Wu, Xin Ji*, and Shou Zhang
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Yangi, Jilin 133002, People’s Republic of China

We propose a scheme for generating atomic NOON states via adiabatic passage.
In the scheme, a double A-type three-level atom is trapped in a bimodal cavity and
two sets of A-type three-level atoms are translated into and outside of two single
mode cavities respectively. The three cavities connected by optical fibres are always
in vacuum states. After a series of operations and suitable interaction time, we
can obtain arbitrary large-n NOON states of two sets of A-type three-level atoms
in distant cavities by performing a single projective measurement on the double A-
type three-level atom. Due to adiabatic elimination of atomic excited states and
the application of adiabatic passage, our scheme is robust against the spontaneous
emissions of atoms, the decays of fibres and cavities photon leakage. So the scheme
has a high fidelity and feasibility under the current available techniques.
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1. Introduction

Quantum entanglement, an interesting and attractive phenomenon in quantum mechan-
ics, plays a significant role not only in testing quantum nonlocality, but also in processing
a variety of quantum information tasks [1-8]. Multi-particle entangled states, such as GHZ
states, W states, cluster states, NOON states, etc, are the fundamental resource of quantum
information processing (QIP). The NOON states, as an intereting multi-particle entangled

states, have the form as
1
V2

which contain n indistinguishable particles in an equal superposition of all being in one

INOON) = (In,0) 4|0, n)), (1)

of the two possible modes. It’s well established that the NOON states have significant
applications either in lithography [9-11] or in quantum metrology [12, [13]. Especially, it
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can be used to obviously improve the phase sensitivity in quantum interferometry and beat
the classical diffraction limit in quantum lithography [13-16]. Recently, much attention has
been paid to prepare the NOON states. Many theoretical and experimental schemes have
been proposed for generating the NOON states via optical components [11, 12, [17-23], cold
atomic ensemble [24], superconducting circuits [25, 26] and cavity quantum electrodynamics
(QED) [27-35]. However, the success probabilities of the proposals based on the linear
optical components, are very low as the number of particles increasing [19]. Some people
suggested using the optical nonlinear process for the generation of NOON states. Yet, it is
difficult to carry out experimentally so far [27]. The QED system, as a suitable candidate for
demonstrating QIP and quantum state engineering [36], has been studied extensively. Many
proposals for preparing NOON states based on QED have been put forward, as previously
mentioned. However, all of these systems are always affected by the various of external
factors which will induce the decoherence and affect the probability of success, even destroy
the entanglement. Although many kinds of physical systems are used to avoid or reduce the
decoherence, it is always imperfect yet. So the preparation of the entangled multi-particle
NOON states is still a severe challenge in the state of the art, though great progress has
been made in recent decades. On the other hand, the adiabatic passage [37-40], as an
useful tool for realizing QIP, is becoming more and more powerful and charming owing to
its robust against the spontaneous emission of the excited states, cavity photon leakage and
some experimental parameter errors. As a result, the technique of adiabatic passage has
been extensively studied for the entanglement generation [41-51].

In this paper, we propose a scheme for generating the NOON states of two sets of the
atoms via adiabatic passage. In the scheme, a double A-type three-level atom is trapped in
a bimodal cavity and two sets of A-type three-level atoms are translated into and outside of
two single mode cavities respectively. After a series of operations and suitable interaction
time, the arbitrary large-n entangled NOON states of two sets of A-type three-level atoms in
distant cavities can be obtained by performing a single projective measurement on the double
A-type three-level atom. Our scheme has the following characteristics: (1) Due to along the
dark state, the cavity modes are unpopulated during the whole interaction process, hence
the scheme is robust against the decays of the cavities. (2) Owing to adiabatical eliminations
of atomic excited states, the spontaneous emission rate can be regarded as zero. (3) Under

certain conditions, the probabilities of fibre modes populated can be negligible safely, thus
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Fig. 1: The schematic setup for generating atomic NOON states. The two sets of A-type three-level
atoms are stored in two transverse optical lattices respectively and translated into and outside of
the cavity 1 and 3 respectively for interacting with the cavity modes and the classical fields. The
level configurations of the atoms are shown in Fig.2l A double A-type three-level atom with level
configuration shown in Fig.Blis trapped in cavity 2. The three cavities are connected by two fibres

A and B. The atom detector is used to detect the double A-type three-level atom.

the decays of fibres are effectively suppressed. (4) Taking advantages of adiabatic passage,
the scheme is insensitive to small fluctuation of experimental parameters. (5) The scheme
can be used to generate arbitrary large-n NOON states in theory.

The rest of the paper is organized as follows. In Sect. 2, the fundamental model and
Hamiltonian are introduced. In Sect. 3, we propose a scheme to generate atomic NOON
states via adiabatic passage. Finally, we discuss the fidelity of the scheme and summarize

the conclusion in Sect. 4.

2. The fundamental model and Hamiltonian

The schematic setup for generating atomic NOON states is shown in Fig.[Il There are
three distant optical cavities connected by two fibres (fibres A and B). The two sets of A-type
three-level atoms are stored in two transverse optical lattices respectively and translated into

and outside of the cavity 1 and cavity 3 simultaneously and respectively [52,53]. The level
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Fig. 2: The level configurations of the A-type three-level atoms translated into and outside of
cavities 1 and 3. The states [s) gy and |k)(r) are two ground levels and |r) 1) is an excited level
of the atoms interacting with cavity 1 (3). gi(3) is the coupling constant between the transition
Is)r(r) <> |7)r(r) and corresponding cavity mode. Qpg) is the time-dependent Rabi frequency

of classical field driving the atomic transition |k)rg) < |r)r(r). The classical field with Rabi

frequency Q7 (g) and the mode of cavity 1(3) are detuned from the respective transitions by Ay ).

configurations of the atoms interacting with cavities 1 and 3 respectively are shown in Fig.
2l(a) and Fig.2(b). The states |s)rr) and |k)r) are two ground levels and |r).g) is an
excited level of the atoms interacting with cavity 1 (3). The transition |s)rr) <> |7)r(r)
is coupled to the mode of cavity 1 (3) with the coupling constant gy). The transition
\k)L(r) <+ |7) () is driven by the classical field with time-dependent Rabi frequency Q2 p.
The frequency detunings between the atomic transitions |s)r(r) <+ |7)L(r), |k)L(r) < |7) L(R)
and the relevant cavity mode and classical cavity are the same and denoted as A;3). They
satisfy the corresponding two-photon resonance conditions. The atom in the bimodal cavity
2 is a double A-type three-level atom. The relevant atomic levels and transitions are depicted
in Fig.[Bl Such level structure can be achieved in “°Ca™ [35,54-56]. Two degenerate ground
states |gr) and |ggr) correspond to *°Ca™ atom hyperfine levels |F = 1/2,m = —1/2)
and |F' = 1/2,m = 1/2) of the level 45,5, while two degenerate excited states |er) and
leg) correspond to |[F = 1/2,m = —1/2) and |F = 1/2,m = 1/2) of the level 4P, ,.
On the other hand, two intermediate semi-stable states |f.) and |fr) correspond to |F' =

3/2,m = —1/2) and |F = 3/2,m = 1/2) of the level 3Dj3/,, respectively. The transition
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Fig. 3: The level configuration of the double A-type three-level atom [35]. |gz) and |gr), |er) and
ler) are two degenerate ground states, two degenerate excited states respectively and |fr), |fr)
are two intermediate semi-stable states. 21 is the Rabi frequency of classical field F} driving the
transitions |f) <> ler) and [fr) < |eRr); ga() is the coupling constant between the transition
ler.) <> lgr) (ler) <> |gr)) and the left (right) circular polarized cavity mode; €2y is the Rabi
frequency of classical field Fb driving the transitions |gz) <> |fz) and |gr) <> |fr). The frequency
detunings of the cavity modes and classical cavity Fj from the respective atomic transitions are

the same and denoted as As.

|fr(r)) < ler(r)) is driven by a classical field Fy with Rabi frequency Qi; |err)) <+ |9r(r))
is coupled to the left(right) circular polarized cavity mode with the coupling constant go,);
the transition |gr(r)) <> |fL(r)) is driven by another classical field F, with Rabi frequency
Q. The frequency detunings of the cavity modes and classical cavity F} from the respective
atomic transitions are the same and denoted as Ay. Now, we consider the case both cavity 1
and cavity 3 have one atom respectively, thus the Hamiltonian of atom-cavity system under

the rotating-wave approximation can be written as (h = 1)

H, - 4 Rl <k|+”—|fL><fL|+Q—|fR><fR|+Q—|k> (k]

g2 2 g2 g2
+—&1a1|3> (s + a2za21|gL><9L| + a2ra’27’|gR> (9r| + —a§a3|8>R<S|
Al A2 A3

Q Q o) 9
+(9A1L fs)z <k|+ A, a2l|gL><fL|+ A, a2r|gR><fR|+ A, T ls) R (k|+H.C.) (2)



where ai(g) and ay(3) are the creation and annihilation operators of the cavity 1(3); a;l(r)
and ag ) are the creation and annihilation operators of left(right) circular polarization of
the cavity 2. For convenience, here we have set gy = g13) = g. The first four terms on
the right-hand side in Eq. (2]) represent the atom level shifts induced by classical fields.
By using the nonresonant coupling of other lasers with the corresponding atom levels, these
energy level shifts can be compensated straightforwardly [57]. Considering the cavities are

initially in vacuum states, the Hamiltonian H,. can be further simplified into

H,. = Qr(t)al|s)p (k| + Qe(t)al|gr) (o] + Qie(t)ad, |gr) (fr| + Qre(t)al|s)r(k] + He., (3)

where Qr.(t) = Qrg/A, Qre(t) = Qrg/A, Q(t) = Q19/A are the effective Rabi frequen-
cies for the corresponding Raman transitions |k)r, — [s)r, |k)r — [S)r, [fL(r) = |9L(R))
respectively. Here we have assumed A; 535 = A.

In our scheme, three cavities are connected by two optical fibres A and B. In the short
fibre limit, only one (resonant) mode of a fibre interacts with corresponding cavity modes.

The interaction Hamiltonian of fibre-cavity system can be approximated to
Hey = nalba(al + aly)] +nsbs(ab, + af)] + He.. (4)

where by and bp are the annihilation operators of the resonant modes of fibre A and B
respectively and the polarizations of the fibre modes A and B have been chosen as the left
circular and the right circular polarizations, respectively. n4(p) is the coupling strength
between the fibre mode A(B) and corresponding cavity modes.

Lastly, in the interaction picture, the total Hamiltonian of the system can be written

as
Hepp = H,, + He

= Qre(t)al|s) (k] + Que(t)ab|gr) (fr] + Que(t)al|gr) (frl] + Qre(t)al|s) (k]
+nalbalal + aly)] +nslbp(ad, +al)] + He.. (5)

3. Generation of the NOON states

In this section, we will show how to deterministically prepare the multi-particle NOON
states. Considering that both the cavity modes and the fiber modes are all in vacuum

states, initially, and the double A-type three-level atom is prepared in the superposition



state 1/v/2(|f2) + |fz)) with the method of Ref. [58], while atoms interacting with cavities
1 and 3 respectively are in the state |s)|s)g, so the initial state of the whole compound

system is

—(IfL> + [fr))s)1]5) £|000)[00) . (6)

N

For the initial state |f1)|s)r|s)|000).|00) s, dominated by Hamiltonian (), the evolu-
tion of the system state remains in the subspace with one excitation number spanned by the

basis vectors

1) = [fr)]s)cls)r|000)c|00),
[¥) = lgr)ls)cls)r|01'0)c[00) ,
[¥3) = lg)|s)1]s)r[000)c[1°0) ,
[¥4) = |g)|s)1]s)r[1'00)c|00) ,
[v5) = |gr)|k)rls)r|000):|00) . (7)
The Hamiltonian (&) has a dark state (i.e., zero energy eigenstate of Hamiltonian ()
1
|\IID1> = E(QLenA‘wl> - QLeQIe|¢3> + Q1JZA|¢5>)7 (8)
where KO \/QLenA Q%e + QlenA
Under the condition of
A > QL@) Qle> (9)

the dark state (&) reduces to
/ 1
W) = e
VAL,

If pulse shapes are designed such that

(Qeltbr) + Quelbs)). (10)

Q
lim =0, lim == =0, (11)

t——o0 QLE t——+o0 Qle

the initial state |1);) of the system is adiabatically transferred to |t5).
For the initial state |fg)|s)L|s)r|000).00);, dominated by Hamiltonian (Gl also, the
evolution of the system state remains in the subspace with one excitation number spanned

by the basis vectors

6) = [fr)|5)L]$)R|000)c|00),



[¥7) = lgr)ls)Lls)r[0170)c|00) ,
[¥s) = |gr)|s)Lls) r|000)c[017) ,
[Yo) = |gr)|s)L]s)R[0017)c]00)f,
[10) = lgr)|s)L|k)r|000)c|00) ;. (12)

S S

L

The Hamiltonian (Bl has a dark state

W) = KilmRenB|w6> — Qne ) + Q). (13)

where K| = \/9%677]23 + Q%07 + Q3.

Under the condition of
N > Qge, Qie, (14)

the dark state (I3]) reduces to
1

V%, + 2,

If pulse shapes are designed such that

W) = (Qrelv6) + Qielthio))- (15)

Qle

. . QR@
lim =0, lim
t——o0 Re t—4o0 Qle

=0, (16)

the initial state |1)g) of the system is adiabatically transferred to |¢0).

After the above adiabatic processes, the system state

W) = —=(gp)lk)Lls)r + 1gr) |s)Llk) £)[000)]00) f

[\

= 75 192)11,0) +1g)|0, 1))[000).|00) (17)

can be achieved. Here, [1,0)(|0,1)) denotes |k).|s)r(|s)r|k)r). After that, we turn off the
classical field F; and apply the classical field Fy with Rabi frequency €25 on the double A-
type three-level atom to drive the transition |g.) — |f.)(lgr) — |fr)). After the interaction
time 7 which satisfies Qo7 = 7/2, the state of the whole system becomes
1
V2

Here, in order to describe the process for preparing the atomic NOON states clearly, we

([fL) k) 1ls) rr + | fR)|8) £1]K) R1)]000)[00) 5. (18)

introduce symbol |x)(ryi(x = s,k;1 = 1,2,3,---) which denotes the i-th atom through the
cavity 1(3) is in the state |z). The state in Eq. (I8]) is the new initial state again. Then turn



off the classical field F5 and turn on the classical field F} simultaneously. After repeating the
above adiabatic process and choosing suitable interaction time each time, the whole system

evolves successively into the states

) %UQL)|k>L1|k>L2|S>R1\8>R2 + 1g)15) 1115) 2l k) 1 ) ) [000).00)
- ?ugmw + 191}[0,2))1000).]00) .

W) — ?ugm|k>u|k>L2|k>L3|s>R1|s>R2|s>R3+|gR>|s>L1|s>L2|s>L3|k>m|k>R2|k>R3>|ooo>c|oo>f,
= (192} 13.0) + lax)10,3)]000)00).

W) = —=(19)14.0) + low)[0.4))]000) J00) .

95) = —=(191)15.0) + lan)|0.5)]000)J00) .

9,) = —=(91)In.0) + [gi)]0. ) 000)00) .

(19)

Here, in the sign |n,0)(]0,n))(n = 1,2,3,---), |n) donates there are n atoms through the
cavity 1(3) in the state |k)rr); |0) donates there are n atoms in the state |s)p(z). At last,

we use a classical field F3 to implement a Hadamard operation

g2} = %ugm + o).
9r) — \/_5(‘9L> — |gr)), (20)
and then, the state |¥,,) becomes
%[lgL)(ln, 0) +10,7)) + |gr) (I, 0) = [0,7))]. (21)

Now, a single projective measurement should be performed on the double A-type three-level
atom. If the double A-type three-level atom is detected in the state |g1), Eq. (2] collapses

to

INOON), = (In,0) +10,n)), (22)

Sl

and if the atom is detected in the state |gr), Eq. (2] collapses to

1

INOON)_ = ——([n, 0) — |0, n)). (23)

S
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Fig. 4: (a) Time dependence of Q¢(t)/Q of the laser fields for getting |¥,). (b) Time evolutions
of the populations of corresponding system states. Here, the system parameters are set to be

Qo =1.59,T =100/g,7 =12/g,t;, =tgr = —15/g,t1 = 15/9,9 = 1 GHz and A = 15g.

It is worth noting that no matter what the measurement result is, the NOON states can
be always achieved. That’s to say, the successful probability of our protocol is unity in the

ideal case.

4. Discussion and conclusion

In order to generate the NOON states, the conditions of Eq. (1) and Eq. (I6]) should
be satisfied in our scheme. So we can design the pulse shape of the laser fields €27, Qz and

2 as the Gaussian [59-61],

(t—T/2 —te)?

Qe(t) = Qoexp[— 53

I (24)

where § = L, R, 1; Q) is the amplitude of Q¢; 7" is the total adiabatic time and 7 is the laser
beam waist. t is the time we turn on the laser with Rabi frequency )¢ on the corresponding
atoms.

For showing expression (24]) clearly, we plot the time dependence of Q¢(t)/€2 of the
laser fields in Fig.[l(a) and the population curves of |¢) + |1g) and |¢5) + [119) with gt in
Fig.[d(b). The system parameters are chosen as g = 1 GHz, Q¢ = 1.5¢g, T' = 100/g,7 =
12/g,t, = tg = —15/g,t; = 15/g and A = 15g. It can be seen from Fig.d(a) that the



11

conditions
le Le
lim =0, lim =0,
t——o0 QLe t——+o0 1e
) 1 . R
lim —= =0, lim —— =0, (25)
t——o0 QR@ t—+o00 le

can be satisfied during the whole evolution for realizing the NOON states. In addition, we
can see from Fig.[|(b) that when gt — +o00, the population of |i5) + |119) is 1, which means
the NOON states can be deterministically achieved via adiabatic evolution.

Certainly, all the above results are based on the ideal case because the influences of
atomic spontaneous emission, photon leakage out of the cavities and fibres are not taken
into account. In fact, the effects of these factors are inevitable, so we will study the effects
of these factors on the fidelity below.

For purpose of generating atomic NOON states, we have used the large detuning
condition and adiabatically eliminated the excited states of the atoms, as a result, set-
ting the spontaneous emission rate to be zero is acceptable. While, the effect of photon
loss out of the cavity can also be ignored safely in our scheme because the cavity modes
are never populated in the whole process due to the adiabatic passage along dark state.
The terms related to [i3) and |¢s), however, have been discarded for above calculations
since we have assumed that [nal,|ng| > |Qrel, [Qgel, [Q1e] in Eq.  ([I0) and Eq. (I5).
The practical situation is that the fibre modes may be excited, in other words, there is
a probability that the state (|¢»3) + |¢5))/+/2 are populated, and then they may evolve into
(lgz)18) 1|8 r1+19R)|S) £1|5) £1)]000).|00) t /+/2 due to the fibre decays, which will cause error
for generating the NOON states. Considering the effect of photon leakage out of the fibres,
the fidelity can be written as

T 2 2 2 2

7f QLegzle QRegzle
F=1-—--—+ + dt 26
2 Jo Kg K? ’ (26)

where Ky, K are given in Eq. (§) and Eq. (I3]); 7 denotes the decay rate of fibres (here
we assume the decay rates of two fibres are the same); T is still the total adiabatic time.
We investigate the effect of fibre loss on the fidelity of getting | W) for different 2 values
(Qo = 0.75g,1.5g,2.25¢g) as shown in Fig.[Bla), where we set na p = n = 0.6g. It is seen
obviously from Fig.[Bl(a) that the fidelity decreases slightly with the increase of the v;/g.
However, even if there exists a relatively large fibre decay rate v; = 0.3g when Qy < 1.5¢g, we

can still obtain NOON states with a high fidelity. Besides, we plot the fidelity as a function
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Fig. 5: The effect of fibre loss 7, and the coupling strength 7 of fibre-cavity on the fidelity of
getting |¥y) with "= 100/g,7 = 12/g,tp, = tgp = —15/g,t;1 = 15/g9,9 = 1 GHz and A = 15g. (a)
Fidelities each as a function of vy /g for different {2y with n = 0.6g. (b) Fidelities each as a function

of n/g for different ~; with Qg = 1.5g.

of n/g for different v¢(v; = 0.05¢,0.1¢g,0.2¢9) in Fig.Bl(b) with Qy = 1.5g. We can see that
the fidelities increase gradually with the increase of 1/g, while, with the increase of decay
rate s, the fidelity approaches 1 more slowly. But, when n/g > 0.6 the fidelity is higher
than 0.99 even with v¢ = 0.2¢.

In addition, we also plot the curves of fidelity of getting |¥,,) versus n for different decay
rates of fibre modes with €2y = 1.5¢ in Fig.[6l The other parameters are the same as those
in Fig. 5. Obviously, it can be seen from Fig.[0l that the fidelity decreases with the increase
of the particle number n. Nevertheless, the fidelity can still reach 0.934 even if the particle
number n is up to 10 when v = 0.2¢ and up to 20 when vy = 0.1g.

In conclusion, we have proposed a scheme for generating arbitrary large-n NOON states
via adiabatic passage. By using a sequence of pulse laser fields, our atom-cavity-fibre system
is always in the dark states. In the whole process, the influence of atomic spontaneous
emissions, photon leakage out of fibres and cavities are effectively compressed via adiabatic
elimination of excited states and adiabatic passage. Furthermore, we make an estimation
on the fidelities of the NOON states by considering different parameters and show that our
scheme is insensitive to small fluctuations of experimental parameters. Anyway, the present

scheme provides an efficient approach to realize arbitrary large-n atomic NOON states and
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Fig. 6: Fidelities of getting |¥,) each as a function of n for different v¢ when Qo = 1.5g, n = 0.6g
with T'=100/g,7 = 12/g,t;, = tr = —15/g,t1 = 15/g9,9g = 1 GHz and A = 15¢.

we hope our work may be useful for the quantum information in the near future.
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