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For any bipartite state, how strongly can one subsystem be quantum correlated with another?
Using the Koashi-Winter relation, we study the upper bound of purified quantum discord, which is
given by the sum of the von Neumann entropy of the unmeasured subsystem and the entanglement
of formation shared between the unmeasured subsystem with the environment. In particular, we find
that the Luo et al.’s conjecture on the quantum correlations and the Lindblad conjecture are all ture,
when the entanglement of formation vanishes. Let the difference between the left discord and the
right discord be captured by the discord distance. If the Lindblad conjecture is true, we show that
the joint entropy is a tight upper bound for the discord distance. Further, we obtain a necessary and
sufficient condition for saturating upper bounds of purified quantum discord and discord distance
separately with the equality conditions for the Araki-Lieb inequality and the Lindblad conjecture.
Furthermore, we show that the subadditive relation holds for any bipartite quantum discord.

PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.Mn

I. INTRODUCTION

Entanglement has always been identified as a key ingre-
dient in quantum information processing, and it can be
used to perform certain tasks more efficiently than with
classical correlation only. However, entanglement does
not account for all the nonclassical properties of quan-
tum correlations. This is because 1) Knill and Laflamme
[1] showed that quantum computation, in which a col-
lection of qubits in a completely mixed state couple to a
single control qubit that has nonzero purity, can achieve
an exponential improvement in efficiency over classical
computers for a limited set of tasks; 2) within the context
of the quantum measurement problem, Zurek and Vedral
[2] concluded that even separable states usually contain
correlations which are not entirely classical. These cor-
relations are aptly named quantum discord (QD). As a
measure of quantum correlations, QD encapsulates en-
tanglement but goes further, as it is also present even
in separable states. Intriguingly, this could be of practi-
cal significance because QD is more easily produced and
maintained than entanglement [3]. Over the past decade,
QD has been the focus of several theoretical and experi-
mental studies addressing its formal characterization [4],
its connection with entanglement distribution [5], remote
state preparation [6] and unambiguous quantum state
discrimination [7].
Despite the significance, the value of QD is notori-

ously difficult to calculate due to the optimization pro-
cedure involved. Analytical results are known only for
certain special classes of states [8]. Particularly, it has
been proved that it is impossible to obtain a closed ex-
pression for QD, even for general states of two qubits [9].
This fact makes it desirable to obtain some computable
bounds for QD, and several attempts have been devoted

∗ gaofei bupt@hotmail.com

to this issue in the past few years [10-12].
In 2010, Luo et al. [10] conjectured that both the clas-

sical and quantum correlations are (like the classical mu-
tual information) bounded above by each subsystem’s en-
tropy. The conjecture seems intuitively reasonable since
the marginal entropies quantify the effective sizes of the
two subsystems in view of the Schumacher noiseless cod-
ing theorem [13], and some further supporting evidences
for the conjecture are given [10]. On the conjecture of
classical correlations in bipartite states, it has been rigor-
ous proved that it is upper bounded by the von Neumann
entropies of each subsystem in [14-16]. In any bipartite
state, the quantum mutual information can be separated
into two parts: classical correlation and QD, and it is
considered as the total amount of correlations in the bi-
partite state. Under these conditions, it has been proved
[14,16-17] that QD is upper bounded by the von Neu-
mann entropy of the measured subsystem. Recently, Xi
et al. [11] revisited the upper bound of QD given by the
von Neumann entropy of the measured subsystem using a
tradeoff between the amount of classical correlation and
QD in a tripartite pure state.
However, it has remained an open question as to what

is the size relationship of QD and the von Neumann
entropy of the unmeasured subsystem in any bipartite
state (or the corresponding tripartite pure state). For
this question, some class of states have been given in
Refs. [11,16], which conform Luo et al.’s conjecture [10].
(From now on, when we refer to the Luo et al.’s con-
jecture we mean the quantum correlation is bounded by
each subsystem’s entropy.) Recent investigations [14,18]
give compelling evidence that there exist some bipartite
states to disprove the conjecture. These facts motivate
us to systematically investigate the upper bound of QD.
And, it is interesting to give a necessary and sufficient
condition for saturating the upper bound of QD. On
the other hand, QD is generally not symmetric, i.e. the
left discord and the right discord are unequal, which may
be expected because conditional entropy is not symmet-
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ric [19]. The difference between the left discord and the
right discord is captured by the discord distance. Then,
how close is the discord distance?
By purifying the bipartite quantum systems and using

the Koashi-Winter relation [20], we prove that, for ev-
ery bipartite systems, QD cannot exceed the sum of the
entropy of the unmeasured subsystem and entanglement
of formation shared between the unmeasured subsystem
with the environment. We further prove that the Luo et
al.’s conjecture on the quantum correlations [10] and the
Lindblad conjecture [21] are all true, when entanglement
of formation vanishes. When the Lindblad conjecture is
true, we show that the discord distance is upper bounded
by the joint entropy. Intriguingly, we find that the sub-
additivity is a new important property of tripartite quan-
tum discord.
This paper is organized as follows. In Sec. 2, we give

a brief review on QD and Luo et al.’s conjecture [10]. In
Sec. 3, we show that a subsystem being quantum corre-
lated with another one limits its possible entanglement of
formation with the environment, and then we prove Luo
et al.’s conjecture when the entanglement of formation
vanishes. In Sec. 4, we show that the Lindblad conjec-
ture can be always true for a class of states, and then we
prove the discord distance is upper bounded by the joint
entropy. In Sec. 5, we show that for any tripartite state
the subadditivity holds. Section 6 is the conclusion.

II. REVIEW OF QUANTUM DISCORD

Two systems A and B are correlated if together they
contain more information than taken separately. If A
and B are classical systems and we measure the lack of
information by entropy, correlations between two random
variables of them are in information theory quantified by
the mutual information

I(A : B) = H(A) +H(B) −H(A,B) (1)

whereH(·) stands for the Shannon entropy. For quantum
systems A and B, i.e., Hilbert space HAB = HA⊗HB is
a bipartite quantum composite system, and a bipartite
quantum state ρAB (density matrix) of the composite
system, the total amount of correlations is quantified by
quantum mutual information [22] between the two sub-
systems A and B

I(ρAB) = S(ρA) + S(ρB)− S(ρAB) (2)

where S(·) is the von Neumann entropy and ρA(B) =
TrB(A)(ρ

AB) are reduced density matrices.
In contradistinction to the classical case, in the quan-

tum analog there are many different measurements that
can be performed on a subsystem, and measurements
generally disturb the quantum state [19]. A measure-
ment on subsystem A is described by a positive-operator-
valued measure (POVM) with elements EAk , where k is
the classical outcome. In analogy with Eq. (2) and to

quantify the classical correlations (on B) of the state ρAB

independently of a measurement on A, Vedral et al. [19]
define an alternative version of the quantum mutual in-
formation

JA(ρ
AB) = S(ρB)−min{EA

k
}S(B|{EAk }) (3)

where the minimum is taken over all POVM measure-
ments {EAk } on A, and S(B|{EAk }) =

∑
k pkS(ρ

B|k)
is the averaged conditional von Neumann entropy
of the nonselective postmeasurement state ρB|k =
TrA(E

A
k ρ

AB)/pk with pk = Tr(EAk ρ
AB). Then, QD (on

B) of a state ρAB under a measurement {EAk } is defined
as a difference between the total correlation, as given by
the quantum mutual information in Eq. (2), and the
classical correlation Eq. (3) [2,19]:

DA(ρ
AB) = I(ρAB)− JA(ρ

AB)

= min{EA

k
}S(B|{EAk })− S(B|A) (4)

where S(B|A) = S(ρAB)−S(ρA) denotes the conditional
von Neumann entropy of ρAB [22], and the minimum is
taken over all POVM measurements {EAk }. QD is not
symmetric, i.e., in general DA(ρ

AB) 6= DB(ρ
AB), which

can be interpreted in terms of the probability of confusing
certain quantum states [19]. Here, DA(ρ

AB) refers to the
left discord, while DB(ρ

AB) refers to the right discord.
From now on, when we refer to the discord we mean the
left discord DA(ρ

AB).
There are interesting points as follows

I(A : B) ≤ min{H(A),H(B)},

I(ρAB) ≤ 2 ·min{S(ρA), S(ρB)}. (5)

In particular, if ρAB = |ψ〉AB〈ψ| is a pure state, then
I(ρAB) = 2S(ρA) = 2S(ρB), which saturates Eq.
(5). Now the total correlation I(ρAB) is separated
into classical correlation JA(ρ

AB) and quantum corre-
lation DA(ρ

AB). Then, Eq. (5) can be recast into
JA(ρ

AB) + DA(ρ
AB) ≤ 2 · min{S(ρA), S(ρB)}. From

the perspective of correlative capacities, Luo et al. natu-
rally proposed the following conjectures on the quantum
correlation in a bipartite state ρAB, which splits the pre-
ceding inequalities [10,14]:

DA(ρ
AB) ≤ S(ρA) (I)

DA(ρ
AB) ≤ S(ρB) (II)

To illuminate the progress of the two conjectures, we
first introduce two lemmas as follows.
Lemma 1 [16]. For any bipartite state ρAB, the QD

satisfies
(i) DA(ρ

AB) ≤ S(ρA);
(ii) DA(ρ

AB) ≤ min{S(ρA), S(ρB)}, whenever S(ρA) ≤
S(ρB) or ρAB is separable.
It is clear that Zhang and Wu [16] have proved Conjec-

ture (I) after taking over all von Neumann measurements
on the subsystem A. They also found that DA(ρ

AB)
is upper bounded by the von Neumann entropy of the
subsystem B for a class of states. However, the con-
straints on the class of states in (ii) are so strong that
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all entangled pure states satisfying Conjecture (II) are
excluded. It is necessary to consider relaxing the con-
straints in Lemma 1. Using the method of purification
and a tradeoff relation between QD and classical corre-
lation, Xi et al. [11] got the following result.
Lemma 2 [11]. For any bipartite state ρAB, there is

always a tripartite pure state ρABC = |ψ〉ABC〈ψ| such
that ρAB = TrC(ρ

ABC), and the QD satisfies
(i)DA(ρ

AB) ≤ S(ρA), with equality if and only if S(ρB)−
S(ρA) = S(ρC);
(ii) DA(ρ

AB) = S(ρB) if the equality S(ρA) − S(ρB) =
S(ρC) is satisfied.
Taking over all POVM measurements on the subsys-

tem A, Conjecture (I) is proved. And, the above suffi-
cient condition (ii) for the situation of DA(ρ

AB) = S(ρB)
is also true for a class of states, including all entangled
pure states as shown by Example 2 in Sec. 3.
The conclusions above appear to indicate that conjec-

ture (II) is true. However, Li and Luo [14] pointed out
that the inequality (II) is not valid in general and pro-
vided a counter-example [18]:
Example 1. Let ρAC be a Werner state

ρAC = d−x
d3−dI

AC + dx−1
d3−d

∑d

i,j=1 |ij〉
AC〈ij|

acting on Cd ⊗ Cd, where x ∈ (−1, 0), d ≥ 6, {|ij〉}
is an orthogonal basis of product states for the com-
posite system. If ρABC is a purification of ρAC , then
DA(ρ

AB) > S(ρB), which is quite counterintuitive.

III. THE UPPER BOUND OF PURIFIED

DISCORD

For any general bipartite state ρAB, we study bipar-
tite QD in the tripartite purified system ρABC such that
ρAB = TrC(ρ

ABC). There is a Koashi-Winter relation
[20]

EF (ρ
BC) + JA(ρ

AB) = S(ρB), (6)

which is a tradeoff between entanglement of for-
mation and classical correlation. Here EF (ρ

BC) is
entanglement of formation, defined as EF (ρ

BC) =
min{pi,|ψi〉}ΣipiS[TrC(|ψi〉〈ψi|)], and the minimum is

taken over all pure ensembles {pi, |ψi〉} satisfying ρBC =
Σipi|ψi〉〈ψi|. Using the interplay between mutual infor-
mation and QD, Xi et al. [11] obtained the monogamic
relation between QD and the classical correlation as fol-
lows

DA(ρ
AB) + JA(ρ

AC) = S(ρA) (7)

which is universal for any tripartite pure states ρABC .
The equation tells us that the amount of quantum cor-
relation between A and B, plus the amount of classi-
cal correlation between A and the environment C, must
be equal to the entropy of the measured subsystem A.
In particular, the monogamic relation (7) directly sup-
plies a general upper bound for QD, i.e., the Conjecture

(I), which has been proved in Refs. [11,14,16]. Analo-
gously, substituting JA(ρ

AB) = I(ρAB) − DA(ρ
AB) and

−S(B|A) = I(ρAB)−S(B) into Eq. (6), we can also ob-
tain the tradeoff [24] between QD and the entanglement
of formation as follows

DA(ρ
AB)− EF (ρ

BC) = −S(B|A) (8)

which gives an operational interpretation of the nega-
tive conditional entropy as the difference between the two
non-classical correlations.
By applying the Araki-Lieb inequality to Eq. (8), we

get a general upper bound for QD as the following result,
and determine which states saturate this bound.
Theorem 1. For any bipartite state ρAB, ρABC is a

purification of it, then we have

DA(ρ
AB) ≤ S(ρB) + EF (ρ

BC) (9)

with equality if and only if S(ρA)− S(ρB) = S(ρC).
This result shows that the necessary and sufficient con-

ditions for saturating the upper bound of QD in Theo-

rem 1 and the result (ii) in Lemma 2 are consistent re-
sults. The causes of consistent results is attributed to
S(ρA)− S(ρB) = S(ρC) and ρBC = ρB ⊗ ρC are equiva-
lent [11].
As an illustration of the necessary and sufficient con-

dition, let us consider the following two examples.
Example 2. Let ρAB is a pure state. For any bipartite

pure state, S(ρA) = S(ρB) and QD is just the entropy of
the reduced states of the subsystems. Using the fact that
a entropy is zero if and only if the state is pure, we get the
equality condition of the Araki-Lieb inequality S(ρA) −
S(ρB) = S(ρAB) = 0. On the base of the Theorem 1 and
Lemma 2, DA(ρ

AB) = DB(ρ
AB) = S(ρB) hold.

If ρABC is a purification of ρAB, we now apply Eq. (5)
to the tripartite pure state ρABC = |ψ〉ABC〈ψ|, and get
I(ρABC) ≤ 2 · S(ρAB) = 0. Then, ρABC = ρAB ⊗ ρC .
So we have JB(ρ

BC) = 0, and obviously EF (ρ
BC) = 0.

These results show that the condition of DA(ρ
AB) =

S(ρA) follows from Theorem 1 in Ref. [11], and the con-
dition of DA(ρ

AB) = S(ρB) +EF (ρ
BC) follows from our

Theorem 1.
Example 3. As given in Ref. [11], let
ρAB = 1

4 [(|00〉
A〈00|+|01〉A〈01|)⊗|0〉B〈0|+(|00〉A〈10|+

|01〉A〈11|)⊗ |0〉B〈1|+
(|10〉A〈00|+ |11〉A〈01|)⊗ |1〉B〈0|+ (|10〉A〈10|+

|11〉A〈11|)⊗ |1〉B〈1|]
where HA = C2 ⊗ C2, HB = C2. Notice that this state
is a mixed state, since Tr[(ρAB)2] = 1

2 < 1. We can al-

ways find a tripartite pure state ρABC = |Ψ〉ABC〈Ψ| such
that ρAB = TrC(ρ

ABC) and |Ψ〉ABC = 1√
2
(|ψ0〉

AB |0〉C+

|ψ1〉
AB |1〉C), where |ψ0〉 = 1√

2
(|00〉A|0〉B + |10〉A|1〉B)

and |ψ1〉 = 1√
2
(|01〉A|0〉B + |11〉A|1〉B). The reduced

states can be obtained ρA = IA

4 and ρB = IB

2 , where

IA and IB are respectively identity operators on HA

and HB. After some calculations one obtains S(ρA) =
2, S(ρAB) = S(ρB) = 1.
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Using the equality DA(ρ
AB) = EF (ρ

BC) + S(ρA) −
S(ρAB), we know the upper bound in Eq. (9) is achiev-
able if and only if S(ρA)− S(ρAB) = S(ρB) = 1.
From the above results, we know Theorem 1 with

equality if and only if the equality in the Araki-Lieb in-
equality holds. And, the unmeasured subsystem cannot
correlate with the environment if QD between A and B is
equal to the entropy of the unmeasured subsystem. What
is astonishing is that the result and Theorem 2 in Ref.
[11] are almost entirely the same with equality. However,
the upper bound of QD is obtained in a quite different
form from Conjecture (II). To this end, we have the fol-
lowing sufficient condition for the situation of Conjecture
(II), i.e., DA(ρ

AB) ≤ S(ρB).
Corollary 1. For any bipartite state ρAB, ρABC is a

purification of it and EF (ρ
BC) = 0, then we have

DA(ρ
AB) ≤ S(ρB) (10)

with equality if and only if S(ρA)− S(ρB) = S(ρC).
The result shows that Conjecture (II) is true if the

equality EF (ρ
BC) = 0 is satisfied. In other words, QD

between A and B is upper bounded by the entropy of the
unmeasured subsystem if the unmeasured subsystem B
cannot entangled with the environment C. Further, the
maximal QD between A and B will even forbid B from
being correlated to other systems outside this composite
system. One thing to be noted is DA(ρ

AB) = −S(B|A)
by the Koashi-Winter equality when EF (ρ

BC) = 0, so we
are just trying to formally establish the relation between
discord and the unmeasured subsystem.

IV. THE UPPER BOUND OF DISCORD

DISTANCE

The discord distance of a quantum state ρAB under
POVM measurements {EAk } and {EBk } is defined as a
difference between the two one-side discords (left discord
and right disocrd):

|DA(ρ
AB)−DB(ρ

AB)|. (11)

To be clearer, we substitute Di(ρ
AB) = I(ρAB) −

Ji(ρ
AB), where i = A,B, and obtain the classical corre-

lation distance |JA(ρ
AB)− JB(ρ

AB)|. A suitable physi-
cal interpretation of the discord distance is how close are
two classical correlations for A versus B in the quan-
tum state. The Eq. (11) shows that smaller differ-
ence implies more fair communication in an ideal quan-
tum network. From Lemma 2 in Sec. 2 and Corol-

lary 1 in Sec. 3, we have a sufficient condition for
the situation of DA(ρ

AB) = DB(ρ
AB) = S(ρB) if the

equality S(ρA) − S(ρB) = S(ρAB) is satisfied. Mean-
time, JA(ρ

AB) = JB(ρ
AB) = −S(B|A) can also be de-

duced from the above sufficient condition. Though, in its
present form, a necessary and sufficient condition cannot
be obtained. We leave it as an open question whether
one could consider variations of the proof procedure that

would render it suitable for fair quantum communication
tasks.
Combining the monogamic relation in Eq. (6) with the

equality condition for the strong subadditivity inequality

S(B|A) + S(B|C) = 0, (12)

we have the following result.
Theorem 2. For any bipartite state ρAB, ρABC is a

purification of it and EF (ρ
AC) = EF (ρ

BC) = 0, then we
have

|DA(ρ
AB)−DB(ρ

AB)| ≤ S(ρAB). (13)

To prove this theorem, we first introduce the Lindblad
conjecture [21], which states that the classical correlation
account for at least half of the total correlation, or equiv-
alently, correlations are more classical than quantum.
Lindblad conjecture. For any bipartite state ρAB,

Lindblad proposed the following conjecture DA(ρ
AB) ≤

JA(ρ
AB), which is based on several intuitive observations

[10,21].
Luo and Zhang [21] disproved the intuitive conjecture

of Lindblad by evaluating an observable correlations for
generic two-qubit states and obtain analytical expres-
sions in some particular cases. And, they provided a
counter-example:

Example 4. Let ρAB be a Werner state ρAB = IAB

6 +
1
3 |ψ

−〉AB〈ψ−|, where |ψ−〉 = 1√
2
(|01〉 − |10〉). In such a

situation,
DA(ρ

AB) > JA(ρ
AB), where DA(ρ

AB) ≃ 0.126,
JA(ρ

AB) ≃ 0.082.
From Corollary 1, we find that Lindblad conjecture can

be true, and introduce a lemma as follows.
Lemma 3. For any bipartite state ρAB, ρABC is

a purification of it and EF (ρ
BC) = 0, then we have

DA(ρ
AB) ≤ JA(ρ

AB).
Proof. From the Corollary 1 in Sec. 3, we get

DA(ρ
AB) ≤ S(ρB) when EF (ρ

BC) = 0. While under the
same condition, we have JA(ρ

AB) = S(ρB) due to the
Koashi-Winter relation JA(ρ

AB) + EF (ρ
BC) = S(ρB),

i.e. Eq. (6). It turns out that Lemma 3 is true.
The result shows that QD is always bounded from

above by the classical correlation when the entangle-
ment of formation, between the unmeasured subsystem
B and the environment C, vanishes. Further, the max-
imal QD between A and B will forbid system B from
being correlated to other systems outside this compos-
ite system when Lindblad conjecture is true. The phe-
nomenon is very real significance in quantum informa-
tion theory. The accessible information is a measure of
how well the receiver can do at inferring the information
being included in the other subsystem [22]. And, the dif-
ference between the accessible information achieves the
maximum of the classical correlation JB(ρ

BC) if and only
if Lindblad conjecture is true and EF (ρ

BC) = 0.
Using Lemma 3, we will complete the proof of Theorem

2.
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Proof of Theorem 2. Consider that DB(ρ
BC) ≤

JB(ρ
BC), i.e., 2 · JB(ρ

BC) ≥ I(ρBC), the inequality fol-
lows from the result of Lemma 3 with EF (ρ

AC) = 0. We
have

2JB(ρ
BC) + S(B|C) ≥ I(ρBC) + S(B|C)

= S(ρB) ≥ JA(ρ
AB). (14)

The first inequality follows by adding the item S(B|C)
to the left and right hand sides of 2 ·JB(ρ

BC) ≥ I(ρBC).
The first equality follows because the quantum mutual
information has an equivalent form for the classical mu-
tual information I(ρBC) = S(ρB)−S(B|C). The second
inequality follows from the Eq. (6), which is the Koashi-
Winter relation.
Using Eqs. (12) and (14), the classical correlation

JA(ρ
AB) admits the following representation:

JA(ρ
AB) ≤ 2 · JB(ρ

BC)− S(B|A)

= 2 · JB(ρ
BC) + I(ρAB)− S(ρB). (15)

In terms of QD and the von Neumann entropy of the
corresponding unmeasured subsystem, Eq. (15) can be
rephrased as follows.

S(ρB) ≤ 2JB(ρ
BC) +DA(ρ

AB). (16)

In addition, we have

DA(ρ
AB) ≤ S(ρB) (17)

from the Corollary 1 and EF (ρ
BC) = 0.

Using Eq. (7) and Eqs. (16-17), we have
|DA(ρ

AB) − DB(ρ
AB)| = |DA(ρ

AB) + JB(ρ
BC) −

S(ρB)| ≤ JB(ρ
BC).

Under the assumption EF (ρ
AC) = EF (ρ

BC) = 0, it can
be shown that JA(ρ

AC) = JB(ρ
BC) = S(ρAB) by using

the Koashi-Winter relation for other permutations of A,
B, and C.
This completes the proof of Theorem 2.
Note: In fact, this is a direct result of the Koashi-

Winter equality (8) and the Araki-Lied inequality, see
the following:
DA(ρ

AB) = EF (ρ
BC) − S(B|A), DB(ρ

AB) =
EF (ρ

AC)− S(A|B).
From the above two Koashi-Winter equalities one can
obtain
DA(ρ

AB)−DB(ρ
AB) = S(ρA)− S(ρB),

Using EF (ρ
AC) = EF (ρ

BC) = 0, we have |DA(ρ
AB) −

DB(ρ
AB)| ≤ JA(ρ

AB). This completes the proof of The-
orem 2. Using the above detailed proof process, it is
mainly because we want to show the Lindblad conjec-
ture’s value.
Further, we give the explicit characterization of the

quantum states saturating the upper bound of discord
distance as follows.

Corollary 2. For any bipartite state ρAB, ρABC is a
purification of it and EF (ρ

AC) = EF (ρ
BC) = 0, then we

have

DB(ρ
AB)−DA(ρ

AB) ≤ S(ρAB) (18)

with equality if and only if EF (ρ
BC) = 0 and DB(ρ

AB) =
JB(ρ

AB).
Proof. Eq. (18) is true which can easily be deduced

from Theorem 2.
Based on Lemma 3 and the Koashi-Winter relation, we

can give a necessary and sufficient condition for the sit-
uation of DB(ρ

AB) − DA(ρ
AB) = S(ρAB). The equality

can be rephrased as follows.
0 = DB(ρ

AB) − DA(ρ
AB) − S(ρAB) = S(ρB) −

2JB(ρ
BC)− DA(ρ

AB)
= S(ρB)− 2JB(ρ

BC)− (I(ρAB)− JA(ρ
AB))

= JA(ρ
AB)− S(B|C)− 2JB(ρ

BC).
For the second equality, by the Koashi-Winter relation
DB(ρ

AB) + JB(ρ
BC) = S(ρB); for the second equality,

by DA(ρ
AB) + JA(ρ

AB) = I(ρAB); for the last equality,
by I(ρAB) = S(ρB)− S(B|A) and Eq. (12).
From the result in Eq. (15), we know that JA(ρ

AB) =
S(B|C) + 2JB(ρ

BC) if and only if EF (ρ
BC) = 0 and

DB(ρ
AB) = JB(ρ

AB). This completes the proof of Corol-
lary 2.

V. SUBADDITIVITY OF DISCORD

Quantum discord has the following properties [19]:
asymmetric, nonnegative, invariant under local-unitary
transformations, and vanishes if and only if the re-
lated state is classical quantum. Furthermore, discord
is bounded from above by the von Neumann entropy
of the measured subsystem [11,12], and the sum of the
von Neumann entropy of the unmeasured subsystem and
the entanglement of formation shared between the un-
measured subsystem with the environment (Theorem 1

in Sec. 3). In 2012, Prabhu et al. [25] investigated
the monogamy relationship for quantum discord. They
showed that for any tripartite state ρABC , the inequality
DB(ρ

AB) +DC(ρ
AC) ≤ DBC(ρ

ABC) holds if and only if
I(A : B : C) ≥ JBC(ρ

ABC), where I(A : B : C) = I(A :
B)− I(A : B|C).
Using the definition of discord, we prove a very im-

portant property relating discord to the subadditivity as
follows.
Theorem 3. For any tripartite state ρABC , we have

DBC(ρ
ABC) ≤ DB(ρ

ABC) +DC(ρ
ABC). (19)

Proof. Let Π∗
B and Π∗

C be the optimal complete
projective measurements over B and C for the sake of
DB(ρ

ABC) and DC(Π
∗
B(ρ

ABC)) separately. Then the in-
equality (19) is obtained as follows:
DBC(ρ

ABC) ≤ S(ρABC ||Π∗
B ⊗Π∗

C(ρ
ABC))

= S(Π∗
B ⊗Π∗

C(ρ
ABC))− S(ρABC)
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= [S(Π∗
B(ρ

ABC))−S(ρABC)]+ [S(Π∗
B ⊗Π∗

C(ρ
ABC))−

S(Π∗
B(ρ

ABC))]

= DB(ρ
ABC) + S[Π∗

C(Π
∗
B(ρ

ABC))]− S(Π∗
B(ρ

ABC))]

= DB(ρ
ABC) + DC(Π

∗
B(ρ

ABC)) ≤ DB(ρ
ABC) +

DC(ρ
ABC).

This completes the proof of Theorem 3.

We now apply Eq. (19) to a tripartite pure state ρABC .
For any bipartite pure state, the relative entropy of en-
tanglement and the relative entropy of discord coincide
with the entropy of the reduced states of the parts [23].
Thus, Eq. (19) becomes

S(ρBC) ≤ S(ρB) + S(ρC)
which is the subadditivity [22] of entropy for subsystems
BC. Accordingly, Eq. (19) can also be seen as a general-
ization of the subadditivity of entropy valid for tripartite
mixed states.

VI. CONCLUSION

In this work, we prove that the Luo et al.’s conjecture
[10] and the Lindblad conjecture [21] are all true, when
the entanglement of formation between the unmeasured
subsystem and the environment vanishes. Further,
the maximal quantum discord will even forbid the
unmeasured subsystem from being correlated to the
environment. We have also shown that the discord
distance is always bounded from above by the amount of
the joint entropy when the Lindblad conjecture is true.
Though, there in no exemplary state which can show
the meaningfulness of Theorem 2, we leave it as an open
question whether one could give an operational interpre-
tation of it. Finally, we find that the subadditivity is a
new important property of tripartite quantum discord.
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