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Entanglement of arbitrary spin modes in an expanding universe
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Pair particle creation is a well-known effect on the domain of field theory in curved space-time. It is
shown that the entanglement generations for spin-0 and spin-1/2 modes are different in Friedmann-
Robertson-Walker (FRW) space-time. We consider the spin-1 particles in FRW space-time using
Duffin-Kemmer-Petiao (DKP) equation and obtain a measure of the generated entanglement. Also,
we consider the spin-3/2 particles. We argue that the absolute value of the spin does not play any
role in entanglement generation and the differences are due to the bosonic or fermionic properties.
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I. INTRODUCTION

Because of the importance and the fundamental role
of entanglement in quantum information processing and
quantum computing, a lot of researches have been done
on entanglement generation, variation and degradation
in various domains. In non-relativistic limits, entangle-
ment has been extensively studied. Recently, relativistic
quantum information processing has attracted a lot of
interests |IH4]. The world is fundamentally relativistic,
therefore, understanding entanglement in space-time is
ultimately important. It is realized that relativity plays
a significant role in quantum entanglement and related
quantum protocols, such as quantum teleportation. This
point is justified by quantum optics, which is well es-
tablished on the basis of not only quantum theory but
also special relativity in nature. Most of EPR-type ex-
periments have been performed by photon pairs. In ad-
dition, experiments of quantum teleportation have been
extensively carried out by photons [549].

There are some qualitative differences between non-
relativistic entanglement and relativistic one. It has been
shown that entanglement is an observer dependent prop-
erty in non-inertial frames. I. Fuentes et. al. have showed
that the entanglement of both bosonic and fermionic
modes degrade by acceleration [10, [11]. In addition,
quantum discord and entanglement of pseudo-entangled
spinor modes in non-inertial frames have been studied
[12].

Recently, scalar and spinor field modes have been in-
vestigated in an expanding universe. It has been shown
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that in both cases, the expanding universe generates en-
tanglement between field modes |13].

A separable vacuum state in distant past time appears
as an entangled state in far future time because of the
expanding universe. However, there are differences be-
tween the entanglement of scalar boson fields and spinor
fermion fields |14, [15].

It has been shown that the entanglement of massive
boson modes is a monotonically decreasing function with
respect to the momentum of the modes while for the
fermion modes, there is an optimum point for the mo-
mentum of the modes. For the spin-1/2 case, there is no
entanglement between the zero momentum modes while
for the spin-0 case the maximum entanglement is related
to the zero momentum modes. As a common behav-
ior between the spin-0 and spin-1/2 modes, it has been
shown that there is no entanglement for massless bosons
or fermions [15].

To understand the origin of the differences between
the generated entanglement in an expanding universe
for spin-0 and spin-1/2 modes, we investigate the higher
spin modes. Firstly, we consider the spin-1 modes using
Friedmann-Robertson-Walker (DKP) equation in Duffin-
Kemmer-Petiao (DKP) space-time and work out a mea-
sure for the generated entanglement. The same proce-
dure will be applied on spin-3/2 modes using Rarita-
Schwinger equation.

This paper is organized as follows: In section II, we
consider the DKP equation in FRW expanding universe
specially in two dimensions. In section III, we calculate
the entanglement entropies of spin-1 and spin-0 particles
and compare them to each other. Also, we investigate
the variation of entanglement with respect to the param-
eters of expansion, and the momentum of any the mode.
In section IV, we consider the spin-3/2 particles using
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Rarita-Schwinger equation and work out the generated
entanglement and compare it with the entanglement of
spin-1/2 modes. Conclusions are presented in section V.

II. DKP EQUATION IN
FRIEDMANN-ROBERTSON-WALKER
SPACE-TIME

It is well-known that Klein-Gordon and Dirac equa-
tion describe particles with spin-0 and spin-1/2 in flat
Minkowski space-time, respectively. Scalar and spinor
fields have been considered in more details in curved
space-time.  There are various ways of formulating
a relativistic wave equation describing the dynamical
states of a massive vector boson, such as Proca equa-
tion, Duffin-Kemmer-Petiau equation and Weinberg-
Shay-Good equation [16-19]. We employ DKP equa-
tion for considering vector bosons in curved space-time.
Before starting the study of the DKP in curved space-
time, we notice that it is similar to the Dirac equation in
Minkowski space-time as follows:

(i8"0, —m)¥ = 0, (1)

where, the S*-matrices are generalization of the Dirac
gamma matrices, satisfying an algebra ring, which for
spin-1 is

BAB1BY + B8N = B+ B ©)

Generally, 8*’s represent four 16 x 16 reducible matrices,
which decompose into three separate representations, a
one dimensional trivial, a five dimensional spin-0 and
a ten dimensional spin-1 representations [20-23]. For
the the 10-dimensional spin-1 representation, S* matri-
ces given by
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where, S”’s are the standard (3 x 3) spin-1 matrices and
K"’s denote (1 x 3) matrices with elements K} = &

In curved space-time, we can use the tetrad formalism
to obtain the generalized DKP equation

(iB“(@H + %wwbsab) - m) T =0, (5)

where, S = [32, 3] and B"’s are the Kemmer matrices
in curved space-time and they are related to Minkowski
space-time S* = e/ 3% with the following tetrad relation

b b b
e“ae”bna = g”y, e”aebu = Nab, €Ma€H = 5(1' (6)

Also, the spin connections w,.p are given b
) 1% m g y
- )
Whab = €are’pl';, — ’p0ueas, (7)

where, I‘éu’s are the affine connections, which are ob-
tained by the space-time metric elements. Specifically,
we consider a two dimensional FRW expanding space-
time with line element

ds* = C*(n)(dn® — dz®), (8)

where, 7 is the conformal time, and the conformal scale
factor, C, is given by

C(n) = (1 + (1 + tanh pn))*/?, (9)

with positive real parameters € and p, controlling the to-
tal volume and rapidity of the expansion. Primarily, the
entanglement between the modes of a quantum field in
a curved space-time can be investigated in special states
where the space-time has at least two asymptotically flat
regions. According to Eq. (@), in the distant past and
far future, the space-time becomes Minkowskian, since
C(n) tends to 1 + 2¢ for n — +oo and it tends to 1 for
17 — —oo. In the intermediate region, the concept of the
particle breaks down.

For simplicity, we restrict ourselves to solve the (1 +
1)-dimensional DKP equation in FRW space-time. The
DKP equation can be obtained in the following form [24]

0 G C 20 T
B0y + ik _E(B)B +iCm| ¥ =0, (10)

where, ¥(n, z) = eig'f\if(n) and ¥ (n) has ten components
as follows

U(n) = (11)
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where, P, and R are 3 x 1 vectors and ¢ denotes a
scalar. The Kemmer matrices representation for a suit-
able arrangement of the components of these vectors and
¢ leads to the following equations

iCm®d = — (0, + g)x +ik®,

iICmX = —0,®, (12)
iCmO = —ik®.
Where
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The third component of R is vanished. We can obtain
an independent equation for ®(n) as follows

2
(dd—nQ + k% + C2m2) ®(n) =0, (14)



and X(n) and O(n) satisfy the following equations
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According to the FRW matrices and using Eq. ([I4) we

X =——0,, (15)
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and V is a constant vector of dimension 3 x 1. X(n) and
O(n) can be evaluated easily from ([H). 2Fi(a,b,c,d)’s
are hypergeometric functions. Using these functions
properties, the above solutions will be related to each
other by well-known Bogoliubov transformation tech-
nique as

(I)in = ak(I)out + ﬂkq):uta (19)

where, ay;, and B, are Bogoliubov coefficients. Since X (n)
and O(n) are given by ®(n), one can relate the in and
out modes of the wavefunction by a similar equation as
follows

\Ijin = akqlout + ﬁkq]:ut' (20)

Using the properties of hypergeometric functions [25], we
evaluate the Bogoliubov coefficients
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Now, we can work out a relation between the annihilation
and creation operators in in and out regions as follows

« out
+BpbL

where, a and a' (b and bT) are the annihilation and cre-
ation operators of particles (anti-particles) and satisfy
the following well-known relations

Br =

(22)

ay’ = aZaz"t
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obtain the following two different solutions, which are an-
alytic in in region, ®;,, for distant past, and out region,
D1, for far future.
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The five dimensional representations of Kemmer ma-
trices are given by

0 oz O2x3 i O2x2 Ploxs
= , = . , (25
v (03X2 03X3) v (Pl;w 033 ) (25)
where, o, is the Pauli matrix and pijk = —01;0;%. In this
case, U(n) has five ¥; components, where i = 1,--- ,5.

Therefore, DKP equation reduces to the following equa-
tions

- C. - -
sz\IJ1 = —(877 - 5)\112 + ik‘llg,
ZCm\ifg = —6,7@1,
sz\ilg = —ik\ifl,

(26)

and the components ¥y = U5 = 0. U, satisfies Eq. (1),
and U, and U3 satisfy the same Eqs. (I3). Therefore,
the solutions of the above equations with respect to the
in and out modes are the same as for spin-1 case and
they are related to each other by the same Bogoliubov
coefficients. This is a significant point achieved in the
rest of the paper.

IIT. ENTANGLEMENT GENERATION DUO TO

EXPANSION

We consider the vacuum state in ¢n region as a sepa-
rable state [14]

keR+

(27)

For simplicity, we focus on a specific momentum, k, mode
as follows
10)" = [0k) " |0—) "™ (28)

In other words, we disregard all other modes of vacuum
by tracing out the total density matrix over them. Using



Eq. (23), we write the above bipartite separable state as
a linear combination of the excited states in mode k by
an observer in out region

|0k>m|oik>m — ZAn|nk>OUt|n7k>out- (29)
n=0

Obviously, the last relation is the Schmidt decomposition
of a pure state of a bipartite system. The Schmidt coef-
ficient is obtained by the normalization condition and by
applying the annihilation operator on the state

oo
. . t
A 0)f = (afag™ — bl ™) S Aulue)™ i)™ = 0.

n=0

(30)

Therefore, one finds the following relation for the coeffi-
cients

A, = <@> Ay, Ag=4]1- (31)
(0%

k

Thus, a vacuum state in in region corresponds to a state
with particle excitations in out region. The particle cre-
ation via the expansion is a well-known concept HE] In
the following, we concentrate on the entanglement gen-
eration related to this concept.

We construct the density matrix in ¢n region by using
Eq. 29) in out region

Pro—k = |0k)"0_k)" (Or " (0| ™. (32)

Because the Schmidt coefficients in Eq. ([29) are non-
zero, the in vacuum is entangled from the point of view
of an observer in out region.

We use an appropriate measure of entanglement,
namely the von Neumann entropy defined as follows

S(pr) = —tr(pr logy (pr)), (33)

where, py is the reduced density matrix of the particles’
subsystem

Pk = tr—k(Pk,~k)- (34)

The von Neumann entropy for spin-1 modes is given by

x

re—1
1 — )

S == |4n|*logy [An[* = log, (35)
n=0

where, z = |g—:|2 and oy and ), are given by Eqgs. (Z1)
and (22)), respectively.

Fig. (@) shows the contour plot of the von Neumann
entropy with respect to the mass and the momentum
of spin-1 particles for the specified expanding universe
(fixed values of total volume and rapidity of expansion).
The generated entanglement is a decreasing function with
respect to the momentum. Also, there is no entanglement
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FIG. 1: (Color online) Contour plot of the von Neumann
entropy for spin-1 modes with respect to the mass and mo-
mentum for the specified expanding universe ¢ = 2 and p = 2.

FIG. 2: (Color online) The von Neumann entropy for spin-
1 modes with respect to the total volume and rapidity of
expansion for m =1 and k£ = 0.1.

between massless spin-1 particles. For each value of mo-
mentum, there exists a specific value of mass, Mmax, at
which the entanglement is maximum. mmpax iS an increas-
ing function with respect to the momentum.

It is obvious from Fig. (2) that for the specified mass
and momentum of spin-1 particles, the generated entan-
glement is an increasing function with respect to the total
volume, €, and the rapidity of expansion, p. There is no
entanglement generation for ¢ = 0 and p = 0, which cor-
respond to a flat Mikowskian space-time.

In addition, one can observe from Fig. (3]) that there
is a certain value of mass, mmyax, wherein the generated
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FIG. 3: (Color online) The von Neumann entropy, S, for
spin-1 modes with respect to mass, m, for fixed values of
momentum, k£ = 0.1, and rapidity, p = 10. The different
values of total volume are € = 1 (solid), ¢ = 2 (dash dotted),
€ = 4 (dashed), and € = 8 (dotted) curves.

entanglement is maximum. Naturally, the entanglement
generation is larger for an expanding universe with a
larger total volume expansion. In a similar behavior,
Mmax tends to a larger value for larger total volume ex-
pansion.

The above arguments and results were represented for
spin-1 particles. Since the von Neumann entropy is a
function with respect to the Bogoliubov coefficients and
we argue in section [Tl that these coefficients are the same
for spin-1 and spin-0 particles, the general behavior of
entanglement generation for spin-0 particles will be the
same as spin-1 particles.

IV. SPIN-3/2 PARTICLES AND
ENTANGLEMENT GENERATION

The Rarita-Schwinger equation characterizes the dy-
namics of massive spin-3/2 particles in flat Minkowski
space-time [27]. In supergravity models, the superpart-
ner of graviton field is described by spin-3/2 particles.
The complicated form of the Rarita-Schwinger equation
makes it inexplicable to obtain explicit results even in a
simple background. It has been shown that when one
considers helicity £3/2 states propagating in arbitrary
homogeneous and isotropic scalar or gravitational back-
grounds, the equations can be reduced to a Dirac-like
equation in flat Minkowski space-time |28, [29] as follows

(i @ —m)gpu =0, (36)

with two constraints

’7#1/]# =0,
e (37)

By replacing ordinary derivatives by covariant ones, we
obtain the equation for FRW metrics as follows [29]

(7’ ‘p - m)wu = 07
V' =0, (38)
D, = 0.

Where, Dyt)o = (0p+ 502" Sap)ho with Q4 the spin con-
nection coefficients and a5 = £[y4, %] and [D,, D,] =
—%R“bupEab. According to Eq. (®) for FRW expand-
ing universe, we obtain the spin-connections, Riemann
tensor and finally the following equation

(iCH“@H -—m+ ig%70> ¥, = 0. (39)

By rewriting 1, as a multiplication of spatial part,

exp(ik.Z) and time dependent function, (n), also an ap-
propriate function of C(7), we obtain the following equa-
tion for time dependent part [29]

2 .
(% + k2 —imC + m2C2) #(n) = 0. (40)
n

Comparison between Eq. ({@0) and the same evaluation
for spin-1/2 particles in curved space-time [30] shows
that two distant past and far future asymptotic solutions
are related by the same Bogoliubov coefficients. It is
straightforward to show that the von Neumann entropy
is given by

1
1+
== 14 loga | 4u =log, . (41)

n=0

where, z = |§—i|2, ay and S, are Bogoliubov coefficients.
Since von Neumann entropy is directly related to these
coefficients, we can argue that the generated entangle-
ment of spin-3/2 particles due to the expanding universe

will have the same properties of spin-1/2 case.

V. CONCLUSION

DKP equation is employed for considering the spin-1
particles in the FRW expanding universe. It is showed
that there is two asymptotic distant past and far future
times and one can connect these solutions to each other
by the well-known Bogoliubov technique. The separable
vacuum state of distant past time can be appeared as an
entangled particle-antiparticle state in far future time. In
order to measure the entanglement of the generated pure
state, the von Neumann entropy is used. The general be-
havior of the generated entanglement is summarized with
respect to the characteristics of an expanding universe,
the mass and the momentum of any modes.

It is also shown that the general behavior of the gener-
ated entanglement of spin-0 particles is the same as spin-
1 particles because of the same Bogoliubov coefficients
which relate the asymptotic solutions to each other.



We considered spin-3/2 particles in FRW space-time
using the Rarita-Schwinger equation. Comparing the
equation which describes the time dependent part of the
field with the spin-1/2, one shows that Bogoliubov coef-
ficients for both spin-3/2 and spin-1/2 will be the same.
Therefore, the general behavior of the generated entan-
glement will also be the same.

Investigation of the generated entanglement in an ex-

panding universe for spin-0 and spin-1/2 particles shows
some deep differences between these modes. Our con-
sideration in this paper proposes that these differences
are independent from the absolute value of the spin of
the particles. We argue that the absolute value of a spin
does not play any role in entanglement generation and
the differences are due to the bosonic or fermionic prop-
erties.
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