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Quantum discord as a measure of the quantum correlations cannot be easily computed for most
of density operators. In this paper, we present a measure of the total quantum correlations that is
operationally simple and can be computed effectively for an arbitrary mixed state of a multipartite
system. The measure is based on the coherence vector of the party whose quantumness is investigated
as well as the correlation matrix of this part with the remainder of the system. Being able to detect
the quantumness of multipartite systems, such as detecting the quantum critical points in spin
chains, alongside with the computability characteristic of the measure, make it a useful indicator to
be exploited in the cases which are out of the scope of the other known measures.

I. INTRODUCTION

The quantum nature of a state has been taken into
rigorous consideration in the quantum information the-
ory ﬂj, E] For decades, entanglement was assumed to
be the only source of quantum correlations, and lots of
measures for this concept were introduced, such as en-
tanglement of formation, distillable entanglement, entan-
glement of assistance, concurrence, and negativity [3-[11].
Entanglement is the source of many information theoretic
merits in quantum systems, compared with the classical
counterpart in the processing procedure. Quantum algo-
rithms which benefit from entanglement show more effi-
iiﬁeincy on top of their corresponding classical competitors

].

However, entanglement is not the only aspect of quan-
tum correlations, and it is shown that some tasks can
speed up over their classical counterparts, even in the
absence of entanglement. For example the deterministic
quantum computation with one qubit (DQC1) uses only
separable states [13]. In [14] Ollivier and Zurek have in-
troduced quantum discord as a measure of quantum cor-
relation, beyond entanglement. In addition, Henderson
and Vedral have presented measures for total and classi-
cal correlations, which are closely related to the quantum
discord ﬂﬂ It is later shown that quantum discord is,
indeed, a quantum correlation resource of DQC1 M

Quantum discord of a bipartite state p is defined as the
difference between two classically equivalent, but quan-
tum mechanically different definitions of mutual informa-
tion, i.e.

DN (p) = I(p) — max T (p). (1)

{1}

Here, Z(p) = S(p?) + S(p?) — S(p) is the mutual infor-
mation of the bipartite state p, with S(-) being the von
Neumann entropy, and pA(5) = Tr B(a)(p) is the marginal
state corresponding to the subsystem A(B). In addition,
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J {HiA}(p) denotes the mutual information of the same
system after performing the local measurement H{‘} on
the subsystem A and can be written as follows [14]

T (p) sz p|TI). 2)

In this equation {TI} = {|a;)(a;|} is the set of projection
operators on the subsystem A, and the conditional state
p|TT# is the post-measurement state, i.e. p|IT# = p%(l‘[f‘@
IB)p(IT @ 17), where p; = Tr[(II# @ 18)p(I1 @ 18)] is
the probability of the i-th outcome of the measurement
on the subsystem A [19]. The maximum performed in
Eq. (@) can be taken also over all the positive operator
valued measures (POVM), and these two definitions give,
in general, nonequivalent results (see for example @f
23)).

It would be interesting to mention that the quantum
discord, as a measure of quantum correlation, has the
followmg properties |1 |ﬁ? (i) D (p) > 0, where the
equality is satisfied if and only if p is classmal with respect
to the part A, i.e. if and only if p is the so-called classical-
quantum state defined by

=Y pllf©pf, (3)

with TI# = |i)(i| as the projection operator on the or-
thonormal basis of H*4, and p? being a state on HE. (i)
D) (p) is invariant under local unitary transformations
Up®Ug, i.e. D(A)((UA @Up)p(Ua ® UB)T) = DA (p).
(#i) Quantum discord reduces to an entanglement mono-
tone for pure states. Indeed D) () = £(1)) where £(v))
is the entropy of entanglement of the pure state [¢). (iv)
Quantum discord is not symmetric under the exchange of
its two subsystems, i.e. DY (p) is not equal to D) (p)
in general. (v) Quantum discord DY (p) can be created
by the local channel acting on part A whose classical-
ity is tested [24]. (vi) Quantum discord D) (p) does
not increase under the local operations acting on the un-
measured part B. For a detailed discussion about the
general properties of a measure of classical or quantum
correlation, see Refs. [14, [15, 19, 22, 24 28]. Specially,
in Ref. ﬂﬁ the authors present three types of conditions
and call them necessary, reasonable and debatable condi-
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tions. Quantum discord satisfies all necessary conditions,
besides some reasonable and debatable ones.

Quantum discord is really difficult to be computed, and
the analytical solution for this measure has been found
only for few special states m, 15,29, @] This fact makes
people look for alternative measures. Among the various
measures of quantum correlation, the geometric discord
which is first proposed by Dakic et al., is a simple and
intuitive quantifier of the general quantum correlations
and is defined by [27]

A .
6 () = min, |l p—x" I3, (4)

where C# denotes the set of all classical-quantum states
defined by Eq. @). In addition, || X —Y|3 = Tr(X —Y)?
is the 2-norm or square norm in the Hilbert-Schmidt
space. This measure vanishes for the classical-quantum
states. Dakic et al. also obtain a closed formula for the
geometric discord of an arbitrary two-qubit state in terms
of its coherence vectors and correlation matrix. Further-
more, an exact expression for the pure m ® m states and
arbitrary 2 ® n states are obtained ﬂ&_ﬂ, @] Luo and Fu
show that the definition (@) can also be written as [31]

Dg(p) = min||p = T4(p)]3, (5)

where the minimum is taken over all von Neumann
measurements 114 = {IIA}7, on HA, and I4(p) =
S (I @ D)p(I1 @ 1) with I being the identity opera-
tor on the appropriate space. A tight lower bound on the
geometric discord of a general bipartite system is given
in Refs. ﬂﬁ, @], and it is shown that such lower bound
fully captures the quantum correlation of a generic bipar-
tite system, so it can be used as a measure of quantum
correlation in its own right m]

Geometric discord satisfies the properties (i)-(v) of the
original quantum discord listed above, but as pointed out
by Piani [36] it fails to satisfy the last property (vi); this
measure may increase under local operations on the un-
measured subsystem, so that one may believe that geo-
metric discord cannot be considered as a good measure
of quantum correlations @] The lack of contractivity
under trace-preserving quantum channels rises from us-
ing the Hilbert-Schmidt distance in the definition, and
implies that this measure should only be interpreted as
a lower bound to an eligible quantum discord measure
[37). In addition, the sensitivity of Hilbert-Schmidt norm
to the purity of the state, makes the lack of usefulness
for this measure even as a lower bond for quantumness
in high dimensions M] Note that both problems
maybe tackled by choosing a proper norm such as Bu-
res distance or trace distance, but it costs the hardness
of calculations to find exact solutions for an arbitrary
state. However the latter bug can be solved by remov-
ing the sensitivity to the purity of state as is done in
Ref. Hﬁ], while the simplicity of measure is preserved
by using the Hilbert-Schmidt norm yet. The other prob-
lem is remedied in Ref. [41], where the Schatten 1-norm

is used instead of the Hilbert-Schmidt norm, although
the exact solution will not be available for many cases
any more. Some other attempts is done in this field,
such as using Bures distance in the definition m] or us-
ing the square root of density operator rather than the
density matrix itself @], while these methods make the
calculations more complicated too. However geometric
discord still can be considered as a good indicator for
quantumness of correlations, because of its capability of
being computed and its operational significance in spe-
cific quantum protocols such as remote state preparation
[44]. Recently, the authors of Ref. [35] have introduced
the notion of the A-correlation matrix and proposed a ge-
ometric way of quantifying quantum correlations which
can be calculated analytically for the general Schatten
p-norms and arbitrary functions of the coherence vector
of the unmeasured subsystem. They have shown that
the measure includes the geometric discord as a special
case. Moreover, they have introduced a measure of quan-
tum correlation which is invariant under local quantum
channels performing on the unmeasured part, and showed
that a way to circumvent the problem with the geometric
discord is to re-scale the original geometric discord just
by dividing it by the purity of the unmeasured part.

Some attempts have been made in order to generalize
the above measures for multipartite systems [19, 130, [45-
@] To generalize a quantum correlation measure for
multipartite states, one method is to symmetrize it with
respect to its subsystems. The symmetrization of the
quantum discord can be done by measuring, locally, all
the subsystems in one step ﬂﬁ]

D(p) = DP)(p) = I(p) — maxT (1" (p)), (6)

TAB
where

48 (p) = S (I @ IP)p(If @ 1F).  (7)

.3

Some generalization of the symmetric discord to the mul-
tipartite states are presented Refs. ﬂE, @] For the geo-
metric discord, the generalization is straightforward too
and is called the geometric global quantum discord by
Xu in Ref. [47]

Dag(p) =min || p—x |5 - (8)
x€eC

Here, C denotes the set of completely classical states
which can be written as y = ) i Digei, Hﬁl ®--®
Hﬁ;”, with Hf:**‘ = |is)(is| being the projection operator
on the orthonormal basis of the subsystem Aj.

The second approach to generalize a measure of quan-
tum correlation to multipartite systems, is based on the
fact that a classical-quantum state can still have quan-
tum correlations which cannot be captured by D) (p).
This follows from the fact that the states pZ, appeared
in the definition of classical-quantum states in Eq. (@),
do not commute in general m, 48, @] It turns out that

i11”'1



the remaining quantum correlations of the state p can be
obtained just by calculating DF) (IT4(p)), where T14(p)
denotes the post-measurement state of the system after
performing the optimized measurement II4 on the part
A. We therefore obtain the total quantum correlations
of the bipartite state p as [45, 46]

Q(p)

An extension of this method to the multipartite case is
presented in Refs. [43, l46].

In addition to the different applications of quantum
correlations in various areas of quantum information the-
ory, quantum correlation measures are considered vastly
as an important tool to detect the quantum phase transi-
tion (QPT) phenomenon ﬂE, @@] Quantum discord,
as a measure of quantum correlation, can be beneficial
in this investigation too. For example, various correla-
tions are studied in the Heisenberg X X7 spin chains,
both in the thermal equilibrium and under the intrinsic
decoherence, and the QPT has been seen in all of the
surveyed correlations, except for the classical one ﬂ@]
However, all the quantum correlation measures are not
always able to detect the critical points. In Ref. @] it
is shown that quantum discord can spotlight the critical
points associated to the quantum phase transitions for an
infinite chain described by the Heisenberg model, even at
finite T, while the entanglement of formation and other
thermodynamic quantities cannot. Similar results are ob-
served for a Heisenberg X X Z spin chain after quenches
@] Some other advantages of quantum discord on top
of entanglement in the field of detecting QPTs are ex-
pressed in Refs. [52,[54].

As spin chains are multipartite states, the general-
ized quantum correlation measure can be used to study
their properties. A symmetrized version of quantum dis-
cord, presented in Ref. @], is applied to survey some
finite-size spin chains, i.e. transverse field Ising model,
cluster-Ising model, and open-chain X X model, and it is
shown that, thanks this measure, the critical points can
be neatly detected, even for many-body systems that are
not in their ground state [55]. As it is shown for Ashkin-
Teller spin chain m], there are some cases where the
pairwise entanglement or quantum discord are not able
to detect QPT, while the multipartite quantum discord
is capable of detecting it.

In this work, we present a computable measure of the
total quantum correlation of a general multipartite sys-
tem. This measure is based on the multipartite exten-
sion of the A-correlation matrix of a bipartite state, in-
troduced in Ref. @] The measure is computable in
the sense that it can be computed effectively for an arbi-
trary mixed state of a multipartite system. We exemplify
the measure with some illustrative examples and investi-
gate its ability to detect quantum critical points in spin
chains. The measure therefore can be used as a quanti-
fier for quantum correlations as well as an indicator of
the quantumness properties of the multipartite systems.

The remainder of the article is arranged as follows. In

= DA (p) + DB(ITA(p)). (%)

[ we briefly introduce the measure of quantum
correlation introduced recently in Ref. M], and general-
ize it to capture total quantum correlation of a bipartite
state. In Sec. [IIl we generalize the measure for multi-
partite states. Section [[V]is devoted to show the ability
of our measure to detect the quantum critical points in a
spin chain. The paper is concluded in Sec. [V] with some
discussion.

II. TOTAL QUANTUM CORRELATION:
BIPARTITE SYSTEMS

In this section, we first review the computable measure
of the quantum correlation of the bipartite systems and
then extend it to capture all quantum correlations of the
bipartite states.

A. Computable measure of quantum correlation

A general bipartite state p on HA @ HP with
dim(H4) = da and dim(HP) = dp can be written as

1 . A
p= {]IA®HB+1?-AA®]IB+HA®5~AB
dadp
d%3—1d%—1
+>0Y tijA;“@AJB}, (10)
i=1 j=1

where 14 and I? are the identity matrices on the re-
soectlve subspaces HA and HE, while {/\A}dA ~1 and

{)\B}d are generators of SU(d4) and SU(dp), re-
spectlvely, fulfilling the following relations

T =0,  Te(\A) =20, s=AB. (11)

Furthermore, & = (z1,--,242_1)" and § =
(y1,- - ,ydzB,l)t, which are local coherence vectors of the
subsystems A and B, respectively, and T' = (¢;;), which is
called as the correlation matrix, can be written explicitly

as follows
ATy (3 @ 1%)p)]

yi= T [ @30, (12)
lij = dAfBTr {(5\;4 ® S\f)p} .

Therefore, to each bipartite state p, one can associate
the triple {Z,¢,T}. It has been shown that a bipartite
state p is a classical-quantum state if and only if there
exists a (d4 — 1)-dimensional projection operator P4 on

the (d4 — 1)-dimensional space R% 1 such that [56]
Py =12, PsT=T. (13)
These conditions can be combined as m]

PaT/ =T, (14)



where T# is the so-called A-correlation matrix of the
state p and is defined as follows

7= \/ d2d (fl( )

Here, f = {f1(y), f2(y)}, while fi(y) and f5(y) are two
arbitrary functions of y = \/g?_g, with ¢ being the local
coherence vector of the subsystem B. Accordingly, the
computable measure of the A-quantum correlation, i.e.
quantum correlation of part A, leads to [35]

ZRWT).  (15)

d4 -1
Qh(p) = min | T = PaTf 3= Y =/ (16)
. k=da
where || . ||3 is the square norm in the Hilbert-Schmidt

space, {7’;?’”} are eigenvalues of (TfA)(TAf)T =

diLdB (|f1( )2ZT + dB|f2(y)|2TTt) in non-increasing
order, and the index t stands for the transposition. The
above measure satisfies all the properties of the origi-
nal quantum discord if we choose a suitable function
for f. Indeed, as it is shown in Ref. [35], QQ(p) sat-
isfies properties (i), (i), (iv) and (v), for a general f. Re-
member that QQ(p) is based on the degree to which the
necessary and sufficient condition for classicality of part
A fails to be satisfied, so it becomes nonzero for any
state obtained by applying suitable local channels ﬂﬁ]
on a classical state. Moreover, for any maximally entan-
gled state |U) = \/— Z 1 i), one can find Qi(p) =

[d“(;lli?l” f2(0)]?, which achieves its maximum value if
A

|f2(y)| is a constant or decreasing function of y = \/y*¥.
As a result, in order to reduce to an entanglement mono-
tone for pure states, i.e. Qﬁ(p) satisfies the property
(i), | f2(y)| should be a non-increasing function of y. Fi-
nally, as it is shown in Ref. [35], Qﬁ(p) may increase
under reversible actions on part B, except for the case

of choosing f1(y) = fa(y) = m, where p? = Tra(p)

is the reduced density matrix for the subsystem B and
u(-) = Tr[(-)?] is the purity of the state. It turns out that
the property (vi) is not satisfied, except for this particu-
lar case. To be more specific, let us concern our attention
to the following two interesting choices for f. First, con-

sider f1(y) = fo(y) = 1. Waiting Qa(p) = Q)" (p) and
’Tf 1= = T4 for simplicity, we find
d% -1

A p) = Z T]?‘Lu (17)
k=da

where {T,f J’} are the eigenvalues of (74)(T4)
2
2 ds
shown in Ref. @ in this particular case, the measure is
a tight lower bound for the geometric dlscord ﬂ&_ﬂ REN @

(""’t +Z TTt) in non-increasing order. As it is

and coincides with it, when the first subsystem is a qubit.
Moreover, as mentioned above, in this particular case, all
the properties of the original quantum discord, except for
the property (vi), are satisfied.

Secondly, let us consider the more interesting case

Niy) = faly) = L_ with u(p?®) as the purity of
n(p®)

the reduced state p®. Denoting the corresponding A-
correlation matrix and A-quantum correlation by 7:;4 and
9% (p), respectively, we find

d3 -1

Qi (p) = min | T = PaT 3=

de

As it is mentioned above, an important feature of this
particular choice for f is that Q' (p) satisfies all the prop-
erties (i) to (vi) of the or1g1na1 quantum discord. Con-
sidering the conditions presented in Ref. m 9% (p) sat-
isfies all the necessary conditions for a proper measure of
quantum correlation, besides some debatable ones.

Similarly, one can say that the bipartite state p is a
quantum-classical state, if and only if there exists a (dp —
1)-dimensional projection operator Pg on the (d% — 1)-
dimensional space R9%~1 such that

PBg:ga TPB :T7 (19)

or equivalently,
PT{# =T77, (20)

where 7}],3
fined by

Tﬁz,/ddz(fwr Z L@ ). (21)

with f/ = {f{(z), f5(x)} being two arbitrary functions
of x = VZ'Z, while Z is the local coherence vector of the
subsystem A. In a similar manner, we can choose one
of the two aforementioned interesting choices for f’ and
define Qp(p) and Q5(p) as counterparts of Q4(p) and
Qh(p ) respectively. Letting fi(z) = f5(z) = 1 and writ-
ing ’T ? = TP, one can define the quantum correlation
with respect to the part B, as follows

is the B-correlation matrix of the state p, de-

d%—1
: B B (|12 Bl
Qp(p) =min || T = PsT 5= 3° 7’ (22)

k=dp

where {TkB +

} are the eigenvalues of (72)(7%)® in non-
increasing order. On the other hand, choosing fi(x) =

fi(x) = m, one can define Q'5(p) as

d% -1

s(p) PyT,/ H%—

= min || 7;3 -
s k dn



Let us mention here that for the real matrix 7T,
rank(T) = rank(TT*) = rank(T*T). Accordingly, con-
dition ([I4) implies that a bipartite state p is a classical-
quantum state, if and only if rank(74) < d4 — 1. Simi-
larly, according to the Eq. (20), p is a quantum-classical
state if and only if rank(T?) < dp — 1.

B. Total quantum correlation of bipartite states

Let p be a bipartite state with associated triple
{#,y, T}, and P4 and Pg be the (dg — 1)- and (dg — 1)-
dimensional projection operators acting on the param-
eter spaces of the first and second subsystems, respec-
tively, namely on R%-1 and R 1. Let us now per-
form P4 followed by Pp on the triple {Z,¢,T}. Af-
ter performing these projection operators, the triple
{#,y,T} changes, successively, to {PaZ, vy, PAT} and
{PaZ, Ppy,(PAT)Pp}, associated with the classical-
quantum and classical-classical states pp, and pp,p,,
respectively. It follows therefore, that the passage from
the initial state p to a classical-classical state occurs in
two successive steps, corresponding to the local actions
P4 followed by Pp. As a result, we can calculate quan-
tum correlations of the initial and intermediate states p
and pp, corresponding to the respective triples {Z,,T'}

and { Py, 7, PAT} as
Qa(p) =min || T4 = PaT* |3,
A

Q5(pp,) = min | Ta — PeTE |13,

(24)

(25)

where P, is the projection operator that optimizes Eq.
24), and Tli is the B-correlation matrix of pp , i.e.

=g (7 JERT). )

We now define the total AB-quantum correlation of p as
the sum of A-quantum correlation of p and B-quantum
correlation of pp , i.e.

Qan(p) = Qalp) + Lr(pp,): (27)

which finally takes the following form after some calcu-
lations

Qanl(p) = n})in | T4 — PaTH ||2 —l—n}%n I Tlsfi - PBT[DE: 13

d4 -1 d%—1
B
= Y Mt > Ew, (28)
k=da k=dp

where {(7%);} and {(ng)k} are the eigenvalues of
(T4(T4)t and (Tgl)(Ti)t in non-increasing order, re-

spectively. Now, using the notation of the previous

Pp,
P pa
P
Ppaps
Ppy
FIG. 1. A schematic illustration of the two different ways

to capture the total quantum correlation of a given bipartite
state p. In general, neither the total quantum correlations,
nor the final classical-classical states are the same.

section, one may find u[Tra(p)] and u[Trg(pp,)] cor-
responding to the triples {7, T} and {PaZ, i, PaT},
respectively. As a result

hs(p) = Qilp) + Qg (pp,)
d%4 -1 d%—1
_ 1 ™ (AL 1 " (Bl
At 2 7 i ta] 2 R

Corollary 1 Ifds < dp then Qap = Q4.

Proof Note that for any (d4 —1)-dimensional projection
operator P,, acting on Rdi_l, rank(PaT) < da — 1,
which means that rank(TPJi ) is at most d4. However, for
a bipartite state p, Qp(p) = 0 if and only if rank(TP) <
dp — 1, implying that QB(P}SA) = 0 whenever dy < dp —
1, or equivalently d4 < bp.

We can similarly define the total BA-quantum correla-
tion of p as Q% ,(p) = Q% (p) + QQ(ppB) which is not in
general equal to QQB (p) = Qf; (p)+ Qg(ppA) (see the sec-
ond example below). This asymmetry is expected from
the procedure of our definition of quantum correlation;
first of all, we should find the closest classical-quantum
state pp, to the initial state p (with respect to the dis-
tance defined by Eq. (I6l)), and then find the closest
classical-classical state pp,_p, to the obtained classical-
quantum state. However, this procedure does not need
to be symmetric with respect to the exchange of the two
parts A and B, as it is illustrated in Fig. [l It is therefore
reasonable to define

O 4y (p) =max {Qlip(p). Qhul0)}  (30)
as the total quantum correlation that one can extract
from p. In the above equations, we can use f = 1 or
f = u as the proper choices for f.

In order to clarify the defined measure, let us give some
illustrative examples.



m®m Werner states— A generic m®m Werner states
can be defined by

m-—x max — 1
PW = 3 ]Im®m+
m3 —m

m3—mF; z € [-1,1], (31)
where F' = 70" |[kl)(lk|. Tt is easy to show that
(TY(TA)* has (m? — 1) equal eigenvalues. More-
over, Qp(pp,) = Qalpp,) = 0 and p[Tra(pw)] =
p[Trp(pw)] = L, therefore

(mx —1)?

(m—1)(m+1)2" (32)

Q?AB}(p) = Qﬁ;(p) =

Mizture of Bell-diagonal and product states— As the
second bipartite example, let p be

P = /\pBD + (1 - )‘)ppa (33)
where 0 < A <1, and p,,,, is the so-called Bell-diagonal

state [59]

1
pop = 7181+ tioy ® 1), (34)

with ¢; (i = 1,2, 3) satisfying

1—ty —ty—t3 >0,
14+t —to+t3 >0,

1=ty +ty+1t3 >0,
L4t 4ty —1t3>0, (35)

and p, being a product state

®z(I+7-7), (36)

N | =
N —

Pp =

with 2?21 |r;|? < 1. Tt is straightforward to show that

T = 0, g: (1 — )\)77, tij = /\tiéij. (37)
Constructing 74, we will find
)\2
(TNTH)" = T-diag{t?, 83, 13} (38)

4

Without losing the generality of the problem, we suppose
that [t1| > |ta] > |ts|, leading therefore to

Qalp) = iﬁ (£ +13). (39)

This implies that the optimized projection operator is
Py = diag{1,0,0}. Using Eq. 1)), we will find

L[ (=2 1A 00
T2 =5 m=1-2 0 00 ]. (40)
2\ 1= 0 00

This leads to

Qalop,) = 5 (A= VP =#2), (41)

ol —

where

h=X8 4+ (1 -\ (r? +13 +13), (42)

k=2X(1—N\)tiy/73 +1r2. (43)

Evidently, Qg(pp,) = 0 if and only if £ = 0.

Now let us evaluate Qpa(p) of the above example. In
this case we turn our attention to the simpler case r| =
r3 = 0 and obtain

1
Qpa(p) = 1 [V +minf %63, X263 +r3(1 - N2}, (44)

On the other hand, Q4p(p) for this particular case be-
comes

Qanlp) = 1V + ) + min{X8, r3(1 ~ 17}, (45)

A comparison between Eq. (@) and Eq. (@5l implies
that these two expressions for the total quantum cor-
relation are not equivalent. Fig. [Rla) illustrates this
asymmetry for the special case A = % and t1 = to =
t3 = #(2z — 1), i.e. p being a uniform mixture of the
Werner state (with the parameter x as in Eq. (3I)
and the product state p,. This figure reveals that, for
these values of parameters, we have Qap(p) > Qpa(p),
hence Qgapy(p) = Qan(p). It is easy to show that for

this case, p[Tra(p)] = 3(1 = ), ulTra(p)] = 4 and
u[Trp(pp,)] = 3, so that

H — 1 1 ~
AB(p) - ILL[TTA(p)] QA(p) + ,UJ[TTB(/)PA )] QB(pPA)7
(46)
and as Qa(pp,) = 0, we find
L
Qpalp) = mQBA(P)- (47)

We have illustrated Q'3 5(p) and Q' 4(p) in Fig. Bb).

III. TOTAL QUANTUM CORRELATION:
MULTIPARTITE SYSTEMS

The generalization of the measure defined in the pre-
vious section for multipartite systems, seems to be a lit-
tle difficult. The origin of this obstacle rises from the
fact that, instead of the correlation matrix T appeared
in the description of a bipartite state, we now encounter
with tensors of ranks larger than two. As we will show
below, one can simply overcome this ambiguity by gen-
eralizing the notions of A- and B- correlation matrices.
To begin with, let us first introduce an altern;mtive ex-
tension for a multipartite state. Let ~{X§A°‘)}§l£571 (for
s=1,2,---,m)

X4 = W)



FIG. 2. (Color online) Total quantum correlations (a) Qagr(p)
and Qpa(p) (b) Q4 5(p) and Q% 4 (p) of the state given by Eq.
B3] as functions of z and ry. Here we choose t; = to = t3 =
2(2z—1), 11 =r3=0and A = 3.

be the set of Hermitian operators which constitute
an orthonormal basis for the space B(H4:), i.e.
Tr(X(A )X( )) = 0;,;,- The above )\( )3 denote the
set of generahzed Gell-Mann d4_ x da, matrices. Then
a general m-partite state p on H = [, ®@H* with
dim(HAs) = da, (s=1,---,m) can be written as

d%4 - d?

1 Am

Z Z Cipoin XMW @ 0 XM (49)
i1=0 i =0

where
Civi =Tt [(Xff‘”@ L@ XA } (50)

Comparing with Eq. ([IQ) in the bipartite case, we find

/d%d dad?
€Xr; = A2BC’i0, Y = AQBOOJ‘ and tij = %dAdBcij.
Accordingly, a general state of a generic m-partite system

can be represented by a M-tuple with M = >"7" | M

where M, = k,(lek), The entries of such M-tuple are

constructed by My, tensors of rank k with k =1,2,--- ,m.

A. Tripartite case

To be more specific, let us turn our attention to the
particular case m = 3, i.e. tripartite systems. In this
case, we can define three tensors of rank 1, three tensors
of rank 2, and one tensor of rank 3, as follows

Vi(lAl) =Cyhoo Vf;“?) = Coi0 V(AB) = Coois,
A1 A As A A1 A
z(lzgl 2 = Cilizo ) Tz(2132 o = COlQlB ) 7,(1131 o = Ci10i37
A1A5A

Ti(1i21i32 Y= Ciyigia- (51)

However, our task is to represent all coefficients Cj, 4,4, in
the matrix form. Toward this aim we define three collec-

-1 d4, -1
tions of matrices as {T(AIAQ)} g ) {T(.AlAB)} 42
[is] i3=0 fi2] i2=0

)

-1
and {T[(I#AS)} . with the following matrix elements
11:

(Ard2) _ o
/117;11'2[7;3] - Clﬂ,glg?

(A143)

is5=0,---,d%, —1, (52)

i1 [i]i3 = Ci1i2i3’ i2 - 0’ T ’d?ﬁlz - 1’ (53)
Az A .
T[(u]iw:;) = Ci1i2i3’ = 0’ e ’d?‘ll -1 (54)

Having these constitution matrices in hand, we can now
construct Aj-correlation matrix 741 as
(A1) _ J1H(AYD) (A142) (A1As3)

(A _ {V D, [Tmm] Tt b (55)
where in the second term, the index i3 ranges over its
appropriate domain. Note that fixing the other index,
io = 0, in the third term is to prevent overcounting.
Similarly, one can define As- and As- correlation matrices
as

1112 [13] [11:0]7,213

T(A2) _ {‘7(.42)7 {T'(Alf'h)r 7 [T(.A2A3,). }}, (56)

t

ro = {ve [id ] [ |-
Note the transpose symbol ”t” in the appropriate places.
Indeed, when we construct the A,-correlation matrix
T(A) (for s = 1,2,3), the corresponding constituted ma-
trices are transposed when the index 75 appears as the
column index. Using these definitions, we end up with
the following observation for quantum correlation due to
party As (s =1,2,3).

Observation 2 The tripartite state p is classical with
respect to the part As (s = 1,2,3), if and only if there
exists a (da, — 1)-dimensional projection operator Py,
acting on R%. =1 such that

Py T =T, (58)

where T4 is defined as above.



Proof We prove the observation for the first subsystem,
while generalizing to the other subsystems is straightfor-
ward. Let p be a tripartite state acting on H = H4 @
HA2 @ HA3, and C,4,i, be expansion coefficients of p in
terms of the orthonormal basis X(Al) ® X(A2) ® X(Ag).
However, one can partition H as 7—[ HA ® HE Wlth
A= A; and B = (A3A3) as the new subsystems. Apply-
ing this division, the coherence vector Z and the correla-
tion matrix T of p, as a bipartite state, are given respec-

. d%d
tively by z;, = \/ “42Cy 00, and t;, (si5) = 3dadBCiyigis

with da = da,, and dp = da,da,. Here we have used the
index string (ii3) as a collective index for the columns of

T. This means that the bipartite correlation matrix T =
PRGN

i1 [12=0]i3

(ti, (i2is)) 1s constructed as T' = HTM2 (ia]
where in the first term ¢3 ranges over its appropriate do-
main, while in the second one, iy is fixed to zero for the
purpose of preventing overcounting. It follows therefore
that p, as a bipartite state, is a classical state with re-

spect to part A if and only if the associated bipartite

A-correlation matrix 74 = 1/dz e ( v a1 T) sat-

isfies condition ([[4]). One can find that the A;-correlation
matrix of the tripartite state p is, indeed, nothing but
the the associated bipartite A-correlation matrix, so the
proof is complete.

This condition allows us to define the following mea-
sure for quantum correlation of part As, which is a multi-
partite generalization of the measure defined in Ref. [37]

Qa.(p) = min | TA) — Py T 5. (59)
As

Now let ]5,41 be the projection operator that minimizes
the above distance for s =1, i.e.

Quy(p) =) T — Pa, TV I3 . (60)

After performing this projection operator, the As-
correlation matrices of p, i.e. T ) (for s = 1,2,3),
transform to

(A1) _ ) p, A [p(Ai4s) (A1 A3)
TPAII — {PAIV N y |:T111121[132] :|15A1 5 |:T11[112 ?b] :|15 }
— V‘(Az) T(A1A2) t (AQA';
Pa, | Tivia[is] Pa, ’ 11 01213

(As) _ J(as) [(A14)]" T (A243)
TIBA: {V * [Til[i;]iz }pAl ’ [ 11201213

These matrices can be regarded as the As-correlation ma-

trices of the state p Pa, wherein
a4, -
], = 2 (Pa), T @)
ih=1
a4, -1
], - 3 (Pa),, T
ih=1
e, = 2 (P, T (6
=1
for 1 < i < 44 -1, 0 < iy < 45, -1,
and 0 < i3 < d2 — 1.  However, for i1 = 0

the trivial relations w111 be preserved, i.e. we have
(A1A2) o (A1A2) (A1A3) o (A1A3)
[Toiz[ig] }~A1 = [Toiz[ig] }7 {To[iz]ig i|15A1 = |:T0[i2]i3 }7

P
and |[TGt0] = [ty
121 15A1 [0]izis :

[0)izis

Clearly, p Pa, has zero Aj-quantum correlation, but it
may still have nonzero As- and As- quantum correlations.
Now suppose P4, be the projection operator that gives
the As-quantum correlation of p Pa, ie.

A > A
Qualpp, ) =l TS = P T 15 (69)

Performing P4, changes the As-correlation matrix ’Tlg‘%)

Al
as follows
Tl _ i [T<A1A3>]t [ (A243) T
Pa,Pa, ’ i1 [i2]i3 15A2 15A1 ’ [i1=0]izi3 1542 1541 ’
(66)
where
a5, -1
T_(A_lAS):| _ (P ) [T_(A_I/A_S)} 67
|: i1 [i2]is 15A215A1 —~ Ag inil i1[ih]i3 I:’Al( )
ih=
a3, -1
(AQA';) _ D (A2A’3)
{T[i1]i2i3 j|15A215A1 - (PA2)1.21.,2 [T[n]z iz } ~A1(68>

ih=1
for 0 <iy <d% —1,1<iy <dj, —1and0 <i3z <

d2 — 1. Again, note that for 12 = 0 the trivial relations

. (A1A3) - (A1 A3s)
w111 be preserved, i.e. [Tn[ol]lj }PAQ Py = |:Ti1[01]i33 LSM
(A243) _ (A243)
and {T[il]oig }15421541 = {T[il]mg }1541'
Finally, we can define the As-quantum correlation of
PPy, Ba, 85 follows

Pa, TS0, 13- (69)

o . (As) -
Qs (Ppy, pa,) = i 175, b,

We define therefore the total A;As Az-quantum correla-
tion of the tripartite state p as

Qa1 4,45(p) = Qa,(p) + Qay(pp,, ) + Qas(pp,, )
(70)



which can be expressed as

d4, -1 dZ,—1
A
Qa,4,45(p) = Z (rA), + Z (Tl(slm)k

k=da, k=da,

d%,—1

(A

+ 2 T (1)

k=da,

where {(T(Al)i)k}, {(Tgfzﬁ)k} and {( - ;33 ke } are re-
spective eigenvalues of (TMAV)(TAYE, (T( ))(7'(1 2y,
and ('T

PPy
we define the total quantum correlation of the tripartite

state p as

)(T (A'*)) in non-increasing order. Finally,

Q{A1A2A3} = mgx{ QAil AigAig (72)

where maximum is taken over all the 3! permutations of
the three subsystems {A; A3A43}.
In a similar manner we define

_ 7
= mgx{ QAI»IAQ Aig } (73)
where, for example, foh Ao As (p) is given by

5 (0) + @, (0, ) + Qi (05, )

1
= mQAl (P) +

1
1 Tras(pp,, b,

Let consider some illustrative examples.
Werner-GHZ state A generic Werner-GHZ state is de-
fined as

1—)
p= T]I®3 + MGHZ)(GHZ|;

n
Q{A1A2A3}

foxlAgAg (p) =

1
W (o, )]

i Quas(Ppy, B, )

0<A<1, (75)

with |GHZ) = % (]000) + |111)).

procedure, one can easily show that Qu,(p) = %)\2,
1

QAz(pﬁAl) = 1X% and QAS(pPAszl) = 0. As the state

is symmetric with respect to its three subsystems, the

total quantum correlation of this state is

Following the above

3
Q{A1A2A3}:QA1A2A3:Z/\2, (76)

Using the fact that p(Tralp]) =
wTrplpp,]) = 1 we find

1(1 + A?) and

A3+ \?)
1+ A2

The symmetric quantum discord and the geometric
global quantum discord of this state are also calculated
in [19] and [47] as

Dy(p) =

Q?AlAgAg} = foxlAgAg = (77)

1 1
_Z(l +3X) logy (14 3X) + §(1 —A)logy(1 = A)

1
+5 (14 TN logy (1 +7), (78)

QAI (plsAl )

(T4)where |W) =

M H H H H M
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. (Color online) Geometric global quantum discord,
generalized symmetric quantum discord, and our computable
measure of total quantum correlation of the Werner-GHZ
state as functions of .

and

1
Dea(p) = 5)\25 (79)
respectively. For a comparison, we have plotted the re-
sults in Fig.
W-GHZ state— A generic W-GHZ state has the fol-
lowing definition [46]

pa = AW)W|+ (1= NGHZ)(GHZ|,  (80)

% (]100) + |010) + |001)), and A ranges
from 0 to 1. Although the analytical calculations can be
made for this example, because of their complicated form
we only illustrate the results in Fig. @ Because of the
behavior of the eigenvalues of (7(A1))(T(A1)t the A;-
quantum correlation for this state is a two-conditional
function. As a result, we will have two different projec-
tors to gain the quantum correlation, making the total
quantum correlation discontinuous. Due to the change in
the behavior of the eigenvalues of Aj-correlation matrix
at Ao = % ], the sudden change @@] in the geomet-
ric discord occurs, leading therefore to the discontinu-
ity in the total quantum correlation. More precisely, for
A < Ap and A > Ao, the projection operator Py, leads to
two different p Pa, with different quantum correlations.

B. DMultipartite case

A generalization of the above measure to the multipar-
tite case is straightforward. To do this, we use the coefli-

cients Cj,4,...5,, and construct m(m — 1)/2 collections of

matrices denoting by T[(Iﬁfz) T[(I?ZfS), e T[(Ii’:’ﬁ’").

Here, [I;;] (for 1 < k <1 < m) stands for a collective
of (m — 2) indices, including all but the Ay and A; sub-

systems, i.e. Ir; =41 th—1%k41 """ U—1%141 ~im, such
that each index i, (form =1,--- Jk—1,k+1,--- 1 —
1,141, -+ ,m) ranges from 0 to d2 -1 A general sueh



FIG. 4. (Color online) Total quantum correlation of the W-

GHZ state as a function of A\. The discontinuity at A = % is

because of the existence of two different pp, ~with different
1

quantum correlations.

defined matrix has the following matrix elements

T(AkAl) -C

i [g ] i im

(81)
We now define the As-correlation matrix 7<) as

R X

S
where 74 stands for the index of the subsystem Ay, and
i3 denotes the index of the other m — 1 subsystems Aj;.
Moreover, we should be careful when s ranges over the
m — 1 subsystems. In fact as it is stressed explicitly in
the last two terms of the above equation, § takes values
1,---,s—1and s+ 1,--- ,m for the second and third
terms of the above equation, respectively; i.e. terms
with and without transposition. Finally, in construct-

ing 'T(AS), the collective indices I3 s and Iz take their
values in such a way that ¢,, = 0 for n < s, but it ranges
over its appropriate values, i.e. i, = 0,---,d% —1, for
n > s.

We are now in the position to present a necessary and
sufficient condition for the classicality of a multipartite
state p with respect to a given subsystem As.

Observation 3 The multipartite state p is classical with
respect to part As (s = 1,---,m) if and only if there
exists a (da, — 1)-dimensional projection operator Py,
acting on R%.~1 such that

Py, T = 7))
where TA) is defined by Eq. (82).

(83)

This condition allows us to define the following measure
for quantum correlation of part Ay, which is a multipar-
tite generalization of the measure introduced in Ref. M]

Q4. (p) — Py, TH) 3.

= min || 74 (84)
Pa,

Now let p be a multipartite state with associated A-
correlation matrices 7(4¢) defined by Eq. (82). Let also

10

Py, (for s=1,--- ,m) represent a (d4, — 1)-dimensional
projection operator acting on the (d%  — 1)-dimensional

parameter space of the subsystem A, i.e. on R%, 1,
Now in order to capture all quantum correlations of the
multipartite state p, we proceed as follows. Fist, let Pa,
be the projection operator that minimizes the above dis-
tance for s = 1, i.e.

Qu,(p) = T — Pa, T |13 . (85)

After performing this projection operator, the As-
correlation matrices transform to TléAs) (for s =
A1

1,--+,m), corresponding to the state pp, - Next, we
1

use Tlgff), and calculate Q4, (PﬁAl) as
A 5 A
Qualpp, ) =l TE = Pa, TS 3, (86)

where we have assumed that ]5,42 is the optimized projec-
tion operator. After performing P4,, the As-correlation

matrices 'T( *) transform to T(A I)DA (for s=1,---,m),
Ag 1
correspondmg to the state p5 Pa, Pa, . This gives us
Qu(Ppy, ) =N TE), = PasTE0p 15- (87)
3\ Py, PA1 PA PA Pa, 2

Continuing this procedure by applying the optimized
projection operators Pa,, Pa,, -+, Pa,, successively,
we will obtain As-correlation matrices as T
PASPA2PA1
T(A ) £A5)~ _ 5
PA4PA3PA2P41 PAmPAa”'PAszll
of transformed correlation matrices can be used for the
calculation of the remainder quantum correlations of the

These sequences

state p. A general such relation is (for s =1,--- ,m)
. T{As) (As)
QAS(PPAS . pAl) = T; Pa,_ - Pa, sTpAkl,,,pAl 2,
(88)
where
t
(4s) _ )iy [(AA)}

=V T 89
TPAS L Pa, { [ igis[Is,s) Pa, - Pa, §<5( )

7(AsAs) }
isis[1s 5]

|l

Here, for k = s we have

PAsl"'PA1]§>S}

7))
)m;c [ istsllosll p,

d%, —1

|: isis[1s,35] PAk"'IsAl Z Ay

i =1 -
(90)
while for k # §
a3, -1
p(AsAs) } _ (p ) [T(A s As) }
[ isis[1s,35] I:)A;C"'lsAl Z/Zﬂ Ay Zklfc 7 Zs[l ] PAk L
=
(91)

Pa,

- Pa,



Note that the string I ; is the same as the string
I, 5, except for the index ¢, which is changed to z%

In addition, as it is already mentioned for iy = 0,
[Tﬁf‘sf“g) } - [Tﬁf‘sf“g) } . Then,We
ist5[1s 5] ﬁAk'”PAl ist5[1s 5] PAk,l"'lsAl ’

will find the total quantum correlation with respect to
the sequence A1 Ay --- A, as

ZQA Pba pa ) (92)

QA 4 A

This can be expressed explicitly as

i Z (As )i 5, Vs (93)

s=1 k=da, !

QA 45 A

A daz_y
where (TI(5 s 5 )k are eigenvalues of the ma-
A1 A k=1

t
Ay) . . .
T. (As - 11 non-increasing or-
P41> < Pa,_yPay &

der. Note that the optimization process included in the
definition (84]) is now turned to summing the da_(da, —1)
smaller eigenvalues (counting multiplicities) of the As-
correlation matrices which, in practice, is an easy task to
handle. However, in order to find Q Ay, A, We should
proceed m steps as follows: In the ﬁrst step, the A, -
correlation matrix should be constructed. Summing up
its last da, (da;, — 1) non-increasing ordered eigenval-
ues, we will have Q4. , while the optimized projector

trix ('T

i1 )

da, —1

is PAil = Zj:f njnj with n; being the correspond-
ing eigenvectors of the first d 4;, — 1 non-increasing or-
dered eigenvalues of A;, -correlation matrix. This proce-
dure will be repeated for the other (m — 1) subsystems
Aiy, -+, As,,, and the total quantum correlation will be
calculated explicitly. Finally, we define the total quan-
tum correlation of the m-partite state p as

Q{AIAZ'”Am} = m,g'X{QAilAiQ"'Aim }7 (94)
where maximum is taken over all the m! permutations
of the m subsystems {A;A4s---A,,}. We can define
Q?AlAg'”Ayn} in a similar way

Q{{LA1A2~~~Am} = m»]g’X{QiilAzg“'Aim }’ (95)

where Q’j‘s (plsAS,lmﬁAl) is defined as

) : Q.

Bay) = 4. (P
Pay w[Tra, (PﬁAk1 - Pa, ) Pa

. (pp,.

s—1""

(96)

—1"

IV. TOTAL QUANTUM CORRELATION IN
THE ONE-DIMENSIONAL ISING MODEL WITH
A TRANSVERSE FIELD

As is mentioned in the introduction, it is reasonable to
expect that a measure of quantum correlation should be

~15A1)'
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@] e (b)
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0.00006]
0.00004]
dh 000002 dh
0.00002]
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0.00004] 0.00001
da da
dh
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FIG. 5. (Color online) First derivative of the total quantum
correlation for the nearest-neighbor spins in the chains of (a)
16, (b) 64, (c) 256, and (d) 1024 spins with respect to h in
the transverse field Ising chain with v =\ = 1.

able to reflect the quantum nature of states. Recently,
the quantum phase transition (QPT) in the spin chains
and recognizing the critical points by means of the be-
havior of several quantum correlation measures have been
studied. Quantum discord, as a measure of quantum cor-
relations, has been able to detect these critical points in
some cases that the other kind of quantum correlations
had not possessed this capability. Here, we want to con-
sider a model which is surveyed from different points of
view, such as skew information m | or different measures
of entanglement @—@] The symmetric global quantum
discord for this model is studied by Sarandy et al. ﬂﬂ]

Consider a spin chain, consists of m spin 1/2 particles,
with the coupling strength J in a transverse magnetic
field h, described by the following Hamiltonian

H:——JZ (1+y)ofol, + (1 —y)olo? ] hZo,

=1
(97)
where o, a = {x,y, 2} are the Pauli matrices and + is
the anisotropy parameter. For the system in the thermal
equilibrium, the bipartite reduced density matrix of the

system is as @, @, @]

pi1 0 0 pua

0 pa2 p23 O
= * , 98
P 0 p33 p3z 0 (98)
Pia 0 0 pa
where
1 z z z
pi= g + (%) + (o}07),
1 z
P22 = P33 = 1 (or07),
1 z z z
pasa = Z_<U ) +(0%07), (99)
p1a = (oior) — (a]a}),
p2s = (ogof) + (a]a]).



Here, the magnetization density (o*) and two-point cor-
relation functions (opoy*) can be directly obtained from
the exact solution of the model ﬂﬂ@] Defining A =
%, it is shown that the model has a critical point at
A = 1 which can be interpreted as a ferromagnetic-
paramagnetic QPT for this chain ﬂ@, @]

Now, fixing v = 1 and J = 1, we calculate the total
quantum correlation of two neighboring spins as a func-
tion of h and depict the quantum correlation derivative
with respect to the transverse field coupling h (see Fig.
B). It is clear from this figure that the critical point oc-
curs in A = 1, where for the special case considering here,
it is equivalent to the aforementioned situation A = 1 for
the quantum critical point. It follows that our measure
is able to identify the ferromagnetic-paramagnetic QPT
for the model.

Although this QPT is also identified by other mea-
sures, such as global quantum discord, our measure has
the property of being computable for any state, while the
other measures of quantum correlation can be computed
only for some special states. Accordingly, it seems that
our measure can be a useful tool to detect the quantum
critical points for the states whose other measures can
not be calculated analytically. It is worth to mention
that, for this special example, Q" and Q show similar
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manners and predict the QPT in the same point, so we
just illustrated Q for simplicity.

V. CONCLUSION

In this paper we have generalized the notion of A-
correlation matrix of a bipartite system H(4) @ HP) to
the multipartite case HA @H (A2 ®. . .@HAm)  and pre-
sented a necessary and sufficient condition for classicality
of such system with respect to the subsystem A,. Based
on this, we have presented a computable measure of the
total quantum correlation of a generic m-partite state.
Some illustrative examples, both in the bipartite and tri-
partite systems, have been also presented and a compar-
ison with the other measures has been investigated. We
have also considered a spin chain and investigated the
ability of the measure to detect quantum critical points.
This paper, therefore, can be regarded as a further de-
velopment in the calculation of quantum correlations of
multipartite systems which can be used as an indicator
for the quantumness of multipartite systems. Further
study on the measure, and the role of the p-norm, as well
as the arbitrariness in choosing the function of the co-
herence vector of the unmeasured subsystems, are under
considerations.

[1] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).
[2] S. Bell, Physics 1, 195 (1964).
[3] A. Peres, Phys. Rev. A 54, 2685 (1996).
[4] C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher,
J. A. Smolin, and W. K. Wootters, Phys. Rev. Lett. 76,
722 (1996).
[5] C. H. Bennett, H. J. Bernstein, S. Popescu, and B. Schu-
macher, Phys. Rev. A 53, 2046 (1996).
[6] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and
W. K. Wootters, Phys. Rev. A 54, 3824 (1996).
[7] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight,
Phys. Rev. Lett. 78, 2275 (1997).
[8] S. Popescu and D. Rohrlich, Phys. Rev. A 56, R3319
(1997).
[9] N. J. Cerf and C. Adami, Physica D 120, 62 (1998).
[10] V. Vedral and M. B. Plenio, Phys. Rev. A 57, 1619
(1998).
[11] M. Lewenstein and A. Sanpera, Phys. Rev. Lett. 80, 2261
(1998).
[12] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[13] E. Knill and R. Laflamme, Phys. Rev. Lett. 81, 5672
(1998).
[14] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901
(2001).
[15] L. Henderson and V. Vedral, J. Phys. A: Math. Gen. 34,
6899 (2001).
[16] A. Datta, S. T. Flammia, and C. M. Caves, Phys. Rev.
A 72, 042316 (2005).
[17] A. Datta and G. Vidal, Phys. Rev. A 75, 042310 (2007).

[18] A. Datta, A. Shaji, and C. M. Caves, Phys. Rev. Lett.
100, 050502 (2008).

[19] C. C. Rulli and M. S. Sarandy, Phys. Rev. A 84, 042109
(2011).

[20] J. Xu, J. Phys. A: Math. Theor. 44, 445310 (2011).

[21] F. Galve, G. Giorhi, and R. Zambrini, EPL 96, 40005
(2011).

[22] K. Modi, A. Brodutch, H. Cable, T. Paterek, and V. Ve-
dral, Rev. Mod. Phys. 84, 1655 (2012).

[23] M. Shi, C. Sun, F. Jiang, X. Yan, and J. Du, Phys. Rev.
A 85, 064104 (2012).

[24] M. Gessner, E.-M. Laine, H.-P. Breuer,
Phys. Rev. A 85, 052122 (2012).

[25] B. Dakic, V. Vedral, and C. Brukner, Phys. Rev. Lett.
105, 190502 (2010).

[26] A. Brodutch and K. Modi, Quantum Inf. Comput. 12,
0721 (2012).

[27] S.-Y. Liu, B. Li, W.-L. Yang, and H. Fan, Phys. Rev. A
87, 062120 (2013).

[28] M. Koashi and A. Winter, Phys. Rev. A 69, 022309
(2004).

[29] S. Luo, Phys. Rev. A 77, 042303 (2008).

(30] J. Xu, Phys. Lett. A 377, 238 (2013).

[31] S. Luo and S. Fu, Phys. Rev. A 82, 034302 (2010).

32)

(33]

and J. Piilo,

S. Luo and S. Fu, Phys. Rev. Lett. 106, 120401 (2001).
S. Rana and P. Parashar, Phys. Rev. A 85, 024102
(2012).

[34] A. S. M. Hassan, B. Lari, and P. S. Joag, Phys. Rev. A
85, 024302 (2012).

[35] S. J. Akhtarshenas, H. Mohammadi, S. Karimi, and
Z. Azmi, Quantum Inf. Process. 14, 247 (2015).



[36] M. Piani, Phys. Rev. A 86, 034101 (2012).

[37] T. Tufarelli, T. MacLean, D. Girolami, R. Vasile, and
G. Adesso, J. Phys. A: Math. Theor. 46, 275308 (2013).

[38] G. Passante, O. Moussa, and R. Laflamme, Phys. Rev.
A 85, 032325 (2012).

[39] E. G. Brown, K. Cormier, E. Martin-Martinez, and R. B.
Mann, Phys. Rev. A 86, 032108 (2012).

[40] T. Tufarelli, D. Girolami, R. Vasile, S. Bose, and
G. Adesso, Phys. Rev. A 86, 052326 (2012).

[41] F. M. Paula, T. R. de Oliveira, and M. S. Sarandy, Phys.
Rev. A 87, 064101 (2013).

[42] D. Spehner and M. Orszag, New J. Phys. 15, 103001
(2013).

[43] L. Chang and S. Luo, Phys. Rev. A 87, 062303 (2013).

[44] B. Dakic, Y. O. Lipp, X. Ma, M. Ringbauer,
S. Kropatschek, S. Barz, T. Paterek, V. Vedral,
A. Zeilinger, C. Brukner, and P. Walther, Nat. Phys.
8, 666 (2012).

[45] M. Okrasa and Z. Walczak, EPL 96, 60003 (2011).

[46] A.S. M. Hassan and P. S. Joag, J. Phys. A: Math. Theor.
45, 345301 (2012).

[47] J. Xu, J. Phys. A: Math. Theor. 45, 405304 (2012).

[48] M. Piani, P. Horodecki, and R. Horodecki, Phys. Rev.
Lett. 100, 090502 (2008).

[49] S. Wu, U. V. Poulsen, and K. Molmer, Phys. Rev. A 80,
032319 (2009).

[50] T. Werlang, C. Trippe, G. A. P. Ribeiro, and G. Rigolin,
Phys. Rev. Lett. 105, 095702 (2010).

[51] J-T. Cai, A. Abliz, and  S-S. Li
arXiv:1106.6255v1 [quant-ph|, preprint (2011).

[62] Z. Xi, X.-M. Lu, Z. Sun, and Y. Li, J. Phys. B: At. Mol.
Opt. Phys. 44, 215501 (2011).

[53] R. Jie, W. Yin-Zhong, and Z. Shi-Qun, Chin. Phys. Lett.
29, 060305 (2012).

[64] M. S. Sarandy, T. R. De Oliveira, and L. Amico, Int. J.
Mod. Phys. B 27, 1345030 (2013).

13

[65] S. Campbell, L. Mazzola, G. De Chiara, T. J. G. Apol-
laro, F. Plastina, T. Busch, and M. Paternostro, New J.
Phys. 15, 043033 (2013).

[56] T. Zhou, J. Cui, and G. L. Long, Phys. Rev. A 84,
062105 (2011).

[67] A. Streltsov, H. Kampermann, and D. Bruf}, Phys. Rev.
Lett. 107, 170502 (2011).

[58] R. Horodecki and M. Horodecki, Phys. Rev. A 54, 1838
(1996).

[59] J. Maziero, L. C. Celeri, R. M. Serra, and V. Vedral,
Phys. Rev. A 80, 044102 (2009).

[60] L. Mazzola, J. Piilo, and S. Maniscalco, Phys. Rev. Lett.
104, 200401 (2010).

[61] S. L. Wu, H. D. Liu, L. C. Wang, and X. X. Yi, Eur.
Phys. J. D 65, 613 (2011).

[62] J. P. G. Pinto, G. Karpat, and F. F. Fanchini, Phys.
Rev. A 88, 034304 (2013).

[63] L.-X. Jia, B. Li, R. H. Yue, and H. Fan, Int. J. Quantum
Inform. 11, 1350048 (2013).

[64] G. Karpat, B. Cakmak, and F. F. Fanchini, Phys. Rev.
B 90, 104431 (2014).

[65] T. J. Osborne and M. A. Nielsen, Phys. Rev. A 66,
032110 (2002).

[66] J. 1. Latorre, E. Rico, and G. Vidal, Quantum Inf. Com-
put. 4, 48 (2004).

[67] A. R. Its, B.-Q. Jin, and V. E. Korepin, J. Phys. A:
Math. Gen. 38, 2075 (2005).

[68] G. Sadiek, B. Alkurtass, and O. Aldossary, Phys. Rev.
A 82, 052337 (2010).

[69] T.-C. Wei, S. Vishveshwara, and P. M. Goldbart, Quan-
tum Inf. Comput. 11, 0326 (2011).

[70] J. Zhang, B. Shao, L.-A. Wu, and J. Zou,
arXiv:1207.3557v1 [quant-ph|, preprint (2012).

[71] P. Pfeuty, Ann. Phys. 57, 79 (1970).

[72] E. Barouch, B. M. McCoy, and M. Dresden, Phys. Rev.
A 2, 1075 (1970).

[73] E. Barouch and B. M. McCoy, Phys. Rev. A 3, 786
(1971).


http://arxiv.org/abs/1106.6255v1
http://arxiv.org/abs/1207.3557v1

