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Abstract In this paper, we study the one-way local operations and classical commu-
nication (LOCC) problem. In C? ® C¢ with d > 4, we construct a set of 3[vd] — 1
one-way LOCC indistinguishable maximally entangled states which are generalized Bell
states. Moreover, we show that there are four maximally entangled states which cannot

be perfectly distinguished by one-way LOCC measurements for any dimension d > 4.

1 Introduction

In compound quantum systems, many global operators can not be implemented using
only local operations and classical communication (LOCC). This reflects the fundamental
feature of quantum mechanics called nonlocality. Meanwhile, the understanding of the
limitation of quantum operators that can be implemented by LOCC is also one of the sig-
nificant subjects in quantum information theory. And local distinguishability of quantum
states plays an important role in exploring quantum nonlocality [1, 2]. In the bipartite
case, Alice and Bob share a quantum system which is chosen from one of a known set of
mutually orthogonal quantum states. Their goal is to identify the given state using only

LOCC. The nonlocality of quantum information is therefore revealed when a set of or-
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thogonal states can not be distinguished by LOCC. Moreover, the local distinguishability
has been found practical applications in quantum cryptography primitives such as secret
sharing and data hiding [3, 4].

The question of local discrimination of orthogonal quantum states has received con-
siderable attentions in recent years [5-19]. It is well known that any two orthogonal
maximally entangled states can be perfectly distinguished with LOCC [2]. In Refs.[8, 9],
the authors proved that a set of d + 1 or more maximally entangled states in d ® d sys-
tems are not perfectly locally distinguishable. Hence it is interesting to ask whether there
are locally indistinguishable sets consisting of d or fewer maximally entangled states in
d ® d. For d = 3, Nathanson has shown that any three maximally entangled states can
be perfectly distinguished [6]. Recently, the authors in [15, 17] considered one-way LOCC
distinguishability and presented sets of d and d — 1 indistinguishable maximally entan-
gled states for d = 5,...,10. The problem remains open if there exists fewer than d — 1
indistinguishable maximally entangled states for arbitrary dimension d. More recently,
Nathanson showed that there exist triples of mutually orthogonal maximally entangled
states in C? @ C% which cannot be distinguished with one-way LOCC when d is even or
d =2 mod 3 [16]. In addition, the authors in [18] gave a set with [4] + 2 maximally
entangled states in C? ® C? which is one-way LOCC indistinguishable, where [a] means
the least integer which is not less than a. And in [19], the authors presented sets with
four and five maximally entangled states in C*™ @ C*" which is one-way LOCC indistin-
guishable but two-way distinguishable. Whether there are four or three one-way LOCC
indistinguishable maximally entangled states in arbitrary dimension remains unknown.

In this paper, we give a positive answer to this question when the number of states
in the set is four. First for any dimension d > 4, we give a set of 3[v/d] — 1 one-
way LOCC indistinguishable maximally entangled states. Moreover, we can find four
maximally entangled states which cannot be perfectly distinguished by one-way LOCC

measurements for any dimension d > 4.

2 Preliminaries

We first introduce some basic results that will be used in proving our theorems. Under

the computational base {|ij) ?,g_'io of Hilbert space C? @ C?, the generalized Bell states



are defined as follows:
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where U,,, = X™Z" are generalized Pauli matrices constituting a basis of unitary oper-
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ators, and X|j) = |j ®q 1), Z|j) = &|j), w = e, We define Vi, = I where T

stands for transpose. It is directly verified that ZX = wXZ.
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For the convenience of citation, we recall the results given in Refs.[16, 17].
Lemma 2. [17] In C? ® C? N < d number of pairwise orthogonal maximally entangled
states [Yn;m,), © = 1,2,..., N, taken from the set given in Eq. (1), can be perfectly
distinguished by one-way LOCC A — B, if and only if there exists at least one state
|a) € Hp for which the states Up,m, |), Ungm,|@), . .., Unymy |@) are pairwise orthogonal.

On the other hand, the set is perfectly distinguishable by one-way LOCC in the
B — A, if and only if there exists at least one state |a) € H,4 for which the states
Voima 1Q), Vigms |@) s -« o, Vo ymy |@) are pairwise orthogonal.
Lemma 3. [16] Given a set of states S = {|1;) = (I ® U;)|¢)} € C¢® C¢, with |¢) the
standard maximally entangled state. The elements of S can be perfectly distinguished
with one-way LOCC if and only if there exists a set of states {|¢x)} C C? and a set of
positive numbers {my,} such that _, my|og)(¢r| = Iz and ((bk]U;U,-\(bQ = 0jj -

In the following, we concentrate ourselves on the set of maximally entangled states.

Any maximally entangled state in C? @ C% can be written as |¢)) = (I ® U)|¢g), where



[1o) = Ld Zle lit), and U is a unitary matrix. Since there is a one to one correspondence
between a maximally entangled state [¢;) and the unitary matrix U;, we call the set of

unitary matrices {Ui}gzl the defining unitary matrices of the set of maximally entangled

states {|1,Z)i>}f:1.

3 Sets of one-way LOCC indistinguishable states

The authors in [18] presented a set with [4] + 2 generalized Bell states in C? ® C? which
is one-way LOCC indistinguishable. In the following, firstly, we also consider the one-way
distinguishability of generalized Bell states.

Theorem 1. In C?®@C? (d > 4), there exists an orthogonal set with 3[v/d] — 1 maximally
entangled states which is one-way LOCC indistinguishable:

{1%00)s [¥10), 5 [¥n-1,0); [P2n—-1,0), [¥30-1,0)5 [Yan—1,0)5 - - - 5 [ n—1)n—1,0)s [Pd-1,0); [¥n-1,1),
[on—1,1): [¥3n—1,1), [Pan—11)s - - - s [¥(n—1)n—1,1), [Ya-1,1)}, where n = [V/d].

The corresponding unitary matrices are given by

{Uo0, Ui, -+, Un-10, U2n—10, Usn-10, Usn-1,0, ---» Um—1yn-1,0, Ua-1,0, Un-11,
Uan-1,15 Usn-115 Usn-115 -+, Up—tyn—1,1, Ua—1,1}-

Proof: T {|$00); [¥10), - - -+ [¥n—1,0); [¥20-1,0)s [¥30-1,0)s - - s [¥(n—1)n—1,0)s [Yd—-1,0)s [¥n-1,1),
[V2n-1,1)s - [¥n-1)n—1,1), [¥a-1,1)} can be one-way LOCC distinguished, then by lemma
2,3 |a) £0€ C?, such that the set {Uwla), Urole), ..., Un—10la), Uspn—10|c), Usp—10lc),
s Un—iyn—10l0), Us—10la), Un—1.1]a), Usn—11]a), . .., Up_1yn—1,1l), Ua—1,1]a) } are mu-

tually orthogonal.

From the orthogonality of Uyo|a) and Ujp|er), Uxglay), ..., Up—1,0|a), we obtain
d—1 _
<OZ|U10|OZ> = wjozjaj =0,
§=0
d—1 '
<OZ|U20|OZ> = w2]ajaj =0,
§=0
d—1 _
(@|Un-10la) =) o Masa; =o0.
§=0

Then by the orthogonality of Us,—1|a) and Up_igla),...,Uigla), Uyple), taking into



account with the lemma 1, we get

(« | _1.0U2n-10la) = (a|Upole) = Zw "aga; =0,
d—1 _
(@|UyUzn-1,0l0) = (0| Unn—z0l) = D w® = aja; = 0,
5=0
d—1 ‘
(@|UgoUan-10l0) = (aUzn-10la) = > _w® Daja; = 0.
5=0
Similarly, from the orthogonality of Us,—1,0/a), Usn—10la); - - -, Um—1)n—1,0l2), Ua—1,0/c)
and Up,_1l|a), ..., Uila), Ugpla), we have:
d—1 ' d—1 ‘ d—1 ‘
Y Wz =3 W= =Y W Waga; =0,
5=0 §=0 §=0

Putting the above d — 1 equations together, we have
d—1 ' d—1 ‘ d—1 ' d—
ijajaj = szjajaj = Zw?”ajaj = Z ]a]aj =0.
i=0 =0 i=0 =0
Solving these d — 1 equations, we have (agag, @11, -+ ,g_10q-1) = A(1,1,--- ,1).
1) If A =0, then (Oé()@(), a0, - ,ad_lad_l) = (O, o,--- ,O), that is, ‘a> =0.
2) If X # 0, then for Vi, j, we have o;a; # 0. By the orthogonality of U,_1 1|a) and

Un—1pla),...,Uxpla), Upgla), Up|a) and lemma 1, we have

(a ‘ —1,0Un- 11la) = {alUnla) = Zw j@jg,1 = 0,

(| UfoUn—11l0) = (a|Un—z1]a) = > wDia;aje, =0,

(| UfoUn—r1le) = (a|Un—11]0) = > w™ Viaae,1 = 0.
j=0

By the OrthOgonahty of U2n—1,1|a>7 U3n—1,1|a>7 teey U(n—l)n—1,1|a>7 Ud—1,1|a> and U00|Oé>,

Uiolay, Usola), . .., Up—1,0]c), we have

+1)
E w™ ozjoz]@ 1= E w(" ]ozjoz]@ 1=

T
L

A=DJ oy G 1 =
w( )oz]ozj@dl—o.

<.
Il
o



From the above equations, (apai, i@, - ,aq-100) = (0,0,---,0) and a;@; # 0 are
contradictory. Therefore {[tg0),[%10); - [¥n—1,0), [¥2n-1,0)s [¥30-1,0)5 - - - s [P n—1)n—1,0)5
[$a-1,0)5 [¥n-11), [Y2n—1,1); - [¥m-1)n-1,1), [¥a-1,0)} cannot be one-way LOCC distin-
guished. [ |
Remark: It should be noticed that the above result may be worse than the known [%1 +2
result [18] in the case of small d. And 3[V/d] —1 < [2] +2 when d > 30, so our theorem
gives a smaller one-way LOCC indistinguishable maximal entangled states in this case.
In the above discussions, we restrict ourselves on the one-way LOCC indistinguished
generalized Bell states. In the following we consider general orthogonal maximally entan-
gled states that are indistinguishable under one-way LOCC.
Theorem 2. There exist four mutually orthogonal maximally entangled states in C%® C4
which cannot be distinguished under one-way LOCC for odd d > 7.

Proof: Set d =2+ r,r > 5. Let P denote the r X r permutation matrix,

[0 0 0 1]
10 00
P=10 1 00
00 10

- - rXr

Clearly, P" = I where I denotes the r x r identity matrix. We set Uy = I,

wX vz oY
Ul - ) U2 - ) U3 - 1 )
P P? 2

where w,~ and o are phases satisfying |w| = |y| = |o| = 1, 7 # +iw?, X,Y, Z are the Pauli
matrices:

0 1 '
X = . Y= . Z=
10 i 0 0 —1

Let [1g) be the standard maximally entangled state, |1g) = Z?:_ol liz). We construct four

maximally entangled states as follows:
{(I @ Uo)lyo), (I ® Un)ltho), (I @ U)ltho), (I @ Us)|yho)} € C @ C.

One can check that these states are mutually orthogonal and maximally entangled.



Suppose that Alice performs an initial measurement M = {M,}}'_, on her system and
gets the measurement outcome corresponding to some operator My (1 < k < n) of the

following form:
A, Cf
Cy By

WV
=

My, =

where Ay is a 2 x 2 matrix and By a r X r matrix.
By lemma 3, all the measurements of Alice’s can be chosen to be rank one. So we
suppose all the matrices My (1 < k < n) are rank one and My = |¢k)(¢x| for some

|p) € C%. In order to distinguish the above four states by one-way LOCC, we must have
0 = (¢k|UJ Uil dx) = Tr(UU;| 1) (8x]) = Tr(Uilow)(o|UT) = Tr(UiMUY), i # j.

That is, TT(UiMkUJT) = 0, whenever i # j. By specify choosing i and j, we obtain the

following equations:

Tr(Ui M) = wTr(ApX) + Tr(ByP) = 0, (2)
Tr(UsMy,) = yTr(ArZ) + Tr(BypP?) =0, (3)
Tr(UsMy) = oTr(AgY) + Tr(By P2 ) = 0, (4)
Tr(Us MpUY) = —iwnyTr(ARY) + Tr(By P) = 0, (5)
Tr(UsMpU]) = —iwoTr(ApZ) + Tr(By P =) = 0, (6)
Tr(UsMpU}) = —i7oTr(AX) + Tr(By P2 ) = 0. (7)

From equations (2) and (5), we have
wTr(ApX) +iw~yTr(AY) =0. (8)

After easily calculation, we can obtain Tr(ApX) = Ax(1,2) + Ax(2,1) and Tr(ArY) =
iAg(1,2) —iAk(2,1). Since Ay, is a Hermitian matrix, then both T'r(AxX) and Tr(AY)
are real numbers. Moving the second term of equation (8) to the right hand side then
taking the norm of each side, we have |Tr(ArX)| = |Tr(AcY)|. If Tr(AxX) # 0, then
we have iw?y = —g:gﬁiif)) = lor — 1. This is contradicted with ¥ # +iw?. Hence

we have Tr(AxX) = Tr(A;Y) = 0. Substituting Tr(A;Y) = 0 into equation (4), we




r+1

obtain Tr(BgP 2 ) = 0. Due to P" = I and the Hermitian of the matrix By, the equality

r+1
2

Tr(BkPr_gl) = T'r(BxP 2 ) holds, which gives rise to Tr(BkPTTﬂ) = 0. Then by equation
(6), we obtain Tr(AxZ) = 0. Equations Tr(AxX) = Tr(AyY) = Tr(ArZ) = 0 give that
Ay, =t for some t;, € R. Noticing that we have assumed rank(M}) = 1, so rank(Ay) < 1.
Hence Ay = 0 for all 1 < k < n. But now ;) Mj—; cannot equal to the identity I for the
2 x 2 matrix of the left upper corner must equal to zero. This makes a contradiction.

Hence, we can conclude that the four states we construct above can not be distinguished
by one-way LOCC. [ ]
Corollary. There exist four mutually orthogonal maximally entangled states in C% @ C%
which cannot be distinguished under one-way LOCC for d > 4.

Proof: By the above theorem, we only need to check for the cases: d is even and d = 5.
For all these cases, it has been showed that there exist three mutually orthogonal max-
imally entangled states which cannot be distinguished under one-way LOCC in Ref.[16].
And there exists another maximally entangled state orthogonal to all the three states. So

after adding such a state, these four states cannot be distinguished by one-way LOCC. H

4 Conclusion

We study the one-way LOCC problem and present a set of 3[v/d] — 1 one-way LOCC
indistinguishable maximally entangled states which are all generalized Bell states. It
should be noticed that if d is large enough, then the number 3[v/d] — 1 is much smaller
than the number [¢] + 2 in [18]. But for small d (less than 30), our results are not so
good as the known results. In addition to, we have also found four maximally entangled
states which cannot be perfectly distinguished by one-way LOCC measurements for any
dimension d > 4. For some particular dimension d, small one-way indistinguishable sets
that contain only three states has been given in [16]. The question whether there exist
three one-way indistinguishable maximally entangled states for arbitrary d > 4 remains

open.

Acknowledgments We are thankful for the referees’ suggestions and careful reading of

our paper. This work is supported by NSFC (Grant Nos. 11475178, 11275131).



References

[1] Bennett C.H., DiVincenzo D.P., Fuchs C.A., Mor T., Rains E., Shor P.W., Smolin
J.A. and Wootters W.K.: Quantum nonlocality without entanglement. Phys. Rev. A,
59:1070-1091 (1999)

[2] Walgate J. and Hardy L.: Nonlocality asymmetry and distinguishing bipartite states.
Phys. Rev. Lett, 89, 147901 (2002)

[3] DiVincenzo D.P., Leung D.W. and Terhal B.M.: Quantum data hiding. IEEE Trans.
Inf. Theory 48, 580 (2002)

[4] Markham D. and Sanders B. C.: Graph States for Quantum Secret Sharing. Phys.
Rev. A 78, 042309 (2008)

[5] Walgate J., Short A. J., Hardy L. and Vedral V.: Local Distinguishability of Multi-
partite Orthogonal Quantum States. Phys. Rev. Lett 85, 4972 (2000)

[6] Nathanson M.: Distinguishing bipartitite orthogonal states using LOCC: Best and
worst cases. J. Math. Phys. 46, 062103 (2005)

[7] Ghosh S., Kar G., Roy A., Sen(De)A. and Sen U.: Distinguishability of Bell states.
Phys. Rev. Lett 87, 277902 (2001)

[8] Ghosh S., Kar G., Roy A. and Sarkar D.: Distinguishability of maximally entangled
states. Phys. Rev. A 70, 022304 (2004)

[9] Fan H.: Distinguishability and Indistinguishability by Local Operations and Classical
Communication. Phys. Rev. Lett 92, 177905 (2004)

[10] Yu N., Duan R. and Ying M.: Four Locally Indistinguishable Ququad-Ququad Or-
thogonal Maximally Entangled States. Phys. Rev. Lett 109, 020506 (2012)

[11] Cosentino A.: Positive-partial-transpose-indistinguishable states via semidefinite pro-

gramming. Phys. Rev. A, 87, 012321 (2013)



[12] Yu N., Duan R. and Ying M.: Distinguishability of Quantum States by Positive
Operator-Valued Measures With Positive Partial Transpose. IEEE Trans. Inf. Theory
Vol. 60, No.4 (2014)

[13] Li M.-S., Wang Y.-L., Fei S.-M. and Zheng Z.-J.: d locally indistinguishable maxi-
mally entangled states in C? @ C?. Phys. Rev. A. 91, 042318 (2015)

[14] Yu S.-X. and Oh C.H.: Detecting the local indistinguishability of maximally entangled
states. arXiv:1502.01274v1(2015)

[15] Bandyopadhyay S., Ghosh S. and Kar G.: LOCC distinguishability of unilaterally
transformable quantum states. New J. Phys. 13, 123013 (2011)

[16] Nathanson M.: Three maximally entangled states can require two-way local opera-
tions and classical communication for local discrimination. Phys. Rev. A, 88, 062316

(2013)

[17] Zhang Z.-C., Wen Q.-Y., Gao F., Tian G.-J. and Cao T.-Q.: One-way LOCC indis-
tinguishability of maximally entangled states. Quantum Inf. Proc. 13,795 (2014)

[18] Zhang Z.-C., Feng K.-Q., Gao F. and Wen Q.-Y.: Distinguishing maximally entangled
states by one-way local operations and classical communication. Phys. Rev. A. 91,

012329 (2015)

[19] Tian G.-J., Yu S.-X., Gao F., Wen Q.-Y. and Oh C.H.: Local discrimination of four
or more maximally entangled states. Phys. Rev. A. 91, 052314 (2015)

10



	1 Introduction
	2 Preliminaries
	3 Sets of one-way LOCC indistinguishable states
	4 Conclusion

