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Distillability sudden death and sudden birth in a two-qutrit system under decoherence of finite
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in a finite time. Moreover, initial prepared bound entangled or separable states also may become
distillable entangled states in a finite time.

PACS numbers: 73.63.Nm, 03.67.Hx, 03.65.Ud, 85.35.Be

I. INTRODUCTION

As is well-known, a real-word quantum system is un-
avoidably interacting with its environments, which give
rise to quantum system’s decoherence, dissipation and
dephasing to degrade the coherent of the quantum sys-
tem. It was initially proposed by Yu and Eberly that,
the entanglement of quantum systems will disentangle in
a finite time owe to the interaction between quantum sys-
tem and its environments, the phenomenon of finite time
disentanglement, also was named entanglement sudden
death (ESD) [1, 2]. Later this phenomenon was extended
to bipartite or multipartite systems interacting with dif-
ferent kinds of noisy environments [3-13].
In the present paper, we have studied the phenomenon

of distillability sudden death and sudden birth in a two-
qutrit system under decoherence of finite temperature,
where the two qutrits are initially prepared in a spe-
cific family of Horodecki states. For qutrit-qutrit sys-
tems, analogous to the definition of ESD, if an initial
free entangled state becomes bound entangled or sepa-
rable states in a finite time under the influence of local
decoherence, then we say that it undergoes distillability
sudden death [14]. To the contrary, if an initial pre-
pared in bound entangled or separable states becomes
distillable entangled states, then it is said that it under-
goes distillability sudden birth [15]. Recently great at-
tention has been paid to the development of work on dis-
tillability sudden death [16-23] and sudden birth [24-26]
addressing the practical problems of environmental de-
coherence. In particular, under certain types of environ-
ment interaction, certain distillable entangled states may
be converted into bound entangled or separable states in
a finite time and vice versa. More recently, Mazhar Ali
demonstrated free entangled states may be converted into
bound entangled states or separable states in the presence
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of both collective and multi-local noises [16, 17]. Later
this phenomenon was extended to two-qutrit interacting
with thermal reservoirs [18, 19] and the presence of the
external magnetic field [20, 21]. Besides, Derkacz and
Jakóbczyk demonstrated the sudden birth of distillable
entanglement for two identical three-level atoms coupled
to the common vacuum [24-26].

Recently a transformation between bound entangle-
ment and free entanglement has been demonstrated un-
der differen decoherence channels[27-29]. With these pre-
vious studies in mind, we naturally ask the question does
there exist distillability sudden birth after a specific fam-
ily of Horodecki states undergoes distillability sudden
death? In this paper we answer this question and demon-
strate the phenomenon of distillability sudden death and
sudden birth in a two-qutrit system under decoherence
channel. The main idea of this paper is to extend the
results obtained in Ref. [30], where the dynamics and
protection of quantum correlations of a qubit-qutrit sys-
tem under local amplitude damping channels with finite
temperature have been studied. By using negativity and
bound entanglement defined with realignment criterion,
distillability sudden death and sudden birth in a two-
qutrit system under decoherence of finite temperature
are studied in detail. The results show that certain ini-
tial prepared free entangled states may become bound
entangled or separable states in a finite time. Moreover,
initial prepared bound entangled or separable states also
may become distillable entangled states in a finite time.

The paper is organized as follows. In Sec. II, we illus-
trate the physical model of two-qutrit system under local
amplitude damping channels with finite temperature. We
briefly review the quantification and characterization of
the entanglement and demonstrate the distillability sud-
den death and sudden birth in a two-qutrit system under
local amplitude damping channels with finite tempera-
ture in Sec. III. Finally, we give the conclusion in Sec.
IV.
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II. DYNAMICS OF A TWO-QUTRIT SYSTEM

UNDER LOCAL AMPLITUDE DAMPING

CHANNELS WITH FINITE TEMPERATURE

In this paper, we consider our system is composed of a
two-qutrit system A and B under local amplitude damp-
ing channels with finite temperature. For qutrits, we
consider a three-level system of V-configuration in this
paper. We note the lower level as |0〉 and two nondegen-
erate excited levels as |1〉 and |2〉. At finite temperature,
we suppose the probability of losing the excitation is r,
as well as the probability of absorbing the excitation is
1 − r. Then, the amplitude damping channel at finite
temperature can be obtained as [30]

E1 =
√
r





1 0 0
0

√
1− p1 0

0 0
√
1− p2



 , (1)

E2 =
√
r





0
√
p1 0

0 0 0
0 0 0



 , (2)

E3 =
√
r





0 0
√
p2

0 0 0
0 0 0



 , (3)

E4 =
√
1− r





√
1− p1 − p2 0 0

0 1 0
0 0 1



 , (4)

E5 =
√
1− r





0 0 0√
p1 0 0
0 0 0



 , (5)

E6 =
√
1− r





0 0 0
0 0 0√
p2 0 0



 , (6)

where p1 is the decoherence constant induced by spon-
taneous emission of the excited excited state|1〉to the
ground state|0〉, and p2 represents the decoherence con-
stant of the excited state|2〉to the ground state|0〉, re-
spectively. To simplify, we consider that the decoherence
decay pi = p = 1 − e−2γτ , and γ is the spontaneous
emission rate.
In order to investigate distillability sudden death and

sudden birth in a two-qutrit system under decoherence
of finite temperature, we make each qutrit locally inter-
act with two independent amplitude damping channels,
respectively. According to the techniques of Kraus, we
can obtain the elements of the reduced density matrix as
follows:

ρAB(t) = Σ6
i=1Σ

6
j=1E

B
j E

A
i ρAB(0)E

A†
i E

B†
j . (7)

In this paper, we only consider a particular initial state
[31]

ρα(0) =
2

7
|ψ+〉〈ψ+|+

α

7
σ+ +

5− α

7
σ−, (8)

where 2 ≤ α ≤ 5. In Eq. (8) the maximally entangled
state |ψ+〉 = 1√

3
(|01〉+|10〉+|22〉) is mixed with separable

state σ+ = 1
3
(|00〉〈00| + |12〉〈12| + |21〉〈21|) and σ− =

1
3
(|11〉〈11|+ |20〉〈20|+ |02〉〈02|). It was shown that ρα(0)

is separable for 2 ≤ α ≤ 3, bound entangled for3 < α ≤
4, and free entangled for 4 < α ≤ 5.

III. DISTILLABILITY SUDDEN DEATH AND

SUDDEN BIRTH IN A TWO-QUTRIT SYSTEM

Before investigate the time-evolved density matrix
ρα(0) maybe undergoes the phenomenon of distillability
sudden death and sudden birth in a two-qutrit system
under decoherence of finite temperature, we review the
quantification and characterization of the entanglement
states including free entangled states and bound entan-
gled states. As we know, free entangled states can be well
quantified by the negativity. However, bound entangled
states cannot be quantified and detected by the negativ-
ity. One usually takes the realignment criterion [32-34] as
such a measure, which can detect certain bound entan-
gled states as well as the quantification of entanglement
for qutrit-qutrit systems. The realignment criterion for
a given density matrix ρ is defined as

R(ρ) = ||ρR|| − 1, (9)

where ρRij,kl = ρik,jl and the trace norm of ||ρR|| is equal
to the sum of the absolute values of the eigenvalues of ρR.
For a separable state ρ, the realignment criterion implies
that R(ρ) ≤ 0. For a positive partial transpose (PPT)
state, the positive value of the quantity R(ρ) can prove
the bound entangled.

FIG. 1. (Color online) The negative eigenvalue λ(t) of the
partial transpose of the time-evolved density matrix ρ(t) is
plotted against p and α, for r = 0.15.

Besides, to quantify the time evolution of entangle-
ment for qutrit-qutrit systems, we adopt negativity [35]
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FIG. 2. (Color online) The negative eigenvalue λ(t) of the
partial transpose of the time-evolved density matrix ρ(t) is
plotted against p and α, for r = 0.90.

to measure of entanglement. It is based on the trace
norm of the partial transpose ρT of the state ρ, and its
definition is given

N(ρ) = ||ρT || − 1, (10)

where ρRjk,il = ρik,jl. N(ρ) is equal to the absolute of the

sum of negative eigenvalues of ρT . For negativity, if it is
zero, then we say this quantum state is bound state or
separable state. But if it is positive, which means it is
negative under partial transposition (NPT), we can not
say it must be free entangled because it is still an open
question about whether all NPT quantum states can be
distilled. For a PPT state which has zero negativity, we
cannot conclude its entanglement or separability until
some other measures or steps reveal its status. Note that
the realignment criterion also cannot detect all bound en-
tangled states. Once the negativity becomes zero, we can
study the time evolution of a realignment criterion to de-
tect the possibility of bound entangled states. For an ini-
tial state given by Eq. (8) with 4 < α ≤ 5, if the norm of
the realigned matrix R(ρ) is smaller than 0 corresponding
to bound entangled state or separable state, then we say
this state maybe suffers from distillability sudden death.
Following we adopt the realignment criterion to investi-
gate the phenomenon of distillability sudden death and
sudden birth for two-qutrit system under local amplitude
damping channels with finite temperature.
First of all, we analyze the time-evolved matrix density

ρα(t) carefully under local amplitude damping channels
with finite temperature. There are three possible neg-
ative eigenvalues λ(t) = λ1 ≤ λ2 ≤ λ3 of the partial
transposition of the matrix density ρα(t), we here con-
sider the minimum negative eigenvalue λ(t) = λ1. In Fig.
1 and 2, we plot λ(t) as a function of t and α under local
amplitude damping channels with finite temperature for
r = 0.15 and r = 0.90, respectively. We can see that the
eigenvalue of partial transposition of the states ρ(t) will
always arrive at a positive value in a finite time. This
indicates the time-evolved matrix density ρα(t) always
becomes a PPT in a finite time.

Α = 4.3

R(Ρ)

N(Ρ)

0.00 0.02 0.04 0.06 0.08 0.10
0.00

0.05

0.10

0.15

0.20

t

FIG. 3. (Color online) The negativity N(ρ) and the realign-
ment criterion R(ρ) are plotted against t for α = 4.3, r = 0.90.
Setting t = γτ .
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FIG. 4. (Color online) The negativity N(ρ) and the realign-
ment criterion R(ρ) are plotted against t for α = 4.8, r = 0.90.
Setting t = γτ .

Now let us investigate that the time-evolved den-
sity matrix ρα(0) maybe undergoes distillability sud-
den death. Taking initial states given by Eq. (8) with
4 < α ≤ 5. In Fig. 3, we plot the negativity and realign-
ment criterion against the time t and a specific choice of
the single parameter α = 4.3 and r = 0.90, under local
amplitude damping channels with finite temperature. It
clearly shows that, for a two-qutrit system under local
amplitude damping channels with finite temperature, an
initial free entangled state becomes bound entangled at
a finite time t ≈ 0.075. This phenomenon is called as dis-
tillability sudden death. One can see the positive value
of R(ρ) is in the range 0.075 ≤ t ≤ 0.093 corresponding
to the entanglement of the PPT state. However, it is
worth noting that, this realignment criterion fails to de-
tect the possible entanglement after time t ≈ 0.093. This
result agrees with previous studies of similar nature for
qutrit-qutrit systems [14, 16-21].
In Fig. 4, it is shown the time evolution of the neg-

ativity and realignment criterion for an initial quantum
state ρα(0) with α = 4.8 and r = 0.90, under local am-
plitude damping channels with finite temperature. One
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FIG. 5. (Color online) The negativity N(ρ) and the realign-
ment criterion R(ρ) are plotted against t for α, r = 0.15.
Setting t = γτ

can see the negativity becomes zero at t ≈ 0.23, while the
R(ρ) becomes zero at t ≈ 0.12. As mentioned above, the
realignment criterion also cannot detect all bound entan-
gled states, the realignment criterion also fails to detect
the bound entangled states after time t ≈ 0.12. This
means, for this particular case α = 4.8 as shown in Fig.
4, even if we can see that the initial NPT states become
PPT after a finite time, we can not conclude their separa-
bility or entanglement immediately. By comparing Fig.3
with Fig.4, we find the sensitivity of the realignment cri-
terion is depended on the initial state parameter α which
effects on the possibility of distillability sudden death.

In order to show the distillability sudden death and

sudden birth in a two-qutrit system under decoherence
induced by spontaneous emission at finite temperature,
we firstly investigate initial prepared free entangled states
ρα(t) (4 < α ≤ 5). In Fig. 5(a), we plot the nega-
tivity and realignment criterion against the time t and
a specific choice of the single parameter α = 4.3 for
r = 0.15, under local amplitude damping channels with
finite temperature. One can see the negativity becomes
zero at 0.01 ≤ t ≤ 0.59, while the R(ρ) becomes zero at
0.05 ≤ t ≤ 0.90. This means that a two-qutrit system
under decoherence induced by spontaneous emission at fi-
nite temperature exhibits distillability sudden birth and
after distillability sudden death. This result agrees with
previous studies of distillability sudden birth of entan-
glement for qutrit-qutrit systems [15]. However, we are
interested in the dynamical creation of distillability by
spontaneous emission from non-distillability. Consider-
ing initial prepared bound entangled or separable states
ρα(t) (2 < α ≤ 4), we plot the negativity and realign-
ment criterion against the time t and a specific choice of
the single parameter α = 3.5 (bound entangled states)
in Fig. 5(b) and α = 2.5 (separable states) in Fig. 5(c)
for r = 0.15, under local amplitude damping channels
at finite temperature. Clearly initial prepared bound en-
tangled or separable states become distillable entangled
states in a finite time. As mentioned above, one can
prove one of the eigenvalues of partial transposition of
the states ρ(t) can arrive at a negative value again in a
finite time. This indicates the time-evolved matrix den-
sity ρα(t) always becomes a NPT in a finite time.

IV. CONCLUSION

Different from these previous works[14, 16] where
are mainly concentrated on distillability sudden death
in qutrit-qutrit systems under amplitude damping with
zero-temperature, we here have studied the phenomenon
of distillability sudden death and sudden birth in a two-
qutrit system under decoherence of finite temperature,
in which the initial states are prepared in special states.
By using the realignment criterion and negativity, once
the negativity becomes zero, we can study the time evo-
lution of a realignment criterion to detect the possibility
of bound entangled states. Besides, we have shown ini-
tial prepared bound entangled or separable states also
may become distillable entangled states in a finite time.
However, it is worth pointing that, the possibility of dis-
tillability sudden death for two-qutrit system under deco-
herence of finite temperature is investigated for the fam-
ily of special quantum states and we do not study this
phenomenon in quantum states other than states.
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