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We investigate the proportional relationships for spectrums and for SJNFs (Standard Jordan
Normal Forms) of the matrices constructed from coefficient matrices of two SLOCC (stochastic local
operations and classical communication) equivalent states of n qubits. Invoking the proportional
relationships for spectrums and for SJNFs, pure states of n (> 4) qubits are partitioned into 12
groups and 34 families under SLOCC, respectively. Specially, it is true for four qubits.

I. INTRODUCTION

Quantum entanglement is an essential resource
in quantum teleportation, quantum cryptography,
and quantum information and computation [1]. A
key task of the entanglement theory is to classify
different types of entanglement. SLOCC classifi-
cation is very significant because the states in the
same SLOCC class are able to perform the same
QIT-tasks [2][3]. It is well known that two-qubit
states were partitioned into two SLOCC classes,
three-qubit states were partitioned into six SLOCC
classes, and there are infinitely many SLOCC classes
for n (> 4) qubits [2]. It is highly desirable to
partition these infinite classes into a finite number
of families according to a SLOCC invariant crite-
rion. In the pioneering work of Verstraete et al.
[3], by using their general singular value decompo-
sition Verstraete et al. partitioned pure four-qubit
states into nine SLOCC inequivalent families: Ggaped,
Labcza La2b27 Labga La47 La203@1a L05@3a L07@1a and
Lo,4,056: 13]. Since then, the extensive efforts have
contributed to studying entanglement classification
of four qubits |3-13].

Recently, considerable efforts have been devoted
to find SLOCC invariant polynomials in the coeffi-
cients of states for classifications and measures of en-
tanglement of n qubits |11, [14-22]. Tt is well known
that the concurrence and the 3-tangle are invariant
polynomials of degrees 2 and 4 for two and three
qubits, respectively [23]. Explicit and simple ex-
presses of invariant polynomials of degrees 2 for even
n qubits [20], 4 for odd n (> 4) qubits [20], 4 for even
n (> 4) qubits [21], were presented.

Very recently, SLOCC invariant ranks of the co-
efficient matrices were proposed for SLOCC classifi-
cation [24-28].

In this paper, for two SLOCC equivalent states
of n qubits, we show that the matrices constructed
from coefficient matrices of the two states have pro-

portional spectrums and proportional SJNFs. In-
voking the proportional relationships for spectrums
pure states of n (> 4) qubits are partitioned into 12
groups under SLOCC, and invoking the proportional
relationships for SJNF's pure states of n (> 4) qubits
are partitioned into 34 families under SLOCC. Spe-
cially, for four qubits, we obtain new SLOCC classi-
fications.

II. SLOCC CLASSIFICATION OF n QUBITS

A. The proportional relationships for
spectrums and for SINFs

Let ) = Zfigl a;|i) be an n-qubit pure state.
It is well known that two n-qubit pure states |v)
and [¢') are SLOCC equivalent if and only if there
are invertible local operators A; € GL(2,C), i =
1,---,n, such that [2]

W) =A@ A @ - @ Anlt). (1)

To any state |1)) of n qubits, we associate a 2°
by 2"~¢ matrix Cé?.)..qe(h/})) whose entries are the
coefficients ag,ay,--- ,agn_1 of the state [¢), where
g1, ,qe are chosen as the row bits [24, 125]. In

28], in terms of the coefficient matrix C\™ .. we

constructed a 2¢ by 2¢ matrix Q((;f)q

Q1))
= (e e (

q15---,9i

), (2)

where v = \/—_Ljy and o, is the Pauli operator, and
C? is the transpose of C.

From [28], when ¢; and ¢o are chosen as the row
bits, we can show that if n-qubit states |¢’) and |4))
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are SLOCC equivalent, then

q1q2(|1/} >)
= (H£:3 det -qu)(-Aql ® qu) q1q2(|¢>)(~Aq1 ® qu)t'
3)
Let the unitary matrix

1 0 01

1 0 ¢ 7 0
T=7%lo-110 )

i 0 0 —i

Let G1 = T(Ag ®Ag,)TT, where T is the Hermi-
tian transpose of T'. It is easy to check that G;G% =
(det Ay, =det Ay, )T Let STy, (1) = TG, (/)T
Then, from Eq. @) we obtain

St (V)
= (H? 3 det 'qu)
T(Ag ® Ag,)THTQL) ([W)THT* (A, © Ag,) T
= kG18{™) (4)GT! (5)

where T* is a conjugate matrix, T'T* = I, and k =
17, det Ay Note that S{7, (4') and S, (1)) are 4
by 4 matrices.

In this paper, we write the direct sum of stan-
dard Jordan blocks Jy,, (A1), -+, and Jy,(A;) as

Iy (A1) -+ Jn; (Aj). The Jordan block Ji(a) is sim-
ply written as a. We define that the two SJNFs
Ty (M) - T, (Ng) and Jy, (kA1) -+ - T, (EX;), where

k # 0, are proportional.
Eq. (@) leads to the following theorem 1.
Theorem 1. If the states [¢)') and [¢) of n qubits
satisfy Eq. (), i.e. the state |¢') is SLOCC equiva-
lent to |¢), then

(1) if Sé%z (1) has the spectrum Ag, ---, Ay, then
5,522 (¢') has the spectrum kAq, - - -, kAy, where k =
I}, det A,.

(2) if S5, (1) has the SINF Jp (A1) - I, (),
then S\, (') has the SINF J,, (kA1) - -+ Jn, (kX;),
where k = II}_; det A,.

We glve our argument as follows. Let I' =
G1S{™, ()Gy*. Then, S, (') = k. Clearly,

T is similar to 55?32 (1). Therefore, I and 55?32 (¥)
have the same spectrum and SJNF.

(1). Tt is clear that if " has the spectrum Aq,-- -,
A4, then S\, (+') has the spectrum kAq,-- -, k4.

(2). There is an invertible matrix H such that T =
HJH!, where the SINF J = J,, (A) -+ Jn, (A;).

Then, kI’ = HkJH~'. Tt is not hard to see that the
SINF of kJ is Jy, (kA1) - -+ Jn,; (kA).

Example 1. We have the following SLOCC equiva-
lent states of four qubits: Ly, (a # 0) and Ly, (a = 1)
9]; Lay0se, (@ # 0) and Lg,0.e, (@ = 1) [9]; and
L}, (a=0)and Lap,(a = 0) [25]. We list the SINFs

of 5’%2) of the states in Table[Il

TABLE 1. SINFs of SLOCC equivalent states

state Loy(a 7é 0) Loy(a=1) k=a?
SINF Ji(a?) Ja(1)

State La202@1 (a #0) Layosg,(a=1) k=a?
SINF Jz( %)J2(0) J2(1)J2(0)

State abs (@ =0) Lapy(a =0) k=1
SJNF 062 J2(0) 062 J2(0)

Example 2. For four qubits, let {4 = a(]0)+|15))+
b([5) + [10)) + [6), and (5 = b([0) + [15)) + a(|5) +
|10)) + [6), where a # b. The SINF of S{*)(C4) is

Jo(b)aa while the SINF of S{)(¢s) is Ja(a)bb. So,
by (2) of Theorem 1 the two states {4 and (5 are
SLOCC inequivalent.

We can rewrite S\, (¥) as

mRre, ()"

St () = [TCHY, (1))
(6)

B. Partition pure states of n (> 4) qubits into
12 groups and 34 families

Theorem 1 permits a reduction of SLOCC classi-
fication of n (> 4) qubits to a classification of 4 by 4
complex matrices. For 4 by 4 matrices, a calculation
yields 12 types of CPs (characteristic polynomials),
12 types of spectrums, and 34 types of SJNFs in Ta-
ble[l Tt is easy to see that CPs and spectrums have
the same effect for SLOCC classification.

Note that in Table[[T} o; # 0, 0; # o when i # j.
Next, we give 12 types of CPs of 4 by 4 matrices as
follows.

CPy : (0 —01)% CPy: (0 — 01)(0 — 02)3; CP3 :
(0—01)(0—02)(0—03)2; CPy4: (0 —01)%(0 —02)%;
CP;5: 1! (0 —0;); CPg : (0 — 01)3; CP7 : 0(0 —

z 1
01)(c—02)%; CPs : olI?_, (0—0;); CPg : 0%(0—01)%;
CPlO (U )(U 0'2) CP11 03(0—0'1); CP12 .
ot
For each state of n (> 4) qubits, the spectrum of
S,g?,;z must belong to one of the 12 types of the spec-
trums in Table [l Let the states of n (> 4) qubits,

for which spectrums of 5,522 possess the same type in



Table[[T belong to the same group. Thus, the states
of n (> 4) qubits are partitioned into 12 groups. In
light of Theorem 1, the states belonging to different
groups must be SLOCC inequivalent.

For each state of n (> 4) qubits, the SINF of Sé%z
up to the order of the standard Jordan blocks must
belong to one of the 34 types of the SINF's in Table
[0 Let the states of n (> 4) qubits with the same

type of SJNF's of 5,522 in Table[[llup to the order of
the Jordan blocks belong to the same family. Thus,
we partition the states of n (> 4) qubits into 34
families. In light of Theorem 1, the states belonging
to different families must be SLOCC inequivalent.

TABLE II. 12 types of CPs, 12 types of spectrums, 34
types of the SINFs for 4 by 4 matrices, and the corre-
sponding states for four qubits.

CP;;spectrum SINF state SINF state
l;01010101 Ji(o1) 1 Ja2(o1)J2(o1) m
J3(o1)o1 01 o1o1d2(01) G
01010101 Gy
2;01020202 o1J3(02) 02  o102J2(02) (2
01020202 G2
301020303  o102J2(03) (3 01020303 Gs
4;01010202 01010202 Gy oro1d2(o2) (a4
Jo(o1)J2(02) M2
5;01020304 01020304 Gs
6;00’10'10'1 0]3(0’1) 03 0]2(0’1)0'1 Ca
Oci0101 Ge
7;00’10'20'2 00’1J2(O'2) C7 00’10'20'2 G7
8;0010203 Oo10203 G's
9;000101 J2(0)J2(01) K1 J2(0)o101 pe
OOJQ (0'1) Cg 000’10'1 Cg
10;0001 02 J2(0)o102 H1 000102 Cio
11;0000’1 Jg(O)O’l §1 Jz(O)OO’l 04
00001 ¢
12;0000 J4(0) Lo, g, J3(0)0 &
JQ(O)JQ(O) T2 J2(0)00 05
0000 Ci2

Example 3. For the maximally entangled states
[W2), [W4)—|We) of five qubits and |Ez), [E4)—[=7) of
six qubits [20], STNFs of S\°) partition [Us), [Ws) —
|Ws) into three families, and SJNF's of Sﬁ) partition
|Z2), |24) — |=7) into four families. See Table [Tl

TABLE IIL. SJNFs of 1) and S{%).

states  |Wa)  |[W4) |Us) |Ws)
SINFs £100 0000 0000 0J5(0)
states |EQ> |E4> Es) EG> |E7>
SINFs (4)(4)00 0000 0000 00J2(0) 0.J3(0)

III. SLOCC CLASSIFICATION OF TWO,
THREE, AND FOUR QUBITS

A. SLOCC classification of four qubits

For four qubits, invoking the fact that THT™* =
v®? Eq. (6) reduces to

St (V) = (TCETHTCHLTT. (7)

From the above discussion, in light of Theorem
1 pure states of four qubits are partitioned into 12
groups and 34 families in Table [[ll Furthermore, for
each type of spectrums, CPs, and SJNF's in Table
[ we give a state in Table [[Il and the appendix for
which Sﬁg has the corresponding type. For example,

S%Q) of the state #; has the spectrum o1, 01, 01, 01,
the CP (0 —o07)*, and the SINF J3(01)0;. It is plain
to see that 12 groups and 34 families in Table [T are
both complete for four qubits.

Here, we make a comparison to Verstraete et al.’s
nine families. They showed that for a complex n by
n matrix, there are complex orthogonal matrices Oq
and O, such that R = O1R'O,, where R’ is a direct
sum of blocks defined in [3]. Note that the blocks
are not standard Jordan blocks. The decomposition
was called a generalization of the singular value de-
composition and used to partition pure states of four
qubits into nine families [3].

Recently, Chterental and Djokovi¢ pointed out an
error in Verstraete et al.’s nine families by indicating
that the family L4, is SLOCC equivalent to the sub-
family Lape, (@ = ¢) of the family Lape, [7][28]. Thus,
the classification for the nine families is incomplete.
The need to redo this classification of four qubits
was proposed [1].

B. SLOCC classification of three qubits
For three qubits, Eq. (6] reduces to
3 _ 3 3
S&, @) = [TC, (WNWTCE, (W) (8)

Let A2 = [(cocy — c1c6) — (cacs — c3cq)]? — 4(cocs —
cico)(cqcr — cscg).  Note that A? is just the 3-
tangle. The spectrum of S’§32) () is +£X,0,0. We
list the SINFs of 5{%)(¢) and S{%)(¢) in the Table

V1 In light of Theorem 1, we can distinguish the six
SLOCC classes of three qubits.



TABLE IV. SLOCC classification of three qubits
states SINF of St (¢) SINF of S7)(¢)

GHZ  Ji(£1)00 Ti(=5)00
W J3(0)0 J3(0)0
A-BC  J2(0)J2(0) J2(0)J2(0)

B-AC  Ja(0)J2(0) 0000
C-AB 0000 J2(0)J2(0)
000) 0000 0000

C. SLOCC classification of two qubits

For two qubits, Eq. (@) reduces to

S W) = [TCEOWNITCH (N (9)

The spectrum of S%)(d)) is 0, 0, 0, \', where \ =
2(apas—aias). There are two cases for SJNFs. Case
1. For which agas = ajaz (it is a separate state),
the SINF of S’%) (¢) is J2(0)00. Case 2. For which
apas # ajas (it is an entangled state), the SINF of
S’%) (¢) is N'000. Thus, in light of Theorem 1, we
can distinguish two-qubit states into two SLOCC
classes.

IV. SLOCC CLASSIFICATION OF n
QUBITS UNDER A; € SL(2,C)

SLOCC classification under A; € SL(2,C) or the
classification under determinant one SLOCC opera-
tions was discussed in previous articles [3][16]. Note
that under A; € SL(2,C), G; € SO(4,C) and Eq.
B reduces to

S @) =S, WG (10)
Thus, Eq. (I0) leads to the following theorem.

Theorem 2. If the states [¢') and [¢)) of n qubits
are SLOCC equivalent under A; € SL(2,C), then
S5 (') is orthogonally similar to S{9, (). The
similarity implies that S, (1) and S\, () have
the same CP, spectrum, and SJNF up to the order
of the standard Jordan blocks.

Example 4. L%, (a = 0) is SLOCC equivalent to
Lap,(a = 0) under 4; € SL(2,C) [25]. The SINFs
of Sﬁg are both 0b%J2(0).

Restated in the contrapositive the theorem reads:
If two matrices 5,522 associated with two n-qubit
pure states differ in their CPs, spectrums, or SJNFs,

TABLE V. Comparison between Theorems 1 and 2

Theorem 1 Theorem 2
spect. ¥ A1, o0y A AL, o, M
spect. 1’ kX1, -+, kX A, ooy M

SINF @ Joy (A1) -+ Je; (A7) ey (An) -+ Je; (Ag)

SINF ¢ Jo, (A1) - - Je, (KA;) Jey (A1) -+ e, (A)

then the two states are SLOCC inequivalent under
A; € SL(2,C). From Example 2, by Theorem 2
the two states (4 and (5 are SLOCC inequivalent

under A; € SL(2;C) because SINFs of SY}Q) (¢4) and

S’ﬁg (¢5) are different.

Note that a SLOCC equivalent class may in-
clude infinite SLOCC equivalent classes under A; €
SL(2,0C).

V. CONCLUSION

In Theorem 1, we demonstrate that for two
SLOCC equivalent states, the spectrums and SJNF's
of the matrices 55?32 have proportional relationships.
Invoking the proportional relationships, we partition
pure states of n (> 4) qubits into 12 groups and 34
families under SLOCC, respectively.

In Theorem 2, we deduce that for two equivalent
states under determinant one SLOCC operations,
the spectrums, CPs, SINFs of 5,522 are invariant.
The invariance can be used for SLOCC classifica-
tion of n qubits under determinant one SLOCC op-
erations.

To make a comparison, we list the differences be-
tween Theorems 1 and 2 in Table [V1

It is known that SJNF is used to solve a system
of linear differential equations. The classification
of SINFs under SLOCC in this paper seems to be
useful for classifying linear differential systems.
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VI. APPENDIX CORRESPONDING
STATES OF FOUR QUBITS

Using Gapecq We obtain the following 8 states.

G1 = Gaped(a = b =c =d # 0); (we will omit
Gabcd neXt);

Gs :abcd # 0;b=c = d but a # b;

G3 : abed # 0, two of a, b, ¢, and d are equal while
the other two are not equal;



G4 : abed # 0, a,b, ¢, and d consists of two pairs
of equal numbers;

G5 : abed # 0, a,b, ¢, and d are distinct;

G : only one of a,b, ¢, and d is zero and other
three are equal;

G : only one of a, b, ¢, and d is zero and only two
of them are equal;

Gg : only one of a, b, ¢, and d is zero and the other
three are distinct.

Using Lape, we obtain the following 11 states.

C1 = Lape,(a=b=c# 0);

€2 = Lape, (abe # 0 and one of a and b equals ¢);

¢35 = Lape, (abe # 0 and a, b, ¢ are distinct. );

Ca = a(]0) +15)) +b(|5) +|10)) +|6), where a # b;

C6 = Lape, ( only one of a and b is zero while the
other is equal to c.);

¢7 = Lape, (¢ # 0 and only one of a and b is zero
while the other is not equal to c.);

Cs = Lape,(c=0and a =5b#£0); (9 = Lape, (¢ £ 0
and a = b= 0); (10 = Lape, (¢ = 0 while ab # 0 and
a # b); (11 = Lape, (¢ = 0 while only one of a and b
is zero); (12 = Lape,(a =b = ¢ =0).

Using L., we obtain the following two states.

m = Lazbz (a =b# O); 2 = Lazbz (ab # 0 and

a # b).

Let Ly, = b(|0)+[15))+552(|5)+[10)) + 252 (|6)+
[9)) + %(|1> +12) —[7) = [11)). Using L, we obtain
the following five states.

01 =Ly, (a=b#0);

2 = L, (ab # 0 and a # b);

03 = a(|0) + [15)) + 5(I5) + [10) + [6) + [9)) +
ﬁ(ﬂ} +2) —|7) —[11)) (obtained from L;, (a =0
but b # 0));

04 = Ly, (b=0but a #0); 05 = L, (a =b=0).

Using L,, we obtain the following two states.

T1 = La4(a ?A 0)7 T2 = La4 (a = O)

Using Lg,0,,, We obtain the following one state.

R1 = La203@1 (a/ # O)'

Let Laboyg, = “32(10) + [15)) + 232(3) + [12)) +
|5) 4 16). Using Lapo,,, we obtain the following two
states.

u1 = Labos@l (ab 7£ Oanda 7£ b)7 H2 = Labos@l (CL =
b#0);

Let £ = £(|0)+(3)+[12)4-[15)) +4[1) —i|13) +]10).
Using £ we obtain the following two states.

&1 =8a#0); & =¢(a=0).
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