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Partition-based discrete-time quantum walks
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Abstract. We introduce a family of discrete-time quantum walks, called two-partition model, based on
two equivalence-class partitions of the computational basis, which establish the notion of local dynamics.
This family encompasses most versions of unitary discrete-time quantum walks driven by two local operators
studied in literature, such as the coined model, Szegedy’s model, and the 2-tessellable staggered model. We
also analyze the connection of those models with the two-step coined model, which is driven by the square of
the evolution operator of the standard discrete-time coined walk. We prove formally that the two-step coined
model, an extension of Szegedy model for multigraphs, and the two-tessellable staggered model are unitarily
equivalent. Then, selecting one specific model among those families is a matter of taste not generality. |

1 Introduction

The quantum walk is a quantized version of the classical random walk. The discrete-time version
can be obtained from the path-integral formulation of quantum mechanics [10], which was addressed
for instance in Refs. [Il §] for the infinite line. The most-studied discrete-time version on graphs
was proposed in Ref. [5] and is known as the coined model because the walker must have an
internal state, which is used to determine the direction of the step. The coin is not mandatory,
in fact, neither the Szegedy quantum walk [28] nor the staggered model [25] has a coin operator.
These latter models define partitions of the vertex set in order to establish the model’s evolution
operator. The quantum walk offers a good opportunity for experimental implementations (see [19]
and references therein) and is an interesting model for analyzing topological phases [14].
Quantum walks are discussed from many viewpoints as an interdisciplinary research field. From
the pure-mathematics viewpoint, the quantum random walk was discussed in the area of quantum
probability [11l 20] and, more recently, Refs. [I2] [I3] introduced the notion of quantum-graph
walks. Ref. [I7] proposed an extension of quantum walks to simplicial complexes, Ref. [7] used
CMV matrices, proposed in [6] for studies of orthogonal Laurent polynomials on the unit circle,
in the analysis of quantum walks, and Ref. [I5] obtained limit theorems for quantum walks on the
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line. From the scattering viewpoint, quantum walks can be seen as waves that are transmitted and
reflected at each vertex [9]. From the computer-science viewpoint, quantum walks can be used to
detect and to find marked vertices faster than classical random walks [2, 28] 27].

In this paper, we introduce the notion of partition-based quantum walk with the goal of analyz-
ing the equivalence of quantum walk models under a common framework. We address four models:
The coined, Szegedy, 2-tessellable staggered quantum walks, and a new model called two-partition
quantum walk, which is a partition-based quantum walk defined by two independent partitions of
the computational basis. The partition elements establish the notion of locality or neighborhood.
We prove that the coined, Szegedy, and 2-tessellable staggered models are two-partition quantum
walks. We also address the converse statement. In order to show that the two-partition model is
contained in the Szegedy and 2-tessellable staggered models, we have to extend the Szegedy model
for multigraphs and we have to loosen the way one chooses the local unitary operators. Notice
that, as a corollary, we obtain that the coined model is included in the extended Szegedy and
2-tessellable staggered models. Those results generalize the analysis of Refs. [22] 26].

The two-partition model is not contained in the coined model even extending the shift operator.
It is well known that the Szegedy quantum walks can be included in the two-step coined model,
which employs an evolution operator that is the square of the evolution operator of the coined
model, by using the swap operator as the shift operator [16]. This motivates us to analyze the
two-step coined model. We are able to prove that the two-partition model is included in the two-
step coined model. Since the two-step coined model is a two-partition model, we prove that those
models are unitarily equivalent (see Lemma [Il). Our results show that the two-step coined model
and the extended versions of the Szegedy and 2-tessellable models are unitarily equivalent (see
Theorem [I]).

In order to establish a unitary equivalence of the evolution operators of the quantum walk
models, we need to give a precise interpretation of the mathematical description of the walker’s
allowed locations for each model. In the coined model, the walker steps on the arcs of the graph.
In the Szegedy model, the walker steps on the edges of the graph, and in the staggered model, the
walker steps on the vertices of the graph. In the original coined model, it is possible to give a precise
direction to the walker’s steps via the shift operator. In the Szegedy and 2-tessellable staggered
models, the evolution operator is the product of two local unitary operators and, under the action
of each local operator, the walker goes to more than one location, using the state superposition
principle of quantum mechanics. The coined model and the extended version of the Szegedy model
use multigraphs. The staggered model always uses simple graphs.

This paper is organized as follows. In section 2, we define the two-partition quantum walk.
In section 3, we show that the coined, Szegedy, and 2-tessellable quantum walks are two-partition
quantum walks. We also define quantum walks on hypergraphs and show that it is also a two-
partition quantum walk. In section 4, we address the unitary equivalence among the models and
prove Theorem [0 which is the main result of this work. Finally, in section 5, we perform the
spectral analysis of coined walks.

2 Two-partition quantum walk

Let Q = {w1,ws, ...} be acountable set. We define two decompositions of €2 induced by equivalence
relations 71 and 7o over §2, such that

Qfm = {[wlx, [w €},
Qfmy = {[wr, | w € QY



where (W], = {w' € Q| 2w} (j =1,2) is the equivalence class of w. Let J; be the cardinality
of the quotient set Q/m; (i = 1,2) and let [J;] denote the set {1,2,...,.J;} (i € 1,2). We call the
elements of 2/m by C; for i € [J1] and the elements of Q/my by D; for j € [J2] and we assume
that |C;| < oo and |D;| < oo.

The Hilbert space induced by €2 is defined as

H=0Q)={p: Q> C| > |[¢w)]* < oo},

weN

whose inner product is the standard one. Each equivalence relation 7; induces an orthogonal

decomposition of H as follows
- @e-@o,
i€[J1] Jj€J2]

where

Ci={peN|w¢Ci=vw) =0} (i€clN]),
Dj={YeMt|wd¢ Dj=pw) =0} (jc k)

that is, C; = span{d,, | w € C;} and D; = span{d,, | w € D;}, where §,(-) is the Kronecker delta

function
@@ﬁ:f’ﬁ“:%

0 otherwise.

Let E; and F be local unitary operators on C; and D; for each i € [J1] and j € [J5], respectively.
E; is a local operator on C; when (4, ,E46,, ) = 0 if w or &’ does not belong to C;, and, in the
same way, F isa local operator on D; when <5w ,F dw) = 0 if w or w’ does not belong to D;. We
set B = @Ze[Jl]EZ, EBJG[JQ]F Thus (6,0, F6,) = 0 if w and w' belong to different partition

elements of 7, and also (d,, F dw) = 0 if w and w’ belong to different partition elements of 7.
Definition 1. The two-partition walk (2; 71, mo; U) is defined by the following items:

(1) The associated Hilbert space is H = (?(SY) endowed with the standard inner product.

A

(2) The evolution operator on H is U(Q, w1, mo; {Ei}ie[Jl}, {Fj}je[h}) F E and denoted simply
by U.

(8) The probability distribution is ,u,(1 .0 [0,1] for n € N, ¢y € H such that

O (w) = U™ o(w) P,

or i3 (Cy) = Tec, ™) (@)

The two-partition walk is a quantum walk on the discrete set €2 with an evolution operator U
that depends on partitions 7, and mo, which provide the notion of locality in 2. The partitions
allow us to choose two block diagonal unitary operators E and F, which determine the evolution
operator through the expression U=FE. We use U as representing the whole framework of the
two-partition walk (€2, 7y, mo; U)



Example 1. Let Q = {(a,b), (a,c),(d,c)} and let partitions w; and wy be respectively defined by
(O"ﬁ) ~ (0/518/) — 5 = /8/5
(o, B) R (o, ) = a=d.

In this setting, we have C1 = {(a,b)}, C2 = {(a,¢), (d;c)}, D1 = {(a,b),(a,c)}, D2 ={(d,c)} and
the matriz expression for the first and second operators E and F are given by

E: F:

)

| % *
* 1O O

0 0
x %
* %

S Of *
S| *x *

in the standard orthogonal basis of C3, O(ap) = [1,0,0]7, Oa,e) = [0,1,0]7, d(a,e) = 10,0, 17, and
the entries * can be nonzero.

3 Examples of two-partition walk

3.1 Bipartite walk

The bipartite walk is defined on the edge set E of a bipartite multigraph G = (X UY, F), where
X UY is the disjoint union of sets X and Y. The multigraph is connected and, as a particular case,
can be a bipartite simple graph. The X-end point of e € F is denoted by X (e) and the other end
point is denoted by Y'(e). Setting Q = F, we define equivalence relations w1 and 79 on E by

e f = X(e) = X(f),
e f = Y(e)=Y()).

The equivalence relation 71 provides a partition of E into equivalence classes [e]r, = {f € E| f ~ e
and, likewise, 7 provides a partition into [e]r, = {f € E | f = e}. The respective quotient sets are

Qfm = {leJr [e € B} ={C; |z € X} = X,
Qfmy = {le]m, | e € E} ={Dy |y €Y} =Y,

where C;, = {e€ £ | X(e) =z} and D, ={e € E | Y(e) = y}.

The one-step dynamics of this walk from an initial edge e € E is as follows: In the first half
step under the action of the unitary operator E, the walker moves from e to a neighbor edge f
so that e and f share a common end vertex in X, that is, X (e) = X(f). In the second half step
under the action of the unitary operator F', the walker moves from f to a neighbor edge g so that
f and g share a common end vertex in Y, that is, Y (f) = Y(g). The bipartite walk is determined
by a bipartite multigraph G' and by an evolution operator W, which is the product of two local
unitary operators each one obtained from the direct-sum of {Rw}gge x and {Ry}yey, respectively.
The bipartite walk is described by (G} W) or simply by W.

The Szegedy model [28] is a subclass of the class of bipartite walks. A bipartite walk is an
instance of the Szegedy model if the multigraph G is a simple bipartite graph (no multiple edges)
and the local unitary operators are obtained from stochastic matrices associated with a classical
Markov chain, as described in Ref. [28§].

Extending the Szegedy model
Now we present an extension of the Szegedy model for bipartite multigraphs using the bipartite



walk. Consider a classical Markov chain defined on a connected multigraph H = (V, E). Since
the bipartite walk is defined on a bipartite multigraph, we consider the duplication of the original
multigraph H similar to the method used by Szegedy. The duplicated multigraph is the bipartite
multigraph G = (Va, E5), where Vo = VUV’ V' is a copy of V, that is, V' = {¢/ | v € V'}, and each
edge (u,v) € E corresponds to an edge (u,v') € Ey so that |E(u,v)| = |Ea(u, )|, where E(u,v) is
the set of edges in E whose end vertices are v and v.

Consider two functions p : E(G) — [0,1] and ¢ : E(G) — [0, 1] with

S ple)= D qle)=1,VzeV, eV (3.1)

V(e)=x V' (e)=y

so that the original Markov chain on H is naturally lifted up to this duplicated multigraph G by
demanding that, for all u,v € V,

{ple) | e € Ba(u,v)} = {q(e) | e € Ex(u',v)}.

In the framework of two-partition walks, we set 2 = E; and define 7 and 9 as

e~ f = Vie)=VI(f),
e f = Viie)=V'(f).

We assign the local unitary operators {}Aﬁm}xev and {}?y}yev/ on each vector spaces C, and D,
using the following formulas

R, = 2|ag){a,| — 1¢,,
R, =2|8,)(8,| — 1p,,

where “|v)(y|” represents the orthogonal projection operator onto v € H, and |a,) and |3,) belong
to C, and D,, respectively, defined by

B ple) if V(e) =z,
az(e) = {0

otherwise,

@@:{Oﬂ@iﬂwaz%

otherwise.
The evolution operator is W = <@yevff2y) <@$evlf€$>.

Quantum search in the extended Szegedy model
Suppose we define a classical Markov chain in a connected multigraph H = (V| E). Searching
a vertex in H employing the Markov chain is accomplished as follows: The marked vertices are
converted into sinks (or absorbing vertices), by removing the arcs outgoing from the marked vertices.
This procedure generates a new directed multigraph that we call Hyy = (Vay, Ear), where M is the
set of marked vertices. The same procedure is used in the extended Szegedy model. The bipartite
graph G = (Va, Es) is also converted into a directed bipartite multigraph Gy = (V¥ AM), which
is called modified multigraph. The first column of Fig. Bl depicts an example of a multigraph H
and its version with one marked vertex represented as an empty vertex. The second column depicts
the corresponding bipartite versions, on which the extended Szegedy quantum walk takes place.
Note that it is possible to preserve completely the above classical dynamics on the directed
multigraph Gj; with sinks even on the non-directed bipartite multigraph, whose edge set is the
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Figure 1: Example of a multigraph H and its corresponding bipartite multigraph G (duplicated
multigraph). If M = {3}, Hjs is a directed multigraph and G, is its corresponding directed
bipartite multigraph, which has edges linking each marked vertex and its copy. A marked vertex
is a sink and is represented by an empty vertex.

support of the arc set of Gy when we modify the transition probability in the following way. Let
E3 be the set of non-directed edges linking each marked vertex with its copy. The modified p’ and
¢’ with domain EY = {|a| | a € AY} are given by

ple) ifV(e) ¢ M,
ple) =11 if e e Ej3,

0 otherwise

qle) ifV'(e) ¢ M,
de)=<1 if e € E3,

0 otherwise.

Since bipartite walks are defined on non-directed bipartite multigraphs, the quantum-walk dynamics
on the modified multigraph is readily obtained from the extended Szegedy model as soon as we
describe the modified stochastic transition matrix:

(P/) _ Zu:\/(e),v:\//(e) p’(e) cueV,ve V/,
| Zu=V’(e),v:V(e) qe) rueViveV.

The dynamics is driven by W = (Géyev/ff;) (@zevﬁfp) on (2(E3T), where R, and Ryl; are

defined in terms of o/,(e) and J (e) given by

T

poy L Jvr(e) ifV(e) =,
a(e) = {0

otherwise,
qg(e) if V'(e) =y,
gyle) =4 VIO HVO
0 otherwise.

Notice that a;(a)(la\) = 0 for the edge |a| corresponding to removing arc a with o(a) € M in Gy,
as well as a;(b)(]b]) = 0 for the edge |b| corresponding to removing arc b with o(b) € M’ in G)y.
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We consider W, with e € Ej, since ay(e) = 0c and Pyr) = de, we have Rv(e)é = J, and
R Vie )5 = 6. Therefore W6, = 4. holds, which implies that W acts as the identity operator on

the subspace spanned by {56 | e € E3}. From this above observation, under the decomposition
(BN = EQ(EQ) @ (%(F3), Ry := ®zex Ry and Ry := EByeyR are reexpressed by Rx = Rx s @
1g,, Ry = RY,M @ 1Eg,, where

RX7M =2 Z |O‘M7$><OZM,JB| - 1E2’
reX

Ry =2 Z 1Brmz) (Buma| — 1

rzeX

Here ay ar, By,m € ?%(Eyy) are the cut off on the marked elements of ol and 'BZ/J’ forzeV,yeV/,
respectively, defined by

, . / . /
s P RS (A
Then, the bipartite walk with the quantum search is expressed by

W = RyRx = RY,MRX,M © 1Eg,
under the decomposition /2(E);) = KQ(EQ) @ (?(E3). Since the initial state is usually given by

z)/ )be € (2(Ey),
\% e€E2

which has no overlap to the eigenspace spanned by Es, we can concentrate on the main operator
Ry, Mf% x,m on the subspace generated by Fjs.

Thus, the evolution operator of the extended Szegedy model for M U M’ C V5 driven by a
bipartite walk can be reduced to the following settings:

)= Fy,
e~ feVie)=V(f), (3-3)
e” feVie)=V'(f)
The evolution operator W = F'E on Gy with F' = @yevfﬁ’y and £ = @xevEx is expressed by
E, = 2|6,){ds| — 1c,,
By =2|B,)(By| — 1p,, (3.4)
where a,, 3, € £2(E») satisfy
(1) dg(e) = By (f) for every e, f € Ey and
V() =V'(f), V() =V'(e),
(2) if V(e) # x then ay(e) =0,
(3) for every z € V

- 1 ifx ¢ M,
||am||={

0 otherwise.

Conditions () and (2) are generalization of ([B.]). Condition (B]) is equivalent to ([B.2]). From now
on, we can regard Ry yRx p on Ey as the evolution operator of the extended Szegedy model.



3.2 Coined walk

The coined walk is determined by a multigraph G = (V, A), where A is the set of symmetric arcs
induced by edge set of GG, that is, a € A if and only if @ € A, where a is the inverse arc of a. The
origin of a is denoted by o(a) € V and the terminus of a is denoted by t(a). For a € A, |a| is the
edge in E inducing a. Setting 2 = A, we define the following equivalence relations

a~b <= t(a) = t(b),

a b <= la| = b

The equivalence relation 7; provides a partition of A into equivalence classes [a];, = {b € A| b~ a
and, likewise, 5 provides a partition into [a]r, = {b € A | b = a}. The respective quotient sets are

Qfm ={lam |a€ A} ={Cy[ucV} =V,
Q/mog ={[a|r, |a € A} ={D.|e€ E} = E.

We set C == {a € A|t(a) =u} and D, := {a € A | |a| = ¢}. The unitary operator £ = Gycy E,
associated with C,, is called the coin operator. The unitary operator F= Dec pF. associated with
D, is usually defined as Fa|5a = 5 and FM(S@ = Jq4, and is called the flip-flop shift operator. The
one-step dynamics of this walk from an initial arc a € A is as follows: At the first half step under
the action of the coin operator E, a walker on the arc a moves to a neighbor arc b that has a
common terminal vertex, that is, ¢(a) = ¢(b). At the second half step under the action of the
flip-flop shift operator F', the walker on b flips the direction to b. One time-step can be regarded as
the dynamics of a plane wave, which is reflected and transmitted in every vertex and its relation
to the quantum graph is addressed in Ref. [I2]. The evolution operator is I =FE.

Extending the shift operator

A natural extension of the coined walk is to extend the “shift” operator E, corresponding to the
transposition so that F. is a general two-dimensional unitary operator. When we perform such
an extension, we can find the unitary matrices in the studies of the CMV matrix [6], a radio
activity isotope separation by alternative terahertz pulse engineering [18], and quantum simulation
of topological phases [14],[4]. For example, for the CMV matrix, the corresponding coined walk with
the extended shift operator is expressed as follows: the graph is the one-dimensional half integer
lattice, and the coin and extended shift operators are

0:1@[71 Pl]@[’m Ps]@_”
P11 —71 P3 —73

S:[% PO}@[W pﬂ@
Po =0 P2 —2

under the order of the standard basis of the coined walk (0;—), (1;+),(1;—),(2;+),(2;—),...,
where (i;€) is the arc of the half integer whose terminus is ¢ and origin is ¢ — e. Here ; € C with

|vj| < 1is called the Verblunsky parameter and p; = /1 — |yj|?. The CMV matrix is expressed
by (SC)T.

Quantum search driven by coined QW

In particular, if we assign the following local coin operator E, to each v € V with the marked
vertex set M C V, then it is called Szegedy’s coined walk with the marked vertices M: Let a, be
a unit vector on C,, and fo: V — {0,1} be fo(u) =1if w € M and fo(u) =0 if u ¢ M.



(1) Case (I):
Eu = 2|au,M><au,M| - ]-Cua

where ay, pr is
ay = folu)ay,.
Let Ay C £2(A) be the subspace spanned by the target space as follows:
Apnr = span{ay | u € M}.

The evolution operator Uy = SCyy - 2(A) — 2(A) with Cu = @uevEu and the flip-flop
shift operator S is reexpressed by

UM = U@(HAh - HA]VI)’

where U@ is the unitary operator replacing o, ps with a unit vector a,,(# 0) for every u € V,
since Cpy = Cp — (Cyp — Cpp) = Cp — 2114, = Cy(1 — 21 y,,) = C(b(HAﬁ —114,,).

(2) Case (II): Another natural way of extending is as follows. Let =, be a unit vector on C,.
Then we define

~

E, = (=)™ @2ly) (vl - Lc,) -

Remark on a vertex based formulation

There is a vertex-based formulation when the coined walk on multigraphs is based on arcs. The
vertex-based formulation of the coined walk is quite useful when we consider the quantum walk on
a d-dimensional torus lattice Ty or an infinite lattice Zy4. This formulation is rather familiar for
some researchers in the area of quantum walks. However, the efficiency of this formulation seems
to be restricted to at most a regular multigraph. Here we consider only a regular lattice as the
graph G = (V, E) for a simplicity. Let us consider the Hilbert space

H =C(V;C) ={y: V= C| Y [[e()[[Bes < 00}

xE€Z4

The inner product of £?(Z%;C??) is

(W0 =D (W(x), p(x))cea.

zeV

The dimension of the internal space C2¢ corresponds to the direction e, —e, ..., ey, —eq, where
e1 =[1,0,...,0T, es =10,1,...,0]",...,eq =[0,0,...,1]T € Z?. We set the complete orthogonal
system of C%¢ by {|),| —j) |7 =1,...,d} with

‘_1> :[1707"'707O]T7 ‘1>: [0717---7070]T7"'
| =d)=10,0,...,1,0F, |d) = [0,0,...,0,1]T e C*.

The evolution operator UV = gvév is expressed as

(Svlb)(.%') = [1/}—1(1. + 61),¢1(.%' - 61), o 7¢*d(x + ed)awd(x - ed)]Ta



for i(z) = [ 1(@), ¥1(2), .. p_g(x), a(a)] .

Let C" : V — { 2d-dimensional unitary operators }. Then

(Cvi)(z) = C' ()i ().
We have the following expression which is a derivation that shows why quantum walks are called

quantum analogue of random walks:

~

ZP (z — e))(x — ej) + P_j(x + €;)¢(x + e;),

where Pyj(z) = | 4 §)(+j|C" ().
Each arc a with t(a) = x of G is labeled by
y {(um —j), ifo(a) =z + e,
(x;7), ifola) =2 —ej,

for j =1,...,d. We define the unitary map from the vertex based space £2(V; C2?) to the arc based
space £2(A) as follows:

(To)(x;5) = (J; () caa
for j € {#1,...,4d}. The inverse map I'~!: ¢2(A) — (2(V;C*) is
(O ) (@) = [l 1), (1), (e —d), ;)T

Proposition 1. For any vertex-based formulation UV, there exists an arc-based formulation Ua
such that
Uy = F_lUAF.
Proof. Let S, : 2(V;C2?) — ¢2(V;C?%) be a permutation operator such that
(Saﬂﬂ)(x) = lp1(z+e) p-1(z —e1),...,0a(z + €q), p—alz — ed)]T
We have
(DSoI~1)(w;.5) = (= — sgn(s)ej: —j),
which implies Sy := I'S,I"! is the flip-flop shift operator of (2(A), that is, (Sav)(a) = ¥(a).
Notice that

d
oo = | D HEIEE!
j=
Combining the above expressions, we have
LUy~ = (DS, T - (1S, 8,CTr 1)
= SaCua, (3.6)
where Cy = @,eyC'(z) : £2(A) — (2(A) such that

d
C'(z) =T @1[(1) (1)] Cz) | TN (3.7)
Ol

Notice that as expressed by (B, the rows which indicate the positive and negative direction of
e; are swapped between the local coin operators in the vertex and arc representations (j = 1,...,d).
The shift operator S, is called the flip-flop shift and Sy is called the moving shift.
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3.3 Staggered walk

A quantum walk is a staggered walk on a connected simple graph G = (V, E)) when it is based on
a tessellation cover. A tessellation 7T is a partition of the graph into Chquesﬁ where each partition
element is called a polygon. A tessellation cover is a set of tessellations {71, ..., T} that covers the
graph edges, that is, UF_,E(T;) = E, where £(T) is the set of edges of tessellation 7. An edge
belongs to a tessellation if the vertices incident to the edge belongs to the same polygon. When
the tessellation cover has size k, the graph is called k-tessellable [25], 23]. Given a graph G, an
interesting problem in graph theory is to determine the minimum size of a tessellation cover of G.

In this work we address only 2-tessellable staggered walks. A graph G is 2-tessellable if and
only if the clique graph K(G) is 2-colorable [23]. It is known that a graph G has a 2-colorable
clique graph if and only if G is the line graph of a bipartite multigraph [2I]. Then, in our case, G
is the line graph of a bipartite multigraph. Notice that the line graph of a bipartite multigraph is
a simple graph.

Suppose that graph G = (V,E) admits a tessellation cover {77,7T2} of size 2. Let T3 =
{K1, ..., K7}, where each K, is a polygon of 71 and |71 is the number of polygons in 7. Besides,

K, is a clique and K, N K,y = ) for p # p’ and Um|K = V. Likewise, T2 = {Kj, ..., ‘7—2|}
where the set {K],..., K ‘7—2 |} is a second partition of the graph into cliques. The tessellatlon
union must cover the graph edges, that is, £(71) U £(72) = E, where £(T1) = ULE'lE(Kp) and
E(T2) = UL E(KD).

In the framework of two-partition walks, we set 2 = V and define m; and 7y as

u ~ v <= Ip € Ty such that u,v € V(K)),
u = v <= 3q € T3 such that u,v € V(K,).

The respective quotient sets of V' by 7 and g are

Vim ={Cp[peTi} =T,
Vima={Dq | q€Ta} =T,

where €, = {u € V [ u € V(Kp)} and Dy = {u € V | u € V(Ky)}. Thus, the staggered walk is
determined by (G; T1, Tz; ) where G is a 2-tessellable simple graph; ’7'1 and Ty are tessellations of
G; and the evolution operator is U = F' E, where E = ®p€m|E and F' = EBq€|7—2|F

The association between a tessellation and a unitary operator in the staggered model is per-
formed in the way described in [25, 24]. Here we extend this connection. Consider tessellation 71,
which is the set of polygons K, for 1 < p <|T;| and tessellation 73, which is the set of polygons K (’1
for 1 < ¢ < |72]. A polygon K, must be associated with a Hermitian operator pr in the Hilbert
space C, spanned by the vertices of K, and, likewise, a polygon K, (’I must be associated with a
Hermitian operator I:Iz’, in the Hilbert space D, spanned by the vertices of K, (’1. Any choice of I:Ip
and I:I;) is acceptable as long as I:Ip and ﬁzl) are Hermitian. A natural way to choose ﬁp and I:I;) is
to use a classical Markov chain with symmetric transition matrix or to use the adjacency matrix A
of G. ﬁp and H, Z] are obtained from A by deleting the lines and columns of A associated with the
vertices V' \ K, and V' \ K (;, respectively. Notice that the Markov chain and the staggered walk are

defined on the same graph G. Following [24], the local unitary operators {E,},e7; and {F,}er

*A clique of G is a set of vertices that induces a complete subgraph of G.
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are defined as

where 61 and 0, are angles.
An interesting form for operators H,, and H; discussed in [24] is

~

Hy, = 2|ap)(op| — 1c,,
ﬁé - 2’ﬁq><ﬁq‘ - 1an
where |a;) and |3,) are unit vectors in C, and D, respectively. Notice that in this case
E, = cos(f1)1¢, + isin(0;)H,,

F, = cos(02)1p, + isin(f) H,,.
Quantum search in the staggered model
One of the most interesting method to search a marked vertex assuming that the graph G has M

marked vertices is use the query operator

Un =2 |up(ul = 14 (3.8)
ueM

In this case, the evolution operator is U = F' EUy;. This method is similar to the one used in the
Grover algorithm. There is a slight variation that uses the operator U = F Uy E Ups. Ref. [3] used
the query-based method to show an example which is quadratically faster compared to random-walk
based algorithms on the same graph.

The query-based search does not directly reproduce the searching method employed in the
extended Szegedy model. To exactly reproduce Szegedy’s method, it is necessary to introduce the
concept of partial tessellations, which was addressed in [25] 22]. In the staggered model, it is not
necessary to modify the graph in order to search for a marked vertex. The concept of partial
tessellation exactly reproduce the method that uses sinks in directed multigraphs in Szegedy’s
model.

3.4 Quantum walk on hypergraphs

We propose a quantum walk on hypergraph H = (V, ), where V is a discrete set called the vertex
set and € C 2" is called the hyperedge set. If v,u € e € £, then we say that v and v are adjacent.
In particular, if we set & C (‘2/), then the hypergraph reduces to a graph. In the framework of
two-partition walks, we set

Q=A:={(e,u) |e€&, ucEe},

and define the equivalence relations m; and 7o as

The quotient sets are

A/m = {{(e,u) | Ve, u€ e} |ueV},
Ajmo = {{(e,u) | Vu, uce}|ec&}.

12



Walk | Bipartite (B) Coined(C) Staggered(S) Hypergraph
(Sec. 3.1) (Sec. 3.2) (Sec. 3.3) (Sec. 3.4)
edge set symmetric arc vertex set pair of hyperedges

Q of a bipartite set of a of a and its
multigraph multigraph 2-tessellable graph | contained vertex

Q/m | X-end vertices | terminal vertices tessellation 77 vertices

Q/m | Y-end vertices edges tessellation 7a edges

Table 1: Examples of two-partition quantum walks.

When we take £ C (‘2/), A is isomorphic to the symmetric arc set A of the graph induced by the
following bijection ¢ : A — A. If e = {u,v} € &, then

Ho((e, u)) = u, o(6((e,u))) = v.
Thus the inverse is expressed by
¢~'(a) = (la,t(a)), a € A.

Remark 1. Assume that £ C (‘2/)
o(e’',u'). Then, we have

Using the above bijection map, we define a = ¢(e,u), b =

(e,u) N () < t(a) = t(b),
(e,u) R (¢,u) <= la| = [b].

Thus, a and b satisfy the equivalence relations 7 and 7, of the arc set of the graph for the coined
walk case in Sec. 3.2. This quantum walk is naturally extended from the coined walk on a simple
graph to a quantum walk on a hypergraph.

4 Unitary equivalence of quantum walks

Let P, B, and S be the family of all two-partition walks, all bipartite walks, and all 2-tessellable
staggered walks, respectively. The family of all coined walks is denoted by C, which has evolution
operator I' = f(G; {Cyu}uev). We also define the family of the two-step coined quantum walks,
which is denoted by Cy and has 2 as evolution operator. The two-step coined walk can also be
formulated in terms of the two-partition walk model, see Lemma [I] for details. Table [[l summarizes
the quantum walk families analyzed in this work. Each quantum walk model is described by
(L; ©), where L is the discrete set K (walker’s positions) together with two partitions, and © is
the evolution operator. The evolution operator O acts on ¢*(K). Table 2 describes L, K, and 6
for each family of quantum walk model. We define an order between the families of quantum walk
models as follows.

Definition 2. Assume that A € {P,B,C,C2,S8}. For any quantum walk in A with the evolution
operator © that acts on (*(K), if there exists a quantum walk in A’ € {P,B,C,Ca, S} with evolution
operator ©' that acts on (*(K'), and an injection map n: K — K', such that

. o
©=U, o' U,,

then we denote A < A'. Here Uy : (*(K) — (*(n(K)) is the unitary map, that is, Uy)(a) =

Y(n~Y(a)). In particular if the converse also holds, that is, A = A’, then we denote A= A’.

13



P B C Co S
L Q; 7y, T bipartite multigraph multigraph 2-tessellable
multigraph graph; Ty, 7o
induced induced
K Q edge set symmetric symmetric vertex set
arc set arc set
6| GieaymB) | @yerBy) | 8- @ucvCo) | (5 @ucvCa))? | (@qersby)
'(693’6(2 T Ej) '(®m€XR:v) '(@pe'ﬁ Ep)

Table 2: Family of quantum walks P, B, C, Ca, and S, which are characterized by (L, é)), where L

is the discrete set K together with two partitions, and O is the evolution operator.

The previous examples in Secs. 3.1, 3.2, and 3.3 show that B,C,S < P, respectively. Next, we
show “B > P” in Sec. 4.1, “S = P” in Sec. 4.2, “B < C5” in Sec. 4.3, and “B > C2” in Sec. 4.4. See

also Fig. 1 for the commutative diagram. In this section, we show the following theorem:

Theorem 1. Let P,B,C,Co,S be the families above defined. Then,

C<B2P=S=C,

See the commutative diagram in Figs. [d and the injection maps in Table. [3.

‘7,5
r
P g
@) vy,
7
N YE e'ap,’ Symmetric digraph
é.’" of bipartite multigraph
G /st,q‘ (Sect. 4.3)
¥ Yy ;
I —
c Q| |¢ B Cs
s W & —
(4) £ (B)" p~T @
A‘D duplicated multigraph
\s?— (Sect.4.4)
/ &
%
S

Figure 2: Commutative diagram of B, P, § and C,.

vE : Q= E(Q;m,m)

X(veWw)) = w(CWw)), Y(veW)) = w(D(W))

fX : E(G) — Ax(G)

t1(£x(6)) = X(e), o(&x(e)) =Y(e)

n ' AG) — E(Gs)

V(n_!(a) =t(a), V'(n"'(a)) = o(a)

Table 3: Maps Vg, {x, and 7! (see also Fig. 2).




Wy P
w(Dj)
Ve alier oY%

v ¥ N4 )
a —_—
) Ot aaf® ofa)

Figure 3: Maps vg, &x, and n~ L.

4.1 Proofof P < S
We define the following simple graph by H(€2; 71, m2). Here

V =9¢(Q),

where ¢ is a bijection map from 2 to V. For u,v € V with u # v,

{u,v} €EE & ¢ H(u) X ¢ (v) or 7 (u) X 67 (v).

It is obvious that this graph is 2-tessellable and tessellation 7 is isomorphic to /7 and tessellation
T3 is isomorphic to /me. We have T1 = ¢(Q/m1), To = ¢(Q/7m2), and ¢~ (p) = {w | p(w) € p} €
Q/m1, 6 Hq) = {w | p(w) € ¢} € Q/m; for p € T1, ¢ € To. Then, we have the following proposition
which completes the proof of P < S:

Proposition 2. Given U = (@je[J2}Fj) (@ie[]l]Ei) € Pin (Q;m1,m2), let H= (V, E) be the above
2-tessellable graph. Let Uy : 02() — (2(V) be a unitary map such that Usp)(v) = (¢~ (v)).
Then, there ezists R = <€Bq€7—2Fé> (@pe'flE

AI’,) on (2(V) under the clique decompositions T =
o(Q/m1) and Te = ¢(Q/m2), such that

. -
U=U; RUy,

which implies P < S. Here, Fé = U¢F¢71(Q)U¢_1 and E;, = U¢E¢f1(p)l/{(;1.

Proof. We show that U¢0u¢:1 is an evolution operator of a 2-tessellable staggered walk on H =

(V,E) induced by (€;m,m2). The operator U¢UU(;1 is a unitary operator on £?(V) since we

just take a relabeling the standard bases of £2(Q) by the bijection map ¢. Thus, the problem is
reduced to show that L{d)E’jZ/lq:l and L{¢F,~L{;1 are local unitary operators on span{d, | u € ¢(C;)},
span{d, | u € ¢(D;)} C £3(V), respectively, since T; = ¢(Q/m;) (i = 1,2). It is sufficient to show
the locality because it is clear that they are unitary.

We put u = ¢(w) and v = ¢(w’). Notice that

u € ¢(C)) & o(w) € ¢(C;) & w e (.
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Using this, we have

ué d(Cj)orvég ¢p(C)) e wé¢Cjorw ¢ C;
= (04, Ejd0) =0

since F; is a local operator on span{d,, | w € C;} C £2(Q). Thus

u @ (C;) or v & ¢(C;) = Uy Sy, BiU, Spr)) = 0
& (Dp(u) Us By g ) = 0

which implies that Z/{(bEjZ/{q;l is a local operator on span{d, | u € ¢(Cj)}. O

(i) (a,b)
(a.¢) (die) (me) (d,¢) (a1 (:] (d, C]

(i) (a,8) (a,b)

Tz
Ti ; Y
£
l/ "
r" 4
Gy

.

@) @) (@e”

.o

Figure 4: The graph induced by (; 71, m2) of Example[Ik Figure (i) depicts the subgraphs induced
by w1 and 7g, respectively, whose union is the graph associated with Example [l Fig. (ii) depicts
tessellations 77 and 7s.

4.2 Proofof P < B
Given a two-partition walk (Q; 7, m2) with Q/m = {C;}, Q/m = {D;}, we define C(w) = C; and
D(w) = Dj for any w € C; N D;.
Definition 3. Let ) be a discrete set and w1, 2 be partitions, that is, Q/m1 = {Ci}ic| s, /T2 =
{D;}jess)- The generalized intersection graph induced by ($4;7m1,72), G(;m1,m2) = (X UY, E), is
defined as follows:
X = (Q/m), Y = v (Q/m2),
E =vg(9).
The bijection maps vy : Q/m UQ/ma — X UY and vg : Q@ — E are defined as follows:
PYV(CZ) - ia PYV(DJ) = ja
X(yp(W) =w(CW)), Y(reW)) = w(DW)).

The graph G(Q;m, ) is a bipartite multigraph; the multiplicity between z € X and y € Y
is described by ]’y;l(x) N ’y;l(y)]. Conversely, given an arbitrary connected bipartite multigraph
G = (X UY,E), we can induce (Q;m,m) as follows: Q = FE, e ~ f < X(e) = X(f), e © f <
Y (e) = Y (f). Therefore, the set of all connected bipartite multigraphs and the set of all (€2; 71, m2)

are isomorphic. Using the above bijection map vg : 0 — FE, we have the following proposition
which completes the proof of P < B:
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{(a,¢),(d,c)}  {(a,b)}

-
e \
.l LI}

{(d,0)} {(a,0) (a,b)}

Figure 5: The intersection graph induced by (€2; 71, m2) in Example [I]

Proposition 3. Let U, : (>(2) — (*(E) be

(Usp)(e) = (75 (),

where E is the edge set induced by (§2; 771,712) Then, for any two-partition walk U = U(Q T, T2;
{E;}, {F }) € P, there exists a bipartite walk W € B on the generalized intersection graph (XUY, E)
of (1, 7m9) with {R;}iex, {R;}jey such that

U=U_ Wi,

Here X = vy (Q/m1), Y = v (Q/m) and R; =U, SEU! ]:Zj = UA,EFjUA/_El.

YE’

Proof. It is sufficient to show that U, EZL{,Y_; and U, F}U;El are local operators on span{d. | X (e) =

Yy (C;)} and span{d. | Y(e) = vy (D;)} C (3(E). respectively. Putting e = yg(w), f = yp(w’), we
have the following equivalent deformation as follows:

X(e) # wl(Cs) or X(f) #w(Ci) & w(C(w)) #(Ci) or v (C(W')) # v (Ci)
o C(w) £ C or CW) £ C;
Swé¢Ciorw ¢ C;

Since Fj; is a local operator on span{d,, | w € C;}, then

X(e) #w(Ci) or X(f) # 1w (Ci) = (8, Eidur) = 0
0

= <u’yiEl YE(W)s EU'YEI‘S'YE( n) =0
- <5E,U,YEEAZ‘U,\/E (5f> =0.

Therefore L[WEEAZ'L{;E1 is a local operator on span{d. | X(e) = v (C;)}. In the same way, we can
show that LIWEFJ‘LI;EI is a local operator on span{d. | Y(e) = vy (D;)}. O

From Secs. 4.1 and 4.2, we obtain automatically the equivalence relation between B and S.
The line graph of G = (V, E), L(G) = (VL, EL), is defined as follows:

Vi =FE
Ep={e filenfeV}

Remark 2. The graph H(S2; w1, m2) in Sec. [{-1] is the line graph of G(§2; 71, m2) of Definition [3
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4.3 Proof of Bx=(,

As a preparation for the proof, we reexpress Co, whose evolution operator is described by two steps
of a coined walk, in the framework of the two-partition quantum walks, which will be useful for the
proof.

Lemma 1. Every two-step coined walk on multigraph G = (V, E) is formulated by a two-partition
walk (71, w23 {Ey buev, {Fv }oev ), where Q = A,

a~b e ta) =t(b),

a = b o(a) = o(b),
and Fu = S'E’US', ueV.
Proof. The evolution operator of the two-step coined walk is described by

Iy = (5CS)C,
where S and €' = @uevEu are the shigt and coin operators, respectively. The coin operator is the
direct sum of local unitary operators F,. Since F, is a local operator on C,, it holds
t(a) # wor t(b) # u = (8, Ey,0,) = 0.
This is equivalent to
o(a) # wor o(b) # u = (8, SE,S8,) = 0,

since S flips the direction of each arc. Therefore SCS follows the decomposition A/my and the
local unitary operators {F, }yev are {SE,S}uev. O

4.3.1 Proof of B < Cs

For given W € B with G = (X UY, E) and {R,},cx, {}Aﬁy}yey, we will show that W is expressed
by some (@UEVFu)(@UEVEu) € C? using Lemma [Tl
Let A be the set of symmetric arcs induced by E for given bipartite multigraph G = (X UY, E).

We define injection maps £x,&y : E — A such that

t(lx(e)) € X, o({x(e) €Y,

HEv(e)) € Y, oféx(e)) € X.
Setting Ax = {a € A | t(a) € X} and Ay = {a € A | t(a) € Y}, we have {x(F) = Ax,
¢y (E) = Ay C A. The inverse maps restricted to the domains by Ay and Ay are £5'(a) = |al,
¢ (a) = |al, respectively. We define a unitary map U, : £2(E) — (2(Az) by

Us,¥)(a) = ¥(&5' (@) (Z = X, V).

Using these unitary maps, we obtain the following proposition which implies B < Cs.

Proposition 4. For any bipartite walk W = }AEQ/RX € B on a connected bipartite multigraph
G = (X UY,E), let the unitary map Ug, : (*(E) — (*(Az) be as above described (Z = X,Y).
Then, there exists a coined walk U € C in (2(A) such that

W = ngIU%ng,

wherAe U is the evqlutz’on operator of a coined quantum walk on (*>(A) so that U = SC with C =
ngXRXUgXl @ ngyRyZ/ngl under the decomposition (*(A) = (*(Ax) @ *(Ay).
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&
\ ®

Figure 6: The maps £x and &y

Proof. First we show that Z/ngf%xl/lgx ! and nglfi;ugx ! (x € X, y € Y) are local operators on
{8a | t(a) = 2}, {8 | o(b) = y} C £2(A), respectively. It holds

tla) =z < tléx(e)) =z < X(e) =,
where we put a = {x(e) and @’ = {x(€¢’). Using this, we have
tla) #xort(d) £z e X(e)#£zor X() £z

= (e, Ryber) = 0
& (80, Uex Rall; ' 00r) = 0.

Thus Ug Riugx ! is a local operator on span{d, | t(a) = x}. In the same way, it holds

o(b) =y < o(Ex(e)) =y = Y(e) = v,
where we put b = £x(e) and V' = £x(€¢’). Using this, we have
o(t) # y or oft) £y & Y(e) £y or V() # y
= (6, Ryder) =0
& <5b,U§XR;u§_X15b/> =0.
Thus Z/{gX]:Zg/L{gxl is a local operator on span{d, | o(b) = y}. On the other hand, in a similar

fashion, we can also show that U, ]:Z’yl/{gy ! and UgYqugy ! are local operators on {4, | t(a) = y},
{64 | o(a) = x} C F?(A), respectively. By Lemma/[I], setting

E = Ug, RxUZ! & Ug, RYU
F = Uy RyUg | © Us, RxU)!

under the decomposition (2(A) = (2(Ax) & (2(Ay), we see that FE : (2(A) — ¢2(A) describes an
evolution operator of a two-step coined walk U? on G. Therefore

U? = Uy Ry RxU; ! & U, Rx RyU !
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Putting Ilj2(4, as the projection onto £*(A)x, we have
UQHp(AX) = UgXRyRXug_Xl
<~ UZHp(AX)ng = U§XRyRX
<~ UZU§X = U§XéyRX
S U U Uy = RyRx = W.

Thus, we obtain the desired conclusion. O

4.3.2 Proof of B >~ Cs

Let Gy = (Va, E3) be the duplicated multigraph of G = (V, E). We call the bijection map from
V — V' by ¢, where V' is the copy of V, that is, ¢(v) = v' and ¢~ (v') = v. The end vertex in V
is denoted by V(e), and one in V' is denoted by V'(e) for e € Ey. The symmetric arc set of G is
denoted by A. The central players are F5 and A, and the bijection map 7 : F3 — A is defined by

t(n(e)) = V(e), o(n(e)) = ¢~ (V'(e)).

The inverse map is

V(') = t(a), V'(n" " (a)) = 6(o(a)).
This is equivalent to that u and ¢(v) is adjacent in Gy if and only if there exists an arc a such that
t(a) = v and o(a) = v in G. Note that n7!(a) and n~!(a) give the following crossing relation:

o(V(~H(a)) = V(' (@)), o(V(n~" (@) = V'(n"(a)).
The unitary map induced by n, U, : £2(Ey) — (2(A), is
(Untp)(a) = (0~ (a)).

Using the bijection map 7, we obtain the following proposition which implies B > C,.

G Go
1 1
1 4 2 o
3 3
& 3
3 4

Figure 7: Duplicated multigraph.

Proposition 5. Let U = SC be the coined walk on G with C = @uev{éu}- There exists a bipartite
walk W = (@u'eV'f%/) (EBUE‘/RU) on Go such that

U2 =u,Wwu, .
The local unitary operators of the bipartite walk are
R, =U"Clhy, R, =U, ' SC,SUy. (4.9)
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Proof. We show U, 1772 U, is an evolution operator of a bipartite walk on G3. By Lemmal[l the two-

step coined walk on G is expressed by F'C, where C and F are direct sums of {éu}uev and {Fu}ue\/
following the decompositions of arcset A; Uyey{a € A | t(a) = u} and Uyey{a € A | o(a) = u},
respectively. Here F, = SC,,S for every u € V. First we need to show that U, IC’UU,] and U, 1Fu1/ln
are local unitary operators on span{d. | V(e) = u} and span{d. | V'(e) = u'}, where v’ is the copy
of u. We put n=%(a) = e and n=1(b) = f. For u € V, it holds

Vie)=ue V() =ustla)=u.
Using this, we have
V(e) #uor V(f) #u < t(a) #uort(h) #u

= (0q, Cudp) =0
& (8e, Uy Cullyb7) = 0.

In the same way, for v’ € V’, it holds
Vie)=u < V' (n 7 a)) =u < o(a) = u.
Using this, we have
V'(e) #u or V/(f) #u' & o(a) # uor o(b) # u

= (04, Fudp) =0
& (0e, Uy Elhydg) = 0.

Then, u,;léuun and u,;lﬁuun are local unitary OpeI‘atAOES on span{d, | V(e) = u} and span{d. | V'(e) =
u'} for every u € V. Therefore, by Lemma [T, U, g CU,, is the evolution operator of a bipartite
walk on G9. This completes the proof. O

In the rest of this section, we consider a special bipartite multigraph which is a duplicated
multigraph.

Lemma 2. If a bipartite multigraph is the duplicated multigraph of H and the evolution operator
of the bipartite walk W on this bipartite multigraph is given by {Ry}vev and {R., }yeyr satisfying

(0ey Rybs) = (8o, R, 5 ),

where (V(¢')) = V'(e) and (V(f')) = V'(f), then W is unitarily equivalent to the two-step coined
quantum walk U on H as follows: R )
W =u, U,

Here the local coin operators of U are described by {un}?uu,; Noev.

Proof. Similar to the previous proofs, it is easy to show that Unl%vl/{n_ 1 and L{n]:?;,l/{n_ 1 are local
unitary operators on span{d, | t(a) = v} and span{d, | o(a) = v}, respectively (v € V, v' € V).
Moreover for e, ¢, f, f € Ey with (V(¢/)) = V'(e) and (V(f'))' = V'(f), the condition (5, R,d.) =
(641, R!,00r) is equivalent to

—1 D 7/—1 -1 /7 —1
Uy 0y Bolly Oy} = Uy Oy grys By Oery)-
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Note that n(e’) = n(e), n(f') = n(f) € A hold. Thus putting a = n(e) and b = 5(f), we have
(3, Rub) = (311, Ry

< (U, 15a,R Uy 6) = Uy, 6a, R, U, )

& (8o, Uy Rl 64) = (80, Un R U, )

& (0as Un Rl 84) = (0a, SURLUTSE).

Therefore, we have shown that U, IWUn describes a 2-step coined walk on H. O
Lemma [2 leads to the following corollary:

Corollary 1. Let G = (V, E) be a connected multigraph and Go = (V U V', Es) be its duplicated
multigraph, where V' is the copy of V.. The set of symmetric arcs of G is denoted by A. The
quantum search driven by a bipartite walk on Go with respect to (33) and ([37) and the square
of one driven by coined walk on G for case I are unitary equivalent with respect to a unitary map
Uy, : 1?(Ey) — (2(A). Here the unitary map U, is denoted as follows:

(Uy¥)(a) = P(n™ (a)),

where the bijection map n: Fy — A is

5 Spectral analysis of coined walks

As discussed in the above section, the quantum walks analyzed in this work can be interpreted as
a two-step coined walk. We put our attention in the class of coined walks in order to analyze it
in more detail. The total Hilbert space in this case is # = £?(A). Now we show the spectral map
theorem of coined walks with some special coin.

5.1 Setting

For given connected graph G=(V,A), we assign local unitary operators C, for each u € V under
the decomposition H = (?(A) = @uev{¥ | t(a) # u = ¥(a) = 0} in the coined walk. We assume
o(Cy) € {1}, where o(-) is the spectrum. The subspace C, are decomposed into

Cu =ker(1 — C,) @ ker(1 + C,).

Remark 3. This setting includes all previous examples for quantum searches of M, that is,

N 1 3 M
Casel: dimker(l —C,) = qu ¢ M,
0 ifue M.

1 ifu¢ M,

Case IT: dimker(1 — C’u) = .
deg(u) =1 ifue M.
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Putting d, = dimker(1 — C,,), we set
V= {(u,?) | ker(1 —Cy,) # {0}, £=1,....d,}. (5.10)
We define K = ¢%(V) such that

K= GB C% = span{ |u; £) | (u,0) € V}.
wker(1—Cy )70

Here |u;¢) denotes the standard basis of V. We set U = SC where S is the flip-flop shift operator
and C' = ®ueyCy. We will express the spectrum of U on E?(A) whose cardinality is |A| by some
self-adjoint operator on K whose cardinality is reduced to |[V| < |A].

5.2 Boundary operator

Let the complete orthogonal normalized system (CONS) of ker(1 — C,) # {0} be {a }d“
define 9 : H — K by

(09)(u; ) = (), ). (5.11)

It is equivalent to
diay

904 = Z af () [t(a); £).
The adjoint operator 9* : K — H is given by

di(a)

= ;j F(t(a); Ol (a).

We observe that

(0" (@) = (FE@: ). afy(@) .. -

It is equivalent to

*|u 0) = Y. (5.12)
The following important relations hold:

90" = 1x; (5.13)
90 = e, | ker(1-Cu)s (5.14)

where IT;; is the projection onto H' C £2(A). Therefore the coin operator C' is expressed by

C =200 — 1y. (5.15)

5.3 Underlying graph and a dynamics on it

Definition 4. Let G = (V, A) be the symmetric directed graph which may have multiple arcs and
V be defined by ([EI0) induced by V and {d, tuev. We set the underlying graph G determined by
(G,{dy}uev) as follows. The set of vertices of G is V. The set of symmetric arcs A of G is given
by

#{a e A|t@) = (w0), o(@) = (u/,0)} = #{a € A[ t(a) = u, o(a) = '}

for every £ =1,...,d, and V' =1,...,d,.
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We define a weight w : A — C by

for & € A such that o(@) = (o(a); £) and t(a) = (t(a);£).

Definition 5. The operator T : K — K is defined by

(TH@ =Y wbwd)flob)

beEA : t(b)=a
for every € V and f € K.
Lemma 3.
T = 0S0*;

Proof. ifhe first part is obtAained by a direct computation. For the second part of the proof, put
pe€ o(T) and f € ker(u —T'). Then
uPlIf|1? = (059" f,050" f)
= (Sf,1,50f) < (S f,05f)
= (f.1) <IFIP,

where II; := 9*0. O

5.4 Spectrum of U? € C,
We set £ := 9*K + S9*K C H, which is called the inherited subspace. In [I7], o(C,) = {#1} and

dimker(1 — C’u) =1 for any u € V were assumed, on the other hand, we relax this assumption to
o(Cy) C {£1}; the eigenvalues and its multiplicities of C,, depend on v € V. However a similar
argument to [I7] holds and the proof is essentially same as [I7]. Thus we skip its proof.

Theorem 2. Let G = (V, A) be a connected multigraph. The unitary operator U on H denotes
the evolution operator of a coined quantum walk on G with the coin operator {C tuev, where
U(C ) C {£1}. The evolution operator of the underlying cellular automaton on G is denoted by
T:K — K. Then we have

U == (75 ©® ﬁLL
and
ker(e? — U) =
{Zarema (L= €9)0" feoso | feoso € ker(cos§ 1)} - ¥ € o(U) \ {£1},
{0" feoso | fooso € ker(cos 0 — T)} el e o(Ulp) N{£1},
ker(d) Nker(1 + ) e e o(U|pr) N {%1}.

The above theorem immediately leads to the following corollary:
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Corollary 2. The setting and notations are same as begore. Then,

ker(e? — U?) =
{\/5‘ si111(9/2)| (1 - ew/zg)a*fcos(e/Q) ‘ fcos(€/2) € ker[COS(H/Q) - T]} e e U(UQ

{8*fcos(9/2) | fcos(9/2) € ker[cos(9/2) - T]} ;e € O-(UQ
ker(9) N ker(d5S) s e e o(U?

~—

\ {1},
c)N{1},
o) N{1}

S8

Let G = (X UY, A) be a bipartite graph. We set
Ax ={v € #(4) | t(a) ¢ X = (a) =0},

and
Ay = {1p € 2(A) | t(a) ¢ Y = 9(a) = 0}.
We put Uyx := UHAX, Uxy = UHAy. Since G is a bipartite graph, we have

(U4, )% = UxyUyx.

If we are given a two-partition walk U’ € P, then by Theorem [I we can convert this walk on
(Q; 71, m2) to some two-step coined walk U? € Cyp. This walk is a coined walk on some bipartite
graph G = (X UY, A) which is an intersection graph and U’ is unitary equivalent to Uxy Uy x with
a unitary map W : £2(Q) — ¢?(A). By using the commutative diagram in Fig. Bl the unitary map
W is expressed as follows:

WY)(a) = (v '€x' (a).
Then, the spectral analysis of U’ is essentially obtained by the following corollary:

Corollary 3. Let G = (X UY, A) be the intersection multigraph induced by (Q; 71, m3), and Uep
be an evolution operator on (£2; 71, 7). Moreover, let

~ 0 Uyx
U:=|- eC
[UXY 0 }

be the unitary operator equivalent to U on (X UY,A). Then, we have

ker(e?? — U') = W lker(e? — Uxy Uy x)W = W I 4, ker(e? — UH)W.

6 Conclusions

From the pure-mathematics viewpoint, the quantum walk is a strikingly interesting area due to
the richness of the models. The main result of this work is Theorem [II, which shows that there are
four families of quantum walk models unitarily equivalent, namely, (1) the two-step coined model,
(2) the extension of Szegedy’s model for multigraphs, (3) the two-tessellable staggered model, and
(4) the two-partition model. The details on the equivalence between families (1) and (2) was
addressed in Lemma [[l The family of coined quantum walks (one-step coined model) is strictly
included in all those models listed above, that is, none of the above families is included in the
coined model. Notice that the only demand in the coin choice in the coined model is unitarity,
that is, no explicit formula for the coin operator is imposed. The locality is fulfilled because the
coin space in an internal space. The same kind of unitary freedom must be allowed to the Szegedy
model on multigraphs and to the two-tessellable staggered model provided the locality is fulfilled.
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As a future work, it is interesting to analyze k-tessellable staggered models with k > 2.
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