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Abstract. What is the minimal number of elements in a rank-1 positive-
operator-valued measure (POVM) which can uniquely determine any
pure state in d-dimensional Hilbert space H4? The known result is that
the number is no less than 3d — 2. We show that this lower bound is not
tight except for d = 2 or 4. Then we give an upper bound of 4d—3. For d =
2, many rank-1 POV Ms with four elements can determine any pure states
in Ha. For d = 3, we show eight is the minimal number by construction.
For d = 4, the minimal number is in the set of {10,11,12,13}. We show
that if this number is greater than 10, an unsettled open problem can be
solved that three orthonormal bases can not distinguish all pure states
in ‘H4. For any dimension d, we construct d 4+ 2k — 2 adaptive rank-1
positive operators for the reconstruction of any unknown pure state in
Ha, where 1 < k < d.

Key words: Quantum state tomography, Pure state, Quantum mea-
surement, Rank-1 operators.

1 Introduction

One of the central problems in quantum science and technology is the estimation
of an unknown quantum state, via the measurements on a large number of
copies of this state. Quantum state tomography is the process of determining an
arbitrary unknown quantum state with appropriate measurement strategies.

A quantum state p in d-dimensional Hilbert space H4 is described by a den-
sity matrix, namely by a positive semi-definite, unit-trace d X d matrix as Sg. A
generalized measurement can be described by a positive operator-valued mea-
sure (POVM) [1I]. The POVM elements, Ey, satisfy the completeness condition:
> i Ex = I. Performing this measurement on a system in state p, the probability
of the k-th outcome is given from the Born rule, p = tr(pE}y). If the statistics
of the outcome probabilities are sufficient to uniquely determine the state, the
POVM is regarded as informationally complete (IC) [2].

The IC-POVM can give a unique identification of an unknown state, which
should distinguish any pair of different states from the statistics of probabilities.
For example, we consider a POVM, {1 (|0)=£[1))({0[=£(1]), $(|0)=£|1)) ({0]F4(1])}.
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It is not an IC-POVM, as the statistics of the outcome probabilities for states
{]0), 1)} under this measurement are the same. For any different quantum states
p1,p2 € Sg, an IC-POVM should distinguish them from the statistics of the
outcome probabilities. That is to say, we have tr(pi1E) # tr(p2E})) for some
elements Fj.

We know that a quantum state p in Hq is specified by d? — 1 real parameters.
The number is reduced by one because tr(p) = 1. Caves et al. constructed an
IC-POVM which contains the minimal d? rank-1 elements [3], i.e., multiples of
projectors onto pure states. If d + 1 mutually unbiased bases (MUBs) exist in
Ha, we can construct an IC-POVM with d(d 4+ 1) elements [4]. MUBs have the
property that all inner products between projectors of different bases labeled by
i and j are equal to 1/d. Another related topic is the symmetric informationally
complete positive operator-valued measure (SIC-POVM) [5]. It is comprised of
d? rank-1 operators. The inner products of all different operators are equal. This
SIC-POVM appears to exist in many dimensions.

For a state p in n-qubit system, d = 2. Thus the cost of measurement re-
source with these measurement strategies grows exponentially with the increase
of number n. It is important to design schemes with lower outcomes to uniquely
determine the state. This is possible when we consider a priori information about
the states to be characterized.

Denote the rank of a density matrix for state p as k, 1 < k < d. And make
a decomposition that Sg; = @ﬁzlSd,k, where Sy 1, is the set of all the density
matrices with rank k. When & = 1, the state in Sy is pure. A pure state is
specified by d complex numbers, which correspond to 2d real numbers. For the
reason of normalization condition and freedom of a global phase, there are 2d —2
independent real numbers totally.

Flammia, Silberfarb, and Caves [6] showed that any POVM with less than
2d elements can not distinguish all pair of different states pi,p2 in Sg41, not
even in a subset S’d,l, where Sg41 \ §d71 is a set of measure zero. They gave a
definition of pure-state informationally complete (PSI-complete) POVM, whose
outcome probabilities are sufficient to determine any pure states (up to a global
phase), except for a set of pure states that is dense only on a set of measure zero.
That is to say, if a pure state was selected at random, then with probability 1 it
would be located in Sd,l and be uniquely identified. A PSI-complete POVM with
2d elements is constructed, but not all the elements in this POVM are rank-1.
They constructed another PSI-complete POVM with 3d —2 rank-1 elements and
conjectured that there exists a rank-1 PSI-complete POVM with 2d elements.

Finkelstein proved this by a precise construction [7]. Moreover, he gave a
strengthened definition of PSIR-completeness, which indicates that all pure
states are uniquely determined. For any pair of different pure states p1, p2 € Sq,1,
a PSIR-complete POVM should distinguish them. He showed that a rank-1
PSIR-complete POVM must have at least 3d —2 elements and wondered whether
we could reach the lower bound of 3d — 2.

There are a series of studies on the relevant topic. For any pair of different
states p1, p2 € Sq,1, Heinosaari, Mazzarella, and Wolf gave the minimal number
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of POVM elements to identify them [§]. The number is 4d — 3 — ¢(d)a(d), where
c(d) € [1,2] and a(d) is the number of ones appearing in the binary expansion of
d — 1; the results in papers [20], 2] [[T] showed that four orthonormal bases, cor-
responding to four projective measurements, can distinguish all pure states. For
any pair of different states p1 € Sq 1, p2 € Sq, Chen et al. showed that a POVM
must contain at least 5d — 7 elements to distinguish them [I2]; Carmeli et al.
gave five orthonormal bases that are enough to distinguish them[I3]. For a state
in Sq , it can be reconstructed with a high probability with rd log? (d) outcomes
via compressed sensing techniques [14]. Goyeneche et al. [15] constructed five
orthonormal bases to determine all the coefficients of any unknown input pure
states. The first basis is fixed and used to determine a subset sq41 C Sg4,1, where
the pure state belongs to. The other four bases are used to uniquely determine
all the states in sq,;.

In this paper, we consider the pure-state version of informational complete-
ness with rank-1 POVM. Firstly, we show that the lower bound of 3d — 2 is not
tight in most of the cases. It can be reached when d = 2 and possibly be reached
when d = 4. Then we show a result that there exist a large number of rank-1
PSIR-complete POVMs with 4d — 3 elements. Secondly, we make a discussion
about the rank-1 PSIR-complete POVMs when d = 2, 3, 4. For dimension d = 2
and d = 3, we construct the rank-1 PSIR-complete POVMs with the minimal
number of elements, which are 4 and 8 correspondingly. All the coefficients of
an unknown pure state in Ho and Hj3 can be calculated by these POVMs. For
dimension d = 4, the minimal number is in the range of {10,11,12,13}. If it is
bigger than 10, an answer can be given to a related unsolved problem, i.e., three
orthonormal bases can not distinguish all pure states in H4. Lastly, we construct
d+ 2k — 2 rank-1 positive self-adjoint operators for the tomography of any input
pure states in Hg, here 1 < k < d. This is an adaptive strategy. For any input
pure state, we use d operators to determine a subset 541 C Sg4,1, where the pure
state belongs to. Together with the other 2k — 2 operators, we can uniquely de-
termine all the pure states in s41. Thus using this adaptive method, any input
pure states can be determined with at most 3d — 2 rank-1 operators.

2 The upper and lower bounds

In this section, we will give the upper and lower bounds of the minimal number
of elements in a rank-1 PSIR-complete POVM. Denote this minimal number as
m;j (d). It is in the range of [4d — 3 — ¢(d)a(d), 4d — 3].

2.1 Feasibility of 3d-2 for PSIR-complete

In this part, we show that a rank-1 PSIR-complete POVM with 3d — 2 elements
possibly exists when dimension d = 2 or 4. For the other dimensions, any rank-1
POVM with 3d — 2 elements cannot be PSIR-complete. Firstly, we introduce the
concept of PSIR-complete.



Definition 1: (PSI really-completeness [7]). A pure-state informationally re-
ally complete POVM on a d-dimensional quantum system 4 is a POVM whose
outcome probabilities are sufficient to uniquely determine any pure state (up to
a global phase).

As we introduced above, the PSIR-complete POVM can distinguish any pair
of different states pi,p2 € Sq,1. Neglecting the restriction of rank-1, we denote
my(d) to be the minimal number of elements in a PSIR-complete POVM. Cer-
tainly, a rank-1 PSIR-complete POVM is PSIR-complete. Thus m;(d) > mg(d).
From the result in [§], mo(d) = 4d — 3 — ¢(d)a(d), where ¢(d) € [1,2] and a(d)
is the number of ones appearing in the binary expansion of d — 1. From the con-
clusion by Finkelstein, m;(d) > 3d — 2. But it is not clear when they are equal
or whether a greater number than 3d — 2 might be required. Now we compare
the size of mg(d) and 3d — 2.

Let f(d) = 4d — 3 — ¢(d)a(d) — (3d — 2). By the definition of a(d), we have
logd > a(d). So f(d) > d —1 — 2logd. Define g(d) = d — 1 — 2logd. Then
¢'(d)=1-2/d. If d > 2, it holds that ¢’(d) > 0. And when d =8, g(8) =1 > 0.
So when d € [8,400), mg(d) > 3d — 2. When d € [2,7], the true value of mg(d)
is given in [8]. We have m(2,3,4,5,6,7) = (4,8, 10, 16, 18, 23). We compare this
with the value of 3d — 2: (4,7,10,13,16,19). As a result, only when d = 2 or 4,
my(d) can be 3d — 2. For the other dimensions, m;(d) > mg(d) > 3d — 2.

2.2 The upper bound of 4d — 3

In this section, we show that 4d — 3 is the upper bound of m;(d). This up-
per bound is given by constructing rank-1 POVMs from the minimal sets of
orthonormal bases which can determine all pure states in Hy.

Definition 2: Let By = {|¢E)},- -+ ,Bm_1 = {|#%,_1)} be m orthonormal bases
of Hg, k = 0,---,d— 1. For different pure states p1,ps € Hgy, they are distin-
guishable if

tr(pa]05) (5 1) # tr(p2165) (#5)) (1)

for some |</>§“ ). If any pair of different pure states is distinguishable by By, - - - , By—1,
the bases {B;} can distinguish all pure states [I1].

Obviously m bases correspond to m - d rank-1 projections. E} = [¢%)(¢F],
j=0,---,m—1,k=0,---,d— 1. Since ZZ;%EJ’“ = I, we have tr(pI) = 1 for
all pure state p. One projection for each basis can be left out as the probability
can be expressed by others. Thus m(d — 1) rank-1 self-adjoint operators can
distinguish all pure states. Can these operators be transformed to a rank-1 PSIR-
complete POVM?

From the proposition 3 in paper [8], we know that m(d — 1) self adjoint
operators can be used to construct a POVM with m(d — 1) 4+ 1 elements.

Ak = (I + S|EFITEN) /[m(d—1)]. j =0,--- ,m—1,k=0,--- ,d—2. Then
O < A <I/m(d— 1) and by setting the new element A = I — Dok Al we get
a new POVM. This POVM have the same power with the self-adjoint operators
{Ek}, as there exists a bijection between the outcome probabilities of both sides.
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But not all of the elements are rank-1. The following conversion can keep the
elements of transformed POVM to be rank-1.

Rank-1 conversion: Given n rank-1 positive self-adjoint operators {E}, :
k=1,--,n}, G = 22:1 E; > 0, a rank-1 POVM denoted by {F} : k =
1,---,n} can be constructed. Fy = G~Y2E,G"/2 and Y} _ F, = 1.

From the discussion in [6l [7] , if positive operators {Ej} are information-
ally complete with respect to generic pure states (a set of measure zero can
be neglected), and they can determine all (normalized and unnormalized) pure
states in this set, {F)} is a PSI-complete POVM. Furthermore, if positive oper-
ators {E} are informationally complete with respect to all pure states, can the
converted POVM {F}} be PSIR-complete? Here we give a sufficient condition.

Theorem 1. Let {Ey} be a set of rank-1 positive self-adjoint operators, whose
outcome probabilities are sufficient to uniquely determine all pure states (up to
a global phase). Some of the elements satisfy the following condition:

ZkeB Ep =1 (2)
After the rank-1 conversion, we will get a rank-1 PSIR-complete POVM {F}}.

Proof. Here we prove that any pair of different pure states is distinguishable by
this POVM.

Let p; and py be an arbitrary pair of different pure states. Define ¢; =
tr(G7tp;) fori=1,2. AsG =1+ > rgp Er, we have det(G) # 0. So G, G~1/2
and G~ are of full rank. And ¢; = tr(G~1p;) # 0.

Then define another pair of pure states o; = G_l/zpiG_lm/qi, i1 =1,2. For
any k,

tr(Frpi) = qitr(Eroy;). (3)

When pure states oy and o5 are the same, as p; # ps2, the number ¢; should
not be equal to go. Thus tr(Fyp1) # tr(Fyps) for any k.

When pure states o1 and o9 are different, by the assumption of {E}}, there
exists some Ej satisfying tr(Eyoq) # tr(Eroz2). If 1 = go, then tr(Fyp;) #
tr(Frp2). If not, we have ), _ptr(Ego1) = Y, g tr(Ero2) = 1. As we have the
assumption ), ptr(Ey) = I. Then ), _ptr(Fror) # D 4 cp tr(Froz). Thus it
can also be deduced that tr(Fyp1) # tr(Fyps2) for some k € B.

So the POVM {F}} can distinguish the different pure states pi,p2 € Sq1.
This indicates that given a set of outcome probabilities {py}, there is a unique
pure state p such that py = tr(pFy) for all k. For any other different pure state
o, we can always get tr(oFy,) # py for some k. Thus {F};} is enough to uniquely
determine any pure states from the other different pure states. With the prior
knowledge that the state is pure, it can be uniquely determined.

Remark: In this proof, we consider the case where {F}} can distinguish all
pure states. We can make a extension to this theorem. If {E)} can distinguish
all different states p1, p2 € Hq, and the equation still holds, then the conversed
POVM {Fj} can is informationally complete with respect to all quantum states,
pure or mixed.
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Theorem 2. Assume that m orthonormal bases can distinguish all pure states in
Ha, a large number of PSIR-complete POVMs with m(d—1)+1 rank-1 elements
can be constructed.

Proof. Denote these orthonormal bases as {B,}, j = 0,--- ,m — 1. The elements
in basis B; are {|¢f>}, k=0,---,d— 1. Now we pick up m(d — 1) + 1 elements
from these bases. We can randomly choose one basis B; and keep all the elements
in it. The corresponding projectors satisfy ZZ;(I) |¢§><¢§| = I. Then we select
d — 1 elements at random from each one of the other bases. Thus we will get a
set of m(d — 1) + 1 elements. There are m - d™~ collections totally.

Each collection will correspond to m(d — 1) + 1 rank-1 projectors, which can
distinguish all pure states. They satisfy the condition in Theorem 1. After the
rank-1 conversion, we will get a rank-1 PSIR-complete POVM with m(d—1)+1
elements. Moreover, we can construct a large number of PSIR-complete POV Ms
for each collection. Denote the projectors tobe {E1, -+, Egq, Egy1, - , Em(d,l)ﬂ},

where 22:1 Ej = I. We can multiply E; by an arbitrary non-negative number
ej, where j =d+1,--- ,m(d — 1) 4+ 1. So a new set of operators is constructed,
{E1, - Eag,eqv1- Eay1, s emd—1)+1 - Em(a—1)+1}- They also satisfy the con-
dition in Theorem 1. The proof is complete.

Various researches focus on the minimal number of orthonormal bases that
can distinguish all pure states [I'7, [18, [19] 20} 21]. This problem is almost solved.
The minimal number of orthonormal bases is summarized in [I1]. Moreover, four
bases are constructed from a sequence of orthogonal polynomials. For dimension
d = 2, at least three orthonormal bases are needed to distinguish all pure quan-
tum states. For d = 3 and d > 5, the number is four. For d = 4, four bases are
enough but it is not clear whether three bases can also distinguish.

So we can give the upper bound of m;(d). When d = 2, m;(2) = 4. When
d >3, m(d) =4d — 3.

3 Rank-1 PSIR-complete POVMs for H,, Hs and H,4

In this section, we will present some results about the rank-1 PSIR-complete
POVMs for lower dimensions d. In Figure [I} we show the relations between
different kinds of informationally complete POVM. An IC-POVM is a PSIR-
complete POVM.

3.1 d=2

For dimension d = 2, four is the minimal number of elements in a rank-1 PSIR-
complete POVM. One example showed in [6] is the following:

E¢=a‘T+bn° 0o, c=1,2,3,4. (4)

The parameter: a¢ = b° = 1/4. n* = (0,0,1), n? = (2/2/3,0,—-1/3), n® =
(—v2/3,7/2/3,-1/3), n* = (=v/2/3,-V2/3 = 1/3). & = (04,0,,0.). This is
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4

Fig. 1. The relations of different kinds of informationally complete POVM. The la-
bels {1, 2, 3,4} stand for SIC-POVM, IC-POVM, PSIR~complete POVM, PSI-complete
POVM respectively. For example, an IC-POVM is a PSIR-complete POVM.

also a SIC-POVM. It can distinguish all quantum states in Hs, pure or mixed.
There are two SIC-POVMs for d = 2 introduced in paper [5]. The other SIC-
POVM is used [22], which shows the efficiency of qubit tomography.

Now we can construct 12 rank-1 IC-complete POVMs with four elements.
There are three mutually unbiased bases for d = 2.

Bo = {[0), (1)}, Br = {(0) = |1))/v2}, B> = {([0) £ [1))/v2}. (5)

These three mutually unbiased bases can distinguish all quantum states in Hs.
We can select four elements as introduced in Theorem 2. There are 12 col-
lections totally. For example, the elements for one collection are |0),|1), (]0) +
11))/+/2, (|0) +i[1))/+/2. The corresponding rank-1 projectors are |0)(0], [1)(1],
(10) + 11))({0] + (1])/2 and (|0) +14|1))({0] —(1])/2. After the rank-1 conversion,
we will get a rank-1 POVM with 4 elements. Interestingly, this POVM is the
special case when d = 2 constructed by Caves et al. [3].

3.2 d=3

For dimension d = 3, there are four mutually unbiased bases. By Theorem 2, we
have 4 x 3% collections with 9 elements. We can construct rank-1 IC-complete
POVMs with 9 elements from each selection. By a reference to Heinosaari et al.
[8], mg(3) = 8. So the minimal number of elements is either 8 or 9 for a rank-1
PSIR-complete POVM. Now we show that this number is 8 by constructing 8
rank-1 operators satisfying Theorem 1. After the rank-1 conversion, we will get
a PSIR-complete POVM with 8 elements. The operators are as follows:

Eo = 10)(0], Bi = [1)(1], By = [2)(2], By = (|0) + [1))((0] + (1)), B4 =
(10)+i[1))((0]—i(1]), B = (|0)+12)) (0|21}, Es = (10)+]1)+[2))((0]+ (1]+(2)),
By = (0) + 1) +42)) (0] + (1] — i(2]).

Let an arbitrary unknown pure state in Hs be |¢) = Zi:o are®|k). Let ay,
be non-negative real numbers for K = 0,1,2. As '™ = —1, we can modify the
value of 0y to guarantee a; > 0. Let 0 be in the range of [0,27), as etfr =
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e 0k +2t7) for integer ¢. For the freedom choice of global phase, we let 6y = 0.

The outcome probabilities can be calculated as follows:
tr(Ex|¢)(¢|)=a3, for k =0,1,2.

tr(Es|¢) (¢])=a? + a? + 2apa; cos by,

tr(E4|¢)(6])=a2 + a? + 2apaq sin 6y,

tr(Es|¢) (¢])=a + a3 + 2apaz cos 02,

)

2a1 a9 sin #1 sin 65,
tr(Er7|¢)(¢])=a? + a? + a3 + 2apa; cosO; + 2apag sinfy + 2ajas cos by sinfy —
2a1as sin 61 cos 5.

The coefficients of aj can be calculated by Ej, where k& = 0,1,2. As the
coefficient ay, is non-negative, we have ax = /tr(Ex|¢)(¢|). The remaining task
is to determine 6y,.

When only one element in {ag, ar,as} is nonzero, it is the trivial case. The
state can be |0), |1) or |2).

When two elements in {ag,a1,a2} are nonzero, the state can also be de-
termined. For example, ag = 0 and aj,as # 0. We can write the state as
|#) = a1|1) + age'®2|2). The global phase of §; is extracted. So #; = 0. The
remaining unknown coefficient 85 can be calculated by the effect of Fg and E;.
If a; = 0 and ag,as # 0, the state is |¢) = ag|0) + a2¢2|2). The coefficient 6
can be calculated by the effect of F5 and E7. If as = 0 and ag, a; # 0, coefficient
0, can be calculated by the effect of F5 and Fj.

When all elements in {ag,a1,a2} are nonzero, we let 6y = 0. Now we de-
termine the remaining coefficients #; and 6. From the effect of E3 and FEy,
cosf; and sinf; can be calculated correspondingly, thus the coefficient 6; can
be uniquely determined. After we know the values of a; and 1, we can calculate
cosfy by the effect of F5. At the same time, sinfy can be calculated by the
effect of Eg or Fr, as cosf; and sin f; can not be both zero. Then 5 is uniquely
determined.

Thus any pure state in H3 can be uniquely determined by the eight rank-1
positive self-adjoint operators. These operators satisfies the condition in Theo-
rem 1. After the rank-1 conversion, we will get a PSIR-complete POVM with
eight elements. By a reference to Heinosaari et al. [§], such POVM is one of the
minimal possible resource.

3.3 d=4

For dimension d = 4, the known result is that mg(4) = 10 [§]. There are five
mutually unbiased bases. Thus we can construct many rank-1 IC-POVMs with
16 elements. Four orthonormal bases can distinguish all pure states in #H,4 [11].
By theorem 1 and theorem 2, we can construct many PSIR-complete POVMs
with 13 elements. So the true value of m;(4) is in the range of {10, 11,12, 13}.

It is still not clear whether three bases can distinguish all pure states in
H,. No results show three bases would fail and no results give the potential
support. There are some partial answers to this question. Three orthonormal
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bases consisting solely of product vectors are not enough. In fact, even four
product bases are not enough [II]. Eleven is the minimum number of Pauli
operators needed to uniquely determine any two-qubit pure state [23].

We can conclude that there is no gap between mg(d) and m;(d) when d =
2,3. If a gap exists when d = 4, three orthonormal bases are not enough to
distinguish all pure states. Consider the contrapositive form. If three orthonormal
bases can distinguish all pure states in H4, we can construct a PSIR-complete
POVM with 10 elements by Theorem 2.

4 Adaptive d + 2k — 2 rank-1 operators for any dimensions

Goyeneche et al. took an adaptive method to demonstrate that any input pure
state in Hy is unambiguously reconstructed by measuring five observables, i.e.,
projective measurements onto the states of five orthonormal bases [I5]. Thus ~
5d rank-1 operators are needed. The adaptive method is that the choice of some
measurements is dependent on the result of former ones. The fixed measurement
basis is the standard, By = {|0),--- ,|d — 1)}. We measure the pure state with
this basis first. The results of this basis will determine a subset 54,1 C Sq,1, where
the input pure state belongs to. They construct four bases {81, Bz, Bs, B4} to
determine all pure states in s4 ;.

Let an arbitrary unknown input pure state in Hy be |¢) = Zf;é ase'?|s),
where a, is a non-negative real number and 0 € [0,27) for s =0,--- ,d—1. We
can extract the global phase to let one phase 65 be 0.

Now we construct d + 2k — 2 adaptive rank-1 positive self-adjoint operators
to determine this pure state, where 1 < k < d. Thus at most 3d — 2 rank-1
elements are enough by adaptive strategy.

The first d operators to be measured with are

ES:‘S><S|75:07"'ad_1' (6)

We can calculate the amplitudes as by the effect of Es, as = /tr(Es|o){(d]).
Then we keep track of the sites {s} of nonzero amplitudes {a;} to determine a
subset sq,1. Let k& be the number of nonzero amplitudes, 1 < k < d.

For example, the sites of nonzero amplitudes are {0, -- ,d —1}. Then k = d.

The subset sq41 is {Ei;é ape |k) : a, # 0}. The remaining 2d — 2 rank-1
operators are follows:

Fs = (10) + 1) (0] + (s]), Gs = (|0) + il 5)) ((0] — i(s]); (7)

where s=1,--- ,d— 1.
We extract the global phase to make 6y = 0. We have the equations:

tr(F| o) (0]) = af + a? + 2apas cos b,
tr(Gslp) (@]) = a2 + a? + 2apa sin 0.
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From the assumption and measurement results of E,, all the amplitudes
as are nonzero and known. Then cosf; and sinf; can be calculated by the
effect of Fs and G,. All the coefficients 8, can be uniquely determined. Thus all
coefficients of the unknown pure state in ‘H, are calculated.

The operators E; and G appear in the construction of PSI-complete POVM
given by Finkelstein [7]. And operators Ej, Fy/2 and G,/2 are some part of d?
rank-1 elements in the IC-POVM constructed by Caves et al. [3]. In fact, Fs and
G can be the other types to calculate 65. For example, Fis; = (|1)+|s))((1|+(s]),
Gs = (1) +s)((1] — i(s]), s =0,2,--- ,d — 1.

Now consider the general case, the sites of nonzero amplitudes are {ng, -+ ,ng_1}.
The subset s4,1 is {Z?;& Qn,; e [n;) : an; # 0}. The remaining 2k — 2 projec-
tions are as follows:

Fy = (Ino) + ns)) ((no] + (ns)), Gs = (Ino) +ilns)) ((no| —i(nsl);  (9)

where s =1,--- ,d —k — 1. Let the phase 0,, = 0. With similar analysis, we can
uniquely calculate cos6; and sind; by the effect of F; and G;. All the phases 6,
and amplitudes a; of |¢) can be uniquely determined.

5 Conclusions

We analyse the minimal number of elements in rank-1 PSIR-complete POVM.
The bound is in [4d — 3 — ¢(d)a(d),4d — 3]. The lower bound of 3d — 2 is not
tight except for d = 2, 4. For d = 2, we construct many rank-1 POVMs with four
elements which can distinguish all quantum states. For d = 3, we show that eight
is the minimal number in a PSIR-complete POVM by construction. For d = 4,
if my (4) > 10, we can give a answer to an unsolved problem. Three orthonormal
bases can not distinguish all pure states in H4. Finally, we construct d + 2k — 2
adaptive rank-1 positive self-adjoint operators to determine any input states in
Ha, where 1 < k < d. Thus we can determine an arbitrary unknown pure state
in Hy4 with at most 3d — 2 rank-1 operators by adaptive strategy.
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