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Abstract

We present a practical scheme for the decomposition of a bipartite mixed state
into a sum of direct products of local density matrices, using the technique developed
in Li and Qiao (Sci. Rep. 8: 1442, 2018). In the scheme, the correlation matrix
which characterizes the bipartite entanglement is first decomposed into two matrices
composed of the Bloch vectors of local states. Then we show that the symmetries of
Bloch vectors are consistent with that of the correlation matrix, and the magnitudes
of the local Bloch vectors are lower bounded by the correlation matrix. Concrete
examples for the separable decompositions of bipartite mixed states are presented

for illustration.
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1 Introduction

Entanglement lies at the heart of quantum information theory. The qualitative and
quantitative studies of entanglement are not only of great importance to our understand-
ing of quantum theory, but also have practical applications in quantum computation and
quantum information processing [1]. A prior question in the study of quantum entan-
glement is to determine whether a given quantum state is entangled or not. A mixed

bipartite state of particles A and B is separable if and only if it can be expressed as [2]
L
A B
PAB = meg '® pE " (1)
i=1

Here p; > 0 with ZiL=1 p; =1, and pZ(A) and pl(-B) are local density matrices of the particles
A and B. Unlike the pure state, the separability of a mixed state is computationally hard
to be determined, even for the bipartite system [3].

One remarkable criterion in detecting the entanglement is the positive partial trans-
position (PPT) criterion [4]; however it is necessary and sufficient only for systems of
2 x 2 and 2 x 3 [5]. Many practical criteria have been developed ever since, whereas being
either necessary or sufficient, unfortunately. These criteria may be roughly sorted into
two classes. One involves inequalities of computational norms which may be regarded
as scalar measures of the entanglement [6-9]. Violations of these inequalities indicate
the existence of entanglement. Another class is based on the expectation values of some
appropriately chosen observables, named entanglement witness [5, [10-12]. By exploring
a complete set of observables, there were also the attempts to unify these two classes
[13, 14]. In a recent work [15], we introduced the multiplicative Horn’s inequalities to
the separability problem of bipartite states. Though in principle the criterion in |15] is
necessary and sufficient, its physical significance and practical applications need to be

exemplified.



In this work, we develop a series of practical methods for the decomposition of a
bipartite state into the sum of direct products of two local states based on the technique
in [15]. With the help of Bloch representation of the quantum state, the correlation
matrix of bipartite state is first decomposed into product of two factor matrices. Then,
by considering the magnitudes and symmetries of the singular values and singular vectors
of the factor matrices, practical entanglement criteria can be obtained. Remarkably, the
separable decompositions of bipartite mixed states can be constructed explicitly based on
our criteria. In the end of this work, neat examples are presented as applications of the

method.

2 The separable decompositions of bipartite states

2.1 The Bloch representation of a quantum state

An arbitrary N x M dimensional bipartite state in the Bloch representation is

1 1 1 A
= — 101+ —ad- A1+ —1Q0b-6+ - v A v, (2
pAB TR VAR S K 0'—1—4; ;E @0, (2)

where 1 is the identity matrix, @ and b have the components of a, = Trjpap(\, ® 1)]
and b, = Tr[pap(1 ®0,)], and the correlation matrix 7, = Tr[pap(\, ® 0,)]. The vector
X in equation (2)) is defined to be X = (A, -+, Anz—1)T with A, being the generators of
SU(N), and & is defined similarly with o, being the generators of SU(M). For example,

the three generators of SU(2) are Pauli matrices

O O ) I () PR

while the generators are the eight Gell-Mann matrices for N = 3. The reduced density

matrices for particles A and B are obtained from p4p via the following

1 1, - 1 1-
PA ITI"B[pAB] = N]l +§a-)\, PB :TI"A[pAB] = M]l + 5()0’ (4)
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Here @ and b are called the Bloch vectors of the density matrices. A bipartite state is
separable if it can be decomposed as the sum of direct products of local density matrices
as shown in equation (). The necessary and sufficient condition for the separability of
pap in equation (2) reads [15]
L L L
Sopidi=a, Yy pisi=b, Y pidl =T, (5)
i=1 j=1 k=1
where p; > 0, Zlepi =1, and pZ(A) =<1+ 37 X and ,OZ(-B) = L1+ 15 - with 7}, §
bing the Bloch vectors of the decomposed local quantum states. L in equation (H]) stands

for the number of local states needed in the separable decomposition. Equation (&) may

be expressed in the matrix form
Mp=a, Mg="b, MMy, =T . (6)

Here M, = (7,75, -+ ,7z) and M, = (81, 5o, -+ , §) with 7; and §; being N*>—1 and M?—1
1 1
dimensional real vectors respectively; g = (p1,- -+ ,pr)T and M,, = M, D, My, = M,D;

with D, = diag{p1,pa, - ,pr}-

As being Hermitian, the reduced density matrices can be unitarily diagonalized as

pfA = UAPAUJ; = dlag{)\gA)a e 7)‘5114)7 Oa T 70} ) (7)
plB:UBpBU;:dlag{)‘gB)a 7)‘SnB)>0a"' 70}7 (8)

where AEA) and )\Z(-B) are positive real numbers, and n and m represent the ranks of the
reduced density matrices (local ranks). Because the state py 5 = (Us @ Up)pap(UL @ UL)

has the same separability as p4p, we have the following observation

Observation 1 For the state pap whose local ranks are n and m, if the correlation matrix

T, of Pap has nonzero elements for > n* —1 or v >m? — 1, then pap is entangled.



(B)

)

A B
= v o= pinl” . 9)

(4)

[

Proof: Suppose ps5 is separable, then pyz =", pipgA) ® p; ", and

Here p; > 0 with Y .p;, = 1; o'y, p;"/, plg, and pEB) are all positive semidefinite matrices.

According to equation (), ,OEA) in equation (@) can only take the following form:

(4 (ann O)
) _ | (10)
0 0 NxN

This is because the diagonal elements of positive semidefinte matrices must be nonnega-
tive, so we have (pZ(A)) ke = 0 for k > n. Furthermore, from the row and column inclusion
properties we have: if (pf-A))kk = 0, then (pEA))“k = (p(A));W =0 forall pe{1,---,N}

)

(Observation 7.1.10 of [16]). Hence, the Bloch vectors 7 of ,02(~A) are

2
a1 1
pg ) = <5]l + 5 Z TW)\M) s> O(N—n)x(N—n) ’ (11)
p=1 nxn

where 7, are components of 7; and lie in the Bloch vector space of SU(n) C SU(N).

Similar arguments apply to pEB) as well. That means, if p;5 is separable, then 7, = 0
for 4t > n? — 1 or v > m? — 1. This completes the proof. Q.E.D.

A straightforward corollary of Observation [I] goes as follows:

Corollary 1 All N x M mized states with local ranks n < N and m < M are either

reducible to n X m bipartite states with full local ranks, or entangled.

Therefore we need only to consider the separability problem for mixed bipartite states
whose reduced density matrices have full local ranks. The full local rank state could
be further transformed into a normal form with maximally mixed subsystems, where
the normal form is separable or entangled only when the original state is separable or

entangled [17]. The normal form of a bipartite state pap is expressed as

N2-1 M2-1
1

- 1 ~
PABHPABZNM]I®1+Z; ;Tm)\u@@%- (12)
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Hereafter in this paper, the bipartite state pp is assumed to be in its normal form, i.e.

the Bloch representation of p4p has @ = 0 and b=0.

Local symmetries: linear maps on Bloch vectors

CNXM

The vectorization of a matrix A € is defined as:

V(A) = (Alla"' >AN1>A12a"' >AN2>"' 7A1M7." ,ANM)T . (13)

A ~

The following transformation induces a linear map on p, S : p — S(p),
S(p) = WIXV(p)], (14)

where X € CNMXNM i an NM x NM matrix with complex elements, and W = V™! is
the inverse operation of vectorization which wraps a vector into a matrix [18]. It is easy
to verify that S is linear, i.e. S(ap, + bps) = aS(p1) + bS(py). With properly chosen X,
we can get

1

=1
p N+

— N 1 1

-

X (15)

N | —

Here 7' = OF and the matrix O € RN*~Dx(N*~1) js induced by X. Note, while S(p) is
Hermitian and trace one, it may not be positive semidefinite.

We define the matrix realignment operation to an I; - Iy X I; - Iy dimensional matrix

A as [19]
R(A) = (V(An), -+, V(An1), V(Awa), -+, V(An2), -, V(Ann)) , (16)

where A;; are I, x I, submatrices of A. Linear operations acting on the local states of a

bipartite density matrix may be realized via the following transformation:

Sa® Sp(pap) = R™'W(Xa® X5 V[R(pan)])] - (17)



Here Sa(pa) = WIXaV(pa)], Ss(ps) = W[XpV(pp)], R~ is the inverse of R, and

i 1 L 1 L
Sa(pa) = N]l +(0ar) - X, Sp(p) = M]l +(0ps) -7, (18)

with O4 p being induced by X4 p, respectively. The linear operation S 4R S B maps the

normal form pap to the following

1

gA ® gB(pAB) = N

1
1o T s, (19)

where 77 = O4TO%, and Oy € RV -Dx(N*=1) 0 ¢ RO -D)x(M?~1)
Magnitudes: singular values of the factor matrices

Applying the singular value decomposition, we have
M,, = RYAQW | M,, = RPA;QP . (20)

Here RV € SO(N? — 1), R® € SO(M? — 1), and QW,Q® € SO(L). Taking M,, as

(N?2-1

example, the singular value matrix A, € R )*L has the following form

Ay = (%”) e RV -DXL i N2 1> [ (21)
Aa LxL : 2
Da:(o)eR Af N2—1< L, (22)

where D, = diag{ay,---,ar} and D, = A, for L = N? — 1. Similar formulation applies
to Ag and Dg as well. Let a3 > ay > --- > a,, > 0 be the n nonzero singular values of M,.,,
B1 > By > -+ > By > 0 be the m nonzero singular values of M,, and 7 > --- > 7, > 0
be the [ nonzero singular values of 7, then from the decomposition 7 = M,, M ;5, we have
the Sylvester’s rank inequality: (n +m — L) <[ < min{n,m} < max{n,m} < L.

The necessary and sufficient criterion presented in [15] may be summarized as two

steps: 1. The existence of the decomposition of equation ([@l); 2. The decomposition can



be realized in the physical region of Bloch vectors (that is, ,0Z ) and ,0Z in equation ()
must be positive semidefinite). Here we provide practical procedures to exemplify these

steps: M,, and M, must have appropriate singular values and singular vectors.

2.2 Correlation matrix decomposition

Let T = (i1, ,tUn2—1)Ar(T1, -+, Ur2—1) T be the singular value decomposition of

the correlation matrix 7 and A, has rank [, then we have

Z ﬁuv (23)

For the [ nonzero values of 7,,, the corresponding singular vectors {1, - - - , 4} and {0y, -, 4}
span two [-dimensional subspaces in Bloch vector space: SI(A) = span{iy,- -, U} C Snz_y
and SI(B) = span{di, -, U} C Sy2_q. Let D, = diag{n,---,7,0,---,0} be an L x L

diagonal matrix, then M,, and M, in equation (@) can always be expressed as [15]

1
M,, = M,D} = (i, , i) X DaQW | (24)

1
M, = M,D? = (#,--- , 7)Y DsQ® | (25)

where X, Y, Q1% are orthogonal matrices, i, and v, are the left and right singular vectors
of 7, and D, has the same singular values as DQQ(”Q@)TDE according to Theorem 1
of [15]. Note that the value of L may be larger than N? — 1 (and/or M? — 1), in which
case we shall regard M, = (77, -+ ,7L) as having L-dimensional column vectors of 7; =
(rp, -+ rin2-1,0, - -+ ,0)T. The Frobenius norm of a matrix M is || M||, = (Te[MMT])z,

and we have the following theorem

Theorem 1 If the correlation matriz of a bipartite state can be decomposed as T =

M, M then

sp’

-

ITI;=a"es. (26)



Here & = (a2,---,a2)T, B = (82,---, 83T, and Q is an L x L orthostochastic matriz;

a; and B; are singular values of M,, and Ms, in descending order.

Proof: Equations 24) and ([25) lead to M. M,, = DEMTTMTDE = QWTD2QMW and
MM, = D; MIM,Dj = Q@TD2Q®. It can be shown that ( 5.03a of Ref. [20])
|F1|2p1 |§’1\2p1 .
= Qia, : = . (27)
|FL|2pL \gL\sz
Here @ = QWT o QWT 9, = Q?T o QPT are orthostochastic matrices [21] with
(Ao B);; = A;;jBy; been the Hadamard product of two matrices. Let Q = QWQPT, we
have
1115 = Tel[Myy, Mo, M, My, | = Tr[DIQDEQT) = 67Q5 (28)
where Lemma 5.1.5 of [20] is used in the last equality and Q is an orthostochastic matrix
with Q;; = Q3. (An orthostochastic matrix is also a doubly stochastic matrix). Q.E.D.
In equation (27), the sums of the components of the left hand sides of the equalities
may be considered as the mean squared norms of the Bloch vectors of the decomposed
local states
L L
E(A) =) plr), EB) =) pilsil. (29)
Because the norm of a Bloch veclt_olr is related to th;, Il)urity of the quantum state, i.e.,
7> = 2(Tx[p?] — +), the quantities £(A, B) in equation ([29) may be regarded as the
mean “quantumness” of the decomposed states. Because the mean of Bloch vectors is
Z,-Lzl piT; = d, we are legitimate to define the variance of the Bloch vectors A(A)? =
E(A) — |@|*> where @ = 0 for normal form bipartite states. In this sense, the following

quantities

A(A)?=E(A), A(B)? =&(B) (30)
may be regarded as the fluctuations of the local Bloch vectors’ distributions.

9



We define the average of the squares of the components along the directions u,, € SZ(A)

and U, € Sl(B) as follows

L L
EA) = pili, T, EB) =Y pili -5 (31)
i=1 =1

The Ky Fan norm of a matrix 7 is defined to be the sum of its singular values, i.e.

[T llke = >_,—; Tu, and we have the following as our main separability criterion

Corollary 2 The squared norms of the local states’ Bloch vectors are lower bounded by

the correlation matriz in the following way

(Z EH(A)> ' (Z 5V(B)> > [Tl » (32)
<H 5u(A)> - (H €V(B)> > (33)

Here £,(A) and &,(B) are the means of the squares of the components along the unit

directions 4, € Sl(A) and v, € Sl(B), respectively, and 7, are the singular values of T .

Proof: According to the decomposition of equations (24} 25]) we have

o
Uy

T = M,, - MST]; = (U, , 1) XD, QW .Q(2)TDEyT : (34)

vy
where we made an explicit separation between the matrices by a dot product. There

exists a real orthogonal matrix ¢; € SO(L) such that

1 0
T — MrleerrM;I;; = Mrle ( 6><l O) Q;I‘M;II; . (35)

"
This can be shown by the following. Choosing Q; = QT ( nxmn 0

we have
0 ]l(L—n)x(L—m)

Mrle = (ula e ,UL)X ( ) 0 X 0) ) (36)

10



where € SO(n), and D, x, = diag{ay, - ,a,} has ag > -+ > a,, > 0. According

an

to the full-rank factorization of a matrix (section 0.4.6 (e,f) of Ref. |16]) the first n rows

of Qf M, must have the same rank [ as 7. Because [ < n, an appropriate choice of Q)1 ,,

would satisfy equation (B5]).

The singular value decomposition of the first [ columns of M,,Q; and M,,Q; reads

Mr’le = U,(Ao/a ﬁg-b T aFr:a On-i-la e >0L) Il 3 (37)
0 Tz—px@-y

Msle = V,(Aﬁ’a 0l+1> Tt aOna gr:+1a ) §[/,) Il . (38)
0 Tz—px@-y

Here A, has the form of (DOO‘,) and so is Ag. D, = diag{7,-- -, 7} must be the singular

value matrix for D,, le)l l(i)l Dy, ie., D = YDQ/@&)I@;?ITDB/YT, where X, Y € SO(1),
D, = diag{a), -, o)}, and Dy = diag{f1,---,5;}. The left and right singular vectors,
={u/,---,4,---}and V' = {v},--- ¢/, }, have the following relations with that

of T in equation (23))
{a@, -4}y = {dy, -, i} X, (39)
{0y ={o,-- G}y, (40)
Define the projection ﬁuﬁg, we {l,--- 1}, then

Eu(A) = Tr[MTuuuTMTp] Tr[QT M, ﬁuﬁTMTpQ]
I

Z |n% Q,, Z |n% Q, . (41)

Here c represents the sum of squared components of X {7/ ‘1,7, } along ,. Define
2= X Wo/f, we have the following relation
5; zzl X; le aﬁ
5.2 | X Xy o X.zz a? ’ (42)
#) \xi % ow) e

11



which may be expressed as € = X o/. Here € = (¢2,--- ,e))T, @' = (af,--+,a?)T, and

X is a doubly stochastic matrix. Considering equation (&II), we have the following

l
Y E(A) =D e =D ar, (43)

n=1 p=1 p=1

l l l
IO ICEI 0 (4)
pn=1 pn=1 pn=1

where the last equality and inequality in equations (43) and (44]) are properties of doubly
stochastic matrix, and similar relations exist for £,(B). Taking the Schwartz inequality
(32 aP) (32, 87) = (30, aiB;)? and the multiplicative Horn'’s inequalities [15], equations

@3] [44]) lead to

(Soan) (Seim) - (£2) - .

l B " :
(M) (Te) = (M) (T02) -T2

Q.E.D.
As the physical region of the Bloch vectors of high dimensional system has symmetric

properties [22], there exists the following Corollary

Corollary 3 If pap is separable and Sa and Sg are positive linear maps over the sub-

spaces SI(A’B) for all py and pg, then SA ® S’B are also positive linear maps for papg.

Proof: The corollary is quite clear from the following relation

S4® Sp(pap) =S4 ® Sp (Z pz’PEA) ® Pz('B)>

(2

= piSa(p”) @ Su(p”) . (47)

12



Here S 4.p are symmetric operations (discrete or continuous, i.e. reflections, permutations,
rotations, scalings, etc.) over the subspaces SI(A) and SI(B) defined in equation (I7)). Q.E.D.

For the normal form states with maximally mixed subsystems, the typical known
results using the Bloch representation may be expressed as follows [8]: If the bipartite

mixed state is separable then

AN - 1)(M — 1)
NM ’

T [&r < (48)
and if

4
NM(N —-1)(M —-1)"

1Tk < (49)

then the state is separable. By considering the squared norms of the local Bloch vectors
and their symmetries, our main results lie in Corollaries 2l and B where the singular
vectors and singular values of the correlation matrix 7 play more important roles than
that of in equations (48)) and (49)). In the following, we shall show the applications of the
entanglement criteria of Corollaries 2] and [B] and compare them with the existing related

ones through neat examples.

2.3 Examples
2.3.1 Example I: The 2 x 4 PPT entangled state

Consider the following 2 x 4 dimensional mixed state

1 1
pAB:ﬁ]l(@]l—G—Z(tlo'l®)\1+t202®)\13+t303®)\3)7 (50)

where ¢, # 0, t, € R, and o, and A, are SU(2) and SU(4) generators respectively.

Equation (B0) represents a physical state when p4p is positive semidefinite, that is

1
ty <7 (fl+ )" < 7. (51)

N

13



Existing results: The density matrix psp in equation (B0) has positive (semidefinite)
partial transposition, so the PPT criterion cannot determine whether the state is entangled
or separable. The Bloch representation criteria state that: psp is entangled if ||7T||%p >
3/2, and is separable when ||T||&p < 1/6 [8]. As ||T||kr = |t1] + |t2| + |t3] < 1 for pag,

the Bloch representation criteria cannot detect the entanglement when
1
g <ltl+ltf+]ts| <1 (52)

And none of the two criteria could be used to construct the separable decompositions for
the state pag.

Our results: The left and right singular vector spaces of the state pap in equation
BO) are Sg(,A) = span{oy, 09,03} and Sg(,B) = span{Ai, A3, A\3}. In order to be positive
semidefinite, the Bloch vectors of the one-particle states p*) and p(®) cannot have too
large components in SéA) and Sg(,B). Evaluations of the positivity conditions of the single

particle states in SéA) and S, (B) show that

23: )<1,) &(B)<1, (53)

p=1
3

Here, the upper bounds of equation (G3]) are obtained by the states
1 1, . . .
pi = 5]1 + 5(81:(1 0; cos ¢;01 + sin 0; sin ¢;09 + cos b;03) (55)

1 1
p; = Z]l + 2(0039 A1 +sin @\ + — )\15) (56)

AR

While the upper bounds of equation (54]) are obtained by

1 1
W =14 " _(to, £oyt03), 57
P 9 2\/§( 1 2 3) ( )
1 1
p(B) = —]l \/_7)\1 \/7)\ >\13 + —

4 5(3 3 3[ 3%

14

——Ag5) - (58)



Taking equations (53], B4 into Corollary 2l we have that if psp is separable then
1 4 2
L-1 > (] + [to] + [t3])7, o5 555 = (fatats)” . (59)

That is, the state in equation (B0) is entangled when (|t1] + |ta] + |t3])? > 1 or (t1tat3)* >

%. For the special case of t; = t, = t3 = t, we have that psp is entangled when
t > 33% ~0.242 ie., t = i corresponds to an entangled state.

Most importantly, our method can give the separable decomposition of p4p within the

subspaces SéA) and SéB), ie.

L
A
PAB = E pmg '® PEB) ) (60)
i=1

(4)

where p;”) = 11 + 17 - & and pl(-B) =211+35- X. First, we write the correlation matrix

T of pagp as follows (see the proof of Corollary 2 in Ref. [15])

a; 0 0 0 %1 g 8
T = 0 (e%)) 0 0 Q . QT 0 02 ﬁ3 = Mrp : M;E) . (61)
0 0 a3 O 0 0 0
Here t, = o, f,, and Q € SO(4) is chosen to be
1 -1 -1 1
1f-1 -1 1 1
1 1 1 1

where we set \/p; = Q4 = % Then, decomposed separable states may be expressed as

% 0 0 O
) aq -0 —01 Qg 0 1 0 0
Mrp = M,«Dﬁ = —0p —Q9 (0%)) (6%) 0 (2) 1 0 ) (63)
—Q3 Q3 —a3 Q3 0 0 (2] 1
2
L0000
My, =MDy = | =82 —B2 (2 [ 0 (2] 1o (64)
_ _ 2
Bs B3 B3 Bs 0001

15



The corresponding decomposition of p4p can be read from equations (G3]) and (64]), where

p1 = p2 = p3 = ps = 1/4, and the Bloch vectors for pEA’B) are

aq —Qq —Qq aq

Fl = —Q9 s ’FQ = — Q9 s ’Fg = (0] s 7?4 = (0%)] s (65)
—Qg a3 —Qg a3
B —5 —b B

Si= -0, Soa=-B)] ,S=| B |, 5= (0] . (66)
—fBs B3 —fs B3

In the subspace of SéB), the states p(B) = i]l + %(ﬁl)\l + PaA13 + [3A3) require that

B+ 83 < 1 and B3 < 1. Therefore, pap is separable whenever the following conditions

are satisfied
2 2 1 2
L T

Lo o 9 9
o a§_4,a%_i,wmhal—l—%—kaggl, (67)

where the region for ¢, forms a cylindroid.

2.3.2 Example II: The 3 x 3 octahedral and tetrahedral states

We consider the following two 3 x 3 bipartite states with ¢, € R and ¢, # 0

1 1

Pl = gL @ L+ LA @A+ 12X @ Ao+ 1ada ® Ag) (68)
1 1

Pl = L@ T+ (A @A + 1A @ A+ 1ads @ Ao) (69)

Here p%’ represent physical states when

4
Al >0: [ttt =85 < (70)
4
el >0 Vi< (71)
Existing results: The PPT criterion detected that ,0541})9 is entangled when
4
|t1| 4 [ta] + [ts] > = . (72)

9
However the separability within the octahedral region of [¢1] 4 |t2] + |¢3] < 5 is unknown

for PPT criteria. The Bloch representation criteria state that pSJ)B is entangled when

16



||T|lke > 4/3 and is separable when ||7||kr < 1/3. A combined application of the PPT

and Bloch representation criteria still cannot determine the separability of ,0541})9 when
1/3 < ||T||lkr = |ta| + [to] + |t3] < 4/9. (73)

While for the state pfg, none of the PPT and Bloch representation criteria can determine

whether it is entangled or not.

Our results: For state PSJ)& the left and right singular vectors of the correlation matrix

both are spanned by S?EA) = S?EB) = span{ A1, Ao, \3}. There exists the following positive
linear map for p = %]l + %(ml)\l + XoAo + T3N3 + 2224 TuA)

11 °
S(p) = g]l + —(—1’1)\1 — 1’2)\2 — 1'3)\3 + Zxﬂ)\ﬂ) s (74)

2
pn=4

which may be called the partial inversion of the state [22, 23]. According to Corollary [B]

if p(Alj)B is separable, then S ® ]l(pgj)g) must be positive which leads to

O =~

[t1] + [to] + |t3] < = . (75)

Therefore, p(Alj)B is entangled when [t;| + |to] + |t5] > § which consistent with the PPT
criterion.
Further, our method could make the separable decomposition of ,0541})9 under the con-

dition of equation ([[3]). The equation ({78 may be reexpressed as

(;) - @ > (tal + [ + sl (76)

According to the positive semidefinite condition of the density matrices in SéA’B), the

decomposed local states must be of the following form

1
pAB) = g]l + g(sinﬁcos P\ +sinfsin oAy + cosbAs) , r < - . (77)

Wl N
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The obtained decomposition is similar as that of equations (G3]) and (4], i.e.

1 [ —a —ar 1 B =B =B B
M,, = 52— o al, M,, = 3 —B2 —P2 B2 Ba| (78)
—Q3 Q3 —aQ3 Q3 —Bs Ps =B B

where ¢, = ®,0,, and the norms |7;|* = Zi:l a2 = 4/9 and [5]* = Zi:l B = 4/9

according to equation (7). Our results show that when (compared to equation (73))

4
1 Tllke = [ta] + fto] + [ts] < 5, (79)

p(Alj)B is separable and the separable decomposition of p(Alj)B can be written explicitly from

M,, and Mj, in equation (78)) with 7; and §; being similar to that of equations (656G).
For the state p{’) with /22 + 2 + £2 < 4/9, the subspaces spanned by left and right
singular vectors are different, i.e., SéA) = span{Aj, A2, A3}, Sg(,B) = span{Aj, Ay, \¢}. The

positive semidefinite condition for Bloch vectors p(5) = %]l + %(I)\l + YA+ 2Xg) is [22]

2 +y?+ 27 —3ryz < -, (80)

W > O >

$2+y2—|—22

IN

(81)

The convex hull formed by equations (80, BT]) has the shape of fully filled rice dumpling

(a traditional Chinese food) with four vertices coincident to a regular tetrahedron

222 2 22 22 2 2 2 2

333 33 Cee ) Gy ) (82

From Corollary 2] and equation (81l), we have
: 4
<Z&<A>) 3 T = (] + ol + 157 ()
pn=1

From /13 + 13 + 3 < 4/9, we can get (|t1] + [t2] + [t3])* < 32. Taking this into equation

[®3), we get Zizl Eu(A) < 3. Our result predicts that the state p(Azj)B admits the following
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separable decomposition

Lo o0 o
B o o —Qap —Ooq 0 L 0 0
M., =M, -Dj =|a —ay —ay 0 (2) I (84)
s —a3 O3 T3 000 1
2
1000
. B B =B =B (2) 1 o0 o0
Msp = Ms : Dﬁ = 62 _ﬁQ _52 ﬁZ 0 (2) 1 0 ’ (85)
B3 —P3 Pz —Ps 0 0 (2) 1
2
where o, 3, = t,. Therefore, pfj)g is separable when 3, = t,,/«,, satisty equations (80, [8TI)
22t titots 4 2t 2 4
a2 .8 g <—,and 24+ 242 <2 86
a? a3 of araas — 9 an a%+a§+a§_3 (86)

Here the Bloch vectors” norm of p() should be a? 4+ a2 + a2 < %. Equation (88]) covers
the region /12 + 13 + 12 < 4/9, so pfj)g is separable for all values of ¢; in equation (1))
In the above examples, we use Corollaries 2] and [B] to detect the entanglement of
mixed states and compare the results with that of PPT and Bloch representation criteria.
(Many other criteria reduce to these two criteria for normal form states [§].) Then, we
explicitly construct the separable decompositions for the bipartite mixed states based on
the separability criteria of Corollaries 2land Bl Here the decomposition is done within the
left and right singular vector spaces (i.e., SI(A) and SZ(B)), where, generally, dimensions out
of Sl(A) or Sl(B) may also be admissible. Full analysis of the symmetries and volumes of
the general convex hulls of the local Bloch vectors would give the necessary and sufficient

condition for separability.

3 Discussion

We have shown that, by factoring the correlation matrix into two matrices, practical
entanglement criteria are derived within the scheme developed in [15]. With these criteria,

one can analyze the magnitudes and symmetries of the Bloch vectors of the decomposed
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local states, which is unreachable for other criteria based on matrix norms. Furthermore,
our method provides a practical way to construct the separable decomposition of mixed
bipartite states analytically, rather than merely realizing the decompositions numerically.
Since the Bloch vectors of local states are distributed over a high dimensional convex
hull closely related to the steering ellipsoid in quantum steering [24], our method might
play an essential role in the studies of variant nonlocal phenomena, e.g., mixed state

entanglement, quantum steering, and Bell nonlocality.
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