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On four-photon entanglement from parametric down-conversion process
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We propose two schemes to generate four-photon polarization-entangled states from the second-
order emission of the spontaneous parametric down-conversion process. By using linear optical
elements and the coincidence-detection, the four indistinguishable photons emitted from parametric
down-conversion source result in the Greenberger-Horne-Zeilinger (GHZ) state or the superposition
of two orthogonal GHZ states. For this superposition state, under particular phase settings we
analyze the quantum correlation function and the local hidden variable (LHV) correlation. As a
result, the Bell inequality derived from the LHV correlation is violated with the visibility larger
than 0.442. It means that the present four-photon entangled state is therefore suitable for testing
the LHV theory.

PACS numbers: 03.67.-a, 03.67.Bg, 03.67.Lx, 42.50.Ex

I. INTRODUCTION

As a quantum resource, multiphoton entanglement [1, 2] plays an important role in both theoretical studies and
experimental techniques. One of the attractive aspects of this field is how to generate the desired multiphoton
entangled states [3–13]. Since a spontaneous parametric down-conversion (PDC) [14–17] source is capable of creating
pairs of entangled photons, in general, a standard method of generating the multiphoton entanglement is to evolve
the pairs emitted from respective source with a set of passive optical elements [2]. For this purpose, it is crucial to
suppress undesired multipair emissions and enhance the collection efficiency of the entangled photon pairs.
A higher-order emission of the PDC source [18–24] is related to a twin-beam multiphoton entangled state. For

the second-order emission, it has been shown that [22], when the duration of the pump pulse is much shorter than
the coherence time of the photons, the emitted state can be described as an indistinguishable twin-beam four-photon
entangled state (a genuine four-partite entanglement) rather than two independent pairs. Based on such four-photon

emission, Weinfurter and Żukowski [25] proposed a novel method of generating four-photon polarization entangled
state. By using several linear optical elements, a kind of four-photon polarization entangled state can be obtained
directly in PDC process, instead of recombining two entangled-photon pairs. This four-photon entangled state can
be used to test the local hidden variable (LHV) theory [25]. Later, it leads to the following discussion on four-photon
entanglement in two-crystal geometry by Li and Kobayashi [26].
In this paper, we at first focus on the generation of two particular types of four-photon entangled states from the

second-order emission of the PDC source. The output states are quite different from the previous ones because of
the interference at an additional polarizing beam splitter (PBS) before the fourfold coincidence detection. We then
compare LHV correlation function and quantum correlation function under particular phase settings. The result is
that the quantum violation of the present four-photon entangled state is much larger than the threshold value 1.
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FIG. 1: The schematic diagram of generating four-photon Greenberger-Horne-Zeilinger state. The parametric down-conversion
(PDC) source is used to produce four indistinguishable twin-beam entangled photons. Two 50 : 50 beam splitters (BSs) and
the following polarizing beam splitter (PBS) are used to evolve these photons from the spatial modes a1 and a2 to d1, d2, d3
and d4.

II. GENERATION OF FOUR-PHOTON POLARIZATION ENTANGLED STATES

For the second-order emission of the PDC source, suppose that the four-photon entangled state emitted from the
PDC source is

|Φ〉 =
1

2
√
3
(â†1H â

†
2V

− â†1V â
†
2H

)2|0〉, (1)

where â†iH and â†iV (with i = 1, 2) are respectively the creation operators with horizontal and vertical polarization in
the spatial modes ai. We next describe a method of generating two four-photon polarization entangled states, i.e.,
the Greenberger-Horne-Zeilinger (GHZ) state and the superposition of two orthogonal GHZ states.
At first, we show the scheme of generating the four-photon GHZ state. As indicated in Fig.1, we here assume that

the two polarization independent 50 : 50 beam splitters (BSs) transform a1 into (d1 +D1)/
√
2 and transform a2 into

(d4 −D2)/
√
2, respectively. Since the interference at the two BSs, the initial twin-beam four-photon entangled state

evolves
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−
√
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D2H
)

−|1, 1〉(d1H
d1V

+d1H
D1V

+d1V
D1H

+D1H
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) ⊗ |1, 1〉(d4H
d4V

−d4H
D2V

−d4V
D2H

+D2H
D2V

)]. (2)

Here, for simplicity, |m,n〉d1H
D1V

, for example, represents that there are m horizontally polarized photons in spatial
mode d1 and n vertically polarized photons in spatial mode D1. When photons travel through the PBS in the
horizontal-vertical basis, the evolution of the photons from the spatial modes D1 and D2 to d2 and d3 is given by

|V 〉D1
→ |V 〉d2

, |H〉D1
→ |H〉d3

, |V 〉D2
→ |V 〉d3

, |H〉D2
→ |H〉d2

. (3)

At last, if we only consider a four-photon coincidence detection, i.e., there is one photon in each of the spatial modes
d1, d2, d3 and d4, then we have

|ψ〉 = 1√
2
(|HV V H〉d1d2d3d4

+ |V HHV 〉d1d2d3d4
). (4)

Obviously, this output state is exactly the canonical four-photon polarization-entangled GHZ state.
We next extend the above method to exploring an available four-photon polarization entangled state. For this

purpose, let us first insert a half wave plate R in spatial mode a2, which can convert the polarization state |H〉 into
|V 〉 or vice versa. Fig. 2 shows the schematic diagram of generating this kind of four-photon polarization entangled
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FIG. 2: Generation and detection of the four-photon polarization entangled state. R represents a half wave plate, which is
used to convert the polarization state |H〉 into |V 〉 or vice versa. Each PAi (i = 1, 2, 3, 4) is a polarization analysis used to
investigate the entanglement property of the output four-photon entangled state.

state. Due to the action of this half wave plate, the original four-photon entangled state (1) becomes

|ΦR〉 =
1
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√
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†
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†
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)2|0〉. (5)

Similarly, when the photons pass through two BSs, one has
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Then, applying the transformations (3) and conditioning on detecting one photon in each of the four spatial modes,
we have the four-photon polarization entangled state

|ψ〉 = 1√
10

[(|HV V H〉d1d2d3d4
+ |V HHV 〉d1d2d3d4

)− 2(|HHHH〉d1d2d3d4
+ |V V V V 〉d1d2d3d4

)]. (7)

Obviously, instead of the GHZ state, it is the superposition of two orthogonal GHZ states with unequal probabilities.

III. QUANTUM NONLOCALITY OF THE FOUR-PHOTON ENTANGLED STATE

As is well known, Bell inequalities can be used to investigate the constitutive relations for multiparticle entanglement
[27–32] and quantum nonlocality [33–40]. We now turn to the discussion of quantum nonlocality of the present four-
photon entangled state. Four-photon GHZ state maximally violates Mermin inequality [35]. Especially for a four-
particle system, it has been shown that [40] a compact Mermin-type inequality is also maximally violated by four-qubit
GHZ state with a certain constant visibility 2. Next we concentrate on quantum nonlocality of the aforementioned
superposition state (7).
For a four-photon system, for the sake of simplicity, we suppose that each location of the photon is allowed to

choose independently between two dichotomic observables and each outcome can take one of the values +1 or −1. In
order to investigate quantum nonlocality of the present four-photon entangled state, we here introduce a polarization
analysis basis [25]

|mx, φx〉 =
1√
2
(|V 〉x +mxe

−iφx |H〉x), (8)

where φx is a local phase setting connecting with location dx (x = 1, 2, 3, 4), and mx = ±1 are two possible measure-
ment results.
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The correlation function of measurement results is usually defined as the average of the product of the local values.
Then, the correlation function for the present four-photon entangled state (7) is

E(φ1, φ2, φ3, φ4) =
∑

m1,m2,m3,m4=±1

m1m2m3m4|〈m1, φ1|〈m2, φ2|〈m3, φ3|〈m4, φ4|ψ〉|2

=
4

5
cos(φ1 + φ2 + φ3 + φ4) +

1

5
cos(φ1 − φ2 − φ3 + φ4). (9)

On the other hand, in terms of the local hidden variable (LHV) model, the photons are locally but realistically
correlated. A four-photon correlation function for two alternative dichotomic measurements can be described as a
four-index tensor [25]

ÊLHV =
∑

k1,k2,k3,k4=1,2

ck1,k2,k3,k4
v
k1

1 ⊗ v
k2

2 ⊗ v
k3

3 ⊗ v
k4

4 , (10)

where v
kx

x (x = 1, 2, 3, 4) represents a two-dimensional real vector with kx = 1, 2 and v
1
x = (1, 1),v2

x = (1,−1), and
ck1,k2,k3,k4

are the correlation coefficients satisfying
∑

k1,k2,k3,k4=1,2

|ck1,k2,k3,k4
| ≤ 1. (11)

This inequality is derived from LHV model and generically called Bell inequality, which can be used to test the LHV
theory.
In order to compare the LHV correlation and the quantum correlation for the present state (7), we now rewrite the

quantum correlation function as a tensor

ÊQ =
∑

k1,k2,k3,k4=1,2

qk1,k2,k3,k4
v
k1

1 ⊗ v
k2

2 ⊗ v
k3

3 ⊗ v
k4

4 . (12)

For simplicity, we here take the experimental settings φ11 = 0, φ21 = π/2, φ12,3,4 = −π/4 and φ22,3,4 = π/4, as described
in [25]. The quantum correlation coefficients qk1,k2,k3,k4

can be obtained straightforwardly by using equation (9), and
then we have

∑

k1,k2,k3,k4=1,2

|qk1,k2,k3,k4
| = 16

5
√
2
. (13)

This result shows that the Bell inequality (11) derived from the LHV correlation is violated with the value 8
√
2/5,

which is much larger than the threshold value 1.

IV. DISCUSSION AND SUMMARY

In summary, we have shown two schemes of generating four-photon polarization entangled states and discussed
quantum nonlocality of the present four-photon entangled state. For a four-photon emission of the PDC source, due
to the interference at PBS before the fourfold coincidence detection, we can obtain the GHZ state or the superposition
of two orthogonal GHZ states. Since only a few linear optical elements and the coincidence-detection measurements
are employed, it is convenient to realize in experiments.
For quantum nonlocality of the present superposition of two orthogonal GHZ states, by calculating the quantum

correlation function under particular phase settings, it has been shown that the present four-photon entangled state
violates the Bell inequality with the visibility 5

√
2/16 ≃ 0.442, which is superior to the visibility 3

√
2/8 ≃ 0.53

associated with the superposition of the GHZ state and the product state of two Bell states [25]. This means that
the present four-photon entangled state is well suited to testing the quantum formalism against the LHV model in
experiments.
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