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Abstract
Quantum coherence and entanglement are two key features in quantum mechanics and play
important roles in quantum information processing and quantum computation. We provide a
general triangle-like inequality satisfied by the /;-norm measure of coherence for convex combination
of arbitrary n pure states of a quantum state p. Furthermore, we present triangle-like inequality
for the convex-roof extended negativity for any states of rank 2, which gives a positive answer to
a conjecture raised in [Phys. Rev. A 96, 062308 (2017)]. Detailed examples are given to illustrate

the relations characterized by the triangle-like inequalities.
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INTRODUCTION

Quantum coherence and entanglement are the two key features of quantum world. While
quantum coherence is defined for single systems, quantum entanglement is adopted to de-
scribe the correlations in bipartite or multipartite systems. Recent developments in under-
standing of quantum coherence have come from the burgeoning field of quantum information
science. Just like entanglement, coherence can be treated as a physical resource and has
been widely studied. One important pillar of the field is the study on quantification of
coherence. Since the seminal work [1] on defining a good coherence measure in terms of the
resource theory, quantum coherence has been widely studied and applied to many quantum
information processing [1-20].

The relative entropy and [;-norm coherence measures are two well-known measures of co-
herence, especially concerning the strong monotonicity property and the closed expressions.
In fact, different quantifications of coherence can greatly enrich our understanding of coher-
ence. In particular, the distillable coherence [8, 121], the coherence of formation [, 21], the
robustness of coherence |13], the coherence measures based on entanglement 2], max-relative
entropy of coherence [20], and the coherence concurrence [22, 23] have been proposed and
investigated. For instance, the relative entropy coherence can be understood as the optimal
rate for distilling a maximally coherent state from given states [§]. The max-relative entropy
of coherence can exactly characterize the subchannel discrimination problems such that the
coherent state allows for a higher probability of successfully discriminating subchannels than
that of all incoherent states [20]. The robustness of coherence quantifies the advantage en-
abled by a quantum state in a phase discrimination task [13]. In addition, the relations
between coherence and path information [24-26], the distribution of quantum coherence in
multipartite systems [19], the complementarity between coherence and mixedness [27, 28]
have also been studied.

In [29], the authors show that if a rank-2 state p can be expressed as a convex combination
of two pure states, i.e., p = p1|11) (1| + p2|th2) (¥], a triangle inequality can be established,
B(/Piltn) — B(yBalv))| < E(p) < E(y/Bilt)) + E(yBalun)), where E can be cither
the measures of coherence or the entanglement concurrence. In this paper, we give a revise
to the inequalities to make it a suitable measure. We provide detailed proofs of triangle-

like inequalities in coherence measures and entanglement negativity. A general triangle-like



inequality for any convex combination of n states p based on the [; norm coherence measure is
given. Furthermore, we provide entanglement negativity satisfied the triangle-like inequality
for any states of rank 2, which gives a positive answer to a conjecture of the convex-roof
extended negativity satisfied the triangle-like inequality [29]. At last, we give an example of

entanglement negativity in a two-qubit system.

TRIANGLE-LIKE INEQUALITIES FOR MEASURES OF COHERENCE

A widely used measure of coherence is the distance-based measure [1], defined by the
minimal distance between a given state and the set of incoherent quantum states Z. The
incoherent states are diagonal ones in the reference basis {|i)} of a d-dimensional Hilbert

space, d = 3% &|i)(i]. A measure of coherence for a state p can be defined by

Cp(p) = min D(p, ), (1)

6T

where D(p, d) denotes certain distance measures of quantum states.
Typical distance-based measures of coherence are the relative entropy, the /;-norm and

the trace norm [1]. The /;-norm measure of coherence for a state p is given by

Cu(p) = min [|p =5l => o, (2)

i#]
which is equal to sum of the absolute values of all off-diagonal elements of p.
For mixed states, the convex-roof [;-norm is adopted as a different measure of coherence
[22]. The convex-roof l;-norm of a mixed state p is given by

C7l1 = min szch W]z (3)

{pi|va)}
where the minimization is taken over all pure state decompositions of p =
> pili)(Wil, 3o;pi =1, Ciy(|¢y)) is the l;-norm of the state [1);) (1.
We begin with a general triangle-like inequality based on the /; norm measure of coher-
ence.
[Theorem 1]. If a state p can be expressed as a convex combination of n (n > 2) states
p =i Dipi, Ci,(p) satisfies the following triangle-like inequality,

23

k=1

G(n D —peCi ()| < Ch(p) < szcll Pi), (4)




where G\"™V k =1,2,-- ,n, are the low bounds of 3" ik PiCly <7fjf;fj>-

[Proof]. First we consider the case of n = 2, i.e. p = p1p; + p2p2. Then we have

Ci(p) = Ci(p1p1 + p2p2)

= Z |plp1ij +p2,02ij|

i#]
ZP1|P1U| - Zp2|p2ij|
i#j i#j

()

where G = pyCy, (p2), GSY = p1Cy, (p1). Hence (@) is a special case of the left hand of (@).

= ’Plch (p1) — p2C1, (p2)|,

Next, we consider the case of n =3, p = Zlep,-p,-. From (), we get

3 3
> i PP
Culp) 2| > piCu (ﬁ —piCi ()
J#i k#i Pk
> ||piCu(p3) = PiCo (1) = piCi ()] (6)

Summing over all the 7, j, k in (6]), we have

AUESEDS

i#A{gk}, <k

PiCu(pi) = piCiu (1) = PiC ()| (7)

where G]?) = poh(pl) _pjcll(pj)’7 1 < ja k 7é {Za]}a i>j>k: € {172a3} Thus dﬂ) can be
rewritten as Cy, (p) > %Zi:l }G,(f) — piCl, (p1)|-
() reduces to (@) for n = 3. Now suppose That Theorem 1 holds for n = m. Consider

the case of n =m+ 1, p = 3.7 pipi, we have

m+1
Cll (p> = Cll <Z pipi + pkﬂk)
i#k

m+1 m+1
Lk PiPj
szCll (%) — peCi, (p)

itk Zt;ﬁk Dt

> ‘G( — eCr (pr) |-

Summing over all the k in (8), we have

1

3
T

1

>
Cll(p> _m+1

G — pCiy (o)

e
Il
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Therefore, the left inequality of () is proved. The right inequality in (@) is obvious due to
the convex property of the [;-norm coherence. []

Note that here the decomposed states py, - - - , p, can be either pure or mixed states. For
pure state decompositions, we have

[Theorem 2. If p has a linearly independent pure state decomposition
[01), ha), - | Un), p = Doy pili) (1], then the convex-roof [;-norm coherence of mul-
tiqubit state p satisfies the following triangle-like inequality:

= ()| < Culo) < 3G ) (10)

where C, (|1;)) = Cy,(|1s)) is the convex-roof l;-norm coherence of pure states |t);) i =

1,2,---.n, él(;z—l)7 k=1,2,---,n, are the low bounds of > #pzcll (%).

[Proof]. The second inequality of (I0) is due to that the convex-roof /;-norm coherence
Cy, (p) is a sum of the minimal decomposition of p, while 3. p;C, (]¢)) can be regarded as
a sum of a general decomposition of p.

Assume that p = 37, pr|ts) (¥k| is the optimal decomposition of Cy, (p). We have
Cll Zpkch |¢k

= Zpk Z } (t|v) (%U)}

k i#]

> Z (i Zpk\wk (k)]
i#£]

- Z |pu Cl1 (11)
i#£]

From Theorem 1, we obtain ([I0)), which completes the proof. [J

Remark 1. Theorem 1 is the main result in [29], where n = 2. There is a potential question
of whether other quantum measures also satisfy triangle inequalities. One may also consider
other measures of coherence, and entanglement measures such as relative entropy and the
entanglement of formation. However, these measures are usually difficult to calculate for
given states in general. Hence, the triangle-like inequalities associated with these measures

are still open problems.



TRIANGLE-LIKE INEQUALITIES IN ENTANGLEMENT NEGATIVITY

Concurrence is a well-known measure of entanglement [30-34]. For a general bipartite
pure state |¢)ap in Hy ® Hp, the concurrence is defined by [33, 135, 36], C(|¢)ap) =

2[1 — Tr(p%)], with ps the reduced density matrix by tracing over the subsystem B, py =
Trp (1) ap(t]). The concurrence for a bipartite mixed state p4p is defined by the convex-roof
extension C(pap) = mingy, 1y} >_; 2iC(|1:)), where the minimum is taken over all possible
decompositions of pap = Y, pi|ti) (¢s|, with p; > 0 and >, p; =1 and |¢;) € Hy ® Hp.

Another well-known measure of bipartite entanglement is the negativity. Given a bipartite
state pap in H,®Hp, the negativity is defined by [37], N(pag) = (||p%]|—1)/2, where p', is
the partial transpose of p4p with respect to the subsystem A, ||X|| denotes the trace norm of
X, ||X|| = Trv/X XT. Negativity is a computable measure of entanglement, and is a convex
function of pap. It vanishes if and only if pap is separable for the 2 ® 2 and 2 ® 3 systems
[38]. For simplicity, we use the following definition of negativity, N(pag) = ||p’%|| — 1. For
a mixed state pap, the convex-roof extended negativity (CREN) is defined by

pAB = min Z pz ‘wz AB

where the minimum is taken over all possible pure state decompositions {p;, |1;)ap} of pap.
CREN gives a perfect discrimination of positive partial transposed bound entangled states
and separable states in any bipartite quantum systems [39, 40].
For any bipartite pure state [¢))4p in a d ® d quantum system with Schmidt rank
, [Wha = V[00) + v/ Ai[11), one has N([¢)ap) =[l [} || =1 = 2vAeA =
\/1—7TrpA C(|) ap). Namely, the negativity is equivalent to the concurrence for
any pure state with Schmidt rank 2. Consequently it follows that for any two-qubit mixed

state pap = D pilti) ap (¥l
¢(pap) = min sz (1) ap) = min Zpic(\¢i>A3) = C(pan), (12)

For a general bipartite pure state pap = [¢)(¢|, the concurrence can be written as [41],

2
(1)) —2¢zﬁﬁ1” D cwith [) = S S5 aylig). Tt is
easy to obtain p;C(|1;)) = C(\/pil¥s)), @ = 1,2. From the result of Theorem 3 in [29], one

Aik Q51 — Ai1A5k

has,

[C(102)) = PaCl1a))| < Clp) < PC()) + paC(14)), (13)



where p = py|t1) (V1| + pa|ih2) (e is a two-qubit mixed state.
Combining (I2) and (I3), we have

plNc(|¢l>) _p2Nc(|¢2>) < Nc(p) < plNc(|¢l>) +p2Nc(|¢2>)a (14)

and with a similiar method of Theorem 1, we generalize (I4]) to multiqubit states.
[Theorem 3]. If a multiqubit state p can be expressed as a convex combination of n
(n > 2) states p = >, pipi, with p; = |¢;) (4], i = 1,2,--- ,n, then the negativity N.(p)

satisfies the triangle-like inequality:

) < ZpZ Pi) (15)

where H,gn_l), k=1,2,---,n, are the low bounds of Z;;kpiNc <%), Hl(l) = paNe(p2),
H2(1) = plNc(pl)-
Proof]. First, we consider the case of n =3, p = : pip;. From Eq. , we get
p =1 p

— piNe(pr)

S i Dipr
Ne(p) = Z Ne < 22 — pilNe(p:)

G Zk;éz Pk

> ||psNelos) = eNelpr)| = piNe(or)| (16)
Summing over all the 7, j, k in (I0), we have
1
Nep) 25 D |[piNelo) = peVelon)| = pie(pi), (17)
i#{j,k}.i<k

where ng2) = |piNe(p;) —ijc(pj)’, i <7, k#{i,j}, 1,5,k €{1,2,3}. Then (IT) can be
rewritten as N.(p) > %Zzzl \H,f’ — piNe(pr)|-

(I3) reduces to (IT) for n = 3. Suppose that Theorem 3 holds for n = m. Consider the
state p = Y7 pip;, we have

m+1
Ne(p) = N, (Z Dipi +pkpk>

i#k
m+1 m+1
k PiPj
sz c ( ];;_,_1 ) —pch(Pk)
itk Zt;ﬁk D

> ‘ngm) — peNe(pr)|-

(18)
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FIG. 1: Solid (red) line denotes the value of [pN.(|11)) — (1 — p)Ne(|1)2))| for given p,
dashed (blue) line for pN.(|11)) + (1 — p)N.(|¢2)), and dotted (green) line for N.(p).

Summing over all the k in (I8), we have

1

3
T

1
m—+1

No(p) > H™ — peNe(pr)|- (19)

e
Il

1

Therefore, the left inequality of (IH) is proved. The right inequality in (I5) is obvious due
to the convex property of the negativity. [

Remark 2. Theorem 3 can be used to detect the entanglement of a multiqubit mixed
state. If the product of the probability distribution of |¢;) and its corresponding negativity
is different from that of |1);), p must be entangled. If all |¢;), ¢ = 1,2,--- ,n, are partial
transpose positive states, p must be separable. In the following example, one can find that
for p = % the left hand side of Theorem 3 is 0, but the state p is entangled.

Example. Consider a two-qubit mixed state p = p|t1) (1| + (1 — p)|t2) (¥a|, where |¢1) =
V200)+111) 4 /3i(101)+[10)), [1) = \/2(100)+]11))+/5(01) +[10)), i = v=T. From
the definition of negativity, we have N.([¢1)) = 1, N(|12)) = 1 and N.(p) = %\/W
The relations among [pNz(Jér}) — (1~ p)Ne([a))|, Ne(p) and pN(fin}) + (1 — p)Ne(fis))

are shown in Fig. 1.

In fact, the bounds of N.(p) in (IH) depends on the pure state decompositions of p. Con-
sider a new decomposition p = p[y))(¢| + (1 — p)[v5) (W, where (\/pliy), /T —pley))" =



U(y/plibr), /T =pliba))",

cosae®  sin ae'

3
|

—sine™™ cosae”

The relation still holds,

plNc(|¢i>> _p2Nc(|¢é>) S Nc(p) S plNc(h%)) +p2Nc(‘wé>)'

In particular, under all possible unitary transformations U, the largest upper bound

of N.(p) is just the convex-roof extended negativity of assistance [42], N,(p) =
max(p, jvi)} 22 iV ([¥3)-

CONCLUSION

We have provided a general triangle-like inequality for any n pure states combinations of
p, based on the [;-norm coherence measure. Furthermore, we have presented the triangle-
like inequality satisfied by the convex-roof extended negativity for any states of rank 2,
giving a positive answer to the conjecture raised in [29]. By a detailed example of a two-
qubit state, the relations characterized by the triangle-like inequalities have been explicitly
displayed. These results may highlight the further investigations on quantum coherence,
quantum entanglement and even other quantum correlations related to steerability and

non-locality.
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