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The uncertainty principle sets limit on our ability to predict the values of two incom-
patible observables measured on a quantum particle simultaneously. This principle can
be stated in various forms. In quantum information theory, it is expressed in terms
of the entropic measures. Uncertainty bound can be altered by considering a particle
as a quantum memory correlating with the primary particle. In this work, we provide
a method for converting the entropic uncertainty relation in the absence of quantum
memory to that in its presence. It is shown that the lower bounds obtained through
the method are tighter than those having been achieved so far. The method is also
used to obtain the uncertainty relations for multiple measurements in the presence of
quantum memory. Also for a given state, the lower bounds on the sum of the relative
entropies of unilateral coherences are provided using the uncertainty relations in the
presence of quantum memory, and it is shown which one is tighter.

I. INTRODUCTION

The uncertainty principle is the central core of
quantum theory. It represents the unpredictabil-
ity of quantum phenomena. The principle sets
limits on the precise prediction of the outcomes
of two incompatible quantum measurements on
a particle [1]. The uncertainty principle can be
stated in various forms. The most famous form of
the uncertainty relation was presented by Robert-
son [2] and Schrödinger [3]. They showed that for
arbitrary pairs of noncommuting observables Q
and R, the uncertainty relation has the following
form,

∆Q∆R ≥ 1

2
|〈[Q,R]〉|, (1)

where ∆Q(∆R) indicates the standard deviation of the
associated observable Q(R),

∆Q =
√

〈Q2〉 − 〈Q〉2 (∆R =
√

〈R2〉 − 〈R〉2). (2)

This form of the uncertainty relation is still one
of the best well-known ones. Utilizing the Shan-
non entropy as an appropriate measure for the
uncertainty is a more efficient way to represent
the uncertainty relation which was conjectured
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by Deutsch [4] who introduced the entropic un-
certainty relation. Deutsch’s inequality was im-
proved by Kraus [5], and proved by Massen and
Uffink later [6]. This uncertainty relation states
that for two observables X and Z with eigenbases
{|xi〉} and {|zi〉}, respectively, and for any state ρ,
one can write

H(X) +H(Z) ≥ log2
1

c
≡ qMU , (3)

where H(O) = −∑

k pk log2 pk, is the Shannon entropy
of the measured observable O ∈ {X,Z}, pk is the prob-
ability of the outcome k, the quantity c is defined as
c = maxi,jcij, in which cij = |〈xi|zj〉|2, and qMU is
called incompatibility measure.
There are many applications of the uncertainty
relation in the field of quantum information: quan-
tum key distribution [7, 8], quantum random number
generation [9, 10], entanglement witness [11], EPR steer-
ing [12, 13], and quantum metrology [14]. A huge
amount of effort has been made to expand and
modify this relation [8, 15–31, 33–35]. Berta et

al. studied it in the presence of the quantum
memory [8].
Let us see how one can generalize the entropic

uncertainty relation to the one describing a sit-
uation in which an extra quantum system as the
quantum memory B correlates with the measured
quantum system A. It can be done by an interest-
ing game between two observers, Alice and Bob.
At the beginning of the game, Bob prepares a

http://arxiv.org/abs/1805.06751v2
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particle in an arbitrary quantum state and sends
it to Alice, then both of them reach an agree-
ment about measuring two observables X and Z
by Alice on the particle. Alice performs her mea-
surement on the quantum state of the particle,
and announces her choice of the measurement to
Bob. Bob seeks to minimize his uncertainty about
Alice’s measurement outcome; its minimum is
bounded by Eq. (3). As mentioned before, there
is only one particle in the above process. If a cor-
related bipartite state ρAB is prepared by Bob,
and only one of them is sent to Alice and the
other one is kept as the quantum memory, Bob is
able to guess Alice’s measurement outcomes with
better accuracy. The uncertainty relation in the
presence of the quantum memory is expressed as
[8]

H(X |B) +H(Z|B) ≥ qMU + S(A|B), (4)

where H(X |B) = S(ρXB) − S(ρB) and H(Z|B) =
S(ρZB) − S(ρB) are the conditional von Neumann en-
tropies of the post measurement states

ρXB =
∑

i

(|xi〉〈xi| ⊗ I)ρAB(|xi〉〈xi| ⊗ I),

ρZB =
∑

j

(|zj〉〈zj | ⊗ I)ρAB(|zj〉〈zj | ⊗ I),

and S(A|B) = S(AB) − S(B) is the conditional von
Neumann entropy. There exist three special cases:
firstly, if the measured part A and the quantum mem-
ory B are entangled, the uncertainty lower bound (ULB)
reduces due to the negativity of the conditional en-
tropy S(A|B), and Bob’s uncertainty about Alice’s
measurement outcomes can be reduced. Secondly,
when A and B are maximally entangled, one ob-
tains S(A|B) = − log2 d, where d is known as the
dimension of the measured particle. Since log2

1
c

cannot exceed log2 d, Bob can exactly guess Alice’s
measurement outcomes. Finally, in the absence of
the quantum memory, Eq. (4) reduces to

H(X) +H(Z) ≥ qMU + S(A), (5)

which is tighter than Eq. (3), due to this fact that the
measured particle is in a mixed state which leads to
S(A) > 0. Pati et al. proved that the uncertainties
are lower bounded by a term added to the right
hand side of Eq. (4) [18]

H(X |B) +H(Z|B) ≥ qMU + S(A|B) (6)

+ max{0, DA(ρAB)− JA(ρAB)},

where JA(ρAB) is the classical correlation and de-
fined as

JA(ρAB) = S(ρB)− min
{ΠA

i
}
S(ρB|{ΠA

i
}), (7)

in which minimization is performed over all posi-
tive operator-valued measures (POVMs) {ΠA

i } act-
ing on the measured part A. DA(ρAB) is called quantum
discord and defined as the difference between the total
correlation I(A : B) = S(ρA) + S(ρB) − S(ρAB) and
the classical one. Note that Pati’s lower bound is
tighter than that of Berta if the discord DA(ρAB) is
larger than the classical correlation JA(ρAB). Ad-
abi et al. showed that the uncertainties H(X |B)
and H(Z|B) are lower bounded by adding a term
to the right hand side of Eq. (4) [26]. The term
depends on the Holevo quantity and mutual in-
formation,

H(X |B) +H(Z|B) ≥ qMU + S(A|B) + max{0, δ}, (8)

where

δ = I(A : B)− [I(X : B) + I(Z : B)],

and

I(P : B) = S(ρB)−
∑

i

piS(ρB|i)

is the Holevo quantity and is equal to the upper bound of
the accessible information to Bob about Alice’s measure-
ment outcomes. Note that when observable P is mea-
sured on the part A, the i-th outcome with probability
pi = TrAB(Π

A
i ρABΠ

A
i ) is obtained and the part B is left

in the corresponding state ρB|i =
TrA(ΠA

i
ρABΠA

i
)

pi
. It is

worth noting that this lower bound is tighter than both
the Berta and Pati lower bounds. If the part B is re-
moved, Eq. (8) reduces to:

H(X) +H(Y ) ≥ qMU + S(A), (9)

which is the same as Eq. (5). The main purpose of this
paper is to provide a method which can be applied to
convert the uncertainty relations in the absence of quan-
tum memory to those in the presence of it. It is also
shown that the unilateral coherence of a given bipartite
quantum system in one measurement basis is restricted
by the unilateral coherence of the same quantum system
in other measurement basis. As a result, quantum
uncertainty relations can be written in terms of
unilateral coherence. The paper is organized as fol-
lows: In Sec. II a general method is proposed to convert
uncertainty relations to those in the presence of quantum
memory. In Sec. III the method is applied to entropic
uncertainty relations for multiple measurements. Sec. IV
presents a brief review on quantum coherence. In Sec.
V, it is shown that how one can obtain the uncer-
tainty relations for unilateral coherence by using
the uncertainty relations in the presence of quan-
tum memory. Finally, the results are summarized in
Sec. VI.
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II. A METHOD FOR OBTAINING THE
UNCERTAINTY RELATIONS IN THE
PRESENCE OF QUANTUM MEMORY

In this section, a method is introduced by which one
can convert the uncertainty relations in the absence of
quantum memory to those in the presence of it. Assume
that the general form of the uncertainty relation for N
measurements M1,M2, ...,MN is

N
∑

m=1

H(Mm) ≥ LB, (10)

where LB is an abbreviation for lower bound. Using the
Holevo quantity, this relation can be transformed into the
uncertainty relation in the presence of quantum memory.
To achieve this aim, one can use the defini-

tion of the von Neumann conditional entropy,
H(Mm|B) = S(ρMmB) − S(ρB), and that of the mu-
tual information, I(Mm : B) = H(Mm) + S(ρB) −
S(ρMmB). Adding the two quantities, one obtains
[36]

H(Mm) = H(Mm|B) + I(Mm : B). (11)

Subtracting both sides of Eq. (10) by
∑N

m=1 I(Mm :
B) and using Eq. (11), one arrives at

N
∑

m=1

H(Mm|B) ≥ LB −
N
∑

m=1

I(Mm : B), (12)

which is an uncertainty relation in the presence of quan-
tum memory. As can be seen, it is a simple way which
can be used to convert an entropy-based uncer-
tainty relation in the absence of quantum memory
to that in its presence.

III. ENTROPIC UNCERTAINTY RELATIONS
FOR MULTIPLE MEASUREMENTS

Several entropic uncertainty relations for multiple mea-
surements have been proposed [30–32]. Recently, Liu
et al. derived an entropic uncertainty relation for
N measurements Mm as [30]

N
∑

m=1

H(Mm) ≥ − log2(b) + (N − 1)S(ρ), (13)

in which

b = max
iN







∑

i2∼iN−1

max
i1

[

|〈u1i1 |u
2
i2
〉|2

]

N−1
∏

m=2

|〈umim |um+1
im+1

〉|2






,

where |umim〉 is the i-th eigenvector of Mm, and
S(ρ) = −Tr(ρ log2 ρ) is the von Neumann entropy

of quantum state ρ. In the presence of quantum
memory the relation is converted to:

N
∑

m=1

H(Mm|B) ≥ − log2(b) + (N − 1)S(A|B), (14)

where b is the same as that in Eq. (13). Substi-
tuting Eq. (11) into Eq. (13), one obtains

N
∑

m=1

H(Mm|B) ≥ − log2(b)+(N−1)S(ρ)−
N
∑

m=1

I(Mm : B).

(15)
Using S(ρ) = S(A|B) + I(A : B) in Eq. (15), one
comes to

N
∑

m=1

H(Mm|B) ≥ − log2(b) + (N − 1)S(A|B) (16)

+(N − 1)I(A : B)−
N
∑

m=1

I(Mm : B),

which can be rewritten as

N
∑

m=1

H(Mm|B) ≥ − log2(b)+(N−1)S(A|B)+max{0, δ},

(17)
where

δ = (N − 1)I(A : B)−
N
∑

m=1

I(Mm : B).

In the case δ ≥ 0, Eq. (17) represents an improve-
ment to Eq. (14). It has been shown that δ is a
non-negative real number for many states such
as the Bell diagonal states, the Werner states,
and the maximally correlated mixed states [26].
Zhang et al. introduced the entropic uncertainty
relation for N measurements Mm as [31]

N
∑

m=1

H(Mm) ≥ (N − 1)S(ρ) + max
u

{ℓUu }, (18)

where

ℓUu = −
∑

iN

puN

iN

log2
∑

ik,N≥k>1

max
i1

N−1
∏

m=1

|〈umim |um+1
im+1

〉|2,

and

puN

iN

= Tr
[

(|uNiN 〉〈uNiN | ⊗ I)ρAB

]

.

In the same way, one can convert this uncertainty
relation to that in the presence of quantum mem-
ory,

N
∑

m=1

H(Mm|B) ≥ max
u

{ℓUu }+(N−1)S(A|B)+max{0, δ}

(19)
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which is tighter than the Zhang uncertainty rela-
tion introduced in [31]. In another case, Xiao et

al. obtained the following entropic uncertainty relation
for multiple measurements [32],

N
∑

m=1

H(Mm) ≥ (N − 1)S(ρ)− 1

N
ωB, (20)

where ω indicates the universal majorization
bound of N measurements and B is certain vec-
tor of logarithmic distributions. In the presence of
quantum memory, Eq. (20) is converted to

N
∑

m=1

H(Mm|B) ≥ (N − 1)S(A|B)− 1

N
ωB +max{0, δ}.

(21)
Based on what has been mentioned so far, one
concludes that the method has two advantages.
Firstly, it can be used to convert any entropy-
based uncertainty relation in the absence of quan-
tum memory to that in its presence. Secondly,
the lower bounds of the uncertainty relations ob-
tained by this method are tighter than those
known so far.
To illustrate these results, let us consider three observ-

ables X = σx, Y = σy , and Z = σz measured on the part
A of the Werner state

ρAB = η|ψ+〉AB〈ψ+|+
1− η

4
IAB , (22)

where |ψ+〉AB = 1/
√
2(|0A0B〉+|1A1B〉) is the maximally

entangled state with 0 ≤ η ≤ 1. The eigenvectors of
the observables are given by

X : { 1√
2
(1, 1),

1√
2
(−1, 1)},

Y : { 1√
2
(i, 1),

1√
2
(−i, 1)},

and

Z : {(0, 1), (1, 0)}.

In Fig. 1, the lower bound of the entropic un-
certainty relation for the measurement of three
complementary observables X = σx, Y = σy and
Z = σz measured on the Werner state is plotted
versus the parameter η. As can be seen, the en-
tropic ULB is tighter than that of Zhang.

IV. QUANTUM COHERENCE

Quantum coherence represents an important feature
of quantum physics that marks the deviation of quan-
tum mechanics from the classical world. Regarding the
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FIG. 1: (Color online) Variation of the lower bound of
the entropic uncertainty relation of three complemen-
tary observables X = σx, Y = σy and Z = σz mea-
sured on the Werner state (Eq. (22)) in the presence
of quantum memory with respect to the parameter η.
For comparison the plot of the Zhang entropic ULB
is also included.

definition of quantum coherence, the notion of quantum-
ness is valid in single systems. Since coherence is defined
to quantify the quantumness on a specified basis, it is
logical to regard coherence as the generalized quantum
uncertainties [37, 38]. Baumgratz et al. introduced
a fundamental and accurate method to quantify
coherence [39]. To define a coherence measure, one has
to know which states are incoherent. Consider quantum
states in a d-dimensional Hilbert space Hd with a partic-
ular basis {|i〉}i=1,...,d. All quantum states displayed by

diagonal density matrix δ̂ =
∑d

i=1 δi|i〉〈i| in this particu-
lar basis are called incoherent states. This set of quantum
states is represented by I. Therefore C can be considered
as a proper coherence measure if it satisfies the following
properties [39, 40]

1. C(σ) = 0 if and only if σ ∈ I.
2. C(ρ) is nonincreasing under incoherent completely

positive trace preserving map (ICPTP) Λ, i.e.,
C(ρ) ≥ C(Λ[ρ]). Λ is an ICPTP, if it can be written
as Λ[ρ] =

∑

mKmρK
†
m, whereKm ’s are incoherent

Kraus operators which map an incoherent state to
other incoherent state, and therefore KmIK†

m ⊆ I.
This kind of map is known as non-selective ICPTP
map.

3. C(ρ) is nonincreasing under the selective ICPTP
maps, i.e., C(ρ) ≥ ∑

m pmC(ρm) in which pm =
Tr[KmρK

†
m] and ρm = KmρK

†
m/pm.

4. C(ρ) is a convex function for any set of states {ρi}
and any probability distribution {pi}.

The l1-norm of coherence and relative entropy of coher-
ence [39] are proper coherence measures which satisfy the
conditions listed above. The relative entropy of co-
herence is defined as

Cr(ρ) = min
δ∈I

S(ρ‖δ), (23)
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where S(ρ‖δ) = Tr[ρ log2 ρ] − Tr[ρ log2 δ] is the rela-
tive entropy. It can be written in a simple form
[39],

Cr(ρ) = S(∆(ρ))− S(ρ), (24)

where ∆(ρ) =
∑

i〈i|ρ|i〉|i〉〈i| indicates dephasing of
ρ in the reference basis {|i〉}.
For a bipartite system AB, it is possible to con-

sider the coherence with respect to a local basis
on subsystem A. This is called unilateral coher-
ence [41]. Thus, A-incoherent state (incoherent-
quantum state [43]) is defined with respect to the
basis of subsystem A ({|i〉A} ) as [42]

σAB ∈ IB|A, σAB =
∑

i

pi|i〉〈i|A ⊗ σB|i, (25)

where IB|A is the set of A-incoherent states, and
σB|i is arbitrary state of the subsystem B. A-

incoherent operation Λ
B|A
IC takes IB|A to itself. A mea-

sure of unilateral coherence for a bipartite density matrix
ρAB satisfies the abov-mentioned four properties and is
given by

CB|A
r = min

σAB∈IB|A

S(ρAB||σAB). (26)

Let us call it relative entropy of unilateral coher-
ence. It can also be written as [43]

CB|A
r = S(ρAB||∆A(ρAB)) = S(∆A(ρAB))− S(ρAB),

(27)
where

∆A(ρAB) =
∑

i

(|i〉〈i| ⊗ I)ρAB(|i〉〈i| ⊗ I),

is a local dephasing in subsystem A in the chosen
basis {|i〉A}. It can also be written as

∆A(ρAB) =
∑

i

pi|i〉〈i|A ⊗ ρB|i,

in which pi = TrAB

(

(|i〉〈i| ⊗ I)ρAB(|i〉〈i| ⊗ I)
)

, and

ρB|i =
TrA

(

(|i〉〈i|⊗I)ρAB(|i〉〈i|⊗I)
)

pi
.

V. UNCERTAINTY RELATION FOR
QUANTUM COHERENCE

In this section it is shown that for bipartite quantum
systems the unilateral coherence of a given quantum sys-
tem in one measurement basis is restricted by that of the
same quantum system in other measurement basis. Fur-
thermore, a lower bound on the sum of the uni-
lateral coherences of a given state with respect to
two different measurement bases is provided and
it is shown that the lower bound is tighter than

that derived from the Berta uncertainty relation.
Using the uncertainty relation in the presence of
quantum memory for multiple measurements, one
obtains an uncertainty relation for unilateral co-
herence in several bases. For a bipartite system
in the state ρAB, measuring one of two observ-
ables X = σx and Z = σz with eigenbases {|xi〉}
and {|zi〉}, respectively, on the part A, converts
the state to
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FIG. 2: (Color online) Lower bounds of the coherence-based
uncertainty relation for two complementary observables X =
σx and Z = σz in the presence of quantum memory, ver-
sus the parameter p appeared in the expression for
a correlated bipartite state which is assumed to be
ρAB = p|Ψ+〉〈Ψ+|+(1− p)|11〉〈11|. The black (solid) line
is CX

r (ρAB) +CZ
r (ρAB), the red (dashed) and blue (dot

dashed Line) curves represent the ULB’s in Eq. (33)
and Eq. (32), respectively.

ρQB =
∑

i

qi|qi〉〈qi| ⊗ ρB|qi , (28)

in which Q ∈ {X,Z} and |qi〉 ∈ {|xi〉, |zi〉}. ρQB is the
A-incoherent state with respect to {|qi〉} basis. The
trade-off relation between the measurement uncertainty
and its disturbance on the bipartite state ρAB can be
written as [44]

S(ρAB||ρQB) = H(Q|B)− S(A|B). (29)

The term on the left hand side of Eq. (29) is in fact
the relative entropy of unilateral coherence intro-
duced in Eq. (27) with respect to the measurement
basis {|qi〉},

CQ
r (ρAB) = H(Q|B)− S(A|B). (30)

Regarding Eq. (30), for two incompatible quantum mea-
surements (corresponding to two incompatible observ-
ables X and Z) on the part A, one obtains

CX
r (ρAB) + CZ

r (ρAB) = H(X |B) +H(Z|B)− 2S(A|B).
(31)

This equation, along with Eq. (4), leads us to

CX
r (ρAB) + CZ

r (ρAB) ≥ qMU − S(A|B), (32)
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FIG. 3: (Color online) Lower bounds of the coherence un-
certainty relation of three complementary observables X =
σx, Y = σy, and Z = σz in the presence of quantum memory,
versus the parameter η. The state of the system is
the Werner state.

which is a coherence-based uncertainty relation.
Using Eq. (8), one finds another uncertainty re-
lation which is

CX
r (ρAB)+C

Z
r (ρAB) ≥ qMU−S(A|B)+max{0, δ}. (33)

In the case that δ ≥ 0, the lower bound in Eq. (33)
is tighter than that in Eq. (32).
As an example, let us consider a special class of two-

qubit X states

ρAB = p|Ψ+〉〈Ψ+|+ (1− p)|11〉〈11|,

where |Ψ+〉 = 1√
2
(|01〉 + |10〉) is a maximally entangled

state and 0 ≤ p ≤ 1. In Fig. 2, the lower bounds of
the coherence-based uncertainty relation for this
state are plotted versus the parameter p. The
plots show that the lower bound in Eq. (33) is
tighter than that in Eq. (32).
Similarly, one can obtain the uncertainty relations for

unilateral coherence in several bases using the relations
obtained in Sec. III. For example, Eq. (19) can be used

to write an uncertainty relation for unilateral coherence
in several bases,

N
∑

m=1

CMm

r (ρAB) ≥ max
u

{ℓUu }−S(A|B)+max{0, δ}. (34)

In Fig. 3 the coherence ULB is plotted in terms
of the parameter η. As can be seen, the lower
bound in Eq. (34) is tighter than that obtained
by the Zhuang entropic uncertainty relation.

VI. CONCLUSION

The uncertainty relation has many applications in
quantum information tasks, and many efforts have been
made to expand and modify the relation. In this work, a
method was introduced to transform the uncer-
tainty relations in the absence of quantum mem-
ory into those in the presence of it. It was also
shown that the method provides tighter lower
bound of uncertainty relation. Using the method,
the uncertainty relations in the presence of quan-
tum memory for multiple measurements were ob-
tained. It was also shown that the corresponding
lower bounds are tighter than those of the similar
uncertainty relations obtained previously through
other methods. Regarding the uncertainty re-
lations in the presence of quantum memory, we
could derive the uncertainty relations for unilat-
eral coherence. We also provided two uncertainty
relations for the sum of unilateral coherence de-
fined based on the relative entropy in two incom-
patible reference bases and compared the corre-
sponding lower bounds. Using the uncertainty
relation in the presence of the quantum memory
for multiple measurements, uncertainty relation
for unilateral coherence in several bases were ob-
tained.
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