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Tighter monogamy and polygamy relations using Rényi-a entropy
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We investigate monogamy relations related to the Rényi-a entanglement and polygamy relations
related to the Rényi-a entanglement of assistance. We present new entanglement monogamy rela-
tions satisfied by the pu-th power of Rényi-a entanglement with o € [(v/7 — 1)/2, (v/13 — 1)/2] for
u > 2, and polygamy relations satisfied by the u-th power of Rényi-a entanglement of assistance
with o € [(V7 —1)/2,(v/13 —1)/2] for 0 < pu < 1. These relations are shown to be tighter than the
existing ones.

PACS numbers: 03.67.Mn, 03.65.Ud

I. INTRODUCTION

One fundamental property of quantum entanglement is in its limited shareability in multi-party quantum systems
[1]. For example, if the two subsystems are more entangled with each other, then they will share a less amount
of entanglement with the other subsystems with specific entanglement measures. This restricted shareability of
entanglement is named as the monogamy of entanglement (MoE). The concept of monogamy is an essential feature
allowing for security in quantum key distribution [2]. It also plays an important role in many field of physics such as
foundations of quantum mechanics [3H5)], condensed matter physics [6, [7], statistical mechanics [3], and even black-hole
physics [8,9]. Monogamy inequality was first built for three-qubit systems using tangle as the bipartite entanglement
measure [I0], and generalized into multi-qubit systems in terms of various entanglement measures [11].

On the other hand, the assisted entanglement, which is a dual concept to bipartite entanglement measures, is known
to have a dually monogamous or polygamous property in multiparty quantum systems. The polygamous property
can be regarded as another kind of entanglement constraints in multi-qubit systems, and Gour et al [I2] established
the first dual monogamy inequality or polygamy inequality for multi-qubit systems using concurrence of assistance
(CoA). For a three-qubit pure state [1) 4 4, 4,, @ polygamy inequality was introduced as:

C? (1) ypaaty ) < 1C% (0, ) + €% (pa,a)]* (1)

where CoA for a bipartite state pap is defined as: C* (pap) = maxyy, |4y} >_; PiC([¥i) ), with the maximum is
taken over all possible pure state decompositions of pap =Y, pi Vi) 45 (¥i| and C (|1;) 4 5) denotes the concurrence
[L3] of [¢i) - Furthermore, it is shown that for any pure state |¢) , 4,..4 in a n-qubit system [14], we have

n

C (1) aypann,) < 1€ (o) 4 -+ [C (s )P 2)

Rényi-a entanglement (RaE) [15] is a well-defined entanglement measure which is the generalization of entanglement
of formation (EOF) and has the merits for characterizing quantum phases with differing computational power [16],
ground state properties in many-body systems [I7], and topologically ordered states [18,[19]. Therefore, it is natural to
study the monogamy inequality of RaE and the polygamy inequality of RaE of assistance in multipartite entanglement
detection.

In this paper, we show that the monogamy inequality of RaE and the polygamy inequality of RaE of assistance
obtained so far can be made tighter. When o € [(v/7 —1)/2,(v/13 — 1)/2], we establish entanglement monogamy
relations for the p-th power of RaE with p > 2 and polygamy relations for the u-th power of RaFE of assistance with
0 < p <1 which are tighter than those in [20, 21].

II. TIGHTER MONOGAMY RELATIONS FOR RENYI-a ENTANGLEMENT

Let Hx denote a discrete finite-dimensional complex vector space associated with a quantum subsystem X. For a
bipartite pure state |1)) 4p in vector space Hy ® Hp, the RaE is defined as [22]

Eo([$) ap) = Salpa) = log, (trp%), (3)
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where the Rényi-a entropy is Sq(pa) = [logo(D; A&)]/(1 — @) with « being a nonnegative real number and \; being
the eigenvalue of reduced density matrix ps. The Rényi-a entropy S, (p) converges to the von Neumann entropy
when the order « tends to 1. For a bipartite mixed state pap, the RaE is defined via the convex-roof extension

Eu(pap) mmsz (i) a) (4)

where the minimum is taken over all possible pure state decompositions of pap = >, pi [¢i) o5 (¥il-
In particular, for a bipartite 2 ® d mixed state pap, the Rényi-« entanglement has an analytical expression [20]

Eo (paB) = fa [C* (paB)] (5)

where the order o ranges in the region [(v/7 — 1)/2, (v/13 — 1)/2] and the function f, (x) has the form

1a10g2l(1_\/2m>1<1+\/2m>a1'

fa(z)= 1_

For any two-qubit state pap with a > (\ﬁ — 1) /2, there also exist an analytic formula of RaE [22]

Eo (paB) = fa [C (paB)], (7)

where the function f, (z) has the form (6).
In Ref.[20], we have known that for an arbitrary three-qubit mixed state pa, 4,45, the p-th power Rényi-a entan-
glement obeys the monogamy relation

Eg (pA1|A2A3) 2 Eg (pA1A2) + EZ (pA1A3) ) (8)

where the order o > (v/7—1)/2 ~ 0.823 and the power y > 2. Moreover, in N-qubit systems, the following monogamy
relation is also satisfied

E

-1

Eg(pA|Ble~~BN71) > Ef(pas,) + Eét(pA‘Bk---BN—l)’ 9)
1

2

where the power y > 2 and the order a € [(v/7 —1)/2, (/13 — 1)/2].
In fact, we can prove the following results for Rényi-a entanglement. Before this, we need to consider a Lemma for
concurrence.

Lemma 1 [23] For any 2 ® 2 ® 2"~ 2 mized state p € Hy @ Hp @ He, if Cap = Cac, we have
Ciipc 2 Cap + (22 —1)C4e, (10)
for all o > 2.

[Proof] Since it has been shown that CfllBC > C%p + C% for arbitrary 2 ® 2 ® 272 tripartite state papc [24].
Then, if Cap > Cac, we have

Chpe = (Cip+Cic)?
02N\ %

=C5 (1+ AC)

i\l G,

. 2.\ 2
o-o()|
B

=C4p+ (2% —1)C%¢

> Cip

where the second inequality is due to (14 ¢)* > 1+ (2% — 1)t* for any real number x and ¢, 0 < ¢t < 1, z € [1,00].
As the subsystems A and B are equivalent in this case, we have assumed that Cyp > Cac without loss of generality.
Moreover, if Cap = 0 we have Cap = Cac = 0. That is to say the lower bound becomes trivially zero. O



Theorem 1 For any N-qubit mized state p € Ha @Hp, ®---@Hpy_,, if Cap, 2 CaB,,,-.By_, Jori=1,2,--- m,
and Cap; < Cyip,,,..By_, forj=m+1,--- N—=2,V1<m< N3, N >4, the Rényi-a entanglement E,(p)
satisfies

EL(pA|ByBs--By_1)
> EX(pas,) + (2" = 1)El(pap,) + -+ (2" = )" "EX(pas,,)

+ (2" = )" (EL(paB,) + -+ EL(paby_,))
+ (2" = 1)"EL(paBy_.), (11)

for 1 =2 and a € (V7 —1)/2,(V/13 - 1)/2].

[Proof] For p > 2, we have

U+ = (fal@®) + faly?)”

) + 2" = DR, (12)

where the first inequality is due to the convex property of f,(x) for a > (v/7 —1)/2 [22], and the second inequality
is obtained from a similar consideration in the proof of the second inequality in Lemma 1.

Let p = >, pilthi)(¥i] € Hy ® Hp, ® --- @ Hp,_1 be the optimal decomposition of Ey(pa|p,B,-.By_,) for the
N-qubit mixed state p; then we have

>
>

E(Qx(PA|Ble---BN,1) = sz |1/)z A|B1By---Bn_ 1)]2

= {Zpl CA\Ble ‘BN - 1(|'(/}1>)]}

Y

{Ea ZpiCA\BlBQ-"BN—l (|wl>)]}2

{EalC a1, By By, (P)]}
= Ei [CfxmlBQ...BN_l (p)], (13)

v

here we have used in the second equality the pure state formula of the RaE and taken the E,(C) as a function of
the concurrence C for a > (v/7 —1)/2; in the third inequality we have used the monotonically increasing and convex
properties of E, (C) as a function of the concurrence [22]; in the forth inequality we have used the convex property of
concurrence for mixed states. Then from (13) we have

f”(CExBl + 03132 + C,%le,l)
(CAB )+ (2" = 1)fg(0332 +oeeet Clem_l)
a(CABl) (2" — 1)f5(03132) + (2" — 1)2f5(03x133 +eee CE&BM,I)

EN(paiB,By-By_1)

kﬁ

VvV WV VWV
kﬁ

fh(Chp) + @ =1 fN(Chp,) + -+ (2" = )" fL(Clp,)
(2" = 1" fA(Chi BBy ) (14)

where we have used the monogamy inequality Cz(pA‘Ble'”BNfl) > C%(pap,) +C%(pap,) + -+ C%(papy_,) with
x > 2 for N-qubit states p and the monotonically increasing property of f,(C?) to obtain the first inequality. By
using (12) repeatedly, we get the other inequalities.

Since Cap; = Ca|B,yy--By_, fori=1,2,--- m,and Cap; < Ca,,,..By_, for j=m+1,--- \N—-2,V1<m<
N —3, N >4, by using (12) and the similar consideration in the proof of the second inequality in Lemma 1, then we
have

+

PO ) 2 (@ = D, ) + FACop, ey )
> (2= 1) (f4(Chp,,) o+ f4(Cp, )
+(Cp, ). (15)
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FIG. 1: Behavior of the Rényi-a entanglement of |¢) and its lower bound, which are functions of u plotted. The solid line
represents the Rényi-a entanglement of |¢) in Example 1, the dot-dashed line represents the lower bound from our result, and
the dashed line represents the lower bound from the result in (9) of [20].

Since for any 2 ® 2 quantum state pap,, a € [(V7 —1)/2,(V13 — 1)/2], Ea(pan,) = fa [CQ(pABi)], therefore
combining (14) and (15), we have Theorem 1. O

Moreover, for the case that Cap, = CaB,,,..By_, foralli=1,2,--- /N — 2, we have a simple tighter monogamy
relation for the Rényi-a entanglement:

Theorem 2 If Cap, 2 CaB,,,...Bx_, for alli=1,2,--- N — 2, we have

ES(PA|BIBQ--~BN,1)
> El(pap,) + (2" —1)Ef(pas,) -+ (2" = )N Ef(pay_, ), (16)

for p =2 and a € [(V7—1)/2,(V/13 - 1)/2].
As an example, let us consider the three-qubit state |1)) in the generalized Schmidt decomposition form [25, [26],

[) = Xg|000) 4+ A1€"?[100) 4 A2|101)
+/\3|110> + )\4|111>, (17)

where \; >0, 1 =0,1,2,3,4 and E?:O)\f =1.8et \g =\ = %, )\2 =A3 =N\ = % Since a € [(vV/7—1)/2, (V13 —
1)/2], we choose o = (v/7 — 1)/2 ~ 0.823, we have E,(|1))a;) = Eu () ajc) = 0.318620, E,(|¢)) apc) = 0.654205,
"

0.
and then EX(|¢) apc) = (0.654205)", EL([Y) aB) + EE (V) a1c) = 2(0.318620)", EX(|¢) 415) + (2" = 1) EL([Y) a1c) =
2#(0.318620)*. Tt is easily verified that our result is better than the result in (9) for u > 2; see Fig 1.

III. TIGHTER POLYGAMY RELATIONS FOR RENYI-o« ENTANGLEMENT OF ASSISTANCE

As a dual concept to Rényi-a entanglement, we define the Rényi-o entanglement of assistance (REoA) as

E pAB maXZPz sz AB) (18)
where the maximum is taken over all possible pure state decompositions of pap = Y. pi [¥:) 45 (V-

In Ref. [21], we know that for any two-qubit state pap and a > (\ﬁ - 1) /2, we have

Eg (pAB) > fa (Ca (pAB)) ) (19)

where E¢ (pap) and C*(pap) are the REoA and CoA of pap, respectively. And for any (\ﬁ— 1) /2 < a <

[e3

(\/ 13 — 1) /2 and the function f, (z) defined on the domain D = {(x,y) 0<2,y<1,0<a%+9y?< 1}, we have

fa(Wa? +92) < fola) + faly). (20)
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From Ref. [21], it has been shown that for (ﬁ— 1) /2 < a< (\/ 13 — 1) /2,0 < p < 1, and any N-qubit state
PA|B1Ba---Bn_15 W€ have

[Eg (pAlBle“'BN—l)}# < [E(olz (pAlBl)}H +ot [Eg (pAlBN—l)]M . (21)

In the following, we study the polygamy relations of REoA for N-qubit generalized W-class state. For N-qubit
generalized W-class state, ) ap,...By_, € Ha @ Hp, ® --- ® Hp,_, defined by

[V)aB,--By_; =a|10---0) +b1]01---0) + -+ by_1]00---1), (22)
with |a2 + 327" [b;]2 = 1, one has [27],
C(pap;) =C%pap;), i=1,2,..,N—1, (23)
where pap, = T7B,...B,_,B,s1-By_1 (V) AB, . By, (¥]).

Theorem 3 Let pap,..By_, denote the N-qubit reduced density matrixz of the N-qubit generalized W -class state
V) AB,.-By_, € HA @Hp, @ @Hpy_,, f Cap, 2 Ca|p,,..By_, Jori=1,2,--- m, and Cap, < Ca|B,,,-Byx_,
forj=m+1,--- N=-2V1<m<N-3, N>4, the Rényi-a entanglement of asszstanee E (p) satisfies

[Ea (pA|BlB2'“BN—1)]M

< [ES (PA|B1)]M + (2" = 1) [BS (payp,)]" + -+ (2" — 1) [E2 (PA\Bm)]#
+ (2 =)™ ([ES (paiBng,)])” + -+ [BS (pay_.)]")
+ @2 = 1) [E2 (paiy_r)]" (24)

for0<pu<1andac|[V7-1)/2,(vV13-1)/2].

[Proof] For 0 < p < 1, we have

[fe VD))" < [fale) + falw)
< @)+ (2" = D)), (25)

where the first inequality is due to inequality (20) and the monotonically increasing property of z* for 0 < p < 1, and
the second equality is obtained from a similar consideration in the proof of the second inequality in Lemma 1. Here
we note that (1 4+¢)* <14 (2* —1)t* with0<t< 1, z €0,1].

For the N-qubit generalized W-class state |¢) A|B1 Bs from Eq.(2), we have

.BN_1°

c? (|¢>A|3132---BN_1) < [Cu (PAIBl)]2 +o Tt [Ca (/’A\BN_l)]2‘ (26)
Assuming that C? (pA|BIB2...BN71) < [C“ (pA‘Bl)]Q 4+ [C“ (pA|BN,1)]2 <1, then

ES (paiBBoBy1)]"
C (pa|BByBx_1))

< fy (\/[C“ (pA\Bl)]z +o 4+ [C (pajpy_y) f)
(

ﬂcwwl)]ﬁmﬂ (o )TY)

<fh(c (pA|Bl)) 2" = DFL(C (pap)) + -+ 2 = D)™ L (C (pays,,))
+2¢ = 1) (fE(C (paiBoyy)) + -+ FE(C (pajBy.)))

+2 =)™ A (C (pajpy,))

< [ES (pas,)]" + @ = 1) [ES (pap.)] -+ @ =)™ [ES (pajp,)]"

+2" = )" ([Bd (b)) + o+ [Ed (paipy-2)]")

+(2" = 1) [ES (paisy-i)]" (27)

I
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FIG. 2: Behavior of the Rényi-a entanglement of assistance of |W) and its upper bound, which are functions of x plotted. The
solid line represents the Rényi-a entanglement of assistance of |W) in Example 2, the dot-dashed line represents the upper
bound from our result, and the dashed line represents the upper bound from (21) in [21].

where in the second inequality we have used the monotonically increasing property of f,(z) for a > (\ﬁ — 1) /2, and
the third equality is due to (23). By using (25) repeatedly and the similar consideration in the proof of Theorem 1,
we get the forth inequality. The last inequality is due to (19) and (23).

Then we consider the case C? (pA|BIBQ...BN71) <1< [C“ (PA|31)}2 + -+ [C“ pA|BN71)]2. There must exist
ke{l,...,N =2} such that [C% (pap,)]* +-- + [C* (parm)]” < 1, [C% (pais)]* +-- + [C* (pajp..s)]” > 1. By
defining T' = [C’“ (pA‘Bl)]Q 4+ 4 [C’“ (pA|Bk+1)]2 — 1> 0, we can derive

[Egc (pA\Ble“'BN—l)]M = f(l;f (C (pA|BlBg-~BN—1)) < fg (1>

g (Vier um )P+ [ oame )P - 7)
< f& <\/[C (PA|Bl)]2 +-+[C (pA|Bk+1)]2) ; (28)

where we have used the monotonically increasing property of f,(x) in the second inequality, in the forth inequality
we have used (23) and the monotonically increasing property of f,(z).
When k£ + 1 < m, we have

Ta (\/[C (pajs,)])” +-+[C (pABkH)]Q)

]
FE(C (paip)) + @ = D) (C(pap,)) + -+ 2" = 1) fo (C (pa1Brys )
< [ES (pas,))" + @ = 1) [ES (pap,)]" + -+ @ =)™ " [ES (pas,.)]"
+ 2 = )" ([BS (paipasa)]” + o+ [Ed (pay_.)]”)
+ 2" =)™ [ES (paiBy1)]” (29)

where we have used (25) repeatedly and the similar consideration in the proof of Theorem 1 in the first inequality,
and the second inequality is due to (19) and (23).

2
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When k£ + 1 > m, we have

2 (VIC Goam )P+ (€ (e

< fg( (pA\Bl)) 2" =D)L (C (pap,)) +--+ @ = 1) fE(C (parB,,))
+(2 m“( (C(paBn)) +- -+ 2 (C (pais.)))
+(2 ( (PA|Bk+1))
< [EL (pA\Bl)] + (2" -1) [ES (pA\Bg)]H +o+ -1 [ES (PAle)]M
+ (2" = )" ([ES (paipoa)]” + - + (B (paipy-)]")
+ (2" =)™ [Eg (papy-)]” (30)

where we have used (25) repeatedly and the similar consideration of the proof of Theorem 1 in the first inequality,
and the second inequality is due to (19) and (23).
Combing (28), (29) and (30), we have completed the proof of Theorem 3. O

Moreover, for the case that Cap, > Cap,,,...By_, foralli=1,2,--- /N — 2, we have a simple tighter monogamy
relation for the Rényi-a entanglement of assistance:

Theorem 4 If Cap, > CqB,,,...By_, for alli=1,2,--- N — 2, we have

[Eg (pAlBle“'BN—l)]M
< [Ba (paip)]" + @ = 1) [EG (pajp,)]" + -+ 2 = DY [BG (paipy-)]" (31)

for0<pu<1andac|[V7-1)/2,(vV13-1)/2].

As an example, let us consider the W state, |W) = %(HOO) +1010) +|001)). Set o = (v/7 — 1) /2 ~ 0.823, then we
have E2(|W) 415) = E&(|W)4)c) = 0.607218, E2(|W)apc) = 0.932108, and then [E2(|W)apc)]” = (0.932108),

[E2((W)a1p)]" + [BEa(W)aic)]” = 2(0.607218)%, [ES(|[W)ap)]" + [(2# — 1)EL(W)aic)]" = 2#(0.607218)* for
0 < u < 1. Tt is easily verified that our results are better than the results in (21) for 0 < u < 1; see Fig 2.

IV. CONCLUSION

Entanglement monogamy and polygamy relations are not only fundamental property of entanglement in multi-
party systems but also provide us an efficient way of characterizing multipartite entanglement. We have presented
monogamy relations satisfied by the p-th power of Rényi-a entanglement for 4 > 2 and a € [(v/7—1)/2, (vV13—-1)/2],
and polygamy relations satisfied by the u-th power of Rényi-a entanglement of assistance for 0 < pu < 1 and a €
[(vV7—1)/2,(v/13—1)/2]. They are tighter , at least for some classes of quantum states, than the existing entanglement
monogamy and polygamy relations. Tighter monogamy and polygamy relations imply finer characterizations of the
entanglement distribution. Our approach may also be used to further study the monogamy and polygamy properties
related to other quantum correlations.
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