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Abstract

In order to explore the effect of external temperature 7" in quantum correlation we compute
thermal entanglement and thermal discord analytically in the Heisenberg X Y Z model with
Dzyaloshinskii-Moriya Interaction term D - (o1 X 2). For the case of thermal entanglement it is
shown that quantum phase transition occurs at T' = T, due to sudden death phenomenon. For
antiferromagnetic case the critical temperature 7, increases with increasing |D|. For ferromagnetic
case, however, T, exhibits different behavior in the regions |D| > |D,| and |D| < |D,|, where D,
is particular value of D. It is shown that 7. becomes zero at |D| = | D,|. We explore the behavior
of thermal discord in detail at T =~ T.. For antiferromagnetic case the external temperature
makes the thermal discord exhibit exponential damping behavior, but it never reaches to exact
zero. For ferromagnetic case the thermal entanglement and thermal discord are shown to be zero
simultaneously at 7. = 0 and |D| = |D,/|. This is unique condition for simultaneous disappearance

of thermal entanglement and thermal discord in this model.



I. INTRODUCTION

Recently, much attention is paid to quantum technology developed on the foundation of
quantum information processing (QIP). The physical resource of QIP is quantum correlation
such as quantum entanglement[IH3] and quantum discord[4, B]. Thus, they are at the heart
in various QIP such as quantum teleportation[6], superdense coding[7], quantum cloning[§],
quantum cryptography[9l [10], quantum metrology[11], and quantum computer[I2], 13]. In
particular, physical realization of quantum cryptography and quantum computer seems to
be accomplished in the near future!.

Pure quantum mechanical phenomena can occur in ideally closed system. However, real
physical systems inevitably interact with their surroundings. Then, quantum systems un-
dergo decoherence[I5] and, as a result, lose their quantum properties. Thus, the environment
can make various QIP useless due to disappearance of quantum correlation. In order to de-
velop the quantum technology, therefore, it is important to study effect of its surroundings
precisely.

Usually, decoherence significantly changes the quantum correlation. For example, de-
coherence makes degradation of entanglement and discord. For the case of entanglement
the entanglement sudden death (ESD) occurs sometimes when the entangled multipartite
quantum system is embedded in Markovian environments[I6H20]. This means that the en-
tanglement is completely disentangled at finite times. Most typical environment is external
temperature. If external temperature induces the ESD phenomenon in a system, this implies
that quantum phase transition occurs at critical temperature 7,.. This means that quantum
entanglement completely disappears at T" > T.. The purpose of this paper is to examine
how quantum entanglement and quantum discord are degraded due to external tempera-
ture and to study on the quantum phase transition in detail by introducing the anisotropic
Heisenberg X Y Z chain system with Dzyaloshinskii-Moriya (DM) interaction[21], 22]. The
quantum phase transition of a spin-3 Heisenberg model with DM interaction was discussed
in Ref. [23].

Heisenberg model is a simple spin chain model, which is used to simulate many phys-

ical systems such as nuclear spins[24], quantum dots[25], superconductor|26], and optical

! see Ref. [I4] and web page https://www.computing.co.uk/ctg/news/3065541/european-union-reveals-

test-projects-for-first-tranche-of-eur 1bn-quantum-computing-fund.



lattices[27]. Since spin is two-level, Heisenberg model is ideal for generation of qubit states.
Thus, this model attracts attention recently for realization of solid-based quantum com-
puter. In Ref. [28] the DM interaction terms are introduced in this model due to spin-orbit

couplings. The general Hamiltonian for N-spin Heigenberg model with DM interaction is

N-1
Hy = Z [J.0f @ of ) + Jyol @ ol + J.of @i + D - (07 X 0411)], (1.1)
i=1

where the last term is called the DM interaction arising from spin-orbit couplings?. The
real parameters J, (a = z,y,x) denote the symmetric exchange spin-spin interactions, D
is the antisymmetric DM exchange interaction, and o;%* are Pauli spin operators on the
site 3. The negative and positive J, (o« = x,y,x) correspond to the ferromagnetic and
antiferromagnetic nature of the system respectively. If J, = J, # J., this system is called
X X Z model with DM interaction.

In this paper we study on the effect of external temperature in the entanglement and
discord based on the analytic results by introducing 2-qubit Heisenberg model with DM-
interaction. In particular, we focus on the quantum phase transition in entanglement, which
occurs due to ESD phenomena. Our motivation is as follows. Although definitions of entan-
glement and discord are completely different, these are two different measures of quantum
correlation. Thus, we guess they should exhibit similar behavior to each other. In order to
confirm our conjecture we examine in detail the behavior of thermal discord at T~ T.. It
is shown that for antiferromagnetic case (J, > 0) the temperature dependence of discord
exhibits an exponential damping behavior, but it never reaches to zero. This means that
thermal discord does not completely vanish in the separable states arising from thermal
density matrix at T > T.. For ferromagnetic case (J, < 0) it is shown that the critical
temperature 7T, approaches to zero if the DM coupling constant D approaches to a partic-
ular value D,. At D = D, thermal discord complete vanishes at T' = T, = 0. The point
D = D, and T = 0 in parameter space is a unique point, where the thermal entanglement
and thermal discord simultaneously vanish.

The paper is organized as follows. In section II we derive the thermal density matrices

pz(T) when D, = D, = 0 and py(T) when D, = D, = 0. The case of D, = D, =0

2 In addition to DM interaction the spin-orbit coupling induces the second order term called I" tensor [29H31].
This term is neglected in this paper. This means that our paper is valid only in the first order correction

of spin-orbit interaction.



is not presented in this paper because all calculation is very similar to the case of D, =
D, = 0. If two components of D are nonzero, we should rely on numerical analysis for
computation of entanglement and discord. Thus, these cases are not considered in this
paper. In section III we compute the thermal entanglement of pz(7) and py (T') analytically.
Using our analytical results we examine the critical temperature 7., above which the thermal
entanglement completely vanishes. It is shown that for antiferromagnetic case (J, > 0, a =
x,y, z) the critical temperature is determined by single equation for each thermal density
matrix. For ferromagnetic case (J, < 0, a = x,y, z), however, the critical temperature
is determined by two different equations in the two separate two regions |D| > |D,| and
|D| < |D,|. It is shown that T, becomes zero at the boundary of these region |D| = |D,|.
In section IV the thermal discords of pz(T') and py (T') are analytically computed. Using the
analytic results we examine the behavior of thermal discords near the critical temperature
in detail. For antiferromagnetic case the T-dependence of the discords exhibits exponential
damping behavior with increasing 7' like thermal entanglement, but it does not reach to
exact zero. For ferromagnetic case, however, thermal discord becomes exact zero at the
point D = D, and T, = 0. The behavior of thermal discord at T" = T for arbitrary | D] is
also examined in detail. In section V a brief conclusion is given. In appendix A the thermal
discord for py(T') are explicitly computed. In appendix B we discuss the critical behavior

of concurrence when D, # 0 and D, # 0 for completeness.

II. THERMAL DENSITY MATRIX

The Hamiltonian for two-spin anisotropic Heisenberg X Y Z chain with DM interaction

is given by[28]
H=J,0f ®05+ Jyoi @0y + J,0f @05+ D - (01 X 09). (2.1)

In Ref. [32] and Ref. [33| B4] the entanglement of this model with J, = J, = J, and
Jy = Jy # J, was discussed respectively. The quantum phase transition with an applied
magnetic field was studied in Ref. [35]. Also the thermal entanglement of three-qubit ground
state was discussed[30, 87]. Quantum discord[4, 5], another measure of quantum correlation,
of this model was discussed in Ref. [38, B9] when J, = J, and in Ref. [40] when J, = 0.

Recently, the quantum-memory-assisted entropic uncertainties[41], [42] were examined in this



Heisenberg model[43].

A. D,=D,=0 case

In this case the matrix representation of the Hamiltonian in the computational basis

{]00), |01}, |10),|11)} becomes

J. 0 0 Iy —J,
Hy = (2.2)
0  Jo+J,—2iD, —J,
Iy —J, 0 0 J.

The eigenvalues and corresponding eigenvectors of Hy are summarized in Table 1. In this

Table £ and 6 are given by

_ \/4D§ + (Jo + Jy)? 6 = tan~" <— Jffi}y) . (2.3)
eigenvalues of H; |corresponding eigenvectors
Eiz=Jo=Jy+J. | |a) = 55 (/00) + [11))
By = —Jo+ Jy+ .| |2) = & (l00) - |11))
By.=—J.+¢ | |z) = % (l01) + €*[10))
Eiz=—J. =& | |z) = 5 (|01) — ¢”|10))

Table I: Eigenvalues and eigenvectors of Hy

Thus, the spectral decomposition of H; can be written as
4
Hy =Y Ei.|z)(zl. (2.4)
i=1
The partition function of this system is given by
Z; = Tr [eP17] = 2¢7 7 cosh [B(J, — J,)] + 2€°7* cosh(B¢) (2.5)

where 8 = 1/kgT, where kg and T are Boltzmann constant and external temperature.

Throughout this paper we use kg = 1 for convenience. Then the thermal density matrix in



this case becomes

r 0 0 s
1 0 0
po(T)= Pz = | = " ° (2.6)
Zy 0 v uo0
s 0 0r
where
r=—-e ""%cosh|[B(J, — J,)] s = ——-e "=sinh [5(J, — J,)] (2.7)
Zyz Zy
1 1 J,+ Jy,+2iD
u = —e?’z cosh v = ZeP7= sinh .
e cosh(5¢) T (56)

It is worthwhile noting r + uw = 1/2, which guarantees Tr[pz(T")] = 1.

B. D,=D,=0 case

In this case the matrix representation of the Hamiltonian in the computational basis

becomes
J, D, -D, J,—Jy
D —J, Jy+J D
Hy = v Y Y (2.8)
-D, J,+J, —J. -D,
Jo—Jy D, -D, J,

The eigenvalues and corresponding eigenvectors of Hy are summarized in Table II. In this

Table 1, ¢1 and ¢, are given by

2D 2D
=./4D? + (J, + J,)? =tan ' |—— L =tan ' | ——F—| .
R [W%L+LJ - an{nﬂ@+@ﬂ
(2.9)
eigenvalues of Hy corresponding eigenvectors

Eyy=Jy+(Je = J2) ly1) = 75 (101) +[10))

By =Jy = (Ju = J2) ly2) = 5 (|00) — [11))
Esy=—Jy+n |lys) = 75 [sin¢1(]00) + [11)) — cos ¢1(|01) — |10))]
Eyy=—Jy—n |lys) = 75 [sin¢2(|00) + [11)) — cos ¢»(|01) — [10))]

Table II: Eigenvalues and eigenvectors of Hy



The fact cos(¢1 — ¢2) = 0 guarantees the orthonormal condition of |y;), i.e., (vily;) = d;;.
Thus, the spectral decomposition of Hy is Hy = >+, Ei,|yi){yi| and the partition

function is
Zy =Tr [e "] = 27 cosh [B(J, — J.)] + 277 cosh(Bn). (2.10)
The thermal density matrix in this system can be written in a form

mn —q q T2

—q Ur U2 —¢q

py(T) = Z—e‘BHY = (2.11)
Y q uz ur ¢
r2 —q¢ q T
where
"= [e77F20 + sin? ¢re PP + sin® goe~ PP4v] (2.12)
%
1
2= 55 [—e’ﬁEm + sin? e PFy 4 sin? qﬁge’ﬁE“’y]
Y
1
U= 5o [e7 751 + cos® gre 73 + cos® goe ]
Y
1
up = 5o [e7 05t — cos® gre PP — cos® goePPiv]
Y
q= 22y [Sin 1 cOs (ble*BES’y + sin ¢ cos nge"BE‘*’y] .
Y

Since m +uy = 1/2, it is easy to show Tr[py (T")] = 1. Since D, = D, = 0 case is similar to

D, = D, = 0 case, we do not explore this case in this paper.

III. THERMAL ENTANGLEMENT

In this section we examine the temperature dependence of entanglement for the thermal
density matrices pz(T') and py(T') by making use of concurrence[44], [45]. Thermal entan-
glement of X Y Z model was considered in Ref. [46] when there is no DM interaction and
in Ref. [47] when one component of DM-interaction is nonzero. Thus, our calculation of
this section overlaps with that of Ref. [47]. However we focus on the critical temperature
T, in detail because our main motivation is to examine the quantum discord around 7" ~ T,
Following the procedure presented in Ref. [45] one can compute the concurrence C(p) for a

quantum state p by a simple formula
C(p) :max()\l —)\2 —)\3—)\4,0), (3].)
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where the \;’s are eigenvalues, in decreasing order, of the Hermitian matrix

V/ploy ®oy)p(oy ® oy)/p.

Following this procedure it is easy to show that the concurrence of pz(T') is

C(pz) = max[|& — &l — & — &, 0] (3.2)
where
61 — Leﬁ[uw_‘]ﬂ_*]z} 52 — Le—ﬁﬂt]w_JyH‘Jz] (33)
ZZ ZZ
1 1
_ B(J=+E) — B(J==E)
— € —€ .
53 ZZ §4 ZZ

FIG. 1: (Color online) (a) The T- and D,-dependence of concurrence C(pz) in X X Z model with
DM interaction when J = 1 and J, = 0.2. This figure shows that this model exhibits a quantum
phase transition with the critical temperature 7., where the entanglement completely vanishes at
T > T.. (b) The D,-dependence of T, when J, = 2 (black line), J, = 3 (red dashed line), and
J. = 4 (blue dotted line) with choosing J, = 1 and J, = 1.5. This figure shows that the critical

temperature increases very rapidly with increasing |D.,|.

Before proceeding further, let us consider X X Z model (J, = J, = J) with DM inter-
action. In this model the concurrence becomes
eﬁJZ

Cpz) = Z,

max [[e*7 — e 2| — 2P — 7207 (] (3.4)

where w = /J? + D2. This is plotted in Fig. 1(a) as a function of 7" and D, with choosing

J =1and J, = 0.2. As this figure shows, this model exhibits a quantum phase transition



with the critical temperature T,.. This means that the entanglement completely vanishes at

T > T.. From Eq. (3.4)) one can show that the critical temperature satisfies

2
e/=/Te ginh (?w) =1 (3.5)

FIG. 2: (Color online) (a) The T- and D.-dependence of concurrence C(pz) in X Y Z model with
DM interaction when J, = —1, J, = —1.5, and J, = —2. As this figure shows, the concurrence
exhibits different behavior in |D,| < 1/7/2 = 1.87 and other regions. This is because of the fact
that the critical temperature is determined by different equations in these regions (see Eq. (3.6)).
(b) The D,-dependence of the critical temperature 7, when J, = —2 (black line), J, = —3 (red
dashed line), and J, = —4 (blue dotted line) with choosing J, = —1 and J, = —1.5. As this
figure shows, T increases monotonically with increasing |D,| in the region |D,| > \/7/2 as X X
Z model. However, it behaves differently in the region |D,| < \/7/2 as Fig. 2(a) exhibits.

Now, let us go back to the X Y Z model with DM interaction. In this model the critical

temperature T, satisfies

o272/ Te sinh(¢/T)
cosh(|J, — Jy|/T¢)
o~ 27=/Te Sinh(|<]x - Jy|/TC)
cosh(¢/T,)

=1 when 2J,+& > |J, — J (3.6)

=1 when 2J, +¢& < |J, — J,].

When J, = J,, first equation reduces to Eq. and second equation does not yield any
solution.

For antiferromagnetic (.J, > 0) case the second equation does not play any role because
the condition 2.J, +¢ < |J, — J,| cannot be satisfied. Thus, the behavior of the concurrence
C(pz) is similar to that of X X Z model. The D,-dependence of T, is plotted in Fig. 1(b)

9



when J, =1 and J, = 1.5 with varying J, = 2 (black line), 3 (red dashed line), and 4 (blue
dotted line). Fig. 1(b) shows that T, increases very rapidly with increasing |D,|. With fixed
D., T, increases with increasing J,.

For ferromagnetic (J, < 0) case, however, the second equation of Eq. provides
significant solutions, which result in different behavior of C(pz). The boundary of two

region in Eq. (3.6) is D, = D, ,, where

D.w=+/(J. = Jo)(J. + Jo) (3.7)

with Jo = max(J,, J,) and J. = min(J,, J,). At this point 7. becomes exactly zero because
& = & at this point. In Fig. 2(a) we plot C(pz) as a function of T and D, with choosing
Jy =—1, J, = —1.5, and J, = —2. As this figure shows, the concurrence exhibits different
behavior in 0 < D, < \/m = 1.87 and other regions. This is because of the fact that the
second equation of Eq. generates the critical temperature in the region 0 < D, < \/m
while the first equation generates it in other region. In order to show more precisely we plot
the D,-dependence of T, in Fig. 2 (b) when J, = —2 (black line), —3 (red dashed line), and
—4 (blue dotted line) with fixing J, = —1 and J, = —1.5. As this figure shows, T increases
monotonically with increasing |D,| in the region |D,| > D, , as X X Z model. With fixed
D, in this region, T, decreases with increasing |.J,|. However, it behaves differently in the
region |D,| < D, . In this region 7T, decreases with increasing |D,|. With fixed D, in this
region, 7, increases with increasing |J,|. At D, = D, , this figure confirms 7, = 0.

For neither ferromagnetic nor antiferromagnetic case the behavior of the concurrence is
determined whether the second equation of Eq. plays a role or not. For example, let us
consider J, > 0 case. If, in this case, D? 4+ .J,.J, > 0, the second equation of Eq. does
not play any role. Thus, in this case the concurrence is similar to Fig. 1 (a). If DZ+.J,.J, < 0,
the condition for the existence of D, , is 0 < J, < min(—J., Js). Thus, both D? + J,.J, < 0
and 0 < J, < min(—J, J>) hold, the concurrence of py is similar to Fig. 2 (a). For negative
J. case one can derive J, < min(—J_,0) for J. > —J. and J, < min(Js,0) for —J. > Jo
for the existence of D, .. In Fig. 3 we plot D.- and T-dependence of C(pz) when J, = 3
and J, = 2 with J, = —1 (Fig. 3 (a)) and J, = —2.5 (Fig. 3(b)). As expected Fig. 3(a)
and Fig. 3(b) exhibit similar behavior to Fig. 1(a) and Fig. 2(a) respectively.

For py (T') the concurrence becomes

C (PY) = Inax [|Th - 773| — 12 — T4, 0] (3‘8)

10



FIG. 3: (Color online) The T- and D,- dependence of C(pz) when J, = 3 and J, = 2 with J, = —1
(Fig. 3 (a)) and J, = —2.5 (Fig. 3(b)). As expected Fig. 3(a) and Fig. 3(b) exhibit similar

behavior to Fig. 1(a) and Fig. 2(a) respectively. This is due to the existence or nonexistence of

D...
where
Ny = — BTl Dy = Bl ] (3.9)
Zy Zy
1 1
- B(Jy+n) —_ B(Jy—n)
UE] ZYG N4 ZYG

Unlike pz(T'), even in the X X Z model with DM interaction the critical temperature 7, is

determined by two different equations as follows

2J/Te sinh(n/T,)
cosh(|J — J,|/T¢)

inh(|J — J,|/T.
o—2J/Te S cE)|sh(n/T|§ ) =1 when 2J+n < |J— J.|.

=1 when 2J+n>|J — J,| (3.10)

For the antiferromagnetic case (J,.J, > 0) the critical temperature is determined by only
first equation of Eq. because 2J +n > |J — J,| in this case. Thus, the concurrence
exhibits similar behavior with that of Fig. 1(a). This is confirmed in Fig. 4(a), where C(py)
is plotted as a function of T" and D, with choosing J = 3 and J, = 1. For the ferromagnetic
(J,J. < 0) case, however, both equations of Eq. play significant role for determining
the critical temperature. This is also confirmed in Fig. 4(b), where C(py) is plotted as
a function of 7" and D, with choosing J = —3 and J, = —1. In this case the second
equation of Eq. determines 7, in the region |D,| < 2v/3 = 3.46 while T, in other
region is determined by the first equation of Eq. (3.10). In Fig. 4(c) the Dy-dependence of

11
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FIG. 4: (Color online) (a) The T- and D,- dependence of C(py) when J, = J, = 3 and J, = 1.
This behaves very similar to Fig. 1(a). This is because of the fact that the critical temperature
is determined by single equation. (b) The T- and D,- dependence of C(py) when J, = J, = —3
and J, = —1. This behaves very similar to Fig. 2(a). This is because of the fact that the critical
temperature is determined by two different equations. (see Eq. ) (c) The Dy-dependence of
T. for antiferromagnetic (J = 3, J, = 1) and ferromagnetic (J = —3,.J, = —1) cases as black and

red dashed lines, respectively.

T. is plotted for antiferromagnetic (J = 3,.J, = 1) and ferromagnetic (J = —3,J, = —1)
cases as black and red dashed lines, respectively. As expected, the critical temperature for
ferromagnetic case behaves differently from that for antiferromagnetic case.

For X Y Z model with DM interaction Eq. (3.10) is replaced with

o2Ju/Te sinh(n/T.)
cosh(|J, — J.|/T¢)

o~ 2Jy/Te St c((|)sh(77/T|)/ ) =1 when 2J, +n < |J, — J,|.

=1 when 2J, +n > |J, — J.| (3.11)

As in the case of X X Z model the critical temperature T, for the antiferromagnetic case

is determined by only first equation of Eq. (3.11]). Thus, the behavior of C(py) is similar to

12



FIG. 5: (Color online) The D,-dependence of T for antiferromagnetic (Fig. 5(a)) and ferromagnetic
(Fig. 5(b)) cases with varying J,. (a) J; =1, J, =2, and J, = 1.5 (black line), 2.5 (red dashed
line), 3.5 (blue dotted line) are chosen. (b) J, = —1, J, = =2 and J, = —1.5 (black line), —2.5
(red dashed line), —3.5 (blue dotted line) are chosen.

Fig. 4(a). Of course, both equations are used to determine 7, for ferromagnetic case. The

boundary of two regions in Eq. (3.11)) is D, = D, ., where

D,.= \/(Jy — J)(J, + J2) (3.12)

with J. = max(J,, J,) and J. = min(J,, J,). At this point 7, becomes zero because 1, = 73
as Eq. shows.

In Fig. 5 we plot the D,-dependence of T, for antiferromagnetic (Fig. 5(a)) and ferro-
magnetic (Fig. 5(b)) cases with varying J,. In Fig. 5(a) we choose J, = 1, J, = 2, and
J, = 1.5 (black line), 2.5 (red dashed line), 3.5 (blue dotted line). Like pz(T") T, increases
with increasing |D,|. The critical temperature 7, with fixed D, tends to increase with in-
creasing J,. In Fig. 5(b) we choose J, = —1, J, = —2 and J, = —1.5 (black line), —2.5 (red
dashed line), —3.5 (blue dotted line). At the region |D,| > D, . T, increases with increasing
|D,|. With fixed D,, in this region, 7, tends to decreases with increasing |.J,|. At the region
|D,| < D, T, decreases with increasing |D,|. With fixed D,, T, increases with increasing
| Jy].

For nether ferromagnetic and antiferromagnetic case the behavior of the concurrence is
determined whether the second equation of Eq. plays a role or not. Since it is similar

to that of D, = D, = 0 case, we will not repeat the analysis.
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IV. THERMAL DISCORD

In this section we examine the temperature dependence of quantum discord[4] [5] for the
thermal density matrices pz(T') and py (7).

As well as quantum entanglement, quantum discord is another measure of quantum corre-
lation for bipartite quantum system. It is defined through discrepancy between two different

quantum analogues of classical mutual information. First analogue is
I(A:B)=S(A)+ S(B)— S(A, B), (4.1)

where S denotes a von Neumann entropy S(p) = —Tr(plog p). In our paper, all logarithms
are taken to base 2. This is a quantum analogue of classical mutual information I;(A : B) =
H(A)+H(B)—H(A, B), where H denotes a Shannon entropy. Another expression of classical
mutual information is I4(A : B) = H(A) — H(A|B) = H(B) — H(BJ|A), where H(X|Y) is

a conditional entropy of X given Y. The quantum analogue of this representation[4] is
J(A: B) sy = 5(4) = 3" p;S(ATE), (4.2)
J

where3 {Hf} denotes a complete set of measurement operators prepared by party B and
S(A|II?) is a von Neumann entropy of party A after party B obtains a measurement outcome
J. As obvious, p; is the probability of obtaining outcome j in the quantum measurement.

The general quantum mechanical postulates|2] imply that
p; = Tra (117 papll}), S(AI}) = S(P (AlTT7) >7 (4.3)

where p (A[II?) = Trp(I1Z p4pIlF) /p;. Hence, unlike I(A : B), J(A : B) is dependent on

the complete set of measurement operators. The quantum discord is defined as

D(A:B)=min[I(A: B)— J(A: B)] = min (4.4)

S(B) = S(A, B) + Y p;S(AILY)

J

3 Depending on the specific rules about the local operations and classical communication (LOCC) between
parties A and B, one can define several different generalizations of I, (A : B)[48, [49]. Thus, several
different quantum discords can be defined. Our definition corresponds to the optimal efficiency of a
one-way purification strategy[48].
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FIG. 6: (Color online) The T- and D,-dependence of the thermal discord D (pz) for (a) antifer-
romagnetic (J, = 1,Jy, = 1.5,J, = 2) case and (b) ferromagnetic (J, = —1,J, = —1.5,J, = =2
case. In order to examine the behavior of D (pz) for ferromagnetic case at D, =~ \/7/2, D (pz) is
plotted in Fig. 6(c) with choosing D, = 0.8 (red dashed line), 1.8 (black line), 2.8 (blue dotted

line) without changing J,.

where the minimum is taken over all possible choice of the complete set of measurement
operators?.
The quantum discord for pz(T') can be easily computed because it belongs to X-states.

The quantum discord for general X-state was computed in Ref.[50, 51]. For pz(T) the last
term of Eq. (4.4) becomes

min ijS(Amf) =min (D, ;,D,5) (4.5)

J

4 Although the authors in Ref. [4] consider the projective measurement, the authors in Ref. [5] consider the
general measurement including positive operator-valued measure (POVM). Thus, the quantum discord in
Ref. [5] is the lower bound of that in [4].
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where
D.1 = —plogp— (1 —p)log(l —p) D,s= —2rlogr —2ulogu — 1 (4.6)

with p = 1 [1 + 2(|s| + |v])]. The parameters 7, s, u, and v are defined in Eq. (2.7). Thus,
quantum discord for pz(7T) is given by

D(pz) =1+ (r+s)log(r+s)+ (r — s)log(r —s) (4.7)

+(u + [o]) log(u + |v]) + (u — |v[) log(u — [v]) + min (D1, D. )

In Fig. 6 we plot T- and D,-dependence of the thermal discord D (pz) for (a) antiferro-
magnetic (J, =1, J, = 1.5, J, = 2) case and (b) ferromagnetic (J, = —1,J, = —1.5,J, = —2
case. Although both thermal discords exhibit rapidly damping behavior with increasing T,
unlike concurrence they do not reach to exact zero. This means that thermal discord does
not vanish for separable states. Furthermore, for the ferromagnetic case the thermal discord
exhibits an extraordinary behavior at D, ~ D, , = \/m like the concurrence. It seems to
form a valley in this region. In order to examine this behavior more precisely we plot D (pz)
with choosing D, = 0.8 (red dashed line), 1.8 (black line), 2.8 (blue dotted line) in Fig.
6(c) without changing J,. This figure shows that D (pz) makes a local minimum at small T’
region when D, = 1.8 while other cases exhibit exponential damping behavior without local
minimum. At D, = D, , and 7' = 0 one can show r = u = |v| = 1/4 and s = F1/4, which
result in D,; = 0 and D, = 1. Thus, the thermal discord of pz(T') is exactly zero when
D,=D,,and T =0. Since T, =0 at D, = D, ,, both thermal entanglement and thermal
discord simultaneously vanish at this point.

Since py (T') does not belong to X-states, its thermal discord should be computed explic-
itly. This is carried out in appendix A, which gives

4 e EBiy/T e—Biy/T 1
D (py) =1 —+ Z ZY lOg < ZY > + h <§ + vV ymar) (48)
i=1

where h(p) = —plogp — (1 — p)log(1 — p) and

Ymaz = ! [8q2 + (r1—w)® + (2 +u2)® + [(r1 — wr) — (r2 + u2)[/16¢% + [(r1 — wy) + (7’2+U2)]Q] :

2
(4.9)
In Fig. 7 we plot T- and D,-dependence of the thermal discord D (p,) for (a) antiferro-
magnetic (J, =1, J, = 1.5, J, = 2) case and (b) ferromagnetic (J, = —1,J, = —1.5,J, = =2
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FIG. 7: (Color online) The T- and Dy-dependence of the thermal discord D (py) for (a) antifer-
romagnetic (J, = 1,J, = 1.5, J, = 2) case and (b) ferromagnetic (J, = —1,J, = —1.5,J, = —2)
case. For the ferromagnetic case the thermal discord exhibits an extraordinary behavior at

D, ~ D, . =+/7/2 = 1.32 like Fig. 6(b).

case. Like Fig. 6 both thermal discords do not reach to exact zero in spite of exponential

damping with increasing 7. For the ferromagnetic case the thermal discord exhibits an

extraordinary behavior at D, ~ D, = v/7/2 = 1.32 like Fig. 6(b).

FIG. 8: (Color online) (a) The D,-dependence of D(pz) and (b) D,-dependence of D(py) at
T = T.. In both figures red solid and blue dashed lines correspond to ferromagnetic (J, = —1, J, =

—1.5,J, = —2) an antiferromagnetic (J, =1, J, = 1.5, J, = 2) cases respectively.

Finally, we plot in Fig. 8 that (a) the D,-dependence of D(py) and (b) D,-dependence
of D(py) at T' = T,. In both figures red solid and blue dashed lines correspond to ferro-
magnetic (J, = —1,J, = —1.5,J, = —2) and antiferromagnetic (J, = 1,J, = 1.5, J, = 2)

cases, respectively. Thus, these figures show the discrepancy between thermal discord and
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thermal entanglement because concurrence at 7' = T, is exactly zero. Within the range
0 < D,,D, <4, these figures show D(pz) ~ D(py) ~ 0.1 for both antiferromagnetic cases.
For ferromagnetic cases D(pz) and D(py) fall to zero at D, = 1/7/2 and v/7/2 at T = T...
This fact implies that for arbitrary ferromagnetic cases (J, < 0) both thermal discord and
thermal entanglement simultaneously vanish at D, = D, for pz(7.) and D, = D, , for
py (T;). If one extends the range of D, and D, in Fig. 8, both antiferromagnetic and ferro-
magnetic D(pz) and D(py ) approach to one for D,, D, — +oo. Thus, maximal discrepancy
between thermal discord and thermal entanglement occurs in this limit at the critical tem-

perature.

V. CONCLUSIONS

We derive explicitly the thermal density matrices pz(7") and py (T') for two-qubit Heisen-
berg X Y Z chain with DM interaction in the 2- or y-direction. For each density matrix the
thermal entanglement expressed by C(pz) or C(py) is explicitly computed. Exploiting the
explicit expressions of C(pyz) or C(py) we discuss on the quantum phase transition in detail.
In particular, we focus on the critical temperature 7., above which the thermal entangle-
ment completely vanishes. This means that each density matrix becomes separable state at
T>T>°.

For antiferromagnetic case (J, > 0 a = x,y, z) the critical temperature is determined by
single equation for each thermal density matrix. As a result, T, monotonically increases with
increasing |D,| or |D,|. For ferromagnetic case (J, <0 a = z,y, z), however, the situation
is different. In this case the critical temperature is determined by two different equations
in the two separate regions. For pz(T'), for example, these two separate regions are defined
by |D,| < D, and |D,| > D, ,. Similarly, the two separate regions for py (7") are given by
|Dy| < D, and |D,| > D, .. At the outer region |D,| > D, or |D,| > D, , the critical
temperature 7, monotonically increases with increasing |D,| or |D,| like antiferromagnetic
case. At the inner region |D,| < D, , or |D,| < D, ., however, T, decreases with increasing

|D,| or |D,|. As a result, the D,- (o = z,y) and T-dependence of thermal entanglements

5 Of course, this critical behavior of entanglement occurs when the DM interaction has arbitrary direction.
In order to show this fact more explicitly we discuss the critical behavior in appendix B when D, # 0
and Dy # 0.
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for ferromagnetic case exhibit different behavior from those for antiferromagnetic case.

Thermal discords D(pz) and D(py) for pz(T) and py (T) are explicitly derived. For anti-
ferromagnetic case with fixed D, or D, both D(pz) and D(py) exhibit exponential damping
behavior with increasing 7', but they do not reach to exact zero. For ferromagnetic case
both D(pz) and D(py) exhibit extraordinary behavior at |D,| ~ D, , and |D,| = D, .. In
these regions the T-dependence of D(pz) or D(py) involves local minimum at small 7" while
in other region they exhibit exponential damping behavior without local minimum. Al-
though definitions of quantum entanglement and quantum discord are completely different,
one can infer from our results that they exhibit similar behavior with each other because
for ferromagnetic case both exhibit extraordinary behavior at the regions |D,| ~ D, . and
\Dy| = Dy.. At D, =D, , or D, = D, both thermal entanglement and thermal discord
for pz(T') or py(T) simultaneously vanish at T'= T, = 0.

One can apply our analysis when external magnetic field B is applied to our system[35].

In this case the Hamiltonian is changed into
HT:H+B'(01—|—02), (51)

where H is given in Eq. (2.1). It seems to be of interest to examine the effect of external
magnetic field and DM coupling constants in the thermal entanglement and thermal discord.
In particular, it is of interest to analyze the behavior of thermal discord near the critical
temperature in this model.

Another interesting issue is to examine the quantum phase transition by introducing
3-spin Heisenberg model with DM interaction, whose Hamiltonian is

2
Hs = Z [Jo0f @ oy + Jyol @ 0¥ + J.of @07, + D - (0, x 041)] . (5.2)

i=1
The tripartite entanglement was introduced in Ref.[52] 53]. Tt is of interest to compute the
thermal tripartite entanglement and to discuss on the quantum phase transition. It seems to
be of interest to examine how the monogamy relation is changed with varying DM coupling
constants and external temperature.

One can extend our analysis to continuum system. For example, let us consider two

coupled harmonic oscillator system, whose Hamiltonian is

H= L (848 + 5 (@i +we) — Tz, (5.3)

DN | —
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In this case the thermal density matrix p(x}, x5 : x1,29 : T) can be derived exactly by
making use of diagonalization of Hamiltonian and Euclidean path-integral technique[54].
This thermal density matrix is generally mixed state. For mixed state entanglement is in

general defined via a convex-roof method[55] 56];
E(p) = min Y p;E(y), (5-4)
J

where minimum is taken over all possible pure state decompositions, i.e. p = i pi|v;) (4],
with 0 < p; < 1. However, we do not know how to derive the optimal decomposition for
continuum thermal density matrix p(a], 5 : 21,22 : T'). We would like to explore this issue
in the future.
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Appendix A
In this appendix we compute the thermal discord for py(7") given in Eq. (2.11]). We

define the measurement operators II7 as IT¥ = |B;)(B;| (j = 1,2), where

0 ‘ 0 0 4 0
| By) :(:055\0) —|—el¢sin§|1> | Ba) :sini\()) — € cos 5]1> (A.1)

For our purpose, 6 and ¢ are confined as 0 < 6 < 7/2, 0 < ¢ < 2.
Then, it is straightforward to show G(6,¢) = 3_, p;S(A[I}) becomes

60,00 =~ (5+vi)iox (5 +v3) - (3-vi) s (3-v5)  (a2)
where

y = [(rn —w)® +4¢%] cos® 0 + [4¢® cos® ¢ + r5 + u3 + 2ryus cos 2¢] sin® 6

+4q [(ro + ug) — (r1 — uqp)] sin 6 cos 6 cos ¢. (A.3)

The parameters 71, 79, uy, us, and ¢ are explicitly given in Eq. .

Now, we should minimize G(6, ¢). We should note that G(6, ¢) is a type of binary entropy
function h(p) = —plogp — (1 — p) log(1 — p), which is concave with respect to p and attains
its maximum value of one at p = 1/2. Thus, minimizing G(0, ¢) is exactly the same with

maximizing y, i.e.,

dy(8, ¢) dy(8, ¢)
e A A, =0. A4
00 0 1)) 0 (A-4)
0y(0,¢)/0¢p = 0 yields three solutions
. : ql(r1 — w1) — (r2 + ua)]
sin sin ¢ an > con G T rot) (A.5)
and Jy(60, ¢)/00 = 0 yields
tan 26 — — 4q cos G'b[gﬁ — ) — (r2 + ua)] _ (A.6)
4(q% 4 roug) sin® ¢ + (11 — up)? — (r2 + ug)?
The solution sinf = 0 and Eq. (A.6) make y to be
Y1 = (r —up)? + 4q¢°. (A.7)
The solution sin ¢ = 0 and Eq. (A.6) generate two y and larger one is
_1 8 2 _ 2 2 — — \/16 2 - 2
Y2 =5 |8C F (r1— )™+ (r2 + u2)” + [(r1 — w) = (r2 + ua)| ¢+ [(rn —u1) + (r2 + u2)]?| -
(A.8)
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In order for the third solution of Eq. (A.5) and Eq. (A.6) to be consistent we need a

condition
4(¢ + 7’2u2)2 + [(r1 — w1) = (r2 + u2)] [2¢°(r2 + u2) + rous {(r1 — w1) + (r2 + u2)}] =0

identically because tan20 = 2tan/(1 — tan®#). However, one can show easily that this
condition does not hold identically by making use of Eq. (2.12)). There is another possibility.
The boundary value of y can be maximum although it is not local maximum. Thus, another

candidate for maxy is y at 6 = 7/2, ¢ = 0, which is
Y3 = (ry + ug)? + 4q>. (A.9)
It is easy to Show Ymaer = max(y1, ¥z, y3) = y2. Thus, min G(6, ¢) becomes

min G(9, ) = (% 4 @) log (% 4 \/@) - (% - \@) log (% _ @) (A10)
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Appendix B
In this appendix we will show that the ESD phenomenon of entanglement still occurs
when multiple DM components are present. For simplicity, we choose J, = J, = J and

D, = 0. In this case the Hamiltonian becomes

J. iD, + D, —iD,— D, 0
—iD,+D,  —J. 2.] iD, + D,
Hyy = ‘ . (B.1)
iD, — D, 2.J ~J.  —iD,— D,
0 —iD, + D, iD,— D, J.

The eigenvalues and corresponding eigenvectors of Hxy are summarized in Table III. In this

Table ¢, N3 and N, are given by

C = \JAD2+D2) + (J + L) (B.2)
NF=4C{C—(J+ 1)} MNP=4C{C+ T+ L)}

eigenvalues of Hxy corresponding eigenvectors
B =2J —J. |Er) = 5 (|01) +]10))
Dx_iDy Dgc ZDy
By = J. 1B2) = 5 (/B0 100) + \/B=pe ) )

Es=—-J+(¢ ||E;) = A% 2(—D, +1D,)|00) —i(J + J, — ¢)(]01) — [10)) + 2(D,, + iD,)|11)

Ey=—J—=( ||Bs) = 57 |2(=Da +iD,)[00) —i(.J + J. + ¢)(|01) — [10)) + 2(D, +iD,)[11)

Table I: Eigenvalues and eigenvectors of Hxy

Thus, the spectral decomposition of Hyy can be written as
4

Hyy = E|E)Ei|. (B.3)

i=1
Then the partition of this system is
Zxy =Tr [e ] = 2e77/ cosh[B(J — J.)] + 2¢”” cosh(5(). (B.4)
Then the thermal density matrix in this case becomes
21 Z3 —23 2
(M= | T (B.5)
—25 75 22 —23

2y 23 —23 21
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FIG. 9: (Color online) The T-dependence of concurrence with D = /5 (red line) and D = /17
(blue line) when J = 1 and J, = 2. As expected, both decrease with increasing 7', and eventually

go to zero. The critical temperature are T, ~ 7.6 for D = /5 and T, ~ 11.5 for D = /17

approximately.
where
1 e’/
2 = iy {emz + T {Ccosh(BC) — (J + J,) sinh(ﬁC)}l (B.6)
8J
29 = 221XY |:6—5(2J—Jz) + BT {C COSh(ﬁC) + (J + Jz) smh(ﬁ()}}
23 = Z)I(y —i(ch— iDy) e’ sinh(5¢)
D,—iD, [ _ v -
= zzlxy D7D, {e = T (eosh(B0) = (74 ) Smh(ﬁo}}
x y
8J
o= g [ = (G eosh(56) + (74 1) s (50) |

In order to compute the concurrence we should compute the eigenvalues of R = pxy (0, ®
oy) Py (0y ® o). One eigenvalue is (22 4 25)? and the remaining three eigenvalues are roots

of the following cubic equation:
A3 - 051A2 + OZQA — g3 = 0 (B?)
where

oy = 227 + 8ay + 2ay + a3 (B.8)
g = 2} + (4a1 + ap)? — 8z1a3 — 4azay + 8z1a1(21 — ag) — 2ay(2} — a}) + 22243

2
e [2(13 —4za1 + (27 — ag)ad
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with

a; = |,23|2 ay = |z4\2 az = z§zj; + (z§)224 Ay = 29 — 2. (B.9)

It is worthwhile noting that the D,- and D,-dependence of the eigenvalues are only via
D= \/DE,TDg . Thus the concurrence C(pxy) has rotation symmetry in (D,, D, )-plane.
Solving the cubic equation on the analytical ground is very cumbersome work,
because the roots have too long expressions. Thus, we rely on the numerical method from
present stage. The T-dependence of C(pxy) with (D, =1,D, =2) and (D, =1,D, =4) is
plotted in Fig. 9 as red and blue lines respectively when J = 1 and J, = 2. As expected,
both decrease with increasing 7', and eventually go to zero. The critical temperature are

1.~ 76 for (D, =1,D,=2) and T, ~ 11.5 for (D, =1, D, = 4) approximately.
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