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Analyzing shareability of correlations arising in any physical theory may be considered as a fruit-
ful technique of studying the theory. Our present topic of discussion involves an analogous approach
of studying quantum theory. For our purpose, we have deviated from the usual procedure of as-
sessing monogamous nature of quantum correlations in standard Bell-CHSH scenario. We have
considered correlations arising in a quantum network involving independent sources. Precisely
speaking, we have analyzed monogamy of nonbilocal correlations by deriving a relation restrict-
ing marginals. Interestingly, restrictions constraining distribution of nonbilocal correlations remain
same irrespective of whether inputs of the nodal observers are kept fixed(in different bilocal net-

works) while studying nonbilocal nature of marginal correlations.
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I. INTRODUCTION

Entanglement and nonlocality, the two most intrinsic
features of quantum theory, play ubiquitous role in
analyzing departure of the theory from the classical
world. While the former is a property of quantum
states[1], the latter mainly characterizes nature of cor-
relations arising due to measurements on quantum
systems[2],[3],[4]. Considered to be two inequivalent re-
sources in general, both of these features form the basis
of various information processing tasks such as device
independent entanglement witnesses[5], Quantum Key
Distribution(QKD)[6—9], Bayesian game theoretic ap-
plications [10], private randomness generation[11, 12],
etc, which cannot be performed by any classical re-
source. One of the inherent features responsible for
strengthening efficiency of quantum resources over clas-
sical ones is the existence of restrictions over shareab-
ility of quantum particles or quantum correlations in
multiparty scenario[13-24].

Research activities conducted so far clearly point out
the existence of limitations over shareability of both
quantum nonlocality[13, 15] and entanglement[14, 20—
24]. Such sort of limitations are frequently referred
to as monogamy of nonlocality and entanglement re-
spectively. Precisely speaking, let a tripartite state
be shared between three parties, say, Alice, Bob and
Charlie. If Alice’s qubit is maximally entangled with
that of Bob, then neither the state shared between Alice
and Charlie nor that between Bob and Charlie is en-
tangled. Now consider the tripartite correlations gener-
ated due to measurements on a quantum system shared
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between Alice, Bob and Charlie. If the marginal correl-
ations shared between any two parties, say Alice and
Bob violate Bell-CHSH inequality[25] maximally then
neither marginal shared between Alice and Charlie nor
that shared between Bob and Charlie can show Bell-
CHSH violation. However no such restriction exists
over shareability of classical correlations. Over years,
different trade-off relations have been designed to cap-
ture monogamous nature of not only quantum correl-
ations but also of correlations abiding by no signaling
principle[26]. Our present topic of discussion is contrib-
utory in this direction. To be precise, we have explored
shareability of correlations characterizing quantum bi-
local network.

Over past few years, there has been a trend of studying
quantum networks involving independent sources[27,
28]. Networks involving two independent sources are
referred to as ‘bilocal” network. It was first introduced
in [27]. Since then study of quantum networks char-
acterized with source independence has been subject
matter of thorough investigations[29—36] due to multi-
faceted utility of the source independence assumption
both from theoretical and experimental perspectives.
For instance, it can be exploited to lower down restric-
tions for detecting quantumness(nonclassical feature) in
a network via some notions of quantum nonlocality (dif-
ferent from standard Bell nonlocality)[33, 34]. Besides,
it is found to be important to study detection loop-
hole in some local models[37, 38]. From experimental
perspectives, source independent networks form basis
of various experiments related to quantum informa-
tion and communication such as various device inde-
pendent quantum information processing tasks[s, 8-
10], some communication networks dealing with en-
tanglement percolation [39], quantum repeaters [40] and
quantum memories [41], etc. Owing to the significance of
these networks, study of correlations generated in such
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networks have gained immense importance. In this
context, one obvious direction of investigation evolves
around manifesting shareability of correlations in such
networks. Our discussions will channelize in that direc-
tion.

To the best of authors” knowledge, research activities
on monogamy of quantum correlations, conducted so
far, basically considers standard Bell scenario. Here we
have shifted from that usual scenario thereby exploring
the same for quantum correlations in a network scen-
ario. Precisely speaking, we have considered quantum
network involving two independent sources with an
urge to investigate whether non classical feature of
quantum correlations generated in such networks ex-
hibit monogamy or not. We have obtained affirmative
answer to this query. It may be noted that for study-
ing monogamy in standard Bell-CHSH scenario, it is
assumed that the nodal party(for instance Alice in the
example discussed before) has fixed measurement set-
tings. For instance, to analyze Bell violation by each
of two sets of bipartite correlations: P(a,b|x,y), shared
between Alice, Bob and P(a,c|x,z), shared between
Alice, Charlie(a, b, ¢ and x,y, z denoting binary outputs
and inputs of Alice, Bob and Charlie respectively),
Alice’s measurement settings are assumed to be fixed.
Recently, in [43], a trade-off relation has been sugges-
ted giving restriction over upper bound of violation of
Bell-CHSH violation by all the possible bipartite mar-
ginals where the measurement settings of nodal party
was not assumed to be fixed. Here we have started de-
riving a monogamy relation for nonbilocal correlations.
Then we have relaxed the assumption of fixed setting
by nodal party, thereby designing a trade-off relation
restricting the nonbilocal nature of the marginal correla-
tions. Interestingly, nature of restrictions to exhibit non-
bilocality by the marginals remain invariant irrespect-
ive of the assumption of fixed measurement settings of
nodal party.

Rest of the article is organized as follows. First we dis-
cuss some ideas motivating our work in Sec.Il. Next
in Sec.IIl, we give a brief review of the bilocal network
scenario and some results related to that scenario which
in turn will facilitate our further discussions. In Sec.IV,
we first sketch the network scenario in details. Then
we derive the monogamy relation in Sec.IV followed by
a trade-off relation in Sec.V restricting the correlations
generated therein. Some practical implications of our
findings have been discussed in Sec.VI. Finally we have
concluded in Sec.VII discussing possible future direc-
tions of research activities.

II. MOTIVATION

As we have already pointed out before that in recent

times, study of quantum networks(with independent
sources) has gained paramount interest. So detailed
analysis of various aspects of correlations generated in
such networks enriches quantum theory. Again mono-
gamy is one of the most important nonclassical feature
of quantum theory. So assessment of monogamous
nature(if any) of correlations arising in such quantum
networks is crucial for developing a better insight in re-
lated fundamental issues.
From practical view point, existence of restrictions
over shareability of quantum correlations is utilized to
design quantum secret sharing protocol secure against
eavesdropping[44—46]. To be specific, it is this nonclas-
sical feature of quantum correlations that plays a vital
role to provide security against external attack better
than any classical protocol. So if monogamous nature
of correlations arising in quantum networks involving
independent sources can be guaranteed then that will
be definitely helpful for security analysis in secret shar-
ing protocols involving such networks. So possible is-
sues related with restricted shareability of quantum cor-
relations in network scenario deserves detailed investig-
ations. This basically motivates our current topic.

III. PRELIMINARIES

A. Bilocal Scenario

Bilocal network as designed in [27, 28] is shown
in Fig.1. The network involves three parties Alice(A),
Bob(B) and Charlie(C) and two sources S; and S,. All
the parties and sources are arranged in a linear fash-
ion. A source is shared between any pair of adjacent
parties. Sources S; and S, are independent to each
other(bilocal assumption). A physical system represented
by variables A and A, is send by S; and S, respectively.
Bob receives two particles(one form each of S; and Sy).
Independence of Ay and A, is ensured by that of S; and
Sy. Each of Alice, Bob and Charlie can perform dicho-
tomic measurements on their systems. The binary in-
puts are denoted by x, y, z for Alice, Bob and Charlie
and their outputs are labeled as a, b, ¢ respectively. In
particular, Bob performs measurement on the joint state
of the two systems that he receives from S; and Sy. The
correlations obtained in the network are local if they
take the form: P(a,b,c|x,y,z) = [[ dAdAyp(Aq, A2)

P(a|x,A1)P(bly, A1, A2)P(clz, Ap) (1)

Tripartite correlations P(a,b, c|x,y, z) are bilocal if they
can be decomposed in above form(Eq.(1)) together with



the restriction:

p(A1,A2) = p1(A1)p2(A2) (2)

imposed on the probability distributions of the hidden
variables A1, Ao. Eq.(2) refers to the bilocal constraint. Tri-

Figure 1: Schematic diagram of a bilocal network[27, 28].

partite correlations of the form (Eq.(1)) and (Eq.(2)) are
bilocal if they satisfy the inequality[28]:

\/er\/mSl €)

where I=% Y. (AxByCy), J=

x,z=0,1
I L ()" (ABC) and (A:ByCz)=
X,z=U,

Y (—=1)*t0*cP(a,b,c|x,y,z). Ay, B, and C; stand for
a,b,c

the observables corresponding to binary inputs x, y, z
of Alice, Bob and Charlie respectively. a,b,c € {0,1} de-
note the corresponding outputs. Denoting \/|I| + v/|/|
as B, Eq.(3) becomes:

B<1 (4)

Clearly violation of Eq.(4) acts as a sufficient criterion
for detecting nonbilocality of corresponding correla-
tions. In [36], referring B as bilocality parameter, an up-
per bound of quantum violation of the bilocal inequal-
ity(Eq.(4)) has been derived under the assumption that
Bob performs separable measurements on the joint state
of its two particles. We next briefly review scenario con-
sidered in [36] along with some of the related findings
which will be used later in course of our work.

B. Bilocal Quantum Network

Let each of S; and S; sends a quantum state. Let S;
sends p4p to Alice and Bob whereas S, sends ppc to

3

Bob and Charlie. In general any bipartite state dens-
ity matrix representing a quantum state(p, say) can be
defined as:

7 Ly

i1,ip=0

1 2
Ti.i,0; i, (5)

i1ip i1

with ¢f, denoting the identity operator in the Hilbert
space of k! qubit and O’Zi , denote the Pauli operators
along three mutually perpendicular directions, iy =
1,2,3. The entries of the correlation matrix T, of p de-
noted by T, ;,, are real and given by:

1i7

1112 - TI' p ®

Each of the three parties performs projective meas-
urements in arbitrary directions. Alice and Charlie
performs &;.0 and ¥;.0(i = 0,1) respectively. Here

=(01,09,03). Bob performs separable measurements

on its two qubits[36]: ,BA ® ,BC 7. Under these settings,
bilocality parameter B takes the form[36]:
1)) TapB 1B Toc (o + (—1)71)],

= o/l
()

where T4p and Tgc denote correlation tensor of state
pap and ppc respectively. The upper bound of violation
of the bilocal inequality(Eq.(4)) is given by Bp,,[36]:

|, i1, i € {1,2,3}. (6)

with wf! and w3 (w{ and w§) are the larger two eigen-
values of T};BTAB<TE;CTBC)'

After discussing the mathematical pre-requisites, we
proceed to present our findings.

IV. NONBILOCAL MONOGAMY

For exploring restriction(if any) over shareability of
nonbilocal correlations, first we define the network scen-
ario(Fig.2).

Consider a network(\) involving four parties Alice,
Bob, Charlie, Dick and two independent sources S;
and S,. Each of the two sources generates a tripartite
quantum state. Let S; generates p4pc, sending a qubit
to each of Alice, Bob and Charlie. Analogously, S, gen-
erates ppcp, sending a qubit to each of Bob, Charlie and
Dick. So each of Bob and Charlie receives two qubits
whereas remaining two parties receives one qubit each.
Let Bob and Charlie be referred to as intermediate parties
whereas Alice and Dick be referred to as extreme parties.
The extreme parties perform arbitrary projective meas-
urements locally on their qubits and each of two in-
termediate parties perform separable measurements on



Figure 2: Schematic diagram of network N

joint state of its two qubits. Inputs of Alice, Bob, Charlie
and Dick are labeled as x,y,z,w € {0,1} and outputs
asa,b,c,d € {0,1} respectively. Four partite correlation
terms P(a, b, c,d|x,y,z, w), arising due to measurements
by the parties on their respective qubits characterize the
network(N). Let Wg and W denote the set of tripartite
marginals P(a,b,d|x,y,w) and P(a,c,d|x,z, w) respect-
ively. Now Wp can be interpreted as the set of tripart-
ite correlations arising due to binary measurements by
each of three parties Alice, Bob and Dick in a network
involving two independent sources S; and S;. Hence,
correlations from Wjg characterize the bilocal network
(Np, say) involving Alice, Bob and Dick. Analogously
Wc characterize bilocal network (N¢, say) involving
parties Alice, Charlie and Dick. Each of the two bilocal
networks N and N may be referred to as a reduced
network obtained from the original bilocal network N.
Clearly extreme parties of A/ are common in both the
reduced networks(Np, N¢) and may be referred to as
the nodal parties.

Now we put forward the monogamy relation restricting
nonbilocality of the tripartite marginals P(a, b, d|x,y, w)
and P(a,c,d|x,z,w).

Theorem.1: 1f BY, and B, denote the upper bound
of violations of bilocal inequality(Eq.(4)) by correlations
P(a,b,d|x,y,w) and P(a,c,d|x,z, w) respectively, then,

(BMax) +<BMax) <2 (9)

Proof: See appendix.

Compared to a single nodal(common) party in stand-
ard Bell scenario, here measurement settings of both
of the nodal parties (Alice and Dick) are kept fixed in
order to sketch the monogamy relation(Eq.(9)). Alice
and Dick’s fixed measurement settings mainly refer to
the fact each of their measurement settings remain un-
changed in both the reduced networks N, Nc. To be
precise, if Alice(Dick) performs measurement M4 (Mp)
in network A/, then in network N also measurement
setting of Alice(Dick) is M4 (Mp). Also note that the
monogamy relations are sketched here under the as-
sumption that Bob and Charlie perform separable meas-

urements.

Tightness of the constraint: By tightness of the monogamy
relation given by Eq.(9) we interpret the existence of
quantum correlations reaching the upper bound 2. For
a particular instance, let each of the two sources S; and
S, generates identical copy of a W state[47]:

|'¥) = cos pp|001) + sin pq sin p|010) + sin pg cos p1|100)

(10)
where p;(i = 0,1)€[0,7]. Let, for pg = % identical
copies of the corresponding state(|¥)(¥|) are used in
the networks(Ng, N¢). Maximizing over all possible
separable measurement settings of Bob, Charlie and all
projective measurement settings of Alice and Dick(as
already argued, each of Alice and Dick performs
same measurement in both the networks A3, N(),

we get (Bj,)* + (Bf,,)?=\/(Max[0,cos?(2j:1)])?
V (Max(L,sin?(2u)]))? + /(Min[0, cos?(2p)])2 +
\/ (Min[1,sin®(2u1)])2.  Clearly on simplification,

(Bﬁ/lax) + (B]C\j/lax)zzz'

Before discussing any further observation, we first put
forward a lemma.

Lemma: Maximal violation of the bilocal inequal-
ity(Eq.4) is v/2, maximum being taken over all possible
quantum states.

Proof: From upper bound of violation of bilocal

inequality(Eq.(4)) given by Eq.(8),

2
2
Bl = Z‘/sz *wic. (11)
i=1

By Cauchy-Schwarz’s inequality, we get

BMax<\/wf+w§‘\/wlc—|—w2C (12)

Now y/w{t + w§ = M(pap) and likewise /w$ + w§ =
M(ppc) where 2M(p) denote maximal violation of Bell-
CHSH inequality by a quantum state p[48]. Again max-
imal possible quantum violation of Bell-CHSH is given
by 242, referred to as Tsirelson’s bound[49]. Hence
maximal possible quantum violation of the bilocal in-
equality(Eq.(4)) turns out to be V2.1

The monogamy relation(Eq.(9)) puts restrictions over
distribution of nonbilocal correlations among the two
networks Np and N¢. To be precise, maximal viol-
ation of bilocal 1nequality(Eq.(4)), being /2, both of
(BE,..)* and (B, )? could have been 2. But this be-
comes impossible due to the restriction imposed by
Eq.(9). Moreover if any one set of tripartite mar-
ginals, say P(a,b,d|x,y, w)(Wp set) shows violation of
the bilocal inequality, the others set(Wc) of marginals
does not violate the bilocal inequality. So, generation
of nonbilocal correlations in one reduced network(N3,
say), guarantees(considering generation of nonbilocal



correlations up to detection by the sufficient criterion
provided by violation of the bilocal inequality(Eq.(4)))
absence of any such nonclassical feature(nonbilocality)
of quantum correlations in the other reduced network
system(N). Hence, if maximal violation of bilocal in-
equality is observed in one reduced network(Np, say),
then correlations from N cannot violate the bilocal in-
equality(Eq.(4))) and hence may not be nonbilocal. Such
an observation is analogous to existing results related to
monogamy of quantum entanglement and nonlocality
(standard Bell-CHSH sense).

V. NONBILOCAL TRADE-OFF RELATION

Monogamy relation(Eq.(9)) guarantees existence of
restrictions over distribution of nonbilocal correlations
in reduced bilocal network systems. However, as
already mentioned in the previous section, analogous
to monogamy of nonlocal correlations in standard Bell-
CHSH sense, measurement settings of nodal parties are
kept fixed for assessing monogamy of nonbilocal correl-
ations. However, in [43], it was pointed out that com-
parison of monogamy and trade-off relations of non-
local correlations guarantees relaxation of restrictions
over shareability of nonlocal correlations among bipart-
ite reduced states. Such an observation is quite intu-
itive owing to the fact that in contrast to fixed meas-
urement settings of the nodal party(considering nature
of the bipartite marginals for sketching monogamy re-
lation), for giving trade-off relation(connecting amount
of Bell-CHSH violation by the bipartite marginals), the
measurement settings for the nodal parties are not con-
sidered to be invariant. Hence optimization over para-
meters characterizing inputs of the nodal parties is pos-
sible separately while considering Bell-CHSH violation
by each of the reduced states. For instance, it may
so happen that Bell-CHSH violation by reduced state
oap(obtained from state 0apc), is optimized for one
measurement direction(xp, say) of Alice while the same
by reduced state ¢4¢ is optimized for some other meas-
urement direction(x] # xp, say) of Alice.

In this context, one may expect to encounter analog-
ous observations in case of characterizing shareability
of nonbilocal correlations. However our findings guar-
antee somewhat counterintuitive feature.

Theorem.2: Trade-off relation satisfied by upper bound
of violation of bilocal inequality(Eq.(4)) by tripartite
marginals in reduced networks AN and N is same as
the monogamy relation given by Eq.(9).

Proof: Each of Bob and Charlie performs separable
measurements. Measurement settings of the nodal
parties Alice and Dick may vary while considering vi-
olation of bilocal inequality in each of the two reduced

networks(Np and N¢). Hence by Eq.(12), we get:

(Bigax)? + (Bipay)® <

VB4 By AB £ AB /i 5\ AS + AS

For notations used in the proof, we refer to Ap-
pendix(Proof of theorem.1). Now applying A.M.>G.M.
over the positive terms t? + tg, llc + tg, A? + Ag and
Af + AS, we get,

BB+ AP+ AB+C+ 5+ AT+ AS
5 .

Clearly the above expression is same as that given by
Eq.(30). Hence we get the same trade-off relation as
that given by Eq.(9).H

The trade-off relation, being of the same form as that of
the monogamy relation, restriction over shareability of
nonclassical feature of quantum correlations(in terms of
nonbilocality) is the same irrespective of whether meas-
urement settings of the nodal parties remain fixed or
not. Recent study on Bell-CHSH nonlocality reveals
analogous findings regarding the fact that restrictions
over distribution of nonclassical quantum correlations
is independent of the fact whether nodal party’s in-
puts are fixed or not. To be specific in [50] a trade-
off relation restriction shareability of nonlocal quantum
correlations(Bell-CHSH) has been given which has the
same form as that of a monogamy relation of Bell-
CHSH nonlocality which was previously given in [43].

After ensuring existence of restriction over shareability
of nonclassical correlations in quantum network scen-
ario(characterized by source independence), we now
discuss below practical significance of monogamy of
nonbilocal correlations.

VI. PRACTICAL IMPLICATION

Consider a network involving three parties Alice,
Bob and Dick and two independent sources S; and S;.
Monogamy of nonbilocality can be applied to design a
secret bit sharing protocol involving the bilocal network
secured against attacks of postquantum eavesdroppers.
Below we give justification in support of our claim.

In [45], Barrett etal. proved a connection between the
possibility of existence of a protocol secure against
postquantum eavesdropping and quantum violation
of Bell-CHSH inequality under nosignaling assump-
tion. To be precise, they designed a protocol involving
two parties(Alice and Bob, say). Alice and Bob share
identical copies of entangled states. At the end of
the protocol a secret bit is generated in between Alice
and Bob although the source, generating the entangled



states, is controlled by eavesdropper. Security of such a
protocol is based on monogamy of Bell-CHSH violation
by quantum correlations. Now in our network scenario,
as is clear from Eq.(27), monogamy of nonbilocal cor-
relations involves Bell violation by reduced states p 43,
pac, Pep and pcp. So restrictions over distribution of
nonbilocal correlations involve restrictions over share-
ability of nonlocal correlations(in sense of Bell-CHSH
violation) among the reduced states. This gives an indic-
ation about the possibility of designing a protocol, se-
cured against eavesdroppers attack, via which secret bit
can be generated in bilocal network scenario involving
Alice, Bob(performing separable measurements) and
Dick even if any eavesdropper(Charlie, say) who is cap-
able of performing any separable measurement and
have control over both the independent sources S; and
S,.

VII. DISCUSSIONS

Over years there has been thorough investigation
of monogamous nature of quantum entanglement and
quantum nonlocality in standard Bell-CHSH scenario.
In this paper, we have considered bilocal quantum net-
work scenario to investigate the same for some weaker
form of quantum nonlocality(nonbilocality). Exploita-
tion of our observations ensure monogamous nature of

nonbilocal quantum correlations(up to existing detec-
tion criterion for nonbilocality(Eq.(4)))). Interestingly,
restrictions over shareability of distribution of nonbi-
local correlations among reduced networks(Np and N¢)
are the same irrespective of the inputs of the nodal
parties(Alice and Dick) remaining fixed or not for ob-
serving violation of bilocal inequality in the reduced
networks individually. From our discussions so far, it
can be safely concluded that under the assumption of
Bob and Charlie performing separable measurements,
if quantum correlations in one reduced network(Np,
say) exhibit nonbilocality, then the correlations from
the other one(N¢) cannot violate the bilocal inequal-
ity(Eq.(4)) and hence are bilocal(in terms of violating
bilocal inequality). As we have already discussed,
such monogamous nature of nonbilocal correlations can
be utilized to design a secret sharing protocol secure
against postquantum eavesdropper’s attack. However
we have not been able to explicitly design any such
protocol. One may find interest to develop one such
protocol involving bilocal network. One may explore
other means of applying this monogamous nature of
quantum correlations in some other network related ex-
perimental tasks. Also study investigating inter-relation
between monogamy of nonbilocality and other nonclas-
sical aspects of quantum theory is a potential source of
research activities.
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VIII. APPENDIX

Proof of Theorem.1: Both extreme and intermediate parties perform arbitrary projective measurements(see Table.I).
Applying Eq.(7) to each of the two sets of marginals Wp and W, we get:

(GEoV|(@

+<%2}=0¢ @+ (- D&Y, (13)

with Tap, Tac, Tgp and Tcp denoting the correlation tensor(Eq.(6)) of reduced bipartite states Trc(papc), Tra(paBc),
Trc(ppep) and Trp(ppep) respectively(Tre(papc) stands for the reduced state obtained after tracing out party C
from tripartite state p4pc). Following the procedure used in [48], we introduce two pairs(one for Alice and other
for Dick’s measurement settings) of mutually orthogonal unit vectors:

(BB)? + 1)iay). TABﬁAHﬁD Tgp(do + (—1)i7))?

Didy).Tacy? 7P Tep(do + (-

&y + (—1)‘ 2cos(1§ —uv _1;4, i€{0,1}, u €10, 7] (14)
and

Gy + (—1 )'Ezzcos(zg—v) b ie{0,1}, velon. (15)

By Egs.(14,15), we get from Eq.(13),

(B°)” + (BY)” = (L OJ oA TapB2) (BP TopoP )| cos(iZ — ) cos(iz —v)|)?

Ty I Tacr) P Tepu?l o ) cos(i )12

= (o1 B2 T50) (8P TooP ) costiT — ) cos(i — 1))

HEyfloT

AP.TepuP)|| cos i — ) cos(i —v) )2 (16)



Party |Measurement setting
Alice X;.0
Bob | B Fw0p
Charlie ¥AFeyP.e
Dick 5.0

Table I: The table gives the measurement settings of
each of the four parties in the network. Two different
values of i = 0,1 correspond to two arbitrary
directions of projective measurements for each of the
parties. As already discussed in the main text, each of
the two intermediate parties(Bob and Charlie)
performs separable measurements[36].

Now each of ,B_;?‘, ?, 'y?‘ and 'y_;D (i = 0,1) being unit vectors, applying Cauchy-Schwarz’s inequality, we get:

7T 7T
(B2 + (B < (T ITg0 1 TspePl costi — ) cos(i — )]

gy IR0 TepoP o — wcosiy — )2 (17)
Let QF=||T] v ||||TBDUDH and Q¢ =] ACUAHHTCDUDH(z =0,1). Then Eq.(17) becomes,
(BB)2 + (B)? < (Z}zo\/Qﬂ cos(ig —u) cos(ig —v) Zl 0\/QC\ cos(i )cos(z% —)|)? (18)

Expanding right hand side of the inequality(Eq.(18)), we get:
(B%)? + (BX)* < (QF + Q)| cos(p) cos(v)| + (QF + QF) | sin(p) sin(v)|

2(\/Q§ * QF + \/Qg * Qlc)\/\ cos(p) cos(v) sin(u) sin(v)| (19)
It is maximized for ¢ = nmt £ v. Hence Eq.(19) gives:

(BB)2 4+ (BY)? < (QF + QF) cos?(v) + (QF + QF) sin?(v)

2(\/QS‘ *QF + \/Qg * QF)| cos(v) sin(v)|
(\/>\cos |+\/7\sm @\cos |+\/>\s1n

= Ap(v) + Ac(v) (20)

where Ag(v)=(,/QE|cos(v)| + 1/QF|sin(v)[)? and Ac(v)=(1/Q§|cos(v)| + 1/Qf|sin(v are connected with

network Np and N respectively. Now w1thout of any loss of generahty consider the term A B(V).

= (\/Q753\ cos(v)| + \/aﬁ sin(v)|)?




=Q+Q7 (21)
The above inequality is obtained by applying the inequality xcos(f) + ysin(6) < +/x?2+y%. Let Ap(v) be

maximized for v = v;. As already argued, for deriving monogamy relations, measurement settings of Alice and
Dick should be same in both the networks N and N¢c. Now for v = v,

Ac(n1) = (1/ QS| cos(vr)| +1/QC  sin(v)|)?
< (/o) + (/o2

= Q5 +0Qf (22)
Equality holds if Ac(v) is maximum for v = vy. Hence, by Eqs(21,22), we get,
(B”)+ (BY)* < Qf +Qj + QP +QF (23)

By our argument, till now, we have shown that if anyone of Ag(v) or Ac(v) attains maximum for some value of v,
then Ap(v) + Ac(v)<G where G:Qg + Qg + Qf + Qlc. If possible, there exists some other fixed value of v, say v,
such that,

Ap(12) + Ac(rz) > G (24)
But,

Ap(v2) = (1/ QB cos(v2)| + 1/ QP sin(v)])?

<Q+Q
Equality holds if 11 = v,. Similarly, Ac(12)<Q§ + Q. These relations in turn give,

Ap(12) +Ac(r2) <G (25)
which contradicts Eq.(24). Hence when maximized over all possible values of measurement parameter v, we get,
Eq.(23). - B
Put RP = ||TppvP|| and R¢ = ||TcpuvP||(i = 0,1). Inequality given by Eq.(23) becomes,

1
(B")? Z PIITAs07 | + RE| TAcvl ) (26)

Now, it was shown in [36], that for any matrix U and for any vector 7,||Ud||> = .UTUF. Again for any matrix U,
uru is always diagonlizable Hence both TABTAB and T ACTAC are both diagonlizable Let AB > A2 > AB be the
eigen Values of T} BTAB Analogously let AT > AS > A§ be the eigen values of T ACTAC respectively. For the term

T} Bv A||, expressing v/ in the eigen vector basis of T},T4p and likewise expressing v/l in the eigen vector basis
of TX-Tac in the term HTACUAH(l =0,1),

1
(B")? 2 (R \/21 OAFJrl 2+ RC \/Zz 0 1+l )?) (27)

where v AC(representatlon in eigen vector basis of T ACTAC) and v AB (representatlon in eigen vector basis

of T} ;Tag). Now due to the orthogonality constraint over the unit vectors v(’;‘B , v{!8 and similarly that of v(‘]qc, v{‘c
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and also due to Af > Ag > Ag and Af > A2C > Ag, maximization over Alice’s measurement settings(maximum
being obtained for v'® = v§!C = (1,0,0) and v{!® = v{}€ = (0,1,0)), give:

1
(BF)? + (BY)? < ];(R]B, JAB L +RFLJAS ) (28)

Now maximizing over Dick’s measurement settings in an analogous approach, we get

2
(Btax)? + (BS1a)? = (/18 /AP + /i€ /AC) (20)
j=1
where (& > 8 > B and if > i§ > 1§ are the eigen values of T}, Tgp and T, Tcp respectively. Now, by applying,
AM.>G.M. for positive integers, le, zz.c, AlB and AZ.C(z' =1,2), we get:

B B B B C C C C
17415 A7 AT+ 7+ AT FA
(Bﬁ/mx)z_‘_(B]C\j/Iax)z: - 2 - 2 > ! 2 1 z. (30)

Now for the state p4pc(generated by the source S1) which is shared between Alice, Bob and Charlie[50],
AP+ AB 4+ AS 1+ AS <2, (31)
Analogously, for the state ppcp(generated by the source S;), we get,
B3 +if 15 <2, (32)

Using, Eqgs.(31,32), in Eq.(30), we get the required monogamy relation(Eq.(9)).
I




