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Abstract

We derive the weak limit theorem for a class of long range type quantum walks.
To do it, we analyze spectral properties of a time evolution operator and prove that
modified wave operators exist and are complete.

1 Introduction

Quantum walks have been introduced as a quantum counter part of classical random walks
[1,5]. It is known that quantum walks have remarkable properties which are not seen in
classical random walks. One of these properties appears in a “weak limit theorem”. In
[8], Konno firstly derived the limit distribution of quantum walks. He also revealed that
the shape of limit distribution is quite different from the normal distribution.

Here to explain some results related to weak limit theorem, we briefly introduce a
mathematical framework of quantum walks. The Hilbert space is

H:=1(Z;C°) ={¥:Z - C*| ) [|¥(z)[ g < oo},
TEZ

and time evolution operator is U := SC where

1)
(ST)(x) = [i’@) Ex - 3] L (CU)(2) = C(a)U(x), VEH, zeT,

and {C(z)}zez C U(2). Let ¥ € H (||¥] = 1) be an initial state of a quantum walker.
Then the quantum state after time ¢ € Z is given by U'W¥.

For Uy € H with [|Up]| = 1 and ¢ € Z, X; be a Z-valued random variable whose
probability distribution is given by P(X; = ) = ||[(U'¥¢)(z)[|%;. Our interest is to find
the random variable V' such that X; with a suitable scaling converges to V as t — oo.
Konno considered space-homogeneous quantum walks in one dimension. It means that
C(z) = Cy (x € Z) for some Cy € U(2). He assume that the initial state ¥y € H has a
form of

(laf* + 18> = 1).
otherwise,

Then he showed that the existence of R-valued random variable V' such that X;/t — V
as t — oo in a weak sense through combinatrical arguments [8]. After that, Grimmett et



al. gave a simple proof for Konno’s result, extended to d-dimensional space-homogeneous
quantum walks and removed the assumption related to initial states [6]. Their proof is
based on an application of the discrete Fourier transform. A crucial contribution is to
find the self-adjoint operator Vo which induces the random variable V. Vj is called an
“asymptotic velocity operator”. To find the limit distribution of X;/t as t — oo, it suffices
to find a suitable asymptotic velocity operator. Recently, a nonlinear quantum walk is
considered in [9].

If we allow a coin operator C' to be depend on = € Z, it becomes difficult to obtain
the weak limit theorem since the discrete Fourier transform does not work. To overcome
this difficulty, Suzuki introduced the idea of spectral scattering theory for quantum walks.
Here, we introduce the notion of short range type and long range type conditions:

Definition 1.1. A coin operator C satisfy a short (resp. long) range type condition if
there exists Cy € U(2), k > 0, and v > 1 (resp. 1 > > 0) such that

IC(x) = Collpc2y < k(1 + 277, € Z,
where || - || 5(c2) is the operator norm on C?.

We assume that C satisfies the short range type condition. We set Uy := SCy. Then
the following wave operator

— o T —trrt
Wy =5 lim U™'UfMLe(Up)

exist and are complete (i.e. RanWy = H,.(U)). Moreover, we can show that the absence
of singular continuous spectrum of U by Mourre theory [3,12]. We denote the asymptotic
velocity operator of Uy by Vp. Suzuki showed that the limit distribution of X /tast— o0
is derived from a sum of the orthogonal projection onto the set of eigenvectors of U and
the spectral measure of W_’r_%WJr.

On the other hand, in the long range type condition, wave operators do not exist in
general [16]. Thus it is not trivial problem how to get the limit distribution of X;/t.

In scattering theory for quantum mechanics, it is known that we have to introduce
modified wave operators instead of wave operators. There are lots of results related to
long range scattering theory [4, 11]. To introduce modified wave operators, it is important
to introduce a suitable “modifier” induced by the Hamiltonian. However, it is difficult to
introduce a modifier in a context of quantum walks straightforwardly since the Hamiltonian
corresponds to U = SC' is unknown in general. The generator of quantum walks is studied
in [14].

In this paper, we derive the weak limit theorem for a class of U whose coin operator
satisfies the long range type condition. We assume that a coin operator C' has a form of

6_7’5(5’:) O
C(x)—[ 0 eif(x):| 05

for some £ : Z — R and Cp € U(2). As far as we know, this is the first result related
to long range type quantum walks. To derive the weak limit theorem, it is important to
show the absence of singular continuous spectrum of U and existence of modified wave
operators. We apply commutator theory for unitary operators under two Hilbert space
settings established by Richard et al. [13] and Kato-Rosenblum type theorem established
by Suzuki [15].

Contents of this paper is as follows. In section 2, we give a definition of a model in
quantum walks and some fundamental properties are explained. In section 3, some facts
in the commutator theory is introduced. In section 4, we show the absence of singular
continuous spectrum of U by applying the commutator theory explained in section 3. In
section 5, we derive the weak limit theorem which is a main result in this paper.



2 Definition of a model

In this section we review some notations and fundamental results for quantum walks. The
Hilbert space is given by

M= 12(Z;C?) = {\11 LT C2‘ S w2 < oo}, (2.1)

TEZ
where || - [|c2 is the norm on C2. We denote its inner product and norm by (-,-)3 (linear
in the right vector) and || - ||y, respectively. If there is no danger of confusion, then we

omit the subscript H of them. We introduce the following dense subspace of H:
Hen := {¥ € H|IN € N such that ¥U(z) =0 for all |z| > N}. (2.2)

Next we introduce two unitary operators U and Uy. For ¥ € H, the shift operator S is
defined by

W) (y
(9@ = s 1))

Let Cp be a 2 x 2 unitary matrix. We introduce the coin operator C as follows:

x € Z. (2.3)

e—iE(Z) 0

D)= Caue), cw= |7

:| Co, x €7, (2.4)
where £ is a real-valued function on Z. Throughout in this paper, we identify Cj as a
unitary operator on H such that (Co¥)(z) = Co¥(z), x € Z. We set U := SC and
U() = SC()

Next, we recall spectral properties of Uy = SCy. We denote the discrete Fourier
transform which is unitary from #H to K := L?([0, 27), dk/27; C?) and

(Fo)(k) == p(k) = Y d(x)e™™, k€ [0,27), ¢ € Hin.

TEL

We set Uy := FUpF L. It is seen that Up is a U (2)-valued multiplication operator given
by

~ et 0

Uo(k) = [ 0 €ik:| Co, ke [0,27T).
Note that C has a form of

ae’® be'd
Co = _peiBFiS  o—iatis | o

where a,b € [0,1] with a® + > =1, o, 3 € [0,27) and €? (§ € [0,27)) is the determinant
of Cyp. We denote an eigenvalue and a correspond normalized eigenvector by A;(k) and
uj(k) (j = 1,2), respectively.

Let B be a unitary or self-adjoint operator on . The sets o(B), op(B), 0c(B), Tess(B)
and o,.(B) are called spectrum, pure point spectrum, continuous spectrum, essential
spectrum and absolutely continuous spectrum of B, respectively.

Proposition 2.1. [12, Lemma 4.1] (1) If a = 0, then
)\1 (k) = iei§/27 )‘2(k) = _ieié/27

and ‘ '
o(Uo) = op(Up) = {ie®, —ie®}.



(2) If 0 < a < 1, then
(k) = P (r(k) +i(=1)n(k), j =12,
where 7 (k) := acos(k + o — §/2) and n(k) := /1 — 7(k)2. Moreover, it follows that
o(Uo) = ac(Up) = {e”|t € [§/2+ ¢, m+6/2 = (U [r + /2 + (,2m+6/2 — (]},

where ¢ := arccos(a).
(3) If a =1, then

and
o(Uy) = 0c(Up) = T := {e"|t € [0,27)}.

In what follows we assume that a € (0,1] (Cp is not off-diagonal) to avoid a trivial
case.
For a given coin operator C defined in ([2.4)), we introduce an important assumption:
Assumption 2.1. Let £ : Z — R be a function such that tligl &(x) = 0. Then there
—>00
exists 0 : Z — R such that
{‘f:p {9m+1 ) —0(z }]g (14 |z|)~ 1,
| <&

Z
x) O(x) —0(x —1) (1+ |z|)~ 7, ve
&( - 7

with some constants k > 0 and ¢y > 0.

Example 2.1. If £(x) = (1 + |z|)!, 2 € Z. Then we choose 6 as follows:

0(x) log(1+x), ifz>0
xr) =
—log(l —x), ifz<0

Then, there exists x > 0 such that

{m {ea:+1> }\<n1+|xr>*2

|£:B {6(z) ZL‘—l}‘<K,1—|—|ZL‘|) vk

Example 2.2. We can consider a generalization of Example 2.1. For 0 < p < 1, we set
&(z) = (14 |z|)7P, z € Z. Then we choose 0 as
1 1— .
— (1 4z) 7P, ifz>0,
0z)={ 1~
(z) P

_ﬂ(l_fﬁ)l_p, 1f$<0

Then, there exists x > 0 such that

{m) — {0 +1) —0(2)}| < w1+ 271

@) = {0(2) — 6@ —1)}| < (14 217, "7

In what follows, we assume the existence of 6 which satisfy Assumption 2.1. We
introduce the U(2)-valued multiplication operator J as follows:

ei@(:p) 0
(JY)(x) == J(2)¥(x), J(z)= [ 0 ew(l.)] , vE€Z, VYeH. (2.5)

It is obvious that .J is unitary on H. We set Uo := JUpJ . Then we can express U(] as
Uo = SCo, where CQ =5 lJSC()J_



Proposition 2.2. Cj is a U(2)-valued multiplication operator on Z such that

i o~ i{0(@)—0(z—1)}) 0

Proof. Since J~! and Cjy commute, it suffices to consider the form of (S~1JSJ~1)(x). For
any W € H, it is seen that

HO@ -0+ g () (7 4 1)
-1 . e X
(JST)(z) = |:€i{9(x)9(x1)}\1/(2)(x B 1)] -

Moreover, it follows that

(5717871 (2) = |(IST 9@ 1)]

_(JSJ‘I\IJ) @ (z+1)
e~ HO@) 01} g (1) (1)
- 0@ =0@)} g () (g )}

[e—H{0(z)—0(xz—1)} 0 M (2)
el 0 0+ =0@)} | | g@)(g)

Thus the desired result follows. O
By proposition 2.2 and |e* — 1| < |s| for s € R, we have the following proposition:

Proposition 2.3. For any = € Z, it follows that

[e@) = o) o) < 2000 1),

where || - ||3(c2) is the operator norm on C2.

We introduce “modified wave operators” as follows:

W (U, Uy, J) :=s- lim U™t JU T (Uy),

where IT,.(Up) is the orthogonal projection onto the absolutely continuous subspace of Uj.
Theorem 2.1. W, (U, Uy, J) exist and are complete.

Proof. From Proposition 2.3, we can show that C — Cy is trace-class [15, Lemma 2.1].
Thus U — Uy is trace class. Then, it is seen that

TN ol T —t77t 7
W(U,Uo) i=s- lim U™ Uplac(Uo)

exist and are complete (RanWi = Hac(U)) [15, Theorem 2.3]. Since Ut = JULJ~! and
Hae(Ug) = JHae(Ug)J ™1, it is seen that
s lim U~ LU (U) =s- lim U~ CJUE T e (Ug) T T

. iy 7
=s- lim U UfMac(Un)J
= W4 (U, Up)J.

This implies the existence of Wy (U,Up,J). Since Wy (U, Up) are complete, we have
Ran(W (U, Uy)) = Hac(U). Since Uy has purely absolutely continuous spectrum (see
Proposition 4.1 below), J maps Hac(Up) to Hac(Up). Thus the completeness of W (U, Uy, J)
follows. O



Proposition 2.4. It follows that

ettt e[§/2+¢,m+6/2—CUlr+6/2+¢2r+68/2—(]}, if0<a<l,
) ot < M E B2+ Cm 42— QU+ 5/24 C2m 8/2- (1),

T ifa=1.
Proof. From Proposition 2.3, C — Cy is a compact operator. This implies that the com-
pactness of U — Uy = S(C —Cp). By Lemma 2.2 of [10] and unitary invariance of essential
spactrum, we have 0ess(U) = 0ess(Up) = 0ess(Up). The last equality follows from Proposi-
tion 2.1. O]

3 Commutator theory

In this section, we recall some definitions and notations related to commutator theory. We
mainly refer [2, 12]. We denote the set of bounded linear operators from a Hilbert space
Ho to H by B(Ho,H) and B(H) := B(H,H). Moreover, we denote the set of compact
operators from Hg to H by K(Ho, H) and K(H) := K(H, H).

Let T € B(H) and let A be a self-adjoint operator on H. We say that T € C*(A)
(k € N) if a B(H)-valued map R > t +— e "#4Te®4 is belongs to C* class strongly.
Especially in the case where k = 1, it is known that 7' € C'(A) if and only if a following
form

D(A) 3 ¢ — (A, T¢) — (¢, TAP)

can be continuously extended to the form on H. We denote the operator correspond to
continuous extension of the above form by [A, T'.

Here we introduce three regularity conditions which are stronger than T € C!(A).
T € CY1(A) means that T € C'(A) and

1
. . . . dt
/0 He_’tATe’tA + AT A _ 2SHB(H)§ < 00.

T € C'*9(A) means that T € C'(A) and
oita itA dt
41,516 — 4, - < o

T € C'*€ for some € > 0 means that T € C'(A) and
le™™A[A, S]e™ — [A, S]||pa) || < Const.t® for all t € (0,1)
For above conditions, following inclusion relation holds [2, Section 5.2.4]:
C%*(A) c CMe(A) c ¢10(4) c chl(A) c Cl(A).

Next, we introduce two functions which are useful to consider the commutator theory
for unitary operators which is introduced in [12]. For self-adjoint cases, see e.g. [2, Section
7.2]. We assume that U € C(A). For T,S € B(H), we write T > S if there exists a
compact operator K € IC(#H) such that T+ K > S. For § € T and € > 0, we set

08, ¢) := {0 € T||arg(d — 0')| < ¢}, EY(6;¢) := EV(O(6;¢)).

where, EU() is the spectral measure of U. Under above preparations, we introduce
functions pft : T+ (—o0,00] and jit : T — (—o0, 00| by

pir(0) := sup{a € R|3e such that EY(0;e)U1[A, UIEY(0;¢) > aEY(6;¢)},



and
pi(0) := sup{a € R|Fe > 0 such that EV(6;e)UL[A, U|EY (0;¢) > aEY(8;¢)}.

General facts related to commutator theory for unitary operators in one Hilbert space is
considered in [12, Section 3.3]. The following fact is important to show the absence of
singular continuous spectrum:

Theorem 3.1. [12, Theorem 3.6] Let U be a unitary operator and A be a self-adjoint
operator on H. We assume either that U has a spectral gap and U € CH1(A) or U €
C1+0(A). Moreover, we also assume that there exists an open set © C T, a > 0, and an
operator K € KC(H) such that

EY(©)U'A,UIEY(©) > aEY(0) + K.

Then, U has at most finitely many eigenvalues in ©, each one of finite multiplicity, and U
has no singular continuous spectrum in ©.

To show theorem 3.1, in addition, we introduce the commutator theory in a two Hilbert
space setting. We consider an another triple (Hg, Uy, Ag) in addition to (H,U, A), where
Ho is a Hilbert space, Uy is a unitary operator on H and Ag is a self-adjoint operator on
Ho. We also introduce a identification operator J € B(H, H). Following general result is
important:

Theorem 3.2. [11, Theorem 3.7] We assume that

1. Uy € CY(Ap) and U € C*(A),

2. JU; Ao, Ug)J* — UTYA, U] € K(H),

3. JUy—UJ € K(Ho, H),

4. For each f € C(C,R), f(U)(JJ*—=1)f(U) € K(H),
Then, it follows that pft > pp°

To apply the commutator theory for time evolution operator U introduced in section
2, in what follows, we consider two triples (H,U, JAyJ*) and (H, Uy, Ap). A following fact
is useful to check the condition U € C''(A) and the second condition in Theorem 4.2:

Theorem 3.3. [12, Corollary 3.11, Corollary 3.12] Let Uy € C'(Ap). Suppose that JAgJ*
is essentially self-adjoint on a set D, and assume that

BA, fD(A()) € B(H), B, Ag fD(A()) € K(H),
where B := JUy—UJy and B, := JU;—U*J. Then, U € C*(JAJ*) and JU; *[Ag, U] J*—
U-1JAgJ*, U] € K(H).
4 Spectral analysis for quantum walks

In this section, we show the absence of singular continuous spectrum of U. First, we
introduce the asymptotic velocity operator of Uy = SCy by

iA; (k)
Ak

Vot (k) = (uj(k), $(k))c2uj(k), @ €[0,2m), ¢ € H.

Note that Vj is bounded and self-adjoint on H.



For any ,¢ € C([0,27),C?), we introduce the operator [){¢| : C([0,27),C?) —
C([0,2m),C?) by

(19)(elf) (k) = (¥ (k), f(k))c20(k),  f € C([0,27,C?), k€ [0,27)

This operator can be continuously extended to a bounded operator on H. Moreover, we
introduce the self-adjoint operator P in K as follows:

D(P) :={f € K|f is absolutely continuous , f’ € K, and f(0) = f(2n)},
(Pf):=—if", feD(P).

Under above notations, we introduce the operator X by

Xf(k) == > (Juj) (P = iluj) () f, f € FhHn.

7j=1,2

X is essentially self-adjoint [12, Lemma 4.3] and we denote the closure of X by the same
symbol. Moreover we introduce the following operator:

1
Ay = i(XVO + ‘/()X)

Ap is self-adjoint and essentially self-adjoint on Hgy,.
Proposition 4.1. [12, Proposition 4.5] Following properties hold:
1. Uy € C'(Ap) and U, Ao, Up] = V2.
2. pgg = ﬁgg and

(a) if a € (0,1), then p;°(0) > 0 for 0 € Int(a(Uo)), Fy(0) = 0 for 6 € do(Uy),
and ﬁgoo (#) = 0o otherwise,

(b) if a = 1, then p;°(0) =1 for all § € T.
3. If a € (0,1), then Uy has purely absolutely continuous spectrum and

(Vo) = 0ac(Uo) = {7y € [8/2+ (,m +6/2 = (JUIm +6/2+ ¢, 27 + /2 = (]}

4. If a = 1, then Uy has purely absolutely continuous spectrum and o(Uy) = 0ac(Up) =
T.

In what follows, we set A := JApJ*. We show conditions in Theorem 3.2 for two
triples (H, U, A) and (H, Uy, Ag).

Lemma 4.1. Tt follows that U € C'(A) and JUy ' [Ag, Up]J* — U~A, U] € K(H).

Proof. From Proposition 4.1, we know Uy € C'(Ag). Moreover, JAgJ ! is essentially
self-adjoint on D = Hgy since J is unitary and JHa, = Hen. Now we check two conditions
in Theorem 4.3. We note that Ay has a following form on Hgy:

i
Ao = QK + 5 Ho
for some K, Hy € B(H), where @ is the position operator defined by

D(Q):={$ € H| Y 2’ (x)llcz < o0}, (Q¥)(w) := 2¢(x), = € Z.

TEZ



For more details, see the proof of [12, Lemma 4.10]. On Hgy, it follows that
BAg = (JUyJ* —U)J(QK + %Ho) = (Uy—U)QJK + %(UO —U)H,
= 9(Co— O)QJK + %(00 — U)Ho,
where we used the commutativity of J and Q. From Proposition 2.3, we see that Cy — C

is a compact operator and (C’g — ()@ can be extended to a compact operator on H. Thus
we have BAg | D(Ap) € K(H) C B(H). By the similar manner, it follows on Hg, that

BuAo = (JUIJ* — U)J(QK + %Ho)
= (C} —C*)SJQF 'K F + %((70 —U)*JH,
= (Co— C)*QSJK + (Co — C)*(SQ — QS)JK + %(UO —U)*JH,
Since (Co — C)* and (Uy — U)* are compact, (Cy — C)*Q can be extended to a compact

operator on H and SQ — QS can be extended to a bounded operator on H, we have
B, Ay | D(Ag) € K(H). An application of Theorem 3.3 implies the desired result. O

Since J is unitary, J.J* = 1 holds. Moreover, JUy—UJ = (JUyJ —U)J = (Uy—U)J €
KC(H) since Uy — U is compact. Therefore, we checked conditions in Theorem 4.2. We
introduce the set of threshold of U by 7(U) := do(Up), where 0o (Up) is the set of boundary
of 0(Up) in T. We note that 7(U) contains at most 4 values.

Proposition 4.2. We have ji+ > ﬁf}g. In particular, if 6 € o(Up) \ 7(U), then ﬁ{}g(@) > 0.

Proof. ﬁ’é > [){Jlg follows by an application of Theorem 3.2. The latter assertion follows
from Proposition 4.1. O

To apply Theorem 3.1, we have to check a regularity of U more detail.

Lemma 4.2. For any ¢ € (0,1) with € < ey, U € C'T°(A4). Here ¢y > 0 is a constant
introduced in Assumption 2.1.

Proof. This proof is a slight modification of [12, Lemma 4.13]. In the proof of Proposition
4.5 of [12], we see that Uy € C?(Ap). Since J is unitary, it follows that Uy € C?(A) C

C1+¢(A). We decompose U as U = U+ (U — Uo). Thus it suffices to show that U — Uy €
C't¢(A). We see that ) }
Do = A(U — Up) — (U — Up)A

on Hg, can be extended to a bounded operator on H. We denote it by the same symbol.
According to [2, p.325-328] or [12, Lemma 4.13], following estimate holds:

le” 4 Doe’™ — Do||g(0) < Comst.(|| sin(tA) Do |l5z) + sin(tA)Dg |l 530))
< Const.(|[tA(tA + z’)_lDOHB(H) + |[tA(tA + i)t D} IB3))

We set Ay := tA(tA+i)" and Ay := t{(Q)({Q) +i) ! with (Q) := /Q? + 1. We note that
A(Q)~! € B(H). Then it follows that

Ap = (A 4+ i(tA + ) TLAQ) TH A,
Since A; +i(tA +4)"1A(Q)~! is bounded, it suffices to show that

1A+ Do) + 1A Dgllp) < Const. ¢ € (0,1).



We have to show that operators (Q)°Dp and (Q)°Dy defined on the form sense on Hgy,
extended to a bounded operator on H. We note that (Q)'*+¢(C'—Cp) € B(H) and (Q) ' Ag
defined in the form sense on Hg, extend to a bounded operator on H. This implies that
(Q)Dp and (Q)°Dy defined in the form sense on Hg, extend to bounded operators on H.
Thus the proof is completed. O

By Theorem 3.1, Proposition 4.2 and Lemma 4.2, we have the following result.

Theorem 4.1. For any closed set © C T\ 7(U), the operator U has at most finitely
many eigenvalues in ©, each one of finite multiplicity, and U has no singular continuous
spectrum in ©.

Recall that 7(U) is a finite set. From Theorem 4.1, U have no singular continuous
spectrum.

5 Derivation of weak limit theorem

We set Qo(t) := U, "QUE.
Theorem 5.1. [15, Theorem 4.1] It follows that

s- lim €@ (®) — Vo £ eR.

t—o00

Let X; be a random variable which describes the position of a quantum walker with
U and an initial state Uy at time ¢t € Z. The probability distribution of X, is given by

P{X; = z}) = [(U¥0)(2) 2, z€Z.

Moreover, we also introduce the characteristic function of the average velocity X;/t of a
quantum walker by
E[eXt/Y] := (W, PW/tgg) | ¢ € R,

where Q(t) := UT'QU!. Our interest is the limit of X;/t in a weak sense.

Theorem 5.2. We set V" := W, (U, Uy, J)VoW4(U, Uy, J)*. Then for any & € R, it
follows that . L
s lim e%QM/t = I, (U) + eV Hae(U),

t—o00

where II,(U) is the orthogonal projection onto a subspace generated by eigenvectors of U.

Proof. Since U have no continuous spectrum, we can decompose that

s- lim @0/t = g lim (e’fQ(t)/th(U) + e’fQ(t)/tHac(U)).

t—o00 t—o00

By [15, Theorem 4.2], we have s-lim; o, e$@M/*I(U) = TI,(U). For the absolutely
continuous part, we consider the following decomposition:
€W/, (U) — eigVJJrHaC(U)
= Ut @MU, (U) — W (U, Uy, J)e W (U, Uy, J)* oo (U)
= U JUL U, SNt U) U T UL (U) — W (U, Uy, J)eSOW (U, Uy, J) T (U)
= U LU @O Ut T U T (U) — Wi (U, Ug, J)*) Mae(U)
+ UTLTU§(e59Wo/t — &)W (U, Uy, J ) Tae (U)
+ (U U = Wi (U, Uy, J)) eV W (U, Uy, J) e (U),
where we used the strong commutativity of @ and J. We note that W (U, Uy, J)* maps

Hac(U) to Hac(Up) and Vy leaves Hae(Up) invariant. By Theorem 5.1, it is seen that
s-limy o0 €@/t — ¢itVo, By taking a limit ¢ — oo, the desired result follows. ]

10



Theorem 5.3. Let ¥y € H be an initial state with [[¥Up|| = 1 and V be the random
variable whose probability distribution is given by

py (dv) == HHp(U)\IIOH%OdU + HE\J/FJ(')HaC(U)\POHQde

where dg is the Dirac measure for the point 0 and EVJ*() is the spectral measure of V.
Then it follows that

lim E[eQW/Y) = E[e®V], ¢ eR.

t—o00

Proof. The proof is quite similar to [15, Corollary 2.4]. We omit the proof. O
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